Dror Bar-Natan: Academic Pensieve: Projects: Semi-Seifert: ReidemeisterByHandVariant3.nb

Pensieve header: Analyzing Reidemeister moves by hand.

Integration

As in Talks/Beijing-2407

inf-1.= CFlw_. & E, specs___] :=CF[w, specs] CF[#, specs] & /@ &;
CF[& List] :=CF /e &;
CF[g_, vbo_, h_] := Module[{H}, Expand@Collect[g, vp, H] /. H> h];
CF[q , vp_] :=CF[qg, vp, Factor];
CF[g_]1:=CF[g, e | (PIxX|x|& | (IX|®|&.|(PIX|7]|E_];

in[-]:= E/:E[A_]E[B_] :=E[A+B];
in[-1:=  $ = Identity;
in[-]:= Unprotect[Integrate];

jw_. E[L_]d(vs_List) := Module[{n, Le, Q, A, G, 20, Z, A, DZ, DDZ, FZ, a, b},

n = Lengthevs; L0 =L /. e > 0;

Q = Table[ (-8yspap,vsgoy LO) /- Thread[vs - @] /. (p|X) -, {a, n}, {b, n}];
If[ (A =Det[Q]) == @, Returne"Degenerate Q!"];

Z=1720=CF@$r[L +vs.Q.vs/2]; G=1Inverse[Q];

FixedPoint [ (DZ = Table[8,Z, {v, vS}];

DDZ = Table[8,DZ, {u, vs}];
FZ = Sum[G[a, b] (DDZ[a, b] +DZ[a] DZ[b]), {a, n}, {b, n}]/2;

A
Z= CF[ZO+ j $7[FZ] dl)L]) &, z],-
(2]
PowerExpand@Factor [~ A™/2| E[CF[Z /. A > 1 /. Thread[vs » 8] ]] ];
Protect[Integrate];

Inl-]:= j]E[—uxz/2+i§x] d {x}

Out[«]=
2
-5
21

N

In[]:= Fo-FG=J-]E[—u (x—a)2/2+i§x] d {x}
Out[«]=

E[j(zau+j§)£:|
2u

Ju
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In[-]:= jFo-FG]E[-i Ex] d{&}
Out[«]=

E[-

N R

(a-x)?u]

1 ab
n[-]:= L === {Xg, Xz}-(b )-{Xn X2} + {€1, €2} . {X1, X2};
2 C

712 = jIE[L] d{xq, Xz}

Out[«]=

]E[ € ba&s  _ ag ]
2 (-b’+ac) b%-ac 2 (-b*+ac)

-b%>+ac

Ine]:= {21 = JE[L] d{x;}, 212 = jZldl{xz}}

Out[«]=
<7bz+ac> X% bx; &1 '5%

E{_ 2a B a +£+X2§2]

{ Va

, Tr‘ue}

il 1= $r = Normal[# +0[e]™] &; jIE:[—¢2/2+e¢3/6] d{¢}

out[e]=

+ + + + +

52 5¢e* 1105e® 565e® 82825¢%° 19675612}
24 16 1152 128 3072 96

E|

The Quadratic

Matrices from SSAlexander4Tangles.nb

e “1-1 2 0
NE iy |e e e o
-l J “le 1 -10
-l -i\-i 1 o0 -10
niel= W 1 -1 0 o) |°
Xt | g 5 o o
k k/.] M= R
- J e -1 0

'l/-i -1

(1+t2) Pi Xi (1+t2) Pr Xk Xi X

inf«]:=  Fi_ 5 e ,u_ %= = -Pj (T = :) =P (X -t X);

N t t

Qi ,j ,k,t = {Pis> Pjs Prs> PL}- ('CM-'C_1 MT) e {Xis Xj5 Xps X0} + Fi 5p,05

Qi ,j k. *={Pi> Pjs> Prs> P} (tﬁ-t_l ﬁT) o {Xis Xj5 Xps Xe} +Fi jk,05
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in[-]:= CF[Q4,5,k,1]
Out[«]=
2p; Xi 2Pk Xy Pi X1 Pk X1
- 7tpin+tkaj+2tpiXk72tkakf +

t t t t

in[-1:= {CF[Qi,4,k,1 /+ X_->X], CF[Qi,j,k,1 /- P_~PI}
Out[e]=
(1+t%) xps  (1+1t) xp

s

in[-]:= Collect[Q4,4,k,15 P_» Simplify]

Out[e]=

Pi (72Xi+t2Xjf2t2Xk+X]_> Pk (*2Xi+t2Xj*2t2Xk+X1)
- +

t t

in[-]:= Collect[Qj,4,k,15 X » Simplify]

Out[«]=
2 (pi - Px) Xi (-pi + Pk) X1
f +1T (-pi+pPk) X3 +2t (Pi - Pk) Xk*f

in[-]:= CF[Qi,5,k,1 /« {Pi= (P« +P-) /2, Px=> (P+—-P-) /2, Xi=» (X, +X_) /2, X¢ = (X, -X_) /2}]
Out[e]=
(-1+t) (1+t)p.x. (1+t) p.x P X1

- + —‘tp,Xj—
t t

In[+]:= CF[ai,j,k,l [ {Pi= (P++P-) /2, P> (Pe=-P-) /2, Xi = (Xy #X) /2, X > (X, = X_) /2}]
out[e]=

(-1+t) (1+t)p.x.  (1+t%) p-x P X1
+ —tp,Xj—
t t

i1 CF[Q4,5,k,1 = Qiyg,k,1 7+ {Pi= (Pe+P-) /25 P> (Pe=P-) /2, X3 (X, +X) /2, X (X, -X_) /2}]

Out[e]=
2 (-1+1t) (1+t) p_x_

t

The Trefoil
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in[]:= L =CF[Qq,2,3,4+Q3,2,5,4 +Q5,2,1,4]

Out[«]=
2(-1+t) 1+t)p1x1 2p3xg
- - +2tp5X1+2tp1X3*

t t
2(*1+t) <1+t) pP3 X3 2p5X3 2p1X5 2(*1+t> <1+'t) Ps Xs
- - +2tp3X5—
t t t t

in[]:= {CF[(8p, L) + (8p,L) + (8p,L) 1,5 CF[(Ox, L) + (Ox,L) + (Ox, L)1}
out[e]=
{0, 0}

i ﬁE[L] A{p1, P3» Xu» X3}

Out[«]=
t2E[0]

4 (1-t*+1t%)

i CFIL, (P | X)s]
Out[e]=

2ps (t?x1-%3) 2 (-pixg+t?piXs+P3Xs - t?p1Xs-P3Xs+t?psxs)
- +

t t
2 (-p1+t?p3) Xs 2 (-1+t) (1+1) psXs

t t

in[-]:= CF[L /« {P5 = P. = P1 - P3s X5 = X, =Xz -~ X3}]

Out[e]=
2 (-1+t) (1+t)p,x, 2(-2+t%)x,p1 2 (-1+2t%)x,p3s 2 (-1+2t%) p.x
- + + + -
t t t t
6 (-1+t) (1+1t) p1X1 2 (-2+t%)piXs 6pyxs 6 (-1+t) (1+t) psxs
-6tpsXy+ + -
t t t t
in[-]:= CF[L /+« {Ps = P+ = P1 - P35 X5 > X, = X1 = X3, P3 > Po - P15, X3 > Xo = X1}]
Out[«]=
2(-1+t) (1+1) p.x, 4x,p1 2 (-1+t) (1+t) X,p3 2P, Xe
- +2tX+p9— + - -
t t t t
2(—1+t) <1+t) Po Xo 2p3Xe 4p9X1 8(—1+t) (1+t) P1 X1
+4tp1Xg+7+4tp+X1— - -
t t t t
2 (-1+t) (1+1t) p. X3 4pyx3 2 (-1+1t) (1+t) p3 X3
4tpsxg+ -2tpgxs+ -
t t t
In[-]:= jIE[L] d{p1s Ps> X1, X5}
Out[«]=
t2E[0]
4 (1-t*+1t%)
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in[]:= CF[Q1,2,3,4 + Q3,2,5,4 +Q5,2,1,4 /+ {P1= -P3-Ps5, X1 = =X3 - X5}]

Out[«]=
6(*1+t) <1+t) P3 X3 6p3X5 6(*1+t) (1+t) Ps Xs
- *6tP5X3+ -
t t t

Re-sectioning

inf-]:= {CF[Qi,5,k,1 /7« (P | X);s»0], CF[Qi,j,k,1/. (P | X),—>0O]}
Out[«]=

PkX1 2PiXi pi X1
{tpkxj*thkaJr e’ 1 -tpixy- }

in(-1:= {lhs, rhs} = {J-]E[Qi,j,k,l /(P X);->0]d{pk, Xk}> J-]E[Qi,j,k,l /e (P|X)~>0] d{pi, Xi}}

Out[e]=

{Mzie], i th[e]}

in[-]:= 1hs == rhs

out[«]=

iE[0] 1
— T itE[0]
2t 2

in[-1:= F = &5 X5 + 75 pj + 1 X1 + 71 P13
{1lhs, rhs} =

{jE[(Qi,j,k,l +f) /. (p| x); »0] d{pxs Xk}, J-]E[(Qi,j,k,l +f) /. (p| x)~»0]d{pi, Xi}}
1lhs == rhs

Out[e]=

]'lIE[pjﬁj+p]_7Tl+Xj§j+X]_§l] 1
{— St ,—EJlt]E[Pjﬁj+P17T1+Xj§j+X1§1}}

Out[-]=
LTE[pj 7§+ P17+ X5 &5 + X1 §1] 1
~ " ::—5]lt]E[ijTj+p17T]_+Xj§j+X1§l1
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inf-]:= £ = &5 X5+ 75 Pj + E1 X1 + 71 P1+ 70 (Pi = Pk) + & (Xi = Xk) 3

{1hs, rhs} =
{JE[(Qi,j,k,l""F) /[« (P]|X);»>0]d{pk, Xk} JE[(Qi,j,k,1+f) /[« (P|X)x—0] d{pi, Xi}}
lhs == rhs
out[«]=
) & X4
]lIE[Zfierj]Tjerlﬂlf%f%+Xj§j+X1§1}
{7 2t ’
! 't]E[ ! te 1t2§ £ £ 5]}
-— 1 -— 7T + P57+ P T+ — Xi+—— +Xi&5+X1 &7
2 N i’ 2 ] N Jj S
Out[«]=
. 7 € X4
JllEL—erijTjerlﬂl—%—%+xj§j+x1§1
2t -
1 1 1, Ex1
f*jt]E[ffﬂt§+pj7Tj+pl7Tl+*t §Xj+ +Xj§j+X1§l
2 2 2

nf-]= F=&jXj+mpj+ 81Xy +mpPr+7 (Pi-P) +& (Xi—-Xi)s

{lhs, rhs} =
{j]E[(Gi,j)k,1+f) /. (P X)1~0] d{pis X}> JE[(aiJj’k,1+f) /+ (P X)~>0] d{p;, Xi}}
lhs == rhs
Out[~]=
e e e g
—-— 1 + P4 7T5 + P11 - — Xi——— +X5¢5+X1S1>»
2 3] 2 J 2 J =]
iE[*%§+Pjﬂj+P1ﬂl+%+§$+Xj§j+X1§1]
) 2t )
Out[~]=
—— 1 +p.7-r.+p17-(1_7 X5 — — + X5 ~+X1 1 ==
2 3] 2 J 2 J =]
]']_IE[—%f+pj7Tj+p17Tl+%+i:;+Xj§j+X1§1]
) 2t
R2b
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in[-]:= Qu,2,3,4 +Qs,2,5,4 // CF
Out[-]=

2p1X1 2p3Xg P1Xa PsXa 2pP3Xs 2PsXs
*tp1X2+tp5X2+2tp1X3*2tp5X3* + +
t t t t t t

In[]:= CF[Q1,2,3,4+63,2,5,4: (p | X)3]
Out[e]=

2p3 (Xg-Xs) -2P1 Xy +t2p1 Xy - t2Ps Xy + P Xa - Ps Xg + 2 Ps Xs
2t (p1-pPs) X3 - . - .

In[]:= Expand[Q1,213,4 +Q3,2,5,2 /- {Ps > P1, X5 X1}]
Out[«]=
0

i1 CF[Qu,2,3,4+Q3,2,5,4 /+ (P|X)3-0]
Out[«]=
2p1 X1 P1Xs PsXs 2Ps5Xs
-tpixa+tpsx; - + -

t t t t

In[]:= CF[Q1,2,3,4 +Q3,2,54/- (P|X)3>0/.p - p]

Out[e]=

2pXy 2pXs

t t

in[-]:= CF [Q1,2,3,4 +Q3,2,5,4/-P_~ p]
Out[«]=
7]

in[-]:= 1hs = CF[Q1,2,7,6 + Q2,3,4,7 + Q7,4,5,61 5

rhs = CF[Q;,3,7,1 + Q1,7,5,6 + Q7,3,4,5]
Out[e]=

2p1Xy P2X1 2PsXy PrXs 2P2 Xy 2p7 X
- +

- + - —tpoXs+tpaXs-2tpaXg+2tpsXg+2tpyXs+
t t t t t t
Pa Xs P7Xs P1Xe PsXe 2 pg X7 2 (-1+1t) (1+1) prxy
-2tpsXxs - - + -tp1 X7 +2tpy Xy - +t ps X7 -
t t t t t t

https://drorbn.net/AcademicPensieve/Projects/Semi-Seifert/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: Semi-Seifert: ReidemeisterByHandVariant3.nb 2025-08-11 10:22:47

in[-]:= Simplify [1lhs == rhs]
Oout[-]=

<—3P7X1—t2P1X2—2P4X2+2P7X2+t2P7X2—3t2P7X4—2t2P1X5—P4X5+P7X5+2t2P7X5+

+ R

3t2p1X7+3p4X7+p5 (2X1+t2X4— (2+t2> X7) + P2 (X1+2t2X4— (1+2t2) X7)> =0

In[«]:

= CF[1lhs, (p | Xx);]

Out[«]=

pP7 (—2X1+t2X2—t2X4+2t2X5>

t

(-2p1x1 +t2p1Xo - 2Py Xo +2Pa Xy + £ Pa X3 — 12 PaXs - 212 Py Xg + 217 s Xg - t% ps X4 +

&+ |-

(2t2p1-p2+Pa-2Ps) X7 2 (-1+t) (1+t) prXy

t t

2t2P5X5+P1X6*P5X6) +

Inf-]:= le[thJ d{p7, X7}

Out[e]=
1 . 2p; Xy P2 X1 Pa X1 2ps X
—71‘UE[— + + +
2(-1+t2) (-1+t)t(1+t) (-1+t)t(1+t) (-1+t)t@+t) (-1+t)t@+t)
tp1 X, (-4+31t%) p2x, (-4+31t%) pax,
+ _

(-1+t) (1+1) 2 (-1+t)t(1+1t) 2 (-1+t)t(1+1)

tps x;
(-1+1t) (1+1)

t3 p1 X t(-3+4t%) paxs t(-3+41t%) paxs t3 ps X,
t pa X3 - + - + +
(c1+1) (1+t) 2 (-1+t) (1+1) 2 (-1+t) (1+t) (-1+t) (1+1)
2t%py xs t pa2 xs t paXxs 2t ps xs P1Xe PsXe
- + +

(c1+8) (1+1) (-1+t) (1+1) (-1+t) (1+41) (-1+t) (1+t) t t

*tp2X3+

in[-1:= CF[rhs, (p | X)7]
Out[«]=

P7 (X1*2X2+2t2X4*X5)

¥
t

(Zplxl—p2X1—2p5X1+2p2X2—t2p2X3+t2p4X3—2t2p4X4+2t2p1X5+p4X5—

+ |l P

(t?p1-2t2p2+2ps-t2ps) X7 2 (-1+1t) (1+1) pyxy

2t% ps Xs - P1 X6 + Ps X6 ) -

t t
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inl- 1 (ﬁE[rhs] da(p,, x7}) (J.E[th] d{py> X7}

Out[«]=
1 (-4+3t2) p1xq P2 X1 P X1 (-4+3t%) psxg
iLt]E[ +

2 (-1+1%) 2(-1+t)t(1+t)  (-1+t)t(1+t) (-1+t)t(1+%) 2 (-1+t) t (1+1) '

tp1 X 2y X 2ps Xz t ps Xz
- + - -tpyXx3+
(-1+1) (1+1) (-1+t)t(1+t) (-1l+t)t(1+t) (-1+1t) (1+1)

2 p1 x4 217 pyxq 2t paxq
tpaxs- +

(c1+t) (1+t) (=1+t) (1+t) (-1+t) (1+1t)
t(*3+4t2> pP1 Xs

t? Ps Xa

+ +

(-1+t) (1+1t)
t p, Xs t pa Xs t(*3‘+4t2)P5X5

P1Xs PsXe
+ - - +
2(-1+t) (1+t) (-1+t) (1+1) (-1+t) (1+t) 2(-1+t) (1+1) t t
1 2p1 X1 p2 X1

. P4 X1 2 ps X1
77“1}:[7 +

2 (-1+t%) (-1+t)t(1+t) (-l+t)t@+t) (-1+t)t(1+1) ' (-1+t) t(1+1) '

tp1X2 (—4+3t2> P2 Xz (—4+3t2> Pa X3
+

tps x;
(-1+t) (1+1)
3 py x4 t(—3+4t2) P2 X4 t(—3+4t2) P4 X4

N

-tpaxs+
(c1+1t) (1+t) 2 (-1+t)t(l+t) 2 (-1+t)t (1+1)

tpaxs-

t? ps x4
+ +
(-1+t) (1+1) 2 (-1+1t) (1+1%) 2 (-1+t) (1+1) (-1+1t) (1+7%)
2% py Xs tpaXs

t pa Xs 2t% ps xs P1Xe PsXe
- + - +
(-1+t) (1+1t) (-1+t) (1+1) (-1+t) (1+1t) (-1+t) (1+1) t t

R1s

in[-]:= Rls = Simplifye {Q2,3,2,1) Q2,3,2,15 Q1,2,1,3» Q1,2,1,3}
Out[e]=

{0, 0,0, 0}

R2C, and R2C_

A
4 Yoy s

L L S L
I S
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1= {Collect[Qs,1,2,5 + Q2,3,4,55 t, Simplify], Collect[Q, s,a,1 + Qa,5,2,35 t, Simplify]}
Out[e]=

(P2 = Pa) (X1 -X3) }

{t (P2 = Pa) (X1-X3), -
t

i1~ {Collect[Qa,1,2,5 + Qz,3,4,55 t, Simplify], Collect[Qz,s,4,1 + Qa,s,2,35 t, Simplify]}

Out[e]=

(P2 = Pa) (X1 -X3) }

{t (P2 - Pa) (X1-X3), ~
t

In[-]:= IE [64,1,2,5 +Q2,3,4,5+1 (Zl:l (7t Pk + Ek Xk) ) ]

out[«]=

P1 1 2py 1 Ps  2ps
E[(tpz—tp4)xl+ —?+ —E+t P2 + N —tps Xy + E—t p2+¥— ¢ +tp5 Xo +

p3 1 P1 1
(-tpa+tps) Xa+ |2tpa-—+ |- -t pa-tps|Xg+ | — -2Tpy+ |-—+T| pa+tps| Xs-
t t t t
X,  Xa X,  Xg P2 Pa
P3 (*** - —— +— | -Ps (txa-tXxg) -ps (*tX2+tX4)+(*** X5 +
t t t t t
P2 Pa .
(*IJr? X5+11<P17T1+P27T2+P37T3+I947T4+X1§1+X2§2+X3§3+X4§4)]

in[-]:= pX; :=Sequence[pi, Xi];

In[]:= le [64,1,2,5 +Q2,3,4,5 +1 (Z:ﬂ (7 Pk + €k Xk) ) ] d {px,}

Out[e]=
Degenerate Q!

— ] 4
e CF[E[Qu05+ Qaas+i (D) (repir &x0 ) | (P 1%)4]
Out[«]=
E[ipym+1parp+ip3ma+tpyXy—tpaXs+ps (L7 -tXy+TX3) +1 X381 +1 X8+ 1 X383+ 1 XgE4]

In[-]:= jIE [64,1,2,5 +Q2,3,4,5+1 (Z::l (7 Pk + €k Xk) ) ] d {px3, PX4}

Out[e]=
Degenerate Q!

il i+ (fm[64,1,2,5+qz,3,4,5+i(Z:=1 (M P+ € ) | dLpxss PXa}) /.

{m - -73, §15 -3, My > -7y, £2 5 -&4})
Out[«]=
Degenerate Q!

in[-]:= CF [64,1,2,5 +Q2,3,4,5 +1 (71y (P1-P3) + &y (X1 -X3) + 7% (P2 - Pa) +En (X2 - Xz)) ]

Out[«]=
1Py =1 Pa T+ 1Pty -1 pP3y+tpaXy—tpaXe—tpaXs+tpsaXs+iXoEh-1XgEh+1X1E-1X38y
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Inf-]:= ﬁE [Qa,1,2,5 + Q2,3,4,5 + & (7V (P1 - P3) + EV (X1 - X3) +7th (P2 - Pa) + €N (X2 - Xa) ) | d{PX3, PXg}

Out[«]=
Degenerate Q!

The potentials
For the crossings:

= L= Q45,615 CF@{ (8p,L) + (8p, L) 5 (Bx L) + (8x, L) Bp, Ly Ox, L, Op, L, Oy L}
Out[«]=

2 (1+t%) p; 2 (1+12) py Pi P
{e) - » 0, ~tp;+tpk, 0, —— + 7}
t t t t

i1 L=0Qy, 5,15 CF@{(8p,L) + (8p L), (Ox L) + (8x L), Op, L, By, L, Op L, Oy L}
Out[«]=

2 (1+t%) p; 2 (1+1t?) pi Pi Pk
{0: - » 0, ~tpi+tpk, 0, —— + 7}
t t t t

in[-]:= L =Q1,2,3,4 +63,z,5,45
CF@{(aplL) + ((3p3 L) + (6p5L), (Ox, L) + (asz) + (ast), apz L, Oy L, 6p4L, Ox, L}

Out[e]=

- » 0, ~tpi+tps, 0, —— + —

{0 2(1+t2)p1 2(1+t2)p5 P Ps}
’ t t t ot

1= L=Qq,2,3,4+Q3,2,54/+ (P|X)3~0;
CF@{ (Op,L) + (Op, L), (Ox, L) + (Ox, L), Op, L, Oy, L, Op, L, Oy, L}

Out[e]=

2X; 2Xs 2p;  2ps P1  Ps
{7’7:7*7‘»0: -tp:+tps, O, ’7+7}
t t t t t t

For g%

in[-]:= L =Qq,2,3,4 +Q3,2,5,45
CF@{(aplL) + ((3p3 L) + (apsL), (Ox, L) + (ax3|-) + (ast), apz L, OyL, ap4L, Oy, L}

Out[«]=

2 (1+t%)pr 2 (1+t?) ps P1  Ps
{0: - » 0, ~tpy+tps, 0, —— + 7}
t t t t

For R3:

https://drorbn.net/AcademicPensieve/Projects/Semi-Seifert/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: Semi-Seifert: ReidemeisterByHandVariant3.nb

In[«]:=

Out[«]=

Out[«]=

Out[e]=

Out[e]=

lhs = CF[Qq,2,7,6 + Q2,3,4,7 + Q7,4,5,61 5

rhs = CF[Qy,3,7,1 + Q1,7,5,6 + Q7,3,4,51 5

L = lhs; CF@{ (Op, L) + (Op,L) + (Op, L), (Ox, L) + (Ox, L) + (Ox L),
(Op,L) + (Op,L) 5 (Ox,L) + (Ox,L), Op,L, Ox,L, Op L, Oy L}

L=rhs; CFe({ (aplL) + (Bp, L), (Oyx, L) + (6x5|-):

(8p,L) + (8p,L) + (Op,L), (Ox,L) + (Ox,L) + (Ox,L), Op, L, Ox,L, Op L, Ox L}

L= Cases[(jIE:[lhs] a{py, x7}), E[L ] :-)L] [11;

2025-08-11 10:22:47

CF@{ (Op, L) + (Op, L), (Ox, L) + (Ox, L), (Op,L) + (8p,L), (Ox,L) + (Ox, L), Op, L, Ox, L, Op, L, Ox,L}

L= Cases[(ﬁE[r‘hs] d{py, x7}), E[L ] L] [11;

CF@{ (0p,L) + (Bp, L), (Ox,L) + (Ox, L), (8p,L) + (8p, L), (Ox,L) + (Ox, L), Op, L, Ox,L, Op, L, Oy, L}

2(1+t%)p1 p, ps 2(1+t%) ps

{9,77—+—77,9,
t t ot t
2 (1+t%) p, 2 (1+t%) ps p1
_tp1+ - +tp5: 9, _tp2+tp4: 0, -—
t t t
2(1+t%)p1 py ps 2(1+t%)ps
{e, S , 0,
t t 0t t
2 (1+t2> p, 2 (1+‘t2) Pa p1
-tp1+ - +tps, @, ~tpy+tps, 0, -—
t t t
2 (1+t2) p 1+t%)p
{0) ( ’ ) 1_&*’&‘_ ( . ) )GJ
t t 0t t
2 (1+t%) pp 2 (1+t%) ps P
—‘tp1+ - *tps: 9, *tp2+tp41 0, -—
t t t
2(1+t*) p1 p, ps 2(1+t%)ps
{0,77—+—77,e,
t t ot t
2 (1+t2) p, 2 (1+t2) Pa P
_tp1+ t - t +tp5: 9, _tp2+tp4: 9, _?

R3 with flipped middle crossing:
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in[-]:= lhs = CF [Q1,2,7,6 +Q2,3,4,7 + Q7,4,5,6]3
rhs = CF [Q2,3,7,1 +Q1,7,5,6 + Q7,3,4,5] 5
L=1hs; CF@{(dp,L) + (Bp,L) + (Bp, L), (By,L) + (By,L) + (By, L),
(8p,L) + (3p,L) 5 (B, L) + (Bx,L)» Op,L, By, L, Bp, L, By, L}
L=rhs; CF@{(dp,L) + (8p,L), (By,L) + (By, L),
(8p,L) + (3p, L) + (3p, L) (3, L) + (3, L) + (3x,L)» Bp, L, O, Ly Op L, Oy, L}

L= Cases[(J]E[lhs] d{py, x7}), E[L_]» L] [11;
CF@{ (0p,L) + (Op, L), (Ox,L) + (Ox, L), (Bp,L) + (8p, L), (Ox,L) + (Ox, L), Op, L, Ox, L, Op, L, Oy L}
L= Cases[(ﬁE[rhs] d{p, x7}), E[L ] L] [11;

CF@{ (dp,L) + (Bp,L) s (3, L) + (B L) s (3p,L) + (Bp,L) s (B, L) + (Bx,L) 5 p Ly By, Ly Op, Ly O, L}
out[e]=
2(1+t%)p1 p, pp 2(1+t%)ps

{0,7-—+—-7,0,
t t 0t t
2(1+t2) P, 2(1+t2) [ P1 Ps
~tpy+ - +tps, @, ~tpy+tps, 0, - — +— |
t t t ot
Out[«]=
2(1+t%)p1 py ps 2(1+t%)ps
{0,77—+—77,0,
t t ot t
2(1+t2) (ol 2(1+t2) Pa P1 Ps
_tp1+ - +tp5;9:—tp2+tp4;9:—*+*}
t t t ot
Out[«]=
2(1+t%)p1 py ps 2(1+t%)ps
{e, S , 0,
t t ot t
2(1+t2) P2 2(1+t2) Pa pP1  Ps
-tp1+ - +tp5,0,—tp2+tp4,@,——+—}
t t t ot
out[e]=
2(1+t%)p1 p, ps 2(1+t%)ps
{0) - - - )GJ
t t 0t t
2(1+t2) D, 2(1+t2) [ P1 Ps
~tpy+ - +tps, @, ~tpy+tps, 0, - — + |
t t t ot
For R2C,:
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In[]:=

Out[«]=

In[«]:=

Out[e]=

In[«]:=

Out[e]=

L = CF[Qa,1,2,5 + Q2,3,4,5] 5
CF@{ (0p,L) + (0p,L)s (Ox,L) + (Ox, L), Op, L, Oy, L, Op, L, Oy, L}

{0, 0,0, tpy, -tps, 0, ~tpy+tps}
R2C, with one crossing flipped:

L = CF[Qa,1,2,5 +Q2,3,4,51
CF@{(GPZL) + (apaL), (Ox,L) + (04, L), 6,,1L, Oy, L, asz, Oy, L}

(0,0, 0, tps-tpas, 0, ~tp,+tps)
Factor [Q4,1,2,5 - 64,1,2,5]

2 (-1+1) (1+1) (p2-pa) (X2-X4)
t
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