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Pensieve header: Analyzing Reidemeister moves by hand.

Integration

As in Talks/Beijing-2407

mi-1:= CFlw_. & E] :=CF[w] CF /@ &;
CF[& List] :=CF /e &;
CF[g ] :=

Expand@Collect[q, el (Ix|7|& |(Ix|7|&.,|(Ix]|7]E)-, F] /. F > Factor;

1= E/:E[A]JE[B_] :=E[A+B];

i 1= (@l .E[LL ]) = (#2_.E[L2 ]) := Simplify[ («1 = w2) A (L1 =L2)]
in[-]:=  $7 = Identity;

mn[-1:=  Unprotect [Integrate];

jm_. E[L_]d(vs_List) := Module[{n, Le, Q, A, G, 20, Z, A, DZ, DDZ, FZ, a, b},

n = Lengthevs; LO=L /. e > 0;

Q = Table[ (-8yspap,vsgoy LO) /- Thread[vs »@] /. (p|x) -, {a, n}, {b, n}];
If[ (A =Det[Q]) =0, Return@"Degenerate Q!"];

Z=2720=CF@$r[L +vs.Q.vs/2]; G=1Inverse[Q];

FixedPoint[(DZ - Table[dyZ, {V, vS}];

DDZ = Table[8,DZ, {u, vs}];
FZ = Sum[G[a, b] (DDZ[a, b] +DZ[a] DZ[b]), {a, n}, {b, n}]/2;

A
Z-=- CF[ZO+ j $7[FZ] dl)L]) &, z],-
o
PowerExpand@Factor [~ A™/2| E[CF[Z /. A »1 /. Thread[vs - 8]]] ];
Protect [Integrate];

Inl- ]:= j]E[—uxz/2+i§x] d{x}

Out[«]=
2
el-5]
2

N

Inf-]:= Fo-FG:j]E[—u (x-a)?/2+1 £x] d{x}
Out[«]=

]E|:J'1(Zau+i1§)§]
2u

Ju
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Inf-]:= jFofGE[-i Ex] d{€&}
Out[«]=

E[-= (a-x)%y]

N R

1 ab
n[-]:= L === {Xg, Xz}-(b )-{Xn X2} + {€1, €2} . {X1, X2};
2 C

712 = jIE[L] d{xq, Xz}

Out[«]=

]E[ € ba&s  _ ag ]
2 (-b’+ac) b%-ac 2 (-b*+ac)

-b%>+ac

Ine]:= {21 = JE[L] d{x;}, 212 = jZldl{xz}}

Out[«]=
<7bz+ac> X% bx; &1 '5%

E{_ 2a B a +£+X2§2]

{ Va

, Tr‘ue}

il 1= $r = Normal[# +0[e]™] &; jIE[—¢2/2+e¢3/6] d{¢}

out[«]=
5¢2 5e&* 1105e® 565e¢® 82825¢'® 19675¢%?
IE[ + + + + + }
24 16 1152 128 3072 96
The Quadratic
Matrices from SSAlexander4Tangles.nb
X i jkt
k\ k j
_/j
17 N [ Qi ,j ki s=P-X_ /e {P->Pi-Prs X_ > Xi - X}
In[«]:= — 5
Xoijamt Qi ,j e, s==P-X_ /o {P- > Pi-Prs X_ > Xi - Xp}; ’

k k/j
-l J
'l/-i -1
in[-]:= CF[Q4,5,k,1]

Out[«]=
Pi Xi = Pk Xi — Pi Xk + Pk Xk

in[-]:= Collect[Qi,4,k,15 P_» Simplify]
Out[e]=
Pi (Xi— Xk) + Pk (—Xi + Xg)
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In[«]:=

Out[«]=

In[«]:=

Out[e]=

In[«]:=

Out[e]=

In[«]:=

Out[e]=

In[]:=

Out[«]=

In[«]:=

Out[e]=

In[]:=

Out[e]=

In[«]:=

Out[«]=

In[«]:=

Out[e]=

Collect[Qi,j,k,15 X » Simplify]

(Pi - Pk) Xi+ (=Pi+Pk) Xk

2025-05-29 06:14:08

CFIQi,j,k,1 7/« {Pi= (P++P-) /2, P> (P.-P-) /2, X = (Xy +X_) /2, X = (X, =X_) /2}]

p_ X_

CF[Qi,j,1,1 7 {Pi= (Po+P-) /2, P> (Pa-P-) /2, Xi > (X, +X.) /2, X > (X, -X) /2}]

-p_ x_

CF[Qi,5,k,1 - Qi, 5,61 7+ {Pi=> (Pa+P-) /2, P> (Pr=P-) /25 X5 (X, +X.) /2, X > (X, -X.) /2}]

2p_Xx_

The Trefoil

L = CF[Q1,2,3,4 + Q3,2,5,4 + Q5,2,1,4]
23 X3~ P3 X1~ Ps X1 — P1 X3 + 2 P3 X3~ Ps X3 - P1 X5 — P3 X5 + 2 P5 X5
{CF[(8p, L) + (Bp,L) + (Op L)1, CF[(Ox, L) + (Ox, L) + (Ox, L)1}

{e, @}

jE[L] d{p1, P35 X1, X3}

E[0]

3
I]E[L] d{p1, Ps» X1, X5}

E[0]
3

CF[Q1,2,3,4 +Q3,2,5,4 +Q5,2,1,4 /« {P1 > -P3 - P55 X1 > -X3 - X5}]

6 p3 X3 + 3 ps X3 + 3 P3 X5 + 6 P5 Xs
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Re-sectioning

in[-1:= {CF[Q4,j,k,1 7« (P|X); >0, CF[Qi,j,k,1 /- (P | X)x—>0]}
Out[e]=
{Pk Xks Pi Xi}

in[-1:= {lhs, rhs} = {JE[Qi,j,k,l /« (P X);->0]d{pk, Xk}> jE[Qi,j,k,l /[« (P X)—>0] d{pi, Xi}}
out[«]=

{-1E[@], -1E[0]}

in[-]:= 1hs == rhs

Out[e]=
True

in[-]:= F = &5 X5 + 75 pj + §1 X1 + 711 P13

{1hs, rhs} =
{jE[(Qi,j,k,l +f) /. (p| xX); »0] d{pks Xk}, JE[(Qi,j,k,l +f) /. (p| X)—» 0] d{pi, Xi}}
lhs == rhs
Out[«]=
{(-1E[pjj+P17a+Xj&5+X1&1], ~LE[pj 75+ P17+ X5 &5+ X1 €1}
Out[e]=

True

n[-]= F=&§Xj+mjpj+ 1 Xy +mP1+7 (Pi-Px) +& (X5 -Xi) 3

{1lhs, rhs} =
{JE[(Qi,j,k,l""F) /[« (P]|X);->0]d{pk, Xk}» J‘]E[(Qi,j,k,l"'f) /[« (P|X)x—0] d{pi, Xi}}
lhs == rhs
Out[«]=
{(-1E[-7m&+pjmy+p1m+XjE5+X1E1], ~TE[-TE+pPjmy+prm+XyE&5+X1E1]}
Out[«]=

True
inf-]:= £ = &5 X5+ 75 Pj+ E1 Xy + 71 P1+ 70 (Pi = Pk) + & (Xi = Xk) 3
{1hs, rhs} =
{jE[(Gi,j,k,ﬂf) /o (P 1%);5~0] d{pPis X} ﬁE[(Gi,j,k,nf) /. (P 1X)~>0] dips, x;}}
1lhs == rhs

Out[e]=
{(-1E[mE+pjmy+Pprm+X5E5+X1&1], ~LE[TE+Pjmg+p1m+XyE&5+X1E1]}

Out[«]=
True

R2b
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il-1= Qu,2,3,4 + Q3,2,5,4 // Expand
Out[«]=
P1 X1 = P3 X1 = P1 X3 + Ps X3 + P3 X5 — Ps X5

il 1~ Expand@Collect [Qi,2,3,4 +Qs,2,5,45 (P |X)35 F] /. F > Factor
Out[~]=
P1 X1+ (=P1+Ps) X3 - Ps X5 + P3 (X1 + Xs)

in[-]:= Expand [Q1,2,3,4 +Q3,2,5,4 /+ {Ps > P1, X5 Xl}]
Out[e]=

0

R3

in[-]:= 1hs = Simplify[Q1,2,7,6 + Q2,3,4,7 + Q7,4,5,61 5

rhs = Simplify[Q;, 3,7,1 + Q1,7,5,6 + Q7,3,4,5]
Out[e]=
(P1-Ps) (X1-Xs5) + (P2 -P7) (X2 =X7) + (Pa-P7) (Xq-X7)

in[-]:= Simplify[1lhs == rhs]
Out[«]=
Pa X2 + P2 Xa + P7 (X1 = X3 = Xg + X5) +P1 X7 +Ps (=X1 +X7) = P1 X5 + (P2 + Pa) X7

in[-]:= Expand@Collect[lhs, (p| X)s, F] /. F - Simplify
Out[e]=
P1 X1+ (P2 - Pa) (X2 —-Xg) +P7 (=X1 = Xs5) +PsXs + (=P1-Ps) X7 +2Pp7 X7

Inf]:= j]E[lhs] d{p7, X7}

Out[«]=

- + P2 X2 - PaXy—P2Xg+PgXg- +

1 P1X1 Ps X1 P1Xs PsXs
-— ]l]E{
2 2 2 2 2
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in[-]1:= Expand@Collect[rhs, (p|Xx)s, F] /. F- Simplify
Out[«]=
P2 X2+ P7 (X2 = Xa) +PaXa+ (P1-Ps) (X1 -Xs) + (=P2-Pa) X7 +2P7X;

Il ]:= Simplify[(J?E[rhs]d{p,,x7})::(J}E[lhs]d{p7,x7})]
Out[e]=
1
E[E (P2 = Pa) (X2 -Xg) +P1 (X1 - Xs) +Ps (—X1+X5)} =

1
]E[E (2 (P2 - Pa) (X2 -X4) +P1 (X1 - X5) +Ps (—X1+X5>)}

il - (ﬁE[rhs] agpr, 7} = Umtlhs] apy, x|

Out[«]=
(P2 - Pa) (X2 -X4) +Ps (X1 - Xs5) +P1 (=X1 +X5) = O

N
P

R1s

3 ‘//

/

8\)

in[-]:= Rls = Simplifye {Q2,3,2,1) Q.,3,2,15 Q1,2,1,3 Q1,2,1,3}
Out[«]=
{0, 0, 90, 0}

R2C,

3
-

Tyl 2

RS

imi-1= 1hs = Collect[Qq,1,2,5 + Q2,3,4,5, t, Simplify]

Out[e]=
(%]

R2C_
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27
Ay

S

in[-1:= lhs = Collect [62,5)411 + Q4)5)2,3_' t, Simpli'Fy]

Out[e]=
0
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