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Pensieve header: Analyzing Reidemeister moves by hand.

mn[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\Semi-Seifert"];
<< ../HigherRank/FormalGaussianIntegration.m

The Quadratic

Matrices from SSAlexander4Tangles.nb
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= Qi gkt i= {Pis Pis Prs Pr}e (EM-t2MT) (X5, X5, Xes X )5
Qi ,j,k,i :={Pis Pjs Prs PL}- (tﬁ-t_1 M') . {Xi5 Xj5 Xes X1 }3
Xps := Flatten[Table[{x;, pi}, {i, S}]1]

In[«]:= monsi_)j_,k_’t_ =
Monomiallist [ (X; + Xj + Xe +X() 2 (Pi +Pj + Pe+ PL) >+ (Xi + X5 +Xe +X() (P +Pj+Pe+p) +1] /.
{2x_>Xx, 4x_ X}
mons; > 3.4
Oout[-]=

{Pi Xi, Pi X1 X2, pi X1 X3, P% X1 Xa, pi X%.- pi X2 X3, P% X2 Xa, pi X%; pi X3 X4, Pi Xzzu P1 P2 X%,
P1 P2 X1 X2, P1 P2 X1 X3, P1 P2 X1 Xa, P1P2 X%: P1 P2 X2 X3, P1 P2 X2 X4, P1 P2 Xg) P1 P2 X3 X4,
P1 P2 Xzzu P1P3 Xi: P1 P3 X1 X2, P1 P3 X1 X3, P1P3 X1 Xa, P1P3 X%: P1 P3 X2 X3, P1 P3 X2 X4, P1P3 Xg)
P1P3 X3 X4, P1P3 Xz, P1PaXs, P1PaX1Xe, P1PaX1Xs, P1PaX1Xas P1PaXss P1PaXo X3,
P1 P4 X2 X4, P1Pa Xg, P1 Pa X3 X4, P1Pa Xzzu P1 X1, P1 X2, P1 X3, P1 Xa, P% Xi; P% X1 X2, p§ X1 X3,
P% X1 Xg, P% X%: P% X2 X3, P% X3 Xa, P% Xg: P% X3 Xg, P% Xzzu P2 P3 X%) P2 P3 X1 X2, P2 P3 X1 X3,
P2 P3 X1 X4, P2 P3 Xg) P2 P3 X2 X3, P2 P3 X2 X4, P2 P3 X%: P2 P3 X3 Xa, P2 P3 Xzzu P2 Pa Xi)
P2 Pa X1 X2, P2 Pa X1 X3, P2 Pa X1 Xa, P2 Pa X%: P2 Pa X2 X3, P2 Pa X2 Xa, P2 Pa Xg) P2 Pa X3 Xg,
P2 Pa Xzzu P2 X1, P2 X2, P2 X3, P2 Xa, P% X%: P% X1 X2, pg X1 X3, P% X1 X4, Pg X%: p§ X2 X3, P§ X2 X4,
p3 X3, P3 X3 Xa, P3 X5, P3PaXi, P3PaX1 X, P3PaX1Xss P3PaX1Xas P3PaXss D3 PaXa X3,
P3 Pa X2 X4, P3 Pa Xg; P3 Pa X3 X4, P3 Pa Xzzp P3 X1, P3 X2, P3 X3, P3 X3, pi Xi; pi X1 X2, Pzz; X1 X3,

2 2,2 2 2 2,2 2 22
P4 X1 Xa, Py X35 PgX2X3, PyX2Xas PaX35 PgX3Xas PyXgs PaXy, PaXas PaX3, PaXa, 1}

https://drorbn.net/AcademicPensieve/Projects/Semi-Seifert/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: Semi-Seifert: PerturbSS2.nb 2025-08-19 10:53:06

In[«]:= Qi,j,k,l +eSumfa, monsi,j)k,l[[z]], {z, Length [mOﬂSi’j,k’l] }1

Out[«]=
1 P; 2P«
- -t pi+— - +tp1| Xg+ (=tpi+tpr) X5+
t t
Pj 1 Pi Pk
thi—*-%— - -t pk—tpl xk+(——+—)xl+
t t t t

2.2 2 2 2 2,2 2 2 2.2
6(piXiO(1+piXinO(2+piXiXkO(_o,+piXiX10(4+pinOC5+pinXkOl6+pinX10(7+piXkO(8+
2 2,2 2 2
Pi Xk X1 Q9 + Pj X3 Qg + Pi Pj Xj 011 + Pi Pj Xi X§ Q12 + Pi Pj Xi Xk 013 + Pi Pj Xi X1 Oaa + Pi Pj X§ 015 +
2 2 2
Pi Pj Xj Xk Qe + Pi Pj X3 X1 Q17 + Pi Pj Xic Qag + Pi Pj Xk X1 Qa9 + Pi Pj X1 O2e + Pi Pk Xj 021 +
2
Pi Pk Xi X5 022 + Pi Pk Xi Xk 023 + Pi Pk Xi X1 Q24 + Pi Pk X5 O25 + Pi Pk X5 Xk 026 + Pi Pk X5 X1 027 +
2 2 2
Pi Pk X Q28 + Pi Pk Xk X1 Q29 + Pi Pk X1 039 + Pi P1 Xj 031 + Pi P1 Xi X§ 032 + Pi P1 Xj Xk 033 +
2 2
Pi P1 Xi X1 Q34 + Pi P1 X§ 035 + Pi P1 Xj Xk 036 + Pi P1 Xj X1 Q37 + Pi P1 X 038 + Pi P1 Xk X1 Q39 +
J
2 2.2 2 2
Pi P1 X] Qge + Pi Xi 041 + Pi Xj a2 + Pi Xk 043 + Pi X1 Qag + Py X5 Qa5 + Py Xi Xj Oae + Py Xi Xk Qa7 +
2 2,2 2 2 2.2 2 2.2 2
Pj Xi X1 Q48 + Pj X5 Qg9 + Pj Xj Xk Osg + Pj Xj X1 A5y + Pj Xy A5z + Py X X1 As3 + Py X7 A54 + Pj P Xj As5 +
2
Pj Pk Xi X5 Q56 + Pj Pk Xi Xk Q57 + Pj Pk Xi X1 Osg + Pj Pk X5 Osg + Pj Pk Xj Xk Ogp + Pj Pk Xj X1 Qg1 +
Pj Pk Xﬁ Qg2 + Pj Pk Xk X1 Xe3 + Pj kaf Qea + Pj P1 X% Qg5 + Pj P1 Xi Xj Oes + Pj P1 Xi Xk g7 +
2 2
Pj P1 Xi X1 Qg + Pj P1 X5 Qeg + Pj P1 Xj Xk U7 + Pj P1 X5 X1 071 + Pj P1 Xic A72 + P P1 Xk X1 O73 +
J
2 2.2 2 2
Pj P1 X7 074 + Pj Xi Q75 + Py X5 Q76 + Pj Xk A77 + Pj X1 A78 + Py Xj Q79 + Py Xi Xj Ogg + Py Xi X Og1 +
2 2,2 2 2 2.2 2 2.2 2
Pk Xi X1 Qg2 + Py Xj Og3 + Py Xj Xk Otga + Py X5 X1 Ogs + Pic Xy Oge + P Xk X1 087 + Py X1 Otgg + Pk P1 Xj Ogg +
2
Pk P1 Xi Xj Ogg + Pk P1 Xi Xk Qo1 + Pk P1 Xi X1 Xg2 + Pk P1 Xy X9z + Pk P1 Xj Xk Olog + Pr P1 X5 X1 Qg5 +
3
2 2
Pk P1 X Oge + Pk P1 Xk X1 Qg7 + Pk P1 X7 Qog + Pk Xi Ogg + Pk Xj A1ee + Pk Xk Q101 + Pk X1 Q102 +
2.2 2 2 2 2,2 2 2
P1 Xj Q13 + P1 Xi Xj 104 + P1 Xi Xk Q105 + P1 Xi X1 Quee + P1 X5 Q197 + P1 Xj Xk X108 + P1 Xj X1 Q109 +

2,2 2 2,2
P1 Xk O11e + P1 Xk X1 0111 + P1 X3 Q112 + P1 Xi Q113 + P1 X5 G114 + P1 Xk Q115 + P1 X1 Q116 + 01117)
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1 Pj 2Pk
infel= QP 5k, == - P+ P

+tpL] Xi +
t

P; 1 Pi Pr
(—tp~,'_+tpk)Xj+ thi__+ - -t Pk'tPL Xk+(——+—]XL+
t t t t

e (p? X2 oy + p? X; X; @z + P} X; X, a3 + P2 X; X, 0z + P2 X5 a5 + P2 X; X, &g + P X X, @7 + P2 XF ag +
P% X X, 09 + P% X% Qg + Pi Pj X% Q11 + Pi Pj Xi Xj Q12 + Pi Pj Xi Xp Q13 + Pi Pj Xi X Q14 +
Pi P; X§~ Qis5 + Pi Pj X5 Xp Q1 + Pi Pj X5 X, Q17 + Pi Pj sze A1 + Pi Pj Xp X Qg9 + Pi Pj Xf Qg +
Pi Pr X% Q21 + Pi Pr Xi Xj Q2 + Pi Pr Xi Xp Q23 + Pi Pr Xi X, Qx4 + Pi Pr X§- Qs + Pi Pr X X Qe +
Pi Pk X5 X( 027 + Pi Pr Xp Qag + Pi Pr X X( 029 + Pi P X7 Q3o + Pi P X @31 + Pi Pu Xi X Q32 +
Pi PL Xi X Q33 + Pi Pr Xi X, Q34 + Pi PL X; a3s + Pi PL Xj X Q36 + Pi PL X;j X, 037 + Pi Pt Xﬁ Q3g +
Pi PL Xp X, Q39 + Pi Pt Xf Qge + Pi Xi Qa1 + Pi Xj g2 + Pi X Qg3 + Pi X Qg + P; X% Qg5 +
P; Xi Xj Qe + P; Xi Xp Qa7 + P§- Xi X[ Qag + P; X; Qg9 + P§~ X;j X Qs + P; Xj X, o531 + P§- Xi asy +
P§~ Xp X, Q53 + P§~ Xf Qsg + Pj Pr X% Qss + Pj Pr Xi Xj 56 + Pj Pr Xi X, A57 + Pj Pr Xi X, Qsg +
P; Pk Xg- Qs + Pj Pr Xj Xp Qep + Pj Pr X5 X Qg1 + Pj Pr Xf, Q62 + Pj Pr Xp X Qg3 + Pj Pr X% Qg +
P; pL X% Qg5 + Pj PL Xi Xj g + Pj PL Xi Xp Qg7 + Pj PL Xi X, Qeg + Pj PL X; Qg9 + Pj PL X;j X Q79 +
Pj PL Xj X, a71 +PjPL Xi Q72 + Pj PL Xe X Q73 + Pj PL Xf Q74 + Pj Xi Q75 + Pj X;j Q76 + Pj X Q77 +
Pj X, azg + P: X% Q79 + P: Xi Xj Oge + pi Xi X Qg1 + Pi Xi X, agy + Pi Xi' ag3 + P;ze X;j Xp Otgg +
P: Xj X ogs + Pﬁ Xlzg Oge + Pﬁ X X Qg7 + P;ZQ Xf Qgg + Pr PL X% Qgg + Pr. PL Xi Xj Qgg + Pr. Pr Xi X Qg1 +
Pr PL Xi X, @92 + Pr P X§' Qg3 + P PL Xj X Qgg + Pr PL X5 X Qg5 + Pr. Pr. X: Qge + Pr P Xk X, Qg7 +
Pr PL Xf Ogg + Pr Xi Qgg + P X Q1pe + Pr Xr Q101 + Pr X X102 + Pf X% Qje3 + Pf Xi X Q104 +
P% Xi Xp Q15 + Pf Xi X Q16 + Pf X; Q17 + P% Xj X Q1e8 + P% Xj X Qg9 + Pf X;z Q110 +

2 2.2 2
P; Xp X; 0111 + P] X[ 0112 + Pr Xi 0113 + P X Q114 + Pr Xp Q115 + Pr X Q116 + a117) +0[e]

in[-]:= LHSR3 = j]E [QP-F,g,e,a + ng,d,c,e + Qpe,c,b,a] d{Xes Pe}

Out[e]=

1

in[-]:- RHSR3 = J]E [QPg,d,e, ¢ + QPs e,b,a + QPe,d,c,b] A {Xes Pe}

Out[e]=

1

in[-]:= (xUnperturbedx)
Cases[LHSR3, E[A_], Infinity][1, 1, 1] -
Cases[RHSR3, E[A_], Infinity][1, 1, 1]

Out[e]=

In[-]:= eqnR3 =
Cases[LHSR3, E[A_], Infinity][1, 1, 2] - Cases[RHSR3, E[A_], Infinity][1, 1, 2] // CF;
eqnR3

1

Out[e]=
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in[-]:= varsR3 = Union@Cases [eqnR3, ay , Infinity]

Length@varsR3

Out[e]=
{oa, 02, O3, Q4, 05, Ag, 07, Qg, Qg, C1py (115 K125 X135 14, Ois, Oi1p, O17, Q1gy, (19, 2@y 0215 022,
(23, U4, Q25,5 (26, K27, Q28 029, (U39, (31, (32, (33, (U34, (35, (36, (37, (38, (39, (49, K41, (42,
43, g4, O4s5y U465 K47, Qagy 049, Usgy U5y, O, (53, U5, Qss, Ose, U57, Qsg, Osg, gy Uels
Qe25 U3y Qeas Aess Uees Qg7 68y U9y U705 O715 U725, U735, Q74,5 75, U765, A77, 078, A79, Ugo,
Qg1 (g2, g3, Oga, Ugs, Qges Og7, (gg, (g9, Oogy (91, (g2, (93, (gg, (g5, Qggy g7, (9g, (g9,
O1e0, (1015 Q1025 (1035 (1eas Ol1ess Qess (107, Oless C1e9s O11es 0111, (112, Q1135 X114, Q1155 Q116

out[e]=
116

i1~ CoefficientRules[eqnR3, Xp a b c 4, ]

1

i1~ s0lR3 = First@Solve [CoefficientRules [eqnR3, Xp, b c a,¢

Out[«]=

ey /- {(u_>v_) > v=0}, varsR3]

Solve: Equations may not give solutions for all "solve" variables.

Out[«]=
t2oq, tPas o3 012 034
{0(2%*0‘3* P 5 %1, g - 5 Pl
1+t 1+t t 1+t 1+t
tz a3 t4 21 tz 23 tz g tz 34 4 t4 g1 t2 g7
Qg > —— — Qg + + + - +t Qgg + ——— —0g3 — ——
-1+t -1+t -1+t? -1+t 2 (-1+t7) -1+t 2 (-1+t?)
tz a3 (_1+ 2t2> Xe 'tz 12 t4 A1 t4 23
a7 - - + +

- +
(-1+t2)? B (-1+t%) 1+t (L14t7)7 (c1+t7)°

t2 O>g (—2 t2+5t4 - ‘tG) O34 t4 Oss t4 Og1 t4 Qg7
- + + - 5, Og —

(-1+€2)% 2 (-1+t2)% (1+t?) -1+t (C14t2)? 2 (-14t2)?

tz a3 t4 A1 (tz + t4> 23 tz (051 tz 34 t4 g1 tz Qg7

2 (-1+t%)  2(-1+t*) 4 (-1+1t% 2(—1+t2)+2(—1+t2> 2(-1+t2)+2(-1+t2)’

o tPog, tPosg o3 Q12 021 (71+3t2) G23
Qg »> — + -, 19 > — - - - -
t2 1+t 1+t? 212 (-1+t2) 1+t> 2 (_1+t2) 4 t2 (_1+t2)
Qasg (1‘3t2> 34 Olg1 Qg7

2t2(71+t2) 2(71+t2) <1+t2> °2 2(71+t2)+2(71+t2>)

a2 Qsa (-2+t*) a3 (2-1?) o £2 0y
WU e e TR (-1+t2)% 7 (-1+1t%) ' (-1+1%)2
2 (-2+1%) s g (2-t*) oz tPass ' (-2+t*) s (2-17) ag
(-1+¢2)2 ' (—1+t2>272(—1+t2)2+—1+t27 (-1+12)? 72(—1+t2)2’
s o 01 0o (-1+t*-t*) o3
O1q - - - + - +

(—1+t2)2 t2 <—1+t2) t2 (1+t2) (—1+t2)2 t2 (—1+t2)2
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Olg (245t -t%) an Qss t? oy Olg7
- + + - » Q15 = —Qsg,
t2 (-1+t2)% 22 (-1+€2)7 (1+€7) -1+t (L14t2)7 2 (-141t2)°

tz 34 tz g7 2 a3 2 (073 12 2 t2 21
A1 = — - y 017 = — + + - -
1+t —1+t? (-1+2)® (14t 1+ (L1.¢2)7
(1 + tz) 023 2 061} (1 -3 t2> 34 2 t2 043 2 t2 g1 t2 Qg7

- - - - +

(-1+€2)%  (c1+t2)? (C1+t2)? (14t2) -1t (L14t2)° <—1+t2)2,

o3 ag  tron t2 03 028 034 t2 ogs Olg7
18 > — - — + + - - + - 5
1-t% % -1+t -1+t 1-t% 2(-1+t*) -1+t* 2(-1+1t?)
A12 23 034
Q19 = — - + >
1+12 -1+t2 1+t2
a3 Og 12 Q21 23
Q9 = — + + - - -

2 (-1+12)2 t(-14t) £ (141 (c147)7 2 (-1+12)°

Ol28 (1 -5t%+2 t4) O34 Oss Olg1 097

- +

t2(71+t2)2_2t2(71+t2)2(1+t2)_*1+t2 (-1+1t2)? 2t2(—1+t2)2,

t2 o3 o B (-1+2t) oo (1-2t%) 0p3  (1-21%) oos
A2 —> — + - - -
(-1+t%)> -1+t (-1+12)° (-1+12)? (-1+1t%)2
(-t?+2t%) oz (P -21t%) oss t4 ogy (-2 +2t%) ag
_ . _
2 (-1+12)? ~1 412 (-1+12)? 2 (-1+12)?
o3 Og <71+t2) 12 (1*2t2> o1 (1*21:2) a3
Q24 = - - - - -
((1482)2 2 (-1+8) 7 (14t (-1+¢2)% £ (-1+12)?
(1-21%) s (2-7t2+71%) oz (1-21%) ass t2 oy (-1+2t%) agy
_ _ + _
t2 (-1+t2)7 212 (-1+12)% (1+12) -1+ t? (-1+€2)% 2 (-1+12)? ’
tz a3 t4 (0531 tz az3 tz (05X tz 34 4 t4 g1 t2 g7
Q5 = — + Og — = - + -t g5 — + )
-1+t? -1+t -1+t -1+t 2 (-1+tP) -1+t 2 (1412
o . t2 (_2+t2> a3 <_2+t2) Qg t4 [05X1 tz a3 tz Qg . t4 034
26 - - - - -
(-1+12)? ~1+t2 (-1+2)%  (-1+t2)% (-1+t2)% 2(-1+t%)°
t4 Oss t4 <_2+t2) g1 t4 Qg7 203 2 o <1_t2> A12
+ + » O27 = — +— - -
~1 4+ 12 <71+t2)2 2 (71+t2)2 “1+t2 2 14+t2
2t2 021 (1+t ) Q23 20(28 (1*31: ) Q34 tz 2t2 g1 t Qg7
—_ —_ —_ —_ a —
1et? 1+t? 102 (-1412) (1+1t2) Te 1.t
(2-t*) a3 (-2+t*) a6 (-1+1t%) an t2 0y, Oiy3
029 = — - - - - -
(-1+2)* (1412 1+t? (-1+12)*  (~1+1t2)?
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g (2-7t2+5t"-2t°) azs  t2oss TP (-2+1%) am t2 gy
- + + »

(-1+€2)% 2 (-1+12)% (1+1¢2) 14t (-1+1t2)?

o3 Og (1 —tz) 012 01 O3 Oz
30 = — 0, - - - -
-1+ttt (1+t?) -1+t P (-1+t%) P (-1+tP)

2 4 2 2
(1-5t7+2t%) oz ag1 Qo7 o, t% azg
» 031 > -top - —— - asg,

2t2(-1+t2) (1+t2) i —1+t2+2t2(—1+t2) 1+1t2 ! 1+t2

t4 as tz 073 t4 12 t4 A1 (*tz + t4 - t6> 023 t2 (051
O3y = - - + - + -
. (,1+t2)2 “1+t2 1412 (71+t2)2 <71+t2)2 (71+t2)2

(-t*+5t°-21%) cas  t*ass 15 ogg t* oy
+ + - )

2 (-1+t2)% (1412) -1+t (L14t2) 2 (-1+1t2)°

-2+t oz (2-tP) o P (-1+t?) onn t4 0y t(-2+t%) ans
033 —> — - + + -

(—1+‘t2>2 -1+ t2 1+t2 <71+t2>2 (71+t2>2

+

12 ag (7t%-7t%+2t%) oaa  thoss tT(-2+t) 0m (217 -t*) ag
_ . _ _

(-1+t2)% 2 (-1+t2)% (1+t%) -1+t (-1+1t?)

2 (-1+1t%)° ’

t4 a3 tz (073 t6 A1 t4 a3 t4 (051 t4 34
35 > — + - - - + -

(-1+€2)% -1+t (C14t2)? (C14t?)? (C1+t2)? 2 (-1+t2)°

t6 0431 t6 g1 t4 Qg7 t4 12 t4 A3 t4 34
2 2 " 2 9367 2 2 2’
-1+t (-1+1?) 2 (-1+1t%) 1+t -1+t 1+t

2t% a5 2 a6 t2 aq 2t% ay (tz + t4) 023 212 apg
37 = — + + - - - -

(-1+€2)% -1+t7 14t? (L1442)7 (c1+t2)7 (-14t2)°

(tz -3 t4> O34 2 t4 Qss 2 t4 g1 t4 Qg7
- - +

(F1+82)2 (1442) -1+t (c1.42)%  (-1.+€3)2

t2 a3 t4 12 t4 (0511 t4 23 tz 051 <t2+3t4*2t6> 34 t4 g1 t2 Qg7
3g —> — Qg — + + + - + - >
-1 +t? 1+t2 -1+t> -1+t -1+1t2 2(—1+t2> (1+t2) -1 +t? 2(—1+t2)

tz 34 tz Qg7 a3 243 021
Q39 = — - > Olag & —Qog, Ugs = — - -
“1+t2 -1+t ?(-1+t%) t* -1+t
023 A28 034 g1 Qg7
- + — (52 — Q55 — + » Oge > —Qsp,
-1+t P (-14t%) 2 (-1+t) -1+t? 2 (1412
a3 Ae 21 a23 A28 O34 a1 Qg7
0(47%7 - - - - + - +O(55* - 5}
-1+t t* 1-t7 1-tP P (-14t?) 2(-1+t? 1-t% 2(-1+t?%
as O 021 023
g8 = — + - - -
2 (-14t2)? th (14t (c14t2)? (c14t2)?
028 Q34 Oss Qg1 Qg7

+ - - + B

t2 (-1+t2)? 2 (-14t2)? -1+t (C14t?)? 2 (-1+t7)°
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e e o3 ) (o3 N 021 . Q23 .
497 9y 0517 9, d53 2 (-1+t2)% t(-1+t?) (C14t?)? (C14t?)?

A28 O34 Ass5 g1 Qg7
- + + - y Ogg > 0,

2 (-1+t2)? 2 (-1+t2) -1+t (C14t?)? 2 (-1+4t?

034 Og7 o3 O (*1*2t2> 021 t? o3
Qg = — - 5 057>~ + - - -
1-t% 1-t2 (-1+¢2)2 (-1+t%) (-1+12)? (-1+12)?
(-1+21t%) o 34 (-1+2t%) ass t2 ogy ol
+ - - +
t2 (-1+t2)% 2 (-1+12)° -1+ t? (-1+1¢2)° 2(71+t2>2,
Q12 023 O34
Qsg =~ + - » Qgp = —Q12 + U34 + Og7,

t? (1+t2) +? (-1+t2) t? (1+t2)

20{3 20(5 12 2t2 21 (’171:2) 23
Ae1 —> - + - +

(—1+t2>2 t2 (—1+t2> ) 1+t? (_1+t2)2 (—1+t2)2

2 061} (*1 +3 t2> 34 2 t2 (043 2 t2 g1 tz Qg7
_ + + _
(-1+€2)%  (-1+t2)% (1+¢2) -1+t (c14t2)? <—1+t2)2’
o A12 08 O34 o o a3 Ae A12 021
- -— - + - - + + - -
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2 tz a3 2 073 tz 12 2 t4 a1 (_tz - t4> 23 2 tz (051
_ — + _ + —

(-1+%2)% -1+t 1+t (c14t?)? (-1+1¢%)2 (-1+12)?

Pk P1 X5 X1

(-2 +3t%) ags 2t% o 2t% og t* o7
+ + -

(-1+€2)% (1+€2)  -1+t? (C14t2)? (-1+t2)°

+

p2 X tz a3 (*1 +2 t2> &3 tz 12 t4 21 t4 23 tz (05}
T X5 X1 - - + + + -
1 (F1+€2)2 £ (-1+87) 148 (c1462)? (c14t2)? (c14t2)

(-2t +5t*-t%) oas  t* s t4 ogr 4 0gy
+ + -

2 (-1+t2)% (1+42) -1+t (L14t2)? 2 (-1+1t2)°

+

t4 a3 tz Qg t4 A12 t4 0511 (—tz + t4 - ts) 23
- - + - +

(-1+2)? -1+t 1+t (L14t2)° (-1+12)?

Pi P1 Xji Xj

tz Qg (’tA +5 t6 -2 ts) Q34 t4 Oss t6 g1 t4 Qg7
- + + -

(-1+€2)% 2 (-1+t2)? (1+t2) -1+t (C14t2)? 2 (-1+t?)

+

2

5 t4 a3 t2 073 t6 [05X1 t4 o3 t4 (051
Pk P1 X3 - + + + -
(-1+€2)% -1+t (C14t2)? (C14t2)? (-1+t2)°

t4 Q34 t6 (0434 t6 g1 t4 Qg7
+ + - +
2 (-1+¢%)% -1+t (c14t2)? 2 (-1+t2)°
t4 a3 tz 073 tz 12 t4 (o)1 t4 23 tz g
_ + + _ _ _ _

(-1+%2)% -1+t 1+t (c14t?)? (c1+t2)7 (-1+4t7)°

Pk P1 Xj Xk

(2t -5t"+t%) oz t*oss t® agy t* oy
- - +

2 (-1+12)% (1412) -1+t (C14t2)? 2 (-14t2)?

+

5 t4 as tz Qg t6 21 t4 23 t4 (05X}
pPi P1 X5 | - + - - - +
P (-1+€2)% -1+t (C14t?)? (C14t2)? (C14t2)?

- - +

t4 34 t6 0434 t6 g1 t4 Qg7
.
2 (-1+t2)% -1+t (L14t2)? 2 (-1+t2)°
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tz <—2+t2) a3 (—2+t2> 073 't4 Olz1 t2 Q73 tz [05F:]
PPy e (-1+12)? T (71+t2)2_ (71+t2)2_ (71+t2>2+
t* o34 thass T (-2+t%) o, % ag;
- + + +
2 (-1+12)% -1+t (-1+1¢2)° 2 (-1+12)?
2t2 as 20(6 t2 12 2t4 A1 <t2+t4> 023 2t2 (051
Pi P1 X5 X1 |- + + - - - -
(-1+€2)% -1+t 1+t (1447 (c14t2)7 (c14t2)°
(t2—3t4> Q34 2t 55 2tt g1 t* Qg7
- - + +
(-1+2)% (1+¢2) -1+t (C14t?)? (c14t?)?
pzx x t4 a3 tz 073 t4 12 . ts [05X1 . tG 23 . t4 g
X, _ _ _
2 (71+t2)2 “1+t2 1+t? (71+t2)2 <71+t2)2 (71+t2)2
(-2t +5t%-t%) ozt s t° ogy t® gy
+ + - +
2 (-1+t2)% (1+12) -1+t (c14t2)% 2 (-14t7)°
) t4 a3 tz Qg t4 12 t6 [05X1 t6 a3 t4 (053]
Praxs ) (_1+t2>2 : “1+ 12 i 1+ (_1+t2)2 i (—1+t2)2 ) (—1+t2)2 .
(2t*-5t°+t%) oaa  toass 18 agy 18 a7

- +

2(71+t2)2(1+t2)7*1+t2 (-1+t2)? 2 (-1+1t2)7

+

(-1+2t%) o3 (1-2t%) 06 tPay, tP(-1+2t%) an t% op3

2
Pj P1 X |- - - - -
3 P12 <71+t2)2 +2 (—1+t2) i 14+ 1t2 (71+t2>2 <71+t2)2
(-1+2t*) g (1+t?-61t*+21t%) s tross TP (-1+2t%) om  (1-217) g
- - - - +
(-1+12)° 2 (-1+12)% (1+12) -1+1t2 (-1+1t2)° 2 (-1+12)?
. (-2+t%) a3 (2-1%) a6 ) t2 oy t2 (-2+t%) a3 )
iVMjAiAk [~ - -
] ((1e2)? (1) (L1.2)?  (c1.12)
Olzg <2—t2> 34 't2 (0733 t2 (—2+t2> g1 (2—t2) Qg7
(—1+t2>272(—1+t2)2+*1+t27 (-1+1¢%)2 72(—1+t2)2 '
Ds Py X; X 20(3 20(5 (_1+t2) a12 2t20121 (‘1_t2> 023 . 20(28
. ) _ _ . _ _
I “1+t2 t? 1+t? -1+ t? 1+ t? -1+t?
<3t27t4) O3a Sy 2t% g Qg7 02 X, x
+ + - +
(-1+t%) (1+1t%) U e 1.er] O
a3 &3 a21 23 A28 34 o ag1 Qg7
—_ - — - - + - + - - +
?(-1+t?) t* 1-t* 1-tP P (-1+t%) 2 (-1+t7) ¥ 2 (-1+1t?)
p2 X2 a3 Q21 (71 - tZ) 23 Qg
. + —_ + —_
e (<14t 2(-1+t%) 4t?(-1+t%) 2t*(-1+t?
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34 a1 g7

2 (-1+1t%) : 2 (-1+t%) 2(-1+1t?

) az a  tPay  tPans Q28 Q34 t? oy Qo7

Pi Pj Xk | — - — + + - - + - +

1-t2 t2 -1+t> -1+t 1-t> 2 (71+t2) “1+t% 2 <71+t2)

5 a3 Q12 a21 23

Pi Xi X1 | - - - - -

t? (—1+t2) t2 (1+t2) “1+t%  t? (—1+t2)
Ol2g (2‘3t2‘t4> 34 Og1 Olg7
- — Ogg — + +
t? (—1+t2) 212 (-1+t2) (1+t2) “1+t% 2 (-1+t2)

p? x2 a3 Qe 021 023 028 . O34 o o
22l _ _ _ _ _
e e e) e 12 e 2 (1ee) 2(1.8)

Og1 Olg7 2.2 a3 012 21 (_1+3t2> 023
+ +Pi X1 |- - - - -
“1+t% 2 (71+t2) 2t2 (71+t2) 1+t 2 (71+t2) 4t (71+t2>
Qosg (1*31:2) 34 Og1 Qg7

- - o5y — +

282 (-1+t%) 2 (-1+1t%) (1+1t?) ” 2 (-1+t%) 2(-1+t?

0s i 32 a3 ag  (1-1%) on 01 023 Q28

. S S _ _ _ _

e (-1+t%) t* (14t -1+t P (-1+t%) P (-1+t%)
(1-5t2+2t%) a4 Qg1 Qo7

2t2(71+t2) (1+t2) > 71+t2+2t2(71+t2)

tosg t agy tozg t a9y
p] Xj - - +pl X1 | — - +
2 (71+t2) 2 (71+t2) 2 (71+t2) 2 (71+t2)
t2 34 t2 Qg7 tz 34 tz Qg7
Pi Pj X5 Xk |~ - +PiP1XkX1 |- - +
“1+t% -1+t2 “1+t% -1+t2
5 tz as t4 12 t4 21 t4 A3
Pi P1 X - Qg - + + +
-1+t 1+t -1+t -1+t
tz (05X (t2+3t4_2t6) O34 t4 g1 tz Qg7
_ 4 _
“1+t? 2 (-14t?) (1+t?) -1+t 2 (-1+1t7)
pz XZ t2 a3 tz Aq2 t4 Q21 tz (‘3 + t2) 023 tz Qg
1 Xj - + - + -
' 2(-1+t%) 1+t 2(-1+t?) 4 (-1+1?) 2 (-1+t%)
(3t27t4> Q34 t4O(81 tz g7 2 2
+ -Og3 — —————— | +PiXj
2(_1+t2) (1+t2) 2(-1+t2) 2(—1+t2>
tz a3 t4 o1 tz a3 tz (051 t2 34 a t4 g1 tz g7
- Og + + + - +t" os + -0gy - ————— | +
-1+t? “1+t2 -1+t -1+t2 2 (—1+t2) -1 +t? 2 (—1+t2)
) o3 t% 04 023 Oz t? 034 ) t? ogy t? aey
Pic Xi Xj |- - - - + -t° ass - + +
~1+t? -1+t -14t? -14t? 2 (1412 -1+t 2 (1412
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tz a3 t4 [05X1 t2 33 t2 (051 tz 34 t4 agq tz Qg7

2 4
Pi Pk X5 | - 06 ~ - - -t oss -
e J[ 71+t2+ 1t _14t2 71+t2+2(71+t2) > 71+t2+2(71+t2) i
P tz a3 t40(21 <t2+t4> 23 tzO(zg tz 34
Pi X |- - - - + -
2(-1+t%) 2(-1+t%) 4(-1+t%) 2(-1+t*) 2(-1+1?)

t4 g1 t2 Qg7 2 a3 2 073 (1 - t2> 12 2 tz A1

s XX — — —
2(-1+t2)+2(-1+t2) eliehe “1+t% t2 1+1t? -1+t
(1+t2) 023 2 g (1*3‘52) O34 " 2t%ag  t?ag,

- - *Zt 55 — + +
-1+t? -1+t (-1+t?) (14t “1+t%2 -1+t
> tz a3 tz <*1 + tz) a12 t4 21 t4 23 tz (051}
plxi Xk - Qg — + + + -
-1+t? 1+t? “1+t2 -1+t -1+t
(-2t2+5t* - t°) as . t* ogg t* a7
+t 0(55+ —
2 (—1+t2> (1+t2) “1+t2 2 (—1+t2)
5 o 30(3 Qg 12 30(21 3 <1+t2> 23 30(28
PeXy | —/—————— - — + + + + -
2¢% (-1+t%)  t* P (1+t%) 2(-1+t%) 4t*(-1+t%) 2t*(-1+1t?)
(<144t +1t%) o 3 og; (1+1t%) ooy
+O(52+O(55+ — +
2t2 (71+t2) (1+t2) 2 (71+t2) 22 (71+t2>
2 2 3t2 a3 t4O(12 3t4 A1 3 (t2+t4) 23 3t2 g
pI Xy |-—————— + o + - - - -
2 (-1+1t%) 1+t 2(-1+t%)  4(-1+t%)  2(-1+t?

(—t2—4t4+t6)a347t4a557 3t% oy +(183+t2 (1+1t?) oo
2 (-1+t%) (1+¢%) 2 (-1+1%) 2 (-1+1t%)
. o3 o (-1+t*) ap  (1-2t%) o1 (1-217) o3
Sl (71+t2)2_t2 (—1+t2)_ t? (1417 _ (-1+12)? _t2(71+t2)2_
(1-21%) os (2-7t2+71%) oz (1-21%) ass t2 oy (-1+2t%) agr
t2(71+t2)2_2t2(71+t2>2<1+t2)_ -1+t? +<71+t2)2_ 2 (-1+12)? '
t?(-2+t%) a3 (2-t*) ot (-1+t?) onp t4 oy t* (-2+1%) o3
PP AT (-1+¢%)° T 1+t +(—1+t2>27 (-1+12)° '
t2 cpg (7t7-7t°+21t%) s tlass t(-2+t%) am (217 -t%) oy
(—1+t2)272(—1+t2)2(1+t2) Tie (-1+¢2)° . 2 (-1+1t%)° '
- [_ (2—t2)oz3+ g o +t2 (—2+t2>o¢21_ o3 (2-t2)a28_
[1ee) € (1e8) 18 ()t (ee) (ae0)

(2-6t2+t*+1t%) a3 (2t2-t*) ass t? (-2+t%) g (-2t7+t%) agy
- N -
2

+

2 (-1+12)% (1+12) -1+ t? (-1+1t2) 2 (-1+12)?
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t2 a3 o 2 (-1+2t%) oo (1-2t%) o3 (1-21%) s
Pi Pk Xi Xj - + - - -
(-1+t2)% -1+t (-1+1t2)? (-1+12)? (-1+12)?
(-t +2t%) oza (P -21t%) oss t4 ogy (-2 +2t%) ag
- + - +
2 (-1+12)? -1+ t? (-1+1¢2)2 2 (-1+12)?
5 a12 34 2 2
PiPj X5 |- - 01 + — Olgg | — Pi P1 X7 Ogg + Pk P1 X7 Oog +
1+t2 1+t
5 [ Q12 Q8 34 a3 3 oy
Py Pk Xk - - + Qog | + Pk Xk | — - -
1+t t2 1+¢? t (71+t2) -1+t
(1+t4) a3 051} tOC34 t3 g1 tO(97
- + — 041 — Q43 — + — Qg9 | +
2t (—1+t2) t (-1+t2) -1+t “1+t% -1+t2
t a3 t 073 t 12 ts 21 t3 A3 t3 051
Pk Xi Qg9 + P1 Xj - - + + + -

(-1+€2)% -1+t7 2 (-1+€2)%  (-1+t2)%  (-1+t2)?

(-t+3t7-1t°) oz , toss t3 ag, t3 aoy 5
+ Olgp + Og3 +t Qgq + -t 75 + - -t Qgg | +
2 (-1+12)2 ~1+t2 (-1+t2)2 2(-1+¢2)?
t <_2+t2) a3 tog t3 A1 t3 (_2+t2> Aa23 t asg t3 Q34
P1 Xg + - + - + -

2 (-1+t2)? 2(-1+t%) 2 (-1+t2)? 2(-1+t%)%  2(-1+t%)° 4 (-1+%%)°

t3 (0431 t3 <_2 + tz) a1 t3 Qg7
O(42—OC43—t2 Agg — —————————— +t2 A75 + + +t2 Qg9 | +
2 (-1+1?) 2 (-1+t2)% 4 (-1+12)°

2 2
tTa, tTam

2 2 2
Pi Xi X5 | -03 - - 0111 | — P1 Xi X1 0111 + P1 Xk X1 Q111 +

g
1+12 1+t

tz 12 tz 34

2 2 2
Pic X5 Xk ( - -1t% agr +ounn

+ 0117 e+0[e]
1+12 1+t

(«Checking R3:x)
In[-]:= LHS31 = ﬁE [QP1fg e,a +QPLg g c e + QPLe b o] d{Xes Pe}

RHS31 = j]E [QP1g, d,e,¢ + QPLf e b0 + QPLe g ¢ b] d{Xes Pe}

Out[e]=

-

in[-]:= LHS31 - RHS31 // Simplify

Out[e]=

0
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in[-]:= (xTrefoil, perturbed and unperturbedsx)

PertTref = |E[QP1, 3,5,1 + QP15 34,1 + QP1; 3 5,1] d{Xas Pas X5, Ps}

le [Qa,3,2,1 +Qs5,3,4,1 +Q2,3,5,1] Ad{Xs, Pas X5, Ps}

Out[«]=
1 5 Py X3 (—oua + 12 agp - 0a3 - £ 03 + 034 - ¥ 34
— t E[eSer‘ies[@, -
4 (1-t*+1t%) 2 (-1+1) (1+1t) (1+1t?)
P3 X1 (*0(12+t20(12+0(23+t20(23+0<34*t20(34> tp1 X1 (034 +0g7) Tt P3Xs (O34 + Clo7)
2(-1+t) t(1+1) (1417 2 (-1+t) (1+t) 2 (-1+t) (1+1t)
P2 Xz (20{3+2t40(21+0(23+t40(23+20(28—2t20(34+2t40181—2t2a97>
2(-1+t)t (1+1)
1 2 2 2
tpaxs (4os-2t7az+206 -2t a + 2t 01 +
4 (-1+t)2 (1+1)?
20(23+20(23—t20(34—2t2(155+2t40(55+4t20131—2t40(81—t2a97)+
1
p3 X3 <2t20(3+20(6—2t20(6—2t20(21+4t40(21+2t40(23—
4 (-1+1)%2t (1+1)2
1
2a28+4t20(28—t2a34—2‘t2a55+2t4a55+2t4a81—t20(97>—
4 (-1+t)% (1+1)2
tpixy (-2t7 a3 - 206+ 2t g+ 202 - At gy + 2t oup + 2t apr — A tt oy - 2t oy +
20(28—4t20(28—20(34+5t20(34—2t4Ol34+2t20(55—2t40(55—2t40(81+t20197)+
1 2 2 2 4 2
P2 X1 (—40{3+2t 0(3—20(6+2t O(6+2O(12—4t O(12+2t ot12—2t o1 —
4 (-1+1)%2t (1+1)2
20123—20(28—20(34+5t20(34—2t4ol34+2t20(55—2t40(55—4t20(81+2t40181+t20(97)—
1
—2 (20(3+2t60(3+2t20(21+2t80C21+O(23+t20(23+t40(23+t6a23+
4 (1-t%+1t%)
t80<23+20£28+2t60<23—2t20134+t4oz34—2t60c34—2tot43+6t30143—6t50<43+
4t7OC43+2't20(31+2t80(81—2t20197+t4O(97—2't60(97—4tOlgg+6t3O(99—
6 ts Olgg + 2 t7 Olgg — 12 117 + 24 t2 117 — 36 t4 117 + 24 t6 117 — 12 ts OC117> :| }
Out[«]=
t?E[0]
4 (1-t2+t7)

in[-]:= CF [Per‘tTr‘e'F /. {Q34 > -ag97, Q12 &> -03 - Cg7} /. O3 = 0/. az = - (t4 Qyq + Oyg + t4 asl) /.
Qg = —t2 Az +t4 Az + Azg +t2 Qg5 — 2t2 Qg1 +t4 Qg /. Qa1 = —agl]

Out[e]=

t2E {eSer‘ies [0,

t ag3-2 12 0g3+2 t Qgg—t3 lgg+6 0117-6 t2 0117+6 t¥ 117 ] }
2 (1-t2+t7)

4 (17t2+t4)
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i1~ Coefficient[QP1; j 1, ax]| & /@ {43, 99, 117}

Out[e]=
2 2
{€P1Xi +€PiX—€PKXk—€P1 Xy €Pu Xy~ t?€PLXs - € P X + 2 € P1 Xk, €}
Inf«]:= (*55%)
j]E [Q1,2,4,3 + Qa,5,1,3 + Qu,5,4,6 + Q7,2,1,6 + Q,2,7,6] d XP (4,7,
Out[«]=

t2E[0]

4 (2—3t2+2t4)

In[-]:= Pert52 = JE [QP1; 5 4,3+ QP1ly 5,1,3+QPL; 546+ QP1; 5 1 6+QP1, 5 7 6] d XPya,7y3
CF [Per‘t52 /. {a34 = —0g7, Q12 = —A33 — 1197} /. Qaz3 = 0/. asz = - (t4 Qajy + Qg + t4 agl) /.

2 4 2 2 4
a6—>-t (121+t a21+a28+t 055—2t a81+t a31/. a21->—a31]

Out[e]=
1

4 (2_3t2+2t4)

P p3x; (—ops +tPag) P peXa (—0as+t?os1)  P2Xs (-00s + t? o)

tzlE[eSer‘ies[@, - + ,
2-3t%+2t* 2-3t%+2t* t(2-3t2+2t%)

Ps X3 (-00s + t? 0s1)  tPpsxs (-0us +t? o) P peXs (-0us + ¥ og)

+ - +
t(2-3t2+2t%) 2-3t2+2t8 2-3t2+2t8
P2Xs (-00s +t?081)  Ps X (—0izg + t% gy ) 1

- +
t(2-3t2+21t% t(2-3t2+2t%) 2 (2-3t2+ 2147

(t? cos - t* apg + 6 taus - 17t a3 + 18 t° cta3 - 8t a3 - t* 0tgy + % gy + 8t 0tgg ~ 18 17 0tgg +

17 ts g9 — 6 t7 Qlgg + 40 117 — 120 tz 117 + 170 t4 X117 — 120 tG 117 + 40 t8 0(117> } ]

in[-]:= CF [Per‘t52 /. {a34 & -Qg7, A1 > —Az3 - 0g7} /. 03 >0 /. az » - (t4 Qz1 + Qg + t4 agl) /.
Qg > —tz Qaz + t4 Qz1 + Ayg + tz Qsgg — 2t2 Qagq + t4 agy /. O3 = —0Og; /. Qg = tz a81]

Out[e]=

3t oy3-4t3 03 +4 t dgg—3 3 Olgg+20 a317-30 12 a17+20 t4 01g7 ] ]

2 .
t°E {eSer‘les [0, 2 (232 t)

4 (2-3t2+2t4)
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