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The Pure/ Virtual Braid Group is Quadratic! DxrsBat-Makin and Reterk gt i CHe gorl, MEBL 20 1]

http://www.zath. toronto. edu/"drorba/Talks/Oregon-1108/
. - R = Foots & refs on PDF version, page 3.
Let [\. be ;P{algel)ra over a Il'w.ld IP with (.'har = 0, and let - Tln —t oTeall
I C K be an “angmentation ideal”; meaning K/I = F. Just for fun. g iﬁ } 2D pnum.um)
Definition. Say that K is quadratic if its associated gradec ’// \\{ ofireality
or K = @2, 1P/ s a quadratic algebra. Alternatively,

lot A =Q(K)=(V =1/1%)/{kex(jia: V&V — I?/I*)) b K /Ky = K /K2 — K/Kz = K/Ks—

% % § t 5 3 Crop . -
the “quadratic approximation” to K (Q is a lovely functor). R(,mlu. I F IF I'ﬁ l'g'
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Then K is quadratic iff the obvious p @ A — gr K is an
l An expansion Z is a choice of a

isomorphism. If G is a group, we say it is quadratic if it
oroup ring is. with its augmentation ideal. “progressive scan” algorithm.
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Why Care? e In abstract generality, gr K is a simplified ver-
sion of A and if it is quadratic it is as simple as it may bc
vithout being silly. e In some concrete (somewhat gener-Example. (goes back to [Koh])
alized) knot theoretic cases, A is a space of “universal Lic X A

gebraic formulas™ and the “primary approach™ for proving K — . e < - - >
T. Kohno |

(strong) quadraticity, constructing an appropriate homomor-
phism Z : K — A, becomes wonderful mathematics:

u-Knots  and r 1 Elve 3 s
K/I! = ariants of type p) =: 'V,
K| Braids v-Knots w-Knots (& ) Umvnsiauts;of bpep) Vi
Metrized  Lie Finite dimensional Lie PP =y C = ({1940 — ity — < v>
A| algebras [BN1] |Lie bialgebras [Hav| |algebras [BN3] 2/ ) p/Vp-1 iad )
Etingof-Kazhdan Kashiwara-Vergne- ker fii gkt 0 = [#_pik 4 ik AT relations
or flo = T =0= X = clations
Associators quantization Alekseev-"Torrosian R fo= ] " Sl i
Z| [Dri, BND| [EK, BN2]| KV, AT]

Pol3,, is the group

1 horizontal chord dia- - IR i
7 \grams mod 4T a  Jo

Z: universal finite type invariant, the Kontsevich integral.

T jTikO i = OikTik0ij
(o_” 1(1#1\]1) ij9ikY 5k IkOik iy
0ijOkl = OITij

L. Kauffman

of *pure virtual braids™ (*braids when you look”,
“blunder braids™):

D 2-Injectivity. A (one-sided infinite) sequence
(J\/ . S | e O

Ky < Ky=K

is “injective” if for all p > 0, kerd, = 0. It is “2-injective” j

o P ; ; i its “l-reduction”
I'he Main Theorem [Lee]. PuB,, is quadratic.

The Overall Strategy. Consider the “singularity tower™ of Kpys %01 K 3 Ky .
(K, I) (here *:" means @y and p is (always) multiplication); ker 8,41 ker 9y, kerdy, /

. 1:)J+l Mpt+1 e Hp 1:];—] . K

is injective; i.e. if for all p, ker(d, © 6,41) = kerdy1. A pai
(K, 1) is “2-injective” if its sffigularity m\g,is 2-injective.

We care as im(p? = py o ---0py) = IP, so [P/IPF =P-docatir UMM T Rs=2=Tocal i fhe sequence

im 4/ im p"*1. Hence we ask: 77 | . . 5 . v
R, = @5’:: (91 Ry =371 = P e P ’\Q
e What's I'?/u(IPF1)? C ’
e How injective is this tower? iis exact, wherg Ro = kerp: 2 — 1" (o (k /_r( “aT 'G"e/ 2

Lemma 1:[)/#(1:,)+l) ~ (I/I2)® = V®P reorom 1. T ('RET) is Z-Tocll &dR2-injective, it is quadratic, €/
) ‘ _ - ’ Proof. Staring at  the  l-reduced  sequence

, \ f (o 4
Flow Chart. An, k N | [Pt M1 e e K, get 2 =
LA | 70V
| - 1P/ ker py Iv 3

e e = W e But trivially _lr*') ~

Thm 4 h‘“-(.hh.lgs B (1/1%)®P, so the above is (1/I?)®P /57 (1971 Ry : [P=i71)
by Peter (Criterion | 32 (T~ But that's the degree p piece of Q(K).
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Ebotnotes

1. Iul]uwm- a lu):[mn jupus paper and thesis by Peter Lee [Lee]. All serious work here is hi
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