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ABSTRACT. We present a three dimensional realisation of the Goldman-Turaev
Lie biaglebra, and construct Goldman-Turaev homomorphic expansions from
the Kontsevich integral.
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1. INTRODUCTION

od

In 1986, Goldman defined a Lie bracket |Gol86| on the space of homotopy
classes of free loops on a compact oriented surface. Shortly after in 1991, Turaev
defined a cobracket [Tur91] on the same spaceﬂ This bracket and cobracket make
the space of free loops into a Lie bialgebra — known as the Goldman-Turaev
(GoTu) Lie bialgebra — which forms the basis for the field of string topology [?]
and has been an object of study from many perspectives.

In this paper we, describe a 3-dimensional lift of the Goldman-Turaev Lie
bialgebra into a space of tangles in a handlebody. We recover the bracket and
cobracket maps as projections of intuitive operations on tangles. We show the
Kontsevich integral is homomorphic with respect to these tangle operations. Our
main result is informally summarised as follows:

Main Result. Let T denote the space of formal linear combinations of tangles
in a punctured disc cross an interval M, = D, x I. Projecting to the bottom
D, x 0, one obtains curves on a punctured disc, and the Goldman—Turaev opera-
tions on these curves are induce(ﬂ by the stacking and flipping operations on the
tangles. The Kontsevich integral is a homomorphic expansion for tangles in My,
and descends to a Goldman—Turaev homomorphic expansion on D,,.

This result is parallel to Massuyeau’s [Masl18|, however, our approach to the
cobracket is significantly different and simpler, hence, more likely to lead to give
insight into the motivational application descried below. Another related re-
sult is |?], which constructs Goldman—Turaev expansions from the Khnizhnik-
Zamolodchikov connection, a geometric incarnation of the Kontsevich integral.

In more detail, we describe a space T of formal linear combintations of framed
tangles in the handlebody D, x I and operations on this space, which induce the
Goldman-Turaev operations in the bottom projection to D, x {0}. The Goldman
bracket arises from the commutator associated to the stacking product in a Con-
way skein quotient of 7, defined in Section and the Turaev cobracked from
taking the difference between a tangle and its vertical flip, again in a Conway
quotient. We study the associated graded spaces and operations, and show that
the Kontsevich integral is a homomorphic expansion for these tangles, in other
words, intertwines the operations with their associated graded counterparts. We
show that therefore, the Kontsevich integral descends to a homomorphic expan-
sion for the Goldman-Turaev Lie bialgebra. For the flipping operation and the
Turaev cobracket, the precise statements are subtle, and care needs to be taken
with the technical details.

ITuraev’s version required factoring out by the constant loop; there is a lift to the full space
of homotopy classes of loops, given a framing on the surface [AKKN20|.
’In a specific sense defined in Section
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1.1. Motivation. The Kashiwara—Vergne equations originally arose from the
study of convolutions on Lie groups [?]. The equations were reformulated al-
gebraically in terms of automorphisms of free Lie algebras [?], it this form they
are a refinement of the Baker-Campbell-Hausdorff formula for products of expo-
nentials of non-commuting variables.

Kashiwara—Vergne theory has multiple topological interpretations in which
Kashiwara—Vergne solutions correspond to certain invariants — called homomor-
phic expansions — of topological objects. The existence of a homomorphic expan-
sion is also called formality in the literature, this language is inspired by rational
homotopy theory and group theory [?].

One of these topological interpretations is due to the first two authors [BND17|,
who showed that homomorphic expansions of welded foams — a class of 4-dimensional
tangles — are in one to one correspondence with solutions to the KV equa-
tions. Recently, a series of papers by Alekseev, Kawazumi, Kuno and Naef
[AKKN20,AKKN18b/AKKN18a] drew an analogous connection between KV solu-
tions and homomorphic expansions for the Goldman-Turaev Lie bialgebra for the
disc with two punctures (up to non-negligible differences in the technical details).
This correspondence was used to generalise the Kashiwara—Vergne equations via
considering different surfaces, including those of higher genus.

In other words, there is an intricate algebraic connection between four-dimensional

welded foams and the GT Lie bi-algebra, which strongly suggests that there is a
topological connection as well. In addition to the inherent interest in tangles in
handlebodies, one goal for this paper is to work towards this connection between
the two-dimensional Goldman—Turaev Lie bialgebra and four-dimesnional welded
foams, by constructing a three-dimensional realisation of the Goldman-Turaev
Lie bialgebra, with homomorphic expansions which descend to Goldman-Turaev
expansions.
The paper is organised as follows: Section [2] gives a general algebraic framework
for how the Goldman—Turaev operations are induced by tangle operations. In
Section [3] we give a brief overview of the Kontsevich integral and the Goldman
Turaev Lie bialgebra. In Section [d] we define tangles in handlebodies, relevant
operations and Vassiliev filtrations. We identify the associated graded space of
tangles as a space of chord diagrams, and introduce the Conway skein quotient.
In Section [5] we identify the GoTu Lie biaglebra in a low filtration degree, and
prove the main theorem.

Acknowledgements. We are grateful to Anton Alekseev, Gwenel Massuyeau, and
Yusuke Kuno for fruitful conversations. DBN was supported by NSERC RGPIN
262178 and RGPIN-2018-04350, and by The Chu Family Foundation (NYC). ZD
was partially supported by the ARC DECRA DE170101128. NS was supported
by the NSF under Grant No. DMS-1929284 while in residence at the Institute for
Computational and Experimental Research in Mathematics in Providence, RI,
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2. CONCEPTUAL SUMMARY

We induce the genus zero Goldman-Turaev operations from tangle operations,
in the spirit of “connecting homomorphisms™ this Section is a summary of the
basic approach. We use the words associated graded structures, homomorphic
expansions, and Goldman-Turaev operations without definition, only mentioning
their basic properties which make this conceptual outline coherent; the definitions
follow in Section [l

In the diagram , top and bottom rows are exact and the right and left
vertical maps are zero, and therefore, by minor diagram chasing, the middle
vertical map A induces a unique map i : C' — D, a degenerate case of a connecting
homomorphism. In our applications A is a difference of two maps Ag and A1, whose
values differ in £ but coincide in a quotient F'.

A—— "~ B s C 0
(2.1) Ol P:Aofxl 0
0 s D ) s |

Just for Dror (temporary) here is the simplest possible example, the induced
map 7 is the identity on Q:

0 Q l—z Q[.’E]/IL‘Q z—0 Q 0
O\L J/)x:-:r l()
0 Q l—z Q[I’]/$2 z—0 Q 0

In Section [o| we present two constructions which produce the Goldman bracket
and the Turaev cobracket, respectively, as induced homomorphisms 7, from cor-
responding tangle operations Ay and A;. The following example is a schematic
version of what will become the argument for the Goldman bracket:

Example 2.1. Let A be an associative algebra, and let {L;} denote the lower
central series of A. That is, L1 := A, and L;y1 := [L;, A]. Then the L; are
Lie ideals, and let M; = AL; denote the two-sided ideal generated by L;. The
quotient A/Mj is the abelianisation of A, denoted by A%. Then we have the
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following diagram:

—~

2.2)

Here X is the algebra commutator, which is indeed the difference between two Nancy, can you fix the
maps: the multiplication (\g) and the opposite multiplication (A1). The kernel K  positioning of the n map?

of the projection to A%® A is generated by the subalgebras {% ® %, ]\% ® %}
in MAQ ® ]\%. The map 7 is a well defined commutator map A% @ A% — %,
given by n(z ® y) = [z, y] mod M. O

The goal of this paper is to construct homomorphic expansions for the Goldman-
Turaev Lie bialgebra from the Kontsevich integral. In outline, this follows from
the naturality property of the construction above, under the associated graded
functor. Namely, if all of the spaces in the diagram are filtered and the maps
are filtered maps, then the associated graded functor (denoted gr) produces an
associated graded commutative diagram with the same properties. An expansion
for an algebraic structure X is a filtered homomorphism Z : X — gr X (with
special properties). Thus, if expansions exist for each of the spaces A through F,
we obtain a multi-cube:

: 2.3 l 4 l Z
(23) Zp grA - grB . »grC — 0
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If, in the multi-cube ([2.3) all vertical faces commute, then so does the square:

D+ C

|20 |z

The commutativity of this square, where n represents the Goldman bracket and
the Turaev cobracket, respectively, is — by definition — the homomorphicity prop-
erty of the expansion: our main result. The non-trivial vertical face of the multi-
cube is the one containing A, and the commutativity of this for each Goldman-
Turaev operation will follow from the fact that the Kontsevich integral (standing
in for Zp and Zg) intertwines the appropriate tangle operations A9 and A;. This
is the idea behind the proof of the main theorem.

3. PRELIMINARIES: HOMOMORPHIC EXPANSIONS AND THE
GOLDMAN-TURAEV LIE BIALGEBRA

3.1. The Kontsevich Integral. The Kontsevich Integral is the knot theoretic
prototype of a homomorphic expansion. Homomorphic expansions (a.k.a. formal-
ity isomorphisms, universal finite type invariants) provide a connection between
knot theory and quantum algebr/ Le theory. Many detailed expositions on the
Kontsevich Integral exist in the 1t/erature we recommend [CDM12, Section §],
or |[Kon93, BN95, Danl0]. We briefly review the basics here from an algebraic
perspective, which is outlined — in a slightly different, finitely presentated case —
in [BND17, Section 2.

Let K denote the set of oriented knots in R?, and allow formal linear com-
binations of knots with coefficients in C. There is a filtration on this infinite
dimensional vector space called the Vassiliev filtration, which is defined in terms
of resolutions of double points. Namely, a double point is defined to be the differ-
ence of an over and under crossing:

X=A-X
A knot with k& double points is a signed sum of 2* knots. See Figure [1| for an
example. The Vassiliev filtration is the decreasing filtration
K=Ky2K12Ke 2

where C; is linearly generated by knots with at least ¢ double points.
The degree completed associated graded space of IC with respect to the Vassiliev

filtration is defined as
A= T[] Kn/Knir.
n>0

Since A is a graded vector space, it lends itself naturally to recursive calculations

and 1nduct1ve arguments rhﬁkeyﬂéﬁa—eﬁgreﬁssarm—aad—\ass*hev‘wmﬁy

- An ezpansion Z is a
ﬁltered hnear map %Jg@@%takmg values in A, which retains as much information

ar\ﬁ{(

% mfc/OJ
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FIGURE 1. A knot with two double points written as a signed sum

four knots.
‘ ; O&
—

FIGURE 2. Example of ¥ mapping a chord diagram to a singular
knot where the right-hand side is viewed as an element of K3 /Ky.

as possible. Rigorously, this means that the associated graded map of Z is the
identity map of A:

Z K —= A suchthat grZ =1idy.

An expansion is homoﬁmmlso intertwines g’:’\gé operations (such as con-
nected sury) with their associated graded counterparts. This allows for a study
of these operations via the associated graded space as well.

A crucial step towards making effective use of this machinery is to get a handle
on the space A in concrete terms: namely, A has a combinatorial description as
a space of chord diagrams. A chord diagram of degree k on an oriented circle
is a perfect matchingﬂ on a set of 2k points arranged around the circle, up to
orientation preserving diffeomorphism. The circle which supports the chord di-
agram is called the skeleton. In other words, a chord diagram on a circle is a
combinatorial object consisting of 2k cyclically ordered points, partitioned into
pairs. In diagrams, each pair is indicated by a chord, as in the left of Figure

There is a natural map ¢ from chord diagrams with i chords to K;/K;11, as
shown in Figure Namely, by contracting each chord into a double point, we
obtain an ¢-singular knot. This is well-defined only up to crossing changes — as
crossings other than double points may appear — however, the difference between
the over/under choices for any additional crossing is in ;.

It is not difficult to establish that v is surjective, and that there are two
relations in its kernel: the 4-Term (4T) and Framing Independence (FI) relations,

3A perfect matching on a set is a partitioning of the set by 2-element subsets.

A . L‘/JZJ /‘(‘J/cﬁ
?é e (7/{ ’h’!%qﬁ

(29, I Conntehy
’(?W.? Dﬂ&ﬂ.‘/’;@)ﬂ)
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shown in Figure[3] In fact, these two relations generate the kernel, and v descends
to an isomorphism on the quotient; this, however, is significantly harder to prove.

FI1GURE 3. The 4T and FI relations, understood as local relations:
the strand(s) are part(s) of the skeleton circle, and the skeleton
may support additional chords outside the picture shown, which
are the same throughout all terms of the relation.

The key technique is to construct an expansion as in the following Lemma,
[BND17, Proposition 2.7|:

Lemma 3.1. [BND17/ Let K be a filtered space of formal linear combinations of
knotted objects’], and A the associated graded space of K. Let C be a “candidate
model” for A: a graded linear space equipped with a surjective graded map 1 :
C — A. If there exists a filtered map Z : KK — C, such that ) o gr Z = id 4, then
¥ 1s an isomorphism and Z is an expansion for K.

T/
K —%2s¢ A2 ¢
gr \\
» 7 pogr Z:idA\\ P
\_\J
A A

In other words, once one finds a candidate model C for A, finding an expansion
valued in C also implies that 1 is an isomorphism. In classical Vassiliev theory, I
is the space of oriented knots, C is the space of chord diagrams, and #16 C-valued

. . . . —_—

expansion is the Kontsevich integral [Kon93|. A C

For a detailed introduction to the Kontsevich integral we recommend [CDM12|
Section 8|. The definition an explicit integral formula associated to a Morse
representation of a knot or link in C x R, as in Figure [4]

Definition 3.2. Let K be an oriented link in R® 2 R; x C, where ¢ parametrises
the vertical real dimension, and the embedding K is Morse with respect to ¢: that T-Thnk \'"'-JA/] & /SQ/ ’

is, eriticalpeoints occur-at-distinetteights. The unnormalised Kontsevich integral T 4]3 9

- S Thet
d«Knotted objects” may mean knots, links, tangles, knotted graphs, etc, depending on Ejtﬂmcqﬁ}-
context. ¢ Cri

pom{; AA
Yhac ot
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FIGURE 4. The Kontsevich Integral is computed from a Morse
embedding of the knot

Z'(K) of K is defined as:

, > -1 '\ dz — dzl
(31  Z'(K):=) / > Ezm))m@P/\ i ke 1RVEYL TLu

m=0, P={(2:,2))}; i=1 7
tmin Btm <...<t1<tmp=z 3%5) 51
m orkr ofF Tt

Here the values t,,;n, and t,,4; denote the minimum and maximum heights of K, 'f’ |~/ 5 2
and each summand is an integral over an m-simplex determined by ¢,, < --- < ;.

The summation is over choices P of “pairings” of two points on the knot of height

t;, each of which, when projected to the plane at ¢t = 0, yields a complex pair

(2i, 2}). We denote by © p the chord diagram given by interpreting the m pairings

(2i, ;) as chords, as shown in Figure |4] Finally, P is the number of points in P

where (t;,2;) or (t;,2]) is on a t-descending arc in K.

. . 2K . o .
Kontsevich’s famous result [Kon93| is that Z(K) .—’ is an invariant {L R /mf/” Vi

of unframed links, where ¢ denotes the number of criticat points — minima and ~a LX/’" /V?WEB”&,
maxima — in the Morse embedding of K. The Kontsevich integral takes values in
the space of chord diagrams (for links, with chords on multiple circles) modulo the
4T and FI relations. The Kontsevich integral Z satisfies ¥y ogr Z = ide. Therefore,

1) is an isomorphism, and Z is an expansion for unframed lirks. In light of this, Z—
we do not distinguish between C and A, and use A to @ ddition, Z has a
number of good properties, for example, it is homomorphie—#ith respect to knot G

connected sum.

3.2. The framed Kontsevich Integral. Kontsevich’s original construction gives
an invariant of unframed links. However, in this paper we work primarily with
framed links and tangles, thus we briefly review the framed version; see also
[CDM12, Sections 3.5 and 9.1] and |[LM96].

First we need a framed version of the Vassiliev filtration. Let K denote the set
of framed links in R3: that is, links along with a non-zero section of tke normal

the '
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bundle. A knot diagram is interpreted as a framed knot using the blackboard
framing. The Reidemeister move R1 move changes the blackboard framing, and
by ommitting it, one obtains a Reidemeister theory for framed links. In analogy
with a double point, a framing change is defined to be the difference

Fi="-1. J{?’#(/}m@{p

The framed Vassiliev filtration is the descending filtration
I@Z/@oglalglégg...

where K; is linearly generated by knots with at least ¢ double points or framing
changes. The degree completed associated graded space of K with respect to the
framed Vassiliev filtration is
A= ] Kn/Kns1.
n>0

A natural first guess for a combinatorial description of A is in terms of chord
diagrams with “framing change markings'(¢ on the skeleton, graded by the number ¢ /’ <L \D
of chords and markings. There is a natural surjective graded map v from marked
chord diagrams onto A, which is defined like ¢ for chords, and which replaces
each marking $ with a framing change $. The kernel of ¢ includes the 4T relation
as before.

In place of the FI relation (T =0), a weaker relation arises from the equality
B—b="in K. In fact, =" — b= (b— 1) + (1 =), and + —b = p— 1 modulo
Ka. In other words, the following relation is in the kernel of ):

et =)

Therefore, it is not necessary to have dedicated notation for the framing change

5 [t D markings, sinc The candidate model for the associated graded space is simply
chord diagrams modulo the 47" relation, and no FI relation. We denote this space
by C.

To show that ¢ : C — A is an isomorphism, the strategy is the same as before:
construct a C-valued expansion and use Lemma This C-valued expansion is
the framed version Z of the Kontsevich integral. The definition is similar to ,
the main issue is that in the absence of the F'I relation, the integral diverges at

cups and caps. This is resolved with a renormalisation using the framing, for
details see |[CDM12, Section 9.1], or [LM96}/Gor99].

subsec:IntroGT‘

3.3. The Goldman-Turaev Lie bialgebra. Let D, be the disc with p+1 disc
with boundary components g, 01, ...,0p, wWith Jy a distinguished as an “outer”
boundary component, as in Figure . Let m = m1(Dp, *) denote the fundamental
group of D, with basepoint * € dy. We denote by Cr the group algebra of 7, and
this paragraph should by Cr = Cr/C1 the linear quotient by the constant loop.

move, or possibly be Let @ = 7. denote the group of immersed curves 7 : ([0,1],0,1) — (Dp, *, %)
deleted under regular homotopy, so that 4(0) = 4(1) = &, as shown in Figure [5. Note
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o

FIGURE 5. D3 with an immersed loop based at * on Jpy, with
initial and terminal tangent vector &.

that 7 is a group, although there are mild technicalities around the identity and
inverses. Denote by C7 the group algebra of 7.

For an algebra A we denote by |A| the linear quotient A/[A, A], where [A, A]
denotes the subspace spanned by commutators [z,y] = zy — yx for z,y € A. We
denote the quotient (trace) map by |-|: A — |A].

We are particularly interested in the vector spaces |Crx| and |Cr| = |Cx|/CL.
The latter has the structure of a Lie bialgebra given by the Goldman bracket |,]a
and Turaev co-bracket §. Given a framing on D, this structure lifts to |Cr|, with
the bracket denoted the same (as it is given by the same formula), and cobracket
6 [AKKN18b]. Note that |Cn| has an explicit description as the C-vector space
generated by homotopy classes of free loops in D,,. For a free loop o in D, and
a point ¢ on «, we denote by a, be the loop a considered to be based at g.

Definition 3.3 (The Goldman bracket). Let «, be immersed representatives
of free loops in |Cx|, with only transverse double intersections. The Goldman
bracket [-,-]¢ : |Cm| ® |Cmr| — |Crxr| is given by

[, Bla = — Z €qlagq]

qgeang

where e, = e(ayq, ;) € {£1} is the local intersection number of o and § at ¢, and
oy fy is the concatenation of o and ;. This definition extends linearly to a Lie
bracket |Cr|, and also descends to a Lie bracket [-,-]¢ : |Cr| — |Cx| @ |Cr|.

The naive definition of the Turaev cobracket is analogous, except for using self
intersections of a curve rather than the intersections between two curves. This is
not well defined on |Crr|, with respect to the Reidemeister 1 relation in particular.
It is well-defined on |Cr|, and can be lifted to |Cr| by a correction term which
uses a framing on D), (a homotopy class of a trivialisation of the tangent bundle),
and the notion of rotation number for curves induced by the framing. Here we
review a slightly different, equivalent definition of §, using self-intersections of

Are these technicalities
because of the tangent
vector? I feel like this
sentence begs more
questions than it answers.
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0 —Lf

.
ot = +E

FIGURE 6. Example of Goldman bracket. Dummy figure
inserted—this is not what figure we want here.

=~

FIGURE 7. Example of the self intersection map p where €, = +1.

based curves, as in [AKKN18b|, Section 5.2|. This definition is easier to directly
compare with the three-dimensional construction of § and ¢ in Section

Definition 3.4 (The self-intersection map ). Let v : [0,1] — D, be an im-
mersed representative of a loop (based at ) in Crr, with only transverse double
points, and let v Ny denote the set of such double points. The self intersection
map is:

p:Cr —|Cr|®Cr

u(y) = — Z 5p|’7tft§| @ Yorr Viz1s
pEYNY
where t],t5 € [0, 1] are the first and second time point where v goes through p;
vrs denotes the part of v from time 7 to s; and €, = ¢ (y(#}),%(t5)) € {£1} is the
local self-intersection number.

Definition 3.5 (The Turaev co-bracket §). The Turaev cobracket is defined as
the unique linear map which makes the following diagram commute:

_ _ _ 1 . _ _
&t eree 2l se e
-] Alt
oz . » [Cr| A [CH

Here Alt(z®@y) =2y —yQz=xAy.
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Given a framing on D), there is a well-defined rotation number rot : @ — Z,
which descends to |7|. This allows for a lift of § to |Cx|. The following definition
is phrased differently but is equivalent to the one in [AKKN18b| Section 5.2].

There is a natural quotient map ¢ : Cr — Cm, with a section s : Cr — Cr,
such that the coefficient of the constant loop 1 in s(x) is 0 for z € Cxr. Both the
quotient map and s descend naturally to |Cr| and |Cr|, also denoted g and s.

Definition 3.6 (The enhanced Turaev cobracket 6). The enhanced Turaev co-
bracket ¢ : |Cm| — |Cx| A |Crr| is defined by d(a) := s(d(g(a))) + rot(a) - 1 A av.
3.4. Associated graded Goldman-Turaev Lie bialgebra. There is a filtra-
tion on Cm by powers of the augmentation ideal Z = (o — 1):
Cr=I°2I27°D..
which descends to a filtration on |Cr:
Cr| = |2° 2 12| 2 |72 2 .
The completed associated graded algebra for |Crr| with respect to this filtration,
gr|Cr| = Hf;’zo |Z™|/ ]I"H\, has an explicit description in terms of “cyclic words”.
Let Asc = Asc(zy,--- ,xp) be the free associative algebra on r generators. Note
that elements | Asc| can be described as “cyclic words” in letters x1, - - - , xp, that
is, words modulo cyclic permutation of the letters. The following result is due
to ||.
Proposition 3.7. There is an isomorphism of vector spaces
gr|Cm| = | Asc|
which becomes an isomorphism of Lie bialgebras when | Asc| is equipped with an

appropriate bracket and cobracket structure, which we call the (graded) Goldman
bracket and Turaev cobracket.

Definition 3.8. [The graded Goldman bracket|Let z = 2z -+ z7 and w = wy - - - wp,
be two cyclic words in | Asc|. The graded Goldman bracket

[—, —lerc : | Asc| @ | Asc| — | Asc|
of z and w is given by:

[z, Wgrq = E Oy (W1 o Wh 12541+ - 2121+« ZjWheg 1+ - - Wi —
7.k

Wi oo Wy 12+ 221 -+ Zj— 1 Wt 1 - - - Wyn)
where 9, ., is the Kronecker delta.

By representing cyclic words diagrammatically as letters along a circle, the
graded Goldman bracket sums over matching pairs of letters in z and w, joins
the circles at the matching letter, and takes the difference of the two ways of
replacing one copy of the letter in the new cyclic word. This is shown in Figure

complete with citation:
Quillen667?

I couldnt find the
reference. Can you give
more info?
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T
OO 2 CO-C0
3 or G matching v

pairs of letters
FIGURE 8. The graded Goldman bracket.

O — -

FIGURE 9. An example pairing cut.

Definition 3.9 (The graded Turaev cobracket). Let w = wy ... wp, € |Asy|. The
graded Turaev cobracket

dgr i |Asc| — | Asc| A | Asc]
on w is given by

dgr(w) = Zéwrwk(\wj ce Wh— 1| A W1 - wpwr L w g |+
i<k
|wk L WRWT . .wj_1| VAN |wj_|_1 .. .wk_ll).

Diagrammatically, the cobracket can be computed by a summation of pairing
cuts, an example of which is given in Figure[9] The sum of wedge products in the
definition of the cobracket is given by the sum of taking the cut with one element
of a matching pair at the top of the circle, then taking the cut with the other
element at the top of the circle.

4. EXPANSIONS FOR TANGLES IN HANDLEBODIES

4.1. The space CT. In this paper we consider the space CT of framed, oriented
tangles in a genus p handlebody, and show that homomorphic expansions on this
space descend to homomorphic expansions on the Goldman-Turaev Lie biagebra
as defined in [AKKN20]. This section describes the space CT.

Let M, denote the manifold D, x I where D,, is a disc with p points removed.
While M, is not a compact manifold, knot theory in M, is equivalent to knot
theory in a genus p handlebody. For the purpose of the Kontsevich integral, we
identify D), with a square in the complex plane with p points removed, so M, can
be drawn as a cube with p vertical lines removed; we call these lines the poles, as

shown in Figure We refer to D), x {0} as the “ﬂoor’@om”, and D, x {1}
(1 € C)

as the “ceiling” or “top”. The “back wall” is the nortl edge of D, times
[0,1].
Q
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FIiGURE 10. On the left is a tangle in Ms, and on the
right is schematic diagram of the skeleton of the tan-
gle.  The skeleton of the tangle is the combinatorial data
given by the following set of order pairs and the integer 1:

{[((2,0),0),((1,0),0))],1((3,0),0), (4,0),0))], [((5,0), 1), (5,0),0))], 1}

(5,0)

Definition 4.1. An oriented tangle 7" in M, is an embedding of an oriented
compact 1-manifold

(S,08) — (M, D, x {0} UD, x {1}).

The interior of S lies in the interior of M), and the boundary points of S are
mapped to the top or bottom. Oriented tangles in M, are considered up to
ambient isotopy fixing the boundary. We denote the set of isotopy classes by T .

Definition 4.2. A framing for an oriented tangle 7" in M), is a continuous choice
of unit normal vector at each point of T', which is fixed pointing = the north
(i € C) direction at the boundary points. Framed oriented tangles in M, are
considered up to ambient isotopy fixing the boundary. We denote the set of
isotopy classes of framed oriented tangles by 7.

Henceforth, any tangle is assumed to be framed and oriented unless otherwise
stated. The skeleton of a tangle is the underlying combinatorial information with
the topology forgotten:

Definition 4.3. The skeleton o(T) of a tangle T' = (S < M,) — see Figure [10] -
is the set of tangle endpoints Py, C D), x {0} and P, € D), x {1}, along with
(1) A partition of Pyy U Py into ordered pairs given by the oriented intervals
of S.

(2) A non-negative integer k: the number of circles in S.

The skeleton of a framed tangle is the same as the skeleton of the underlying
unframed tangle. The set of framed tangles in M, o« skeleton S is denoted T(9).
For example, 7(O) is the set of framed knots in M,. Wit

The linear extension of 7(S), denoted CT(S), is the vector space of C-linear
combinations of tangles in 7(S). We denote by CT the disjoint union Lig7 (S)
over all skeleta S, identified at 0. Tangles with different skeleta cannot be linearly
combined.

to
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| U
Q | 1)
—
@
g8}
FIGURE 11. An example of a tangle in Ms, drawn first in a han-

dlebody, secondly in a cube with poles, and lastly as a tangle
diagram projected to the back wall of the cube.

fig:polestudio

We can look at tangles in M), using tangle diagrams in two different ways, by
projecting either to the back wall of M), or to the floor.

If we project to the back wall, an f-component tangle in M, can be diagram-
matically represented as a tangle diagram with p straight vertical “poles”, and /¢
tangle “strands” of circle and interval components. The strands pass over (in front
of) and under (behind) the poles and other strands, as shown on the right in Fig-
ure[I1] The poles are equipped with an orientation coming from the parametriza-
tion in M, = D, x I, and in figures we draw them oriented upwards, unless
otherwise stated. By Reidemeister’s theorem, 7 is equivalent to such diagrams

on the the left hand <iqe  modulo the Reidemeister moves R2 and R3. (No R1, as the tangles are framed.)

of this figure something By projecting instead to the floor D, x {0} of the cube, a tangle in M, is

is missing represented by a tangle diagram in D). The R2 and R3 moves continue to apply.
The endpoints of the tangle are fixed: bottom endpoints are denoted by dots,
top endpoints are denoted by stars. Strands of the tangle diagram can pass over
bottom endpoints, or under top endpoints, as shown in Figure [I2] However, the
strands cannot pass over the punctures in D,,.

sec:opsonT

4.2. Operations on 7. There are several useful operations defined on 7. These
operations extend naturally to C7T, and are used in section [5| to relate quotients

check this section of CT to the Goldman-Turaev Lie bialgeb —
reference after Section 4 e Stacking: Given tangles T1,T> € M, if the top endpoints of o(77) match

i e the bottom endpoints of o(75) in D), and the orientations on the strands

of T1 and T, agree at the matching endpoints, then we can stack T on
top of T7 and shrink the height to get a new tangle 1175 € M),

o Strand addition: The strand addition operation adds a non-interacting
additional strand to a tangle T" at a point ¢ € D), to get a new tangle
TU, 1. More precisely, pick a contractible U C D,, such that T is con-
tained entirely in U x [0, 1] and a point g € D, outside of U. The tangle
TuUy 1 is T together with an upward-oriented vertical strand ¢ x I at g.

e Strand orientation switch: This operation reverses the orientation of a
given strand of the tangle.
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FIGURE 12. An example of a tangle in Mj projected to the floor.
Strands of a tangle diagram can pass over bottom endpoints (dot)
or under top endpoints (star).need to add arrow and equal signs

A A j A_ y | 4
@ o CﬂJ

F1GURE 13. A tangle in M» and its flip

e Flip: Given a tangle T"in M, the flip of a tangle 7" in M,,, denoted T, is the
mirror image of T with respect to the ceiling, as shown in Figure[I3] When
T is flipped, each top boundary point (g,1) becomes a bottom boundary
point (g,0), and vice versa. The orientations and framing of the strands
of T are reflected along with the strands. However, the orientations of the
poles remain ascending. Equivalently, we can define the flip operation as
reversing the parametrisation of I in M, = D, x I. This, in effect, flips
the orientation of the poles but changes nothing else.

In sectiord 77, we relate commutator of tangles with respect to stacking, given
by [T1,T2] = 11T — T5Th, to the Goldman bracket, and in section @ e relate
the flip operation to the Turaev cobracket.

4.3. The t-filtration on~7' and the associated graded A. There are different
filtrations on the space C7T that one might consider in setting up a Vassiliev theory.
In line with classical notation of Vassiliev invariants, we denote by a double point
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the difference between an over-crossing and an under-crossing:
X=A-X
In the context of tangles in M), double points come in two varieties: pole-strand,
if the crossing occurs between a pole and a tangle strand, and strand-strand, if
the crossing occurs between two tangle strands.
The main filtration we consider on C7 is the filtration by the total number of

double points of either type, as well as strand framing changes (as described in
Section . We call this the total filtration, or simply t-filtration, and write it as

CT=To2T1i2L2T2--
where 77 is the set of linear combinations of framed tangle diagrams with at least

t total double points and strand framing changes. Nete thetwhile theftration )
. . . . .

1

Py v

T 5 =

o ¥

L . S
hence descendstotancles—that—is—diferent-diagromeforthe-sametangle tive i
4 ame filtere onent.

Definition 4.4. The associated graded space of CT with respect to the total
filtration is

A:=grCT = Hﬁ/ﬁ—n

>0
The degree t component of A is A, := ’7~§/ 7~Z+1.

Remark 4.5. Modulo T3, = %— t=1 —b. As a result, in A, a framing change

can always be represented as % a double point as

B=h-b= (b= 1)+ (T - = 2f.

As in classical Vassiliev theory (cf. section [3.2)), the associated graded space A
has a combinatorial description in terms of chord diagrams.

Definition 4.6. A chord diagram on a tangle skeleton is an even number of
marked points on the poles and skeleton strands, up to orientation preserving
diffeomorphism, along with a perfect matching on the marked points — that is,
a partition of marked points into unordered pairs. In diagrams, the pairs are
connected by a chord, indicated by a dotted line, as in Figure

Definition 4.7. A chord diagram is admissible if all chords connect strands to
strands, or strands to poles. That is, there are no pole-pole chords in an admissible

diagram, see Figure [14(A)| for an example.

Definition 4.8. The space D(S) of admissible chord diagrams on a diagram S is
the space of C-linear combinations of admissible chord diagrams on the skeleton
S factored out by admissible 4T relations, shown in Figure 7?. Admissible 47T
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(A) Two chord diagrams: an admissible one (left) that doesn’t contain any pole-pole
chords, and non-admissible one (right) that does contain a pole-pole chord.

+1 1 1=0[]1=1]1=0

(B) The 4T relation, which is admissible if at most one of the three skeleton components
is a pole.

FIGURE 14. Examples of admissible and non-admissible chord di-
agrams, and the 4T relation

relations are 47 relations in the classical sense, subject to the condition that all

four terms are admissibleﬂ That is,

B {linear combinations of admissible chord diagrams on S }
{admissible 4T relations}

The space D(S) is a graded vector space, where the degree is given by the number

of chords. Denote the degree ¢ component of D(S) by D.(S). Let D be the
disjoint union UgD(S), identified at 0. We denote the degree ¢t component of D

D(S5)

. [/
by Dy = LigDy(55). Mﬂ\,ﬂ‘— |§\\a«qomo,g /
Theorem 4.9. There is a canonical isomorphism D = A. d\ﬂll Lee Tl ey V H; )

To prove this Theorem, we use the isomorphism familiar from classical finite

type theory
:D— A

In degree t, iy : Dy — Ty / Tis1, is defined as before by contracting chords to double
points, as shown in Figure This may create other crossings, but modulo 7~Z+1
it does not matter which skeleton component is over or under at these crossings.

We prove that v is an isomorphism by showing tha('it’s)well-defined and sur-
jective, then using lemma to show than isomorphism. JQ‘ L)

Lemma 4.10. The map 1 is well-defined and surjective.

Proof. To show 1 is well-defined, it suffices to show that admissible 47 relations
in Dy are in the kernel of ¢. This is shown in Figure[I6] For surjectivity, a framing

5Equivalently, a 4T relation is admissible if at most one of the three skeleton components
involved is a pole.

\}(/‘\GJ(-({ ly TL'I (I@O@ of ﬂmmf’") L//|72

~A GO Wp%'gn

1+ ¢
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1] v
) P Cﬁ?

FIGURE 15. Example of ¢ with the right hand side viewed as an
element of 73/74. Different choices of over or under crossings with
the poles only differ by elements of 7j.

A
= L. -=
- P

FIGURE 16. The proof that ¢ : D — A is well defined. The
figure is understood locally: If the figure is a map in the degree ¢
component, then the chord diagrams have t — 2 other chords that
are not shown but in the same position throughout all four terms,
and similarly, the tangles have ¢ — 2 other double points that are
not shown, but in the same positions throughout all the terms.

change in A can always be written as one half a double point, as described in
Remark [£.5] So all framing changes are in the image of ¢, and v is surjective.

W s ]
Lemma 4.11. The@ ontsevich integral Z is/ a well-defined filtered map from CT
to D such that ¢ o gr Z =T

0

A

Proof. The image of Z on an element in C7 will be a chord diagram on a skeleton
with p poles and some number of circles. Since the poles in M, are parallel, any
pair of points (z;, z) on the poles will be constant, the form dz; —dz] = 0, and the
contribution to the integral will be zero. Therefore chord diagrams in the image
of Z don’t contain pole-pole chords, so they are always admissible. So Z indeed
always lands in D.

It remains to show that ¢ o gr Z = id ;.

OCTH T HH-FL) = - b1
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~ - erZ
cT 27D AE22 D
gr \\\
P == ogr Z=id 3, ‘w
hY
A A

Recall that for a filtered map f : A — B, the associated graded gr f : gr A —
gr B is defined on graded components by [a] € A¢/Ai1 — [f(a)] € By/Biy1. We

ol views. Fg/ consider gr Z : A — D. Let [T] € T;/Ti+1 so that is T is a tangle in M, with at

e foS’f’Z

least ¢ double points. Note that it’s always possible to pick such a representative,
since a framing change can be written as % times a double point in 7;/7;41. Then

Z(T) is a sum of chord diagrams with e5 —e~5 at each chord C corresponding
to each double point in T'. All terms with degree less than t are zero, so the value
of gr Z(T') depends only on the degree t term of Z(T). The degree t term is a
single chord diagram with a single chord for each double point, so applying ¥ to
this turns all the chords back to double points, which up to crossing changes in

Ty 1, is just [T]. Therefore ¢ gr Z = id 5. Since ¢ gr Z = id ;. O
The next corollary is immediate from lemma (3.1

Corollary 4.12. The map ¢ : D — A is an isomorphism and Z is an expansion
for T.

Now it is established that A can be identified with the space of admissible chord
diagrams D. For a skeleton S, define A(S) to be the space of admissible chord
diagrams on the skeleton S, so that A(S) is the associated graded of CT(S). For
example, A(Q) is the associated graded of CT(Q), the space of knots in M.

4.4. Operations on A. The operations stacking, increase, and flip on T induce
operations by the same names on A. In view of theorem we give descriptions
of these operations using chord diagrams.

The operation stacking is given by stacking Di on top of Dy to get DD,
and the operation strand addition on a diagram D adds a new skeleton strand
without any marked points at a specified point p to give DU, 1. It is clear from
the definition of ¢ that these are indeed the correct chord diagram descriptions
of these operations, and as in 7T, they are only defined when the endpoints of Dy
and D- match appropriately, and when p is an appropriate point to pick.

The operation flip reflects a chord diagram with respect to a “mirror on the
ceiling", reverses the orientations of the poles so that they are the same as they
were originally, and adds a factor of (—1)™, where m is the total number of marked
points on the poles. The factor of (—1)™ comes from the fact that reversing the
orientation of one strand at a double point is the same as multiplying by a factor
of —1. See figure ....[include figure]

I added this paragraph
because we need to define
A(O) somewhere. This
definition has to come
after the theorem that

D = A, but it feels weird
to have it right here. It
also needs to be
improved. Suggestions?

describe the associated
graded operations of all
the tangle operations
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Proposition 4.13. The Kontsevich integral Z is homomorphic with respect to
stacking, strand additions and flips.

Proof. 1t is clear for stacking and strand addition. When the orientation of the
poles are reversed, every chord diagram Dp in the output of the Kontsevich
integral will be multiplied get (—1)", where m is the total number of chord
endings on poles, because m points in P will change whether they are on a
descending arc or not, so P| will change by m mod 2.

O

4.5. The s-filtration on 7 and A. As described in Section the space CT
(and therefore A) has a total filtration given by strand framing changes and double
points of either type, strand-pole and strand-strand. In this section we look at
a second filtration on CT and A, where we still look at strand framing changes,
but only consider the number of strand-strand double points. This filtration will
be called the strand filtration, or simply s-filtration. The s-filtration is given by

CT=T°2T'2T°27%2 -

where 7° C CT are linear combinations of link diagrams with at least s strand
framing changes and strand double points.

Remark 4.14. We do not consider the full associated graded of CT with respect
to the s-filtration, but instead use it to identify the Goldman-Turaev spaces in
low degrees in section ??. The associated graded of CT with respect to the
s-filtration has been studied by Habiro and Massuyeau in [HM21|, where they
consider “bottom tangles”. Note the language — if we project to the “bottom”
instead of the “back wall”, then all double points are of type strand-strand, so the
s-filtration is just the usual Vassiliev filtration if we project to the bottom.

The s-filtration also induces a filtration on A as follows. Combining the nota-
tions for the t- and s-filtrations, let 7, denote the set of linear combinations of
tangle diagrams in CT that have at least ¢ double points, at least s of which are
strand-strand.

Definition 4.15. The s-filtered component of A denoted AZ* := [[ 7,/ ﬁil is
the set of linear combinations of chord diagrams with at least s strand-strand
chords, or rather at least s chords between the non-pole skeleton components.

Let T/ := CT/T* Let A/* := A/ A>.

Proposition 4.16. The Kontsevich integral Z respects the s-filtration.

Proof. Does this follow immediately from Theorem as Z is an expansion
with respect to the total filtration, so it certainly plays nice with the s-s filtration.
O
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4.6. Notation conventions. Throughout this paper we consider the ¢ and s
filtrations on C7 and A, as well as on their various quotients and subspaces. We
summarize the notation from this section below:

e CT is the space of C-linear combinations of framed tangles in M,

e CT(O) is the space of C-linear combinations of of framed knots in M,

e 7; is the #'th filtered component of CT with respect to the ¢-filtration,
which contains all linear combinations of framed tangles in M, with at
least ¢ double points(both strand-strand and strand-pole types) and fram-
ing changes

e 7% is the s'th filtered component of CT with respect to the s-filtration,
which contains all linear combinations of framed tangles in M, with at
least s strand-strand double points and framing changes

e 7 :=T;NT*, which is the set of elements of CT with at least s framing
changes and strand-strand double points, and at least ¢ framing changes
and double points of any type.

o T/%:=CT/T?, which is the set of elements in CT with at most s strand-
strand double points and framing changes

o« T2 = 7'1/7'2, which is the set of elements in CT with at exactly 1
strand-strand double point or framing change

e A is the associated graded space of CT under the t-filtration, and is the
space of admissible chord diagrams modulo admissible 47" relations

° flt = 7~; / 7~§+1 is the degree t component of A which consists of all admis-
sible chord diagrams in A with exactly ¢ chords

o AZ° :=T], 7?/7?11 is the s’th filtered component of A

o Al°:= A A"

Theses notations are extended to subspaces and quotients of CT and A in the
natural way.

4.7. The Conway quotient. In this section we introduce the Conway quotient
of CT: essentially, a Conway skein module of tangles in M, without fixing the
value of the unknot. The Conway relation respects the ¢ and s filtrations and the
Kontsevich integral descends to the Conway quotient.

Definition 4.17. The Conway quotient of C7 is defined as

CTv = CTlel [z = (e3 — e 1)1
where a is a formal variable that has t and s degree 1 so that the skein relation pre-
serves both t and s filtrations. The skein relation is applied only to strand-strand
Crossiglgs, noat strand-pole crossings. We will use the variable b as a shorthand for
b=e2 —e 2.

The t and s filtrations on C’f: induce filtrations on C7+. Following the notation
conventions in Section let 73 denote the t’th filtered component of C75 and

or s-17

is this correct?
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Ay = gr, CTy = I 7~'v’t/7~dv7t+1 denote the associated graded algebra of CTy with
respect the total filtration. We now show that A has a diagrammatic description
similar to A, where A = D as in Theorem

Definition 4.18. Let

P20 o o

where a is a formal variable of degree 1 as above, and the relations locally apply
only when all skeleton components involved are strands, not poles.

Note that the quotient relations in Dy preserve the {-grading on D and the
grading descends to Dy. The next theorem shows that Ay = Dg. This theorem
essentially follows from the results of [LM95|, and we present a brief direct proof.

Theorerg 4.19. The Kontsevich integral descends to an erpansion Zy : C7~§ —
Dy and Ay = Dy.

Proof. This proof follows the general schema introduced in Section (3.1} in partic-
ular Lemma 3.1 and the map v, which assigns singular tangles to chord diagrams.

First we show that ¢ descends to a graded surjection ¥ : Dy — Ag. To show
that v is well-defined, we need to show that the Conway relation in Dy is in the

kernel. Locally,
5 () =Y

and denote the (global) total degree on both sides by ¢. In other words, the
(global) right hand side is interpreted as an element of T +/7TrH+1. Using the
Conway skein relation in Ay, the right had side can be simplified

Y -a=(ef— e @ = (ef — et — ) +a( - )

—a__, = —~ — )
Observe that a(E — ™) and the lowest degree term of e2 —e~2 —q are both of

degree 2, hence (D: — a:) € 7~dH7t+1, and therefore is zero in 7~dH,t/7~‘H,t+1-

We now verify that the Kontsevich integral Z descends to the quotient CT5 by
checking the relations in CT¢ directly. Recall that Z(22) = (e%)X and Z(N) =
(e_%)x, where C' denotes a chord, the exponential is interpreted formally as

a power series, and C* denotes stacking k chords as shown below. Using the
Conway relation, we compute:

k
ck = }k:

a1, if kis even
a* }k

a*™, if k is odd
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Now applying Z to the left hand side of the Conway relation, we obtain

Z02) — Z(X) = (7 — e )X
et Ck -1 kckz
= (2’%! = 2k)k! )X

k=0

o0 C2k+1

= 2w X

_ et a2k:+1>< ><
N — 22(2k + 1)

2k:+1

_222k2k+ M

Gk
=7 ((ef - 9))().

Thus, Z is well-defined on the Conway quotient C7+. ~
Therefore, by Lemma Z is a homomorphic expansion for C7¢ and v :
Dy — Ay is an isomorphism. O

While our main focus is the t-filtration on CT5 and its associated graded space
Ay, the low degree components of the associated graded of CTv with respect to
the s-filtration also show up. In particular, there is a well-defined “division by b’
map qp : ﬂQ — 7}!1 which restricts to an isomorphism on 7;1 / 7~'V2. We now show
that this map exists by defining it explicitly.

Proposition 4.20. For a tangle T and a crossing x of T, let e(x) € {£1} be the
sign of x, and T|,_ s be the tangle T with x replaced by a smoothing. There is a

well defined map qp : TV — T/ given by the linear extension of the following:
b T

1
q
=y Z e(@)T [,

x crossing of T

Proof. 1t is straightforward to check that Reidemeister moves are preserved.We
also need to check that 72 and the Conway relation are in the kernel. For bFT €
72, if k = 1, then T € T2, so q(bT) = 0. If instead k = 0, then T has at
least two double points. Replacing a crossing by a smoothing only changes the
crossing that is replaced, so other crossings (and therefore double points) remain
unchanged. Therefore ¢,(7") can be written as a sum where each term has at least
one double point, so ¢,(T") = 0 as well.

To show that the Conway relation also vanishes, note that the terms in g,(X) =
qp (X=X come from either smoothing a crossing that is a part of the double point,
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or smoothing a crossing that is not. In the latter, the double point remains as
before, so those terms are in 7&. The only remaining terms are those where the
crossings forming the double point are smoothed, so we get

@ (2= X) = 53~ (D=1 =a (B0)
so qp is well-defined. O

Corollary 4.21. The map qp restricts to an isomorphism qy : 7~'v1/2 — ’f'v/l.

Proof. 1t is clearly surjective. To show it’s injective, note that the restriction is
simply given by bT + T, and if T € Td, then bT € T2. O

Corollary 4.22. The associated graded of qy is an isomorphism grqg” AY? —
A/t given by

drawing the chord diagram as with one s-s chord, smoothing that chord using
V and getting a factor of b with no remaining s-s chords, and then diving off the
b

We should add a discussion here about how the Conway relation occurs in
degree 1, so 7'V/1 >~ 771 but this is not true for higher degree quotients. Also,
we should discuss how the Conway relation changes the skeleton, and set up
what ever specific scenario we need to describe the Goldman Bracket in the next
section. .

Specify that when we say 7w (Q) we there is a representative which is expressed
in terms of knots and no factors of b— the greading comes from the actual skeleton,
not from factors of b

5. IDENTIFYING THE GOLDMAN-TURAEV LIE BIALGEBRA

We identify the Goldman-Turaev Lie bialgebra in low s-degree quotients of the
Conway quotient, and show that the Kontsevich integral induces a homomorphic
expansion on this space with respect to the s-filtration. Appealing to the schema
summarized in Section [2] the approach presented here is to create diagrams like
the one in Equation where the induced maps 7’s are the Goldman bracket
and the self intersection map p from which the cobracket is constructed.

5.1. The Goldman Bracket. Recall from Sectionthat D, is the p-punctured
disc, 7 is its fundamental group, and |Cr| is the linear quotient |Cr| := Cx/[Cm, Cr].
As a vector space over C, |Cr| is generated by homotopy classes of free loops in
D,. The Goldman bracket is a map |Cr| ® |Cr| — |Cx| with formula given in
Definition Recall from Section the space CT(Q) is the vector space of
C-linear combinations of framed knots in M, = D, x I.

Proposition 5.1. The bottom projection in M, — D, x {0} induces a filtered
map

B:CT(O) — |Cr
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by projecting to free loops in D, x {0}.

Proof. By the Reidemeister Theorem, knots in C7'(O) are faithfully represented
by knot diagrams in D, x {0} — that is, regular projections to the bottom with
over/under information — modulo the Reidemeister moves (R2, R3). The map
8 maps the Reidemeister moves for knots to the corresponding moves generat-
ing homotopies between framed free loops. The map [ also forgets the framing
information: that is, further quotients by the R1 move for curves. The map
is clearly surjective as any loop can be lifted to a knot by introducing arbitrary
under/over information at the crossings.

The statement that g is filtered means that step k of the the Vassiliev t-
filtration in C7%(Q) projects into step k of the filtration on |Cx| induced by
the I-adic filtration of II. Note that strand-strand double points and framing
changes map to 0 in |Cr|, thus we only have something to prove for knots with &k
strand-pole double points.

Let 71, ...,7p denote the generators of 7, that is, 7; is a simple curve J;, starting
and ending at the base point. A knot in C7~‘(O) maps to a free loop, whose
conjugacy class in 7 is represented as a product of the generators y; in . A pole-
stand double point on pole j maps to a difference between two curves passing on
either side of 9;, and the words in 7 representing these curves differ in a single
instance of ;. Thus, knot with £ pole-strand double points maps to a product
with k factors of the form 4(v; — 1), while the other factors are single generators.
This is by definition an element in Z*. O

Proposition 5.2. The kernel of the projection 3 is T+ (O), and B descends to an
isomorphism 3 : T/1(Q) — |Crx|.

Proof. Two framed knots in CT(Q) project to the same loop in |Crr| if and only
if they differ by framing changes and (strand) crossing changes, which generate
precisely the step 1 of the s-filtration, that is, 71(Q). O

Corollary 5.3. The map B descends to an isomorphism 3 : ﬂl(O) — |Crl.

Proof. T/*(O) = 7'V/1(O) as the Conway relations occur in degree 1. O

Corollary successfully identifies |Crr| as a quotient of knots. We now look
to the associated graded space A to find algebraic cyclic words |Asc|. As a
reminder, A is the associated graded space of CT with respect to the t-filtration,
A = ¢grCT, and A is further filtered by the s-filtration. Recalling definitions
and A(Q) is the space of admissible chord diagrams on a circle skeleton,
AY(O) is the s-degree 1 filtered component of A(Q), and A/ (Q) is its quotient of
A(O) by AY(O). Recall from Section [3.3|that Asc = Asc(zy, - - - ,x,) denotes the
free associative algebra over C, and its linear quotient | Asc| = Asc /[Asc, Asc]
is the C-vector space generated by cyclic words in p letters. Since | Asc| is the
associated graded of |Crx|, we take the associated graded (with respect to the
t-filtration) of the projection 8 above to find | Asc|.

What do we mean by II
here? do we mean IT,IF?
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0 K » TV2(0) @ TVP(0) — T/H0) ® T/HO) — 0
0 Ai lo
0 — T%00) —— T200) %—> FO0) —— 0
T
FO) e

FiGURE 17. The nontrivial horizontal maps are the respective
quotient and inclusion maps. The space K is the kernel of the pro-

jection map in the top of the right square. Inside 72> (O)®7-v/2 (O),
K is generated by ~v1/2(O) ® 7;”(0) and 7?”(0) ® 7;}/2(0).

Proposition 5.4. The associated graded map grp3 : AQO) — | Asc| has kernel
AY Q). Hence, gr 3 descends to an isomorphism gr 5 : A/*(Q) — | Asc|.

Proof. This follows from the fact that § is a filtered map, and fits into the filtered
short exact sequence

0— THO) — T(O) — |Cx| — 0.

The statement follows from applying the associated graded functor to this se-
quence. ]

We define two maps A1, A9 : ’7?”(0) ® 7?”(0) — 7~'v/2(O) ® 7-v/2(0) given
by M(K; ® Ko) = K1Ks and (K ® Ky) = KoK (stacking the diagrams
in different orders). Then lastly A = A\; — Aq is essentially the commutator on

T2(0) @ TL4H0)

Theorem 5.5. The diagram in[I7 commutes. Moreover, the induced connecting
homomorphism n is the Goldman Bracket.

Proof. For K1 ® K5 in ﬂQ(O) ® ﬂQ(O)v
MK ® Ko) = M (K1 @ Ka) — A (K1 @ Ka) = K1 Ky — Ko K.

Let a tangle diagram for K7 K5 given by projection to the bottom. Let a mized
crossing of such a diagram be a crossing where one strand belongs to K and the
other strand belongs to K. Since the product in C7 is vertical diagram stacking,
we can change K1 K5 to Ko K7 by passing all the strands of K5 through the strands
of K1, that is, by flipping every mixed crossing. Using the double point notation,
we can write positive mixed crossings 3 as ™ + ) and negative mixed crossings
W as J{ — X, where each double point has one strand belongs to K; and the
other belongs to K5. Rewriting all the mixed crossings of K1 K> in this way yields
a sum of tangles indexed by the subsets of the mixed crossings. More precisely,
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for every subset X of the mixed crossings, there is a term where the crossings in
X are replaced by double points, and the crossings not in X are replaced by their
opposite so that they agree with their counterparts in KoK;. In particular, the
term corresponding to X = () is exactly KoK7. Thus A(K1® Ky) = K1 Ko — KoK
can be written as a sum of terms with at least one double point, so it lives in 7.
Thus, AM(K; ® K3) is in the kernel of the quotient map ;fV/Z(O O) — ﬂl(o 0),
and the right square of Figure [I7] commutes.

Now for the left square, the kernel K of the projection map from ﬂQ(O) ®
79%(0) = T3'(0) ® T (0) is generated by T5'*(0) ® T¢*(0) and T¥*(0) ®
723/2 (O). Suppose that K1 ® K is in 7;3/2 (O) ®7’V/2 (O), so Kj has exactly degree
1. Then, by the same computation as above by A\(K; ® K3) is a sum of terms
each with two or more double points, one coming from the double point in K;
and the other coming from a mixed crossing. Thus A(K; ® K3) =0 in ﬂQ (O0)
and the left square commutes.

By Section X induces a well defined connecting homomorphism 7 : 7/1(O) ®
T/Y(0) - Ta (OQ). From Proposition , we know that ’7~'V/1(O) = |Cr|. We
need to argue that image of 7 lands in 7;3/ 2 (O).

After taking the quotient to 71'}/ 71;2, only the terms that have a single double
point remain, so [K7, Ks| becomes a sum over the mixed crossings, where in
each term the mixed crossing is replaced by a double point. The map g uses
the Conway relation to smooth each of these double point in by pulling out a
factor of b. Each smoothing merges the two circle components into one circle
component, so after applying g, we land in 7/ '0) ¢ 771, which is isomorphic
to |Cx| through 8. The result is a signed sum obtained by smoothing each mixed
crossing.

On the other hand, the mixed crossings in K7 Ky correspond to intersections
between B(K7) and 5(K2) in the overlap of their projected images. The Goldman
bracket [3(K1), B(K2)]g is a signed sum of the result of smoothing each mixed
intersection. Since the double points that come from mixed crossings correspond
with intersections between different components, to show the diagram commutes,
it only remains to check that the signs on each term agree.

If the tangent vectors of S(K1) and S(K2) make a positive basis at the in-
tersection point, the term in the Goldman bracket has a negative sign. Since
K1 K5 stacks of Ko on top of Kj, if (K1) and B(K3) form a positive basis,
then the mixed crossing is negative in KKy and positive in K9 K7, thus the
resulting double point also has a negative sign. Thus we can conclude that
n(K1 ® K3) = [K1, K3], completing the proof.

2

O

Recall that the graded Goldman bracket is a map [—, —|grq : | Asc| ® | Asc| —
| Asc| with formal given in Definition By taking the associated graded of

This argument needs
work.
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A bt
Al -debt

FIGURE 18. Example commutator bracket computation.

or K —— AL (0) © AP (0) — AY(O) ® A/Y(O) — 0

O\L gr )\l // lo

-

0 — AY*00) —— AP(O0) —— A(0O)

] _~"Tern

AMNQ) 7

FiGURE 19. Commutative diagram that is the associated graded
of the diagram in Figure The nontrivial horizontal maps are
the respective quotient maps.

the diagram in Figure[I7] we arrive at the commutative diagram in Figure [I9 and
recover the associated graded Goldman bracket.

Corollary 5.6. The diagram in Figure commutes and grn is the associated
graded Goldman bracket.

Proof. The maps in the diagram of Figure are filtered maps, and therefore
Figure[19]is obtained by applying the associated graded functor to it. As a result,
the diagram of Figure[19)commutes, gr7 is the induced map from the snake lemma
for this diagram, and coincides with the graded Goldman bracket. (|



thm:bracketsnake‘

ig:Cube_for_bracket ‘

GOLDMAN-TURAEV FORMALITY FROM THE KONTSEVITCH INTEGRAL 31

71 (0) K s 722(0) ® T20) ———————— T/1(0) ® T/Y(0)
B} " % 7V2@z1/2 % ‘Z“@Z“ . %
7*(00) ———— T*00) y T/1(00) 2z
z/1 z?@z/? l 72 gz/1
71207\ gr K » AL (0) ® AL (O) —— AN0)® AN (0)
% A)\ %
Y} (00) —— AF(00) y A'LOO)

Ficure 20. Commutative cube showing the formality of the
Goldman bracket from the Kontsevich integral.

Theorem 5.7. The Kontsevich integral descends to a homomorphic expansion
for the Goldman Bracket. That is, the following square commutes:

(o) N — T(0) & T/1(O)

lz/ 1 lz/ loz/1

AN Q) 57— AMO) ® AMO)

Proof. Taking the Kontsevich integral of the diagram in Figure we get the
cube in Figure[20] We have already established that the top and bottom faces all
commute from Theorem and Corollary The front and back vertical faces
commute because Z respects the s-filtration and is homomorphic with respect to
the inclusions and quotient maps of the filtered component. The left and right
vertical sides trivially commute because of the zero maps.

The Kontsevich integral is homomorphic with respect to diagram stacking, as
proved in Proposition Since A\ is the difference between two orderings of
diagram stacking, Z is homomorphic with respect to A and the following square
commutes (which is the middle vertical face of Figure [20).

T20) ® TL*(0)
/
% 00) lZ”@Z/Q
zﬂ@zﬂl AZ(0) © AZ(O)
/gr/\

AZ(00)

add K and gr K

say this better!
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The commutativity of all vertical faces of the cube diagram in Figure [20]implies
that the induced diagonal square also commutes.

TY2(0) ® TV2(0) R T/ (0) ® T/1(0)

lzl/2®zl/2 lz/l®z/l

A2(0) ® AY2(0) 57— AM(0) @ AH0)
O

5.2. The Tureav co-bracket. Recall from section 7?7 that the Turaev cobracket
on |Crr| can be defined using the map p : Ct — |Cx| ® Cwr. Our knot-theoretic
definition of the cobracket imitates this construction, and we interpret the domain
C7 and codomain |Cr| ® Cr of p in the context of tangles.

Let M denote an interval skeleton component where both endpoints are on the
bottom D, x {0}. We will call a tangle whose endpoints are all on the bottom
a bottom tangle. In diagrams, the endpoints of the tangle will be drawn in the
bottom right corner. As before, the beginning of each interval section will be
marked by a e, and the end will be marked by %, see figure ?7.

We can extend the projection map S from proposition to bottom tangles
to get an isomorphism similar to corollary We state the map 8 and corre-
sponding isomorphism in proposition but omit the proof as it is the same as
before.

Proposition 5.8. There is a well-defined natural bottom projection
B:Te(OF f'\g) — |Cn|®* @ Cn®*
that descends to an isomorphism B : T/*(OF ﬁé) = |Crr|®F @ Cr®~.
Proposition 5.9. The division by b map, qp, descends to an isomorphism
a: T (M) = o).

Proof. The map ¢ uses the Conway relation to smooth double points to get a
two-component tangle, where one component has interval skeleton and the other
component has circle skeleton. O

Definition 5.10. Let @ and * be two points on the boundary of D, that are close
together. An embedding

T:(1,{0,1}) < (M, {e,*})

representing a bottom tangle is called ascending if it “first goes up, and then
goes straight down”. More precisely, if (z,s) is a global coordinate system for
M, = D, x I, then T is an ascending tangle if there exists ¢ € (0,1) such that
when t € (0,¢), the % '
negative constant multiple of d%'

component of T' is positive, and when ¢ € (¢, 1), Tis a
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placeholder figure of an ascending tangle with an ascending embedding and a
non-ascending embedding

Likewise, such an embedding representing a bottom tangle T is descending if
it "first goes straight up, and then goes down". So there is ¢ € (0,1) such that
when ¢ € (0,¢), T is a positive constant multiple of d% and when ¢ € (¢, 1) the d%
component of T is negative.

Definition 5.11. An ascending tangle is a bottom tangle in M, whose ambient
isotopy class has an ascending embedding. See figure [77] for an example.

Given a curve K in Crr, through the isomorphism 3, K can be lifted to a bottom
tangle in 7/1 (M). Because we are in the quotient by degree 1 terms, crossings can
be changed at will to make the lifted tangle be ascending or descending. However,
to lift K to a framed tangle takes some care. For any framed curve K in Cr,
we can choose a homotopy class representative that with rotation number 0 that
is a sailing curve. A sailing curve is a curve whose tangent vector never points
north. When taking a lift of a sailing K, there is an ascending lift of the curve
where the north vector is never tangent to the curve. We will denote this lift as
Aa(K) We can choose a framing at each point p on \,(K) by taking the tangent
vector T at p and the projection of 7 on to the plane normal to 7. Thus Aa(K)
is a framed ascending bottom tangle. Similarly we will let A\y(K) be a framed
descending bottom tangle. Finally, we define X : 7/1(M) — T/2(M) by

AK) = Aa(K) = M(K)

to be the difference between the framed ascending bottom tangle and the framed
descending bottom tangle. In 7/ 2(M), crossing changes matter so A is not the
Zero map.

Theorem 5.12. The diagram in Figure commutes and the unique induced
map 1 1s the self intersection map p.

Proof. Let v € |Cr| and let T = A,(7) be an ascending lift. We can rewrite
each strand-strand crossings (s-crossing for short) of 7" as a sum or difference of
a double point and its counterpart in T/¢. As in the proof of ??, rewriting each
s-crossing of T in this way yields a sum indexed by the subsets of its s-crossings.
For every subset X of s-crossings, there is a term in the sum where the s-crossings
in X are replaced by double points, and those not in X are replaced with their
counterparts in T/, In particular, the term corresponding to X = () is exactly
T, so T — T7 lives in TH(M).

By passing to the quotient ’7;1 / 7'3(/'\), only the terms that have a single double
point remain, so T'— T% becomes a sum over the s-crossings of T, where in each
term the s-crossing is replaced by a double point. The map ¢, uses the Conway
relation to smooth these double points to get a two-component tangle, where one
component has interval skeleton and the other component has circle skeleton.

Thus we land in ﬂl(o M), which is isomorphic to |Cr| ® Cr via . O

make rigorous the notion
of north in the disk. Add
diagram of sailing trick
to avoid north

old proof, not yet
updated
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FIGURE 21. The nontrivial horizontal maps are the respective
quotient maps.

(M) ———— T ——— T/

0 /\l /,// lo
~1/2 ~ /2 s
SO ——— T 4 T

~q /,/// ////

< /,// e S

T/l(Of'\) <--" - ’M /// //

L /
Ve /

o //// ///

~ //’A ,/

~ - $ /
THO)eTMO) « "/
Alt

FIGURE 22. Constructing 0 from pu.

For a bottom tangle, there is a closure map from ¢ : T(M) — T(O) by
connecting the endpoints of the bottom tangle, ® and *, by a canonical path in the
boundary of the disk. Recall from Section [3.3]that the cobracket § is constructed
from p by post composing with the closure map and then antisymetrizing. In the
context of tangle diagrams, this construction is shown in Figure 22] The closure
map ¢l : T/HON) = T/HO) ® T/*(O) orders the components by placing the
closed bottom tangle in the second slot. The intermediate induced map after
closing, but before antisymmtrizing, is denoted in the figure by 6 and is called the
ordered Turaev cobracket. We will show the Kontsevich integral is homomorphic
with respect to 6. The homomorphicity of § with respect to Z follows from
immediately the homomorphicity of § with respect to Z because gr(Alt) = Alt.
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W2 (M) ——— AP (M) ———— A" —— 0

. o l lo
00— A ——— AL ——L V()
A Prag ///
gy /,///’ i
A/l(Om) (.——”’/’/grl’l’ ////
grel ///

AN0) @ ANO) - B

FIGURE 23. Associated graded diagram constructing the graded
ordered Turaev cobracket.

Taking the associated graded of the diagram in Figure we arrive at the
diagram in Figure [23]

Theorem 5.13. The diagram in Figure commutes and the induced map gré
1s the associated graded ordered Turaev cobracket.

Proof. The maps in the diagram of Figure 22] are filtered maps, and therefore
Figure [23] is obtained by applying the associated graded functor to it. As a
result, the diagram of Figure 23] commutes, gru is the induced map from the
snake lemma for this diagram, and so grg coincides with the graded ordered
Turaev cobracket. O

Lemma 5.14. There exists a map p : T/1(Q) ® T/H(Q) — TL2(O) that makes
the diagram in Figure commute.

Proof. There is an isomorphism from 7/*(Q)®7/*(O) to T/*(OO) by combining
the two tangles into a single tangle and forgetting the order of the components.
Since we are modding out by s degree 1, there is no notion of over or under, these
are just curves in the disc.
The map p : T/1(O) @ T/Y(Q) = T/2(O) is defined to be the following com-
position of maps.
P

///"/’”’—#-—___——___________—_‘_‘\\\\\4

T0) @ T/(0) 2224 7/'(00) +2 724(0) —— TL2(0)

Since the image of p in ﬂ2 is all of 72 we get the following short exact sequence.

In this figure, do we need
p in it still?



36 D. BAR-NATAN, Z. DANCSO, T. HOGAN, J. LIU, AND N. SCHERICH

o (") ———— T —— T/

0 A /// 0
7oA ——— T —=2— T/
%A% > /://’/
TIOM) - n 0
cl /’//3 cl
~ L/’/ v ~

T/(0) ® T/M(0) —2 TL*(0) ——— T/H(0) —— 0

F1GURE 24. Commutative diagram for Lemma

pcubesimplification

7/M0) & T/'(0) —— T*(0) — T/'0) — 0

The commutativity of the diagram in Figure [24] relies finally on the commuta-
tivity of the bottom left square. We single this square out below and verify the

commutativity.
o2 () » TEE(OY)
o
72/1 (O f-\) cl
P
icl T T ~\\\>{

Let T € ’73/ 2(/’\), then 7' is a bottom tangle with exactly one double point.

Following along the top and right of the diagram in Figure when T is closed,
we get a closed loop with one double point inside 7~'v/2(O). Following along the
right and bottom, ¢,(7") uses the Conway relation to snip off a loop of T' to get
a tangle in T/ L({©O M) with one closed loop and a bottom tangle, with no double
points. Closing the bottom tangle and forgetting the order of the closed loops
gives a tangle in 771 (OQ) with two closed loops and no double points. Reversing
the Conway relation along g; glues together the two closed loops to get a single
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p

/ﬁt

F/1(0) & 7/1(0) 1% 7/100) «2 T2%(0) —— TL2(0)

lz/1®z/1 lz/l lz/l lz/Q

71/2

AN0) & A 0) 17 A 00) s AV 0) —— A2(0)

grp
FiGure 25. Commutative diagram for Lemma

closed loop with one double point then included into 77/2(Q). This arrives at the
same closed loop with one double point as if we had closed T in the first place.

0

Lemma 5.15. The diagram in Figure 2] commutes.

Proof. The right square commutes because Z is a filtered map and respects filtered
inclusions.

For the middle square, we use the map ¢, from right to left and show commu-
tativity on a double point.

Z2M (X)) = 2" () ) =1
Z/l(X) — 60/2 _ 670/2
C

=5 - (—%) higher degree terms € .,Zl/V2(O)

=C=pg =032 =)

grap(Z/1 (X)) = gr(a) ) =) {

For the left square, Z compatible with forgetful is because we land in /1, where
there are no s-s chords. ]

Theorem 5.16. The Kontsevich integral descends to a homomorphic expansion
for the ordered Turaev cobracket. That is, the following square commutes:

7/M0) & 7/1(0) +———— T/'("

lZﬂ@Z/l lz/l

ANO) @ ANO) +——— AP
gr
Proof. The diagram in Figure is attained by taking the Kontsevich integral
of the commutative diagram in Figure (with the middle layers omitted). We
have already established that the top and bottom faces commute by Lemma

Make new diagrams for
power chord and power
swap to have 1 chord and
1 and 2 swaps

say more about left
square
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and Theorem [5.13] The left and right vertical sides trivially commute because
of the zero maps. The front-left vertical square commutes by Lemma [5.15] The
front-right and back faces commute because Z respects the s-filtration and is
homomorphic with respect to the inclusion and quotient maps of the filtered
components.

The middle vertical face of Figure [26] is the following square.

()
. “elo
7-V/2 (O) oA JZ/Q
z/{ A ()
A/2 (O) gr(clo))
v

The Kontsevich integral is homomorphic with respect to the flip operation, as
shown in Proposition 4.13] The map cl o A applied to a bottom tangle outputs
the difference between the closed ascending lift and the closed descending lift.
The closed descending lift is the flip of the closed ascending lift. So ¢l o A =
(id — flip) o cl acting on ascending representatives. Z is homomorphic with
respect to (id — flip) o cl.

The commutativity of all vertical faces of the cube diagram in Figure [26|implies
that the induces diagonal square also commutes, which gives the desired formality
of the theorem statement. O

remark—if we were doing this with p is it wouldn’t work because flip of a bottom
tangle is not a bottom tangle. It is much cleaner to just pass to the closures.
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