Dror Bar-Natan: Academic Pensieve: Projects: KBH: KBH.nb 2013-08-06 16:36:20

Pensieve header: The free-Lie meta-monoid-action structure for http://www.math.toronto.edu/~drorbn/pa-
pers/KBH/.

SetDirectory["C \\drorbn\\ Academ cPensi eve\\ Proj ect s\\ KBH" ];

The Program

We load FreeLie.m and modify the formating of CWSeries:
LoadFreeLie

<< FreeLie.m

$Seri esShowDegr ee = 3; $Seri esConpar eDegree = 5;

Format [s_CWSeri es, StandardForm] : = MapAt [
Style[#, GayLevel [0.6]] &,
TopBr acket For m[s [ {$Seri esShowDegree}]],
11,

CWeeri es[ser_ Synbol 1[{dd_Integer }] := MapAt [
Style[#, GayLevel [0.6]] &,
TopBracket Form[CWsee Tabl e[ser [d], {d, dd}]],
11;

BCHDemol
t1=BCH[(U), (V)]

BCHDemol

uv 1 1
LS|'u+v, —, — uuv + — uvyv
2 12 12
BCHDemo2
tle{6}
BCHDemo2
uv 1 1 1
LS|u+VvV, —, — uuvV + — uvv, —uuvy,
2 12 12 24
1 — 1 — 1 — 1 —— 1 ——— 1
- ——uuuuv + uuuvyv + uuvyv v+ uv uvyv + uuv uv- — uvv vy,
720 180 180 120 360 720
uuu uvy 1 — 1 — 1 —— " uuvvyvy
-— 4+ ——uUuUuvVvVv+ uuv uvyv + uuuviuv- —
1440 360 240 720 1440
Some set theoretic definitions:
SetTheory
Domain[f List] := First /e f;
f_\key_ := DeleteCases[f, key - _1;
f_\ keys List := Fold[#1\#2 & f, keysl];
fl List = f2 List := Domain[fl] ===Domai n[f2] && (And ee (

((# /. 1)y = (/. 12)) & /@ Domain[f1]1));
Li eMor phi sm[mor ] [f_List] := MapAt [Li eMorphi sm[nor], f, {(Al, 2}7;
MIAL , wl 1 = M[A2_, w2 ] := (Al =222) && (wl = w2);
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LieDefs

RC, [v_LieSeries, ub_][s_] := StableApply[Li eMrphism[{u) » Ad[¥][<ub)]], sI;
RC, [v_LieSeries][s_] :=s // RC/ [y, (v)] // LieNMorphism[{v) > (u)];
Juf[)’_] i=

1
I\/bdule[{s}, j (v // RC[s¥] // divy // LieMrphismu -» Ad[-s 7][u]])dls];
0

JBCH
Jvtlle{4}

JBCH

V. Uvv Uduuv 3 Uuvv 3 uvuv uvvv
- y + - +

u
2 2 6 4 2 6

MMADefs
M/ MAL, wl 1+M22 , w2 ] := M2l U 22, wl+w2];
tmiu_, v, w1[a List] := 2 // LieMirphism{u) - (w), (V) -><(w)l;
tmu_, v., w ][MA_, w 1] := LieMrphism{u) » (w), (V) -><w)] /@ M[A, wl;
hmix_, v, z J[a List] := Union[a\{x, v}, {z-BCH[x /. A, v /. A1}1;
hmix , v,z M, w11 := Mx // hm[x, vy, z], w];
thafu_, x_J[a_List] := MapAt [RC,[x /. A1, A, {AIl, 2}71;
thafu , x 1[MA, w 1] := M[A // tha[u, x], (w+Jy[x /. A1) // RC,[x /. All;

he[x ] := M[{x » MakeLi eSeries[0]}, MakeCWseries[0]]
] := M[{x -» MakeLi eSeries[(u)]}, MakeCWseries[0]];
o [u_, x_ ] := M[{x -» MakeLieSeries[-(u)]}, MakeCWseries[0]];
udefs
R'[a_, b_] := p*[a, b]xhe[a]; R[a_, b ] := p [a, b] xhe[a];
dmia_, b, c_1[x.] :=u // tha[(a), bl 7/ tm[(a), (b)Y, (c)] // hm[a, b, cI;

Testing Properties and Relations

Testing tm

Testing_tm
Print /@ {{u="u"), v="Vv"y, w="wW)};

1 (t1= M[{
X - Makeli eSeries[u+Vv +w], y - MakelLieSeries[b[u, v] +b[v, W]]
}, MakeCWseri es [CWM"uvw']11]),
(t1 // tm[u, v, ul),
(t2=t1 // tmlu, v, u] // tm[u, w, uj),
(t1 // tm[v, w, v]),
(t3=t1 // tmlv, w, v] // tm[u, v, ul),
(t2=13)};

oo b wN
L R 2
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Testing_tm

1->M{x=>LS[U+V+W, 0, 0], y->LS[0, Uv+VWw, 0]}, CWs

o
:
<
=)

Testing_tm

25 M{x->LS[2U+W, 0, 0], y->LS[0, Uw, 0]}, CWs[0, 0, Tuw] |

Testing_tm
3->M[{x~>LS[3U, 0, 0], y->LS[0, 0, 0]}, OWs[0, 0, TuU] |
Testing_tm
4> M{x->LS[u+2V, 0, 0], y->LS[0, uv, 0]}, ows[0, 0, Tw ||
Testing_tm
5-M{x-LS[3U, 0, 0], y->LS[0, 0, 0]}, OWs[0, 0, TuUU] |
Testing_tm
6 - True
Testing hm
Testing_hm
Print /e {
1- (t1=p"[u, X]p*[Vv, Y]P"[W 2]),
2 (t1 // hm[x, vy, X1),
3o (t2=t1 // hm[x, y, x] // hm[x, z, x1),
4 (t1 // hmly, z, y1),
5 (t3=t1 // hmly, z, y1 // hm[x, y, x1),
6> (t2=t3)};
Testing_hm
1> M {x->Ls[u, 0, 0], y>LS[V, 0, 0], z>LS[W, 0, 0]}, OWs[0, 0, 0] |
Testing_hm
uv 1 1 —
25M{x>Ls[U+V, —, —uTv+ TV, z-LS[W, 0, 0]}, W8[0, 0, 0] ]
2 12 12
Testing_hm
uv. uw vw 1 1
3%MHX%LS[F+V+W, —+ — 4+ —, — UUV + — UUW +
2 2 2 12 12
1 1 1 1 1 1
—qu+—va+—Wv+—va+—va+—vaH, CW5[0, O, 0]}
3 12 12 6 12 12
Testing_hm
vw 1 1
49MHX9LS[F, 0, 0], y»LS[VJrW, S vvwe — va]} CWS[0, 0, 01]
2 12 12
Testing_hm
uv. uw vw 1 1
5%MHX%LS[F+V+W, — + —+ —, — UUV + — UUw +
2 2 2 12 12
1 1 1 1 1 1
— UVW+ — VVW + — UVV + — UWV +—WW+—WVWH, CW5(0, 0, 0]
3 12 12 6 12 12
Testing_hm

6 » True
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Testing t-action

Print /@ {{u="u"y, v="v"), w="w), t=("t"y}
1o (t1=M[{

X - MakelieSeries[u+b[u, t]], vy -» MakelLieSeries[u+b[u, t]]
}, MakeCWseries[CW"uu"] +CW"tuv"111),
2 (t2=t1 // tm[u, v, w] // tha[w, x1]),
3> (t3=t1 // thafu, x] // tha[v, x] // tm[u, v, wW]),
45 (t2=t3)};
taction
1M {x>LS[u, -tu, 0], y>LS[u, -tu, 0]}, cws[0, Tu, tuv]]
taction
— == — == . 3tww
ZA)M{{XA)LS[W, -tw, - WW}, y»LS[W, -tw, —tWW]}, CN\S{ , —tw+ W,
2
taction
— = — = S 3tww
34)M{{X4)LS[W, -tw, 7tww}, y»LS[W, -tw, —'[WW]}, O/\S{ , —TW+ W,
2
taction
4 - True
Testing h-action
haction
Print /@ {{u=¢"u"y, v=("v">}
1- (t1=M[{
X - MakeLieSeries[u+b[u, v]], y -» MakeLieSeries[v+b[u, v]]
}, MakeCWseries[CW"uu"] +CW"uvv"111),
2-» (t2=t1 // hm[x, y, z] // thafu, z1),
3-» (t3=t1 // tha[u, x] // tha[u, y] // hm[x, vy, z1),
45 (t2=13)};
haction
15 M {x>LS[u, uv, 0], y > LS[V, UV, 0]}, Ows[0, TU, TV ||
haction
3uv 17 17 uuv uvv
2%MHZ%LS[F+V, ,7—UW7—WVH, OWB| U, TT-2TV, —— + ]
2 12 12 2 2
haction
3uv 17 17 uuv uvv
39MH2»LS[F+V, ,7—UW7—WVH, OWB| U, TT-2TV, —— + ]
2 12 12 2 2

haction
4 - True

Testing the Conjugation Relation

TestingConjugationRelation

Print /e {
1 (tl=p"[u, X]p"[Vv, Y]P*'[W 2]),

2 - (t2=t1//tmlv, w, v] // hm[x, y, x] // tha[u, z]),
3 > (t3=p"[v, X]0"[W, 2] p"[U, Y1),

4 - (t4=t3 // tm[v, w, v] // hm[x, vy, x1),

55 (t2=t4)};
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TestingConjugationRelation
1-M{x-LS[u, 0, 0], y>LS[V, 0, 0], z->LS[W, 0, 0]}, CWs[0, 0, 0]

TestingConjugationRelation

2»MHX»LS[F+V, 7T, ot
2 12 12

wvv |, z-Ls[v, 0, 0]}, ows[0, 0, 0]]

TestingConjugationRelation

3->M{x>LS[V, 0, 0], y-LS[u, 0, 0], z->LS[W, 0, 0]}, CWs[0, 0, 0]

TestingConjugationRelation

4»MHX»LS[F+V, 7?, % uW+E Wv], z 5 LS|V, o, o}}, QWS[0, 0, 01}

TestingConjugationRelation
5> True

Demo 1 - The Knot 847

817-1

pl =R [12, 1]R[2, 71R[8, 3] R[4, 11] R*[16, 5] R*[6, 13] R*[14, 9] R*[10, 15]

817-1
M {1-LS[-¢, 0, 0], 2-LS[0, 0, 0], 3-LS[-8, 0, 0], 4-1LS[0, 0, 0],
5-LS[(g, 0, 0], 6 >LS[0, 0, 0], 7-LS[-2, 0, 0], 85LS[0, 0, 0], 9 LS[€, 0, 0],
10 - LS[0, 0, 0], 11 5LS[-4, 0, 0], 12 >LS[0, 0, 0], 13 >LS[6, 0, 0],
14 5 LS[0, 0, 0], 15> LS[a, 0, 0], 16 > LS[0, 0, 0]}, CWS[0, 0, 0] |
817-2
D)[I—ll = I—ll // dm[l, k! 1]! {k! 2, 16}]:
Last [ul]e@ {6}
817-2
_ 311111 1351111111
ovs[o, -1T, 0, - , 0, - ]
12 360
817-3
Series[Log[—i+i—§+11—8X+4X2—X3 /. xan] {x, 0 6}]
X X2 X
817-3
31x* 1351xS
-x? - - +O[x]’
12 360

Demo 2 - The Borromean Tangle

Borromeanl
u2 = R [r, 6] R[2, 41 R [g, 91 R*[5, 71 R [b, 31 R"[8, 17;
(Do[p2 = p2 // dmlr, k, r1, {k, 1, 3}]; Do[u2 = p2 // dm[g, k, 9], {k, 4, 6}1;
Do[u2 = w2 // dm[b, k, bl, {k, 7, 9}1, wu2)

Borromeanl

[ Rp— 1 1 — 1
MHb»LS{O, gr, Eggr +brg+5 grr], g»LS{O, -br, Ebbr - bgr 7brg+5 brr |,

—_— 1 ——

reLS[O, by, 5 bﬁ+ﬁ+gﬁg”, s (o, o, z”bgTrH
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Borromean2
(r /. First [u2])e{5}

Borromean2

LS|0, bg, — bbg + bgr + — bgg,
2 2

— 1l Y 1 Y 1 — — p—
—bbbg+—-bbgr +—-bggr +—Dbb +—borr +—0> ,
5 g 2 g 2 gg 1 gg 2 g 5 ggg

1bbbb 1bbb 1bb 1bbb 1bb
— + — r+ — r+ — + — rr +
24 9 6 g 4 99 12 99 4 J

1 — 1 — — 1 = —
—b gr + —bggrr -bbgrg+ —bb -2bbr +
5 999 1 99 grg 12 999 99

1
6

bgrrr+

— — 1 —/——

bgbgr -bgbrg-— bbgbg-— bgrgr+— bg
gbg 991299299249999

N| =

Borromean3
Last [u2]@{5}

Borromean3

CW5|0, 0, 2 bgr, bbgr - bgbr + bggr - bgrg + bgrr - brgr,

bbbgr bbgbr bbggr bbgrg bbgrr bbrbg 3bbrgr bgbrr 3 bggbr
- + + + + - + -

+

3 2 2 2 2 2 2 2 2
bgggr bggrg bggrr bgrgg 3bgrrg bgrrr  brggr brgrr brrgr
- + + - + + - +
3 2 2 2 2 3 2 2 2

Further Runs for the KBH paper

ExampleZeta
To =R [3, a] R [b, 2] R*[1, 47;
To //dm[2, 1, 1] // dm[4, b, b] // dm[1, a, a] // dm[3, a, a]

ExampleZeta

M {a-LS[-a b, 3‘?’, g aﬁ_g abb|, boLs[a, 0, ~aab ],
- aab abb
cvs| o, ap, 2 @By,
2 2
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BorromeanTrees
trees =Table[(r /. First [u2])ek, {k, 6}];
tl= Seri es[(Li st eetrees //. w LW :» BeeReverse[LyndonFactorization[w]] /.
B[s ] = s /. t B Tree[t]).nRengellengthitreesi]
{n, 0, Length[trees]}
| 7. ¢"r" >r, "g" >g, "b" b}
tl1 /. t_Tree = TreeForm[t,
Ver t exRenderi ngFunction - (Swi tch[#2,
Tree, {
Red,
Pol ygon [
{{-0.4, 0.4}y -#1, {0.4, 0.4}y -#1, {0.3, -0.4}-#1, {-0.3, -0.4} -#1}]
b
B, {},

_ {
Rel easeHol d[#2 /. {r -» Red, g-» Geen, b-Blue}],

Di sk[-#1, 0.4]
}
1&),
EdgeRenderi ngFuncti on » ({
Brown, Thi ckness[0. 03],
Line[-#]
} &),
Pl ot RangePaddi ng » 0, |InmageSi ze -» 60, AspectRatio -» 1

Rt

T T
A
T
e

Ty
LT
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BorromeanWheels
n = 6;
wheel s = Tabl e[Last [p2]ek, {k, n}1;
Set Options[Rasterize, {RasterSize - 256, |nageSize -» 256}];
Col | ect |
Expand[ (Pl us e@wheel s)] /.
CWs_String] = aStringtendthisl showr| mageCr op [Pi eChart 3D[
Tabl e[1, {StringLength[s]}],
ChartStyle =» (Characters[s] /. {"r" » Red, "g" -» Green, "b" -» Blue}),
SectorOrigin - {{RandonReal [{0, 2 x}], "Countercl ockw se"}, 1},
Chart BaseStyl e » EdgeFor m[{Thi ckness [0. 03], Bl ack}],
Chart El enent Function » "Profil eSector3D",
| magePaddi ng -» 0, | mageMargi ns -» 0, Pl ot RangePaddi ng -0
11, | mageSi ze -» 5217,
n, Factor]+O[a]"™*
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BorromeanWheels
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TheTrivialBalloon
Graphi cs3D[{
Red, Thickness[0.02], Line[{{0, -2, 0},

Thick, Line[Table]
{Cos[e], Sin[e], 03},
{6, 0, 2xn, 2x/72}

]]J
RGBCol or [1, 0. 65, 0.657,

}1
Axes - True, AxeslLabel - {"x", "y", "t"},

Ticks > {{}, {}, {-1, 133},
Lighting » "Neutral"

1

TheTrivialBalloon

{0! _11 0}}]1

Sphere[{0, 0, 0}, 1]

(» Label Style - Directive[lLarge], %)

eab
. b —
efa_, b _1:= Matanxp[( bC(f aacCB)];
Ca+Cp @%-1 Cu+Cs _ €*-1 o
el1. 01.¢[0, 1] = e] , e’ ] /7 simplity
eCa+C,3 -1 Co eCa+C[3 -1 CB
eab
True
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