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Pensieve header: The free-Lie meta-group-action structure for http://www.math.toronto.edu/~drorbn/pa-
pers/KBH/.

SetDirectory[""C:\\drorbn\\AcademicPensieve\\Projects\\KBH"] ;
<< CellExport.m
<< FreeLie.m

Randomu[d _, m_, n_] := Module[{bas},
bas = AllLyndonWords[{d}, Characters[StringTake["1234567890", m]]1];
ul

MakeCWSeries[Randomlnteger[{-2, 2}, Length[bas]].bas /. LW - CW],
Sum[h[j] MakeLieSeries[Randomlnteger[{-2, 2}, Length[bas]]-bas], {j, n}]
1
13
hL[u_] := Union[Cases[u, h[s_] = s, Infinity]];
ulw_, A_1[d_] = p[w[d], A /. s_LieSeries » s[d]];
ulwl , A1 ] = ufw2_, A2_] :=
wl = w2 & (And @@ ((D[ALl, h[#]] =D[X2, h[#]]) & /@ hL[{Al, A2}1)):
LieDerivation[der_][u[w_, A_]1] := ul[w // der, Collect[x, _h, der]];
LieMorphism[mor_][u[w_, A_]1] = u[w// mor, Collect[x, _h, mor]];

{Randomu[1, 3, 3], Randomu[3, 3, 3]}

(L[CWB[-2 CW1] + CW[3], 0, 0], h[1] LS[2 (2) +2 (3), 0, 0] +
h[2] LS[-(1)+2(2)+2¢(3), 0, 0] +h[3] LS[(1)+(2)+2(3), 0, 0]],
L[OWB[-2 CW2] + OM3], 2 CW12] + 2 CW13] + 2 CW 23],
~CW112] -2 CW113] - CW[122] + 2 OW[132] - 2 CW133] + CW233] ],
h[1] LS[-2 (1) +2 (2) +2 (3), -(12), 2 (113) + (122) + (123) -2 (132) +
(133) + (223) + (233)] +h[2] LS[2 (1) + (2) +2 (3), -(12) +2 (13),
2 (113) - (122) - (123) -2 (132) -2 (133) - (223) +2 (233)] +
h[3] LS[(1) -2 (2) -2 (3), -(12) + (13), 2 (112) +2 (132) -2 (133) - (233)]])
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u /> opfwl_, A1 Julw2_, 22_] = u[
AddCWSeries[wl, w2],
Collect[Al +2A2, _h,
(# /. Isl _LieSeries + Is2 LieSeries » AddLieSeries[lIsl, 1s2]) &
1
13
tmix_,y ,z J[plw_, 211 = plow, A] // LieMorphism[{{X) = (Z), (Y) = (Z)}];
hmix_,y_, z 1[klw_, 2_]1]1 = u[w, Plus|
A /- {h[x]1 >0, h[y] -0},
h[z] BCH[D[A, h[x1], D[A, h[yl]]
11:
hta[x_,VY , 2z ][u[w_, A_1]1 := Module[{ax, Adxx},
AX = MakeLieSeries[D[A, h[x]]]1:
Adxx = LieMorphism[{LW[y] -» Ad[ScaleLieSeries[-1, Ax]][LW[z]]1}]:
ul
AddCWSeries[StableApply[Adxx, w], J[LW[Y], X111,
Collect[a, _h, StableApply[Adax, #] &]
1
1;
hta[x_, y_1[ule_, A_]1] :=
ulw, A1 // hta[x, y, ("z")] // LieMorphism[{LW["z"] - LW[y]}];
dm[x_,y ,z ]J[u_] == p // htaly, x] // tm[X, Yy, 2] // hm[x, Yy, z];
RpIX_, Y_]1 = u[MakeCWSeries[0], h[y] MakeLieSeries[(xX)]1];
Rm[x_, Y_]1 :-= u[MakeCWSeries[0], h[y] MakeLieSeries[-{(X)]1];

n = $SeriesShowDegree = $SeriesCompareDegree = 4;

Print /e {
10 = Randomu [3, 2, 2],
u0 // hta[i, 17,
ul = ReplacePart[u0, 1 - MakeCWSeries[0]],
ul // hta[l, 1]
}s

p[CWB[-2 CW1], -Cw12], CwW112] -2 CM122], O],

h[1]LS[2 (1) -2(2), -(12), (112) - (122), 0] +h[2] LS[(1) -2 (2, 0, (122), 0]]

oW112] 8CW122] 3 OW1122]
- , OWM1112] +7+C,W[1222]},
3 2

u[c\/\s[o, —20W12],

4(1112) (1122) 4 (1222)
h[l]LS[2<1>72<2>,3<12>,7<112>+<122>,7 S - }

2 (1112 4 (¢1122) 10 (1222)
- +

; al
u[CW5[0, 0, 0, 0],
h[1l]LS[2 (1) -2(2), -(12), (112) -(122), 0] +h[2] LS[(1) -2 (2), 0, (122), 0]]

20M112] 2 CW122] OW1122]

h(2] LS{<1> S22y, 2(12), —(112) +3 (122, -

u[cws[z OW1], -CW12], - 3 , OW1112] —T+ZC\M1212] L oW1222] |,
4 (1112) (1122) 4 (1222)
hi1] Ls{z (1y —2(2), 3(12y, —(112) + (122), - T } .

2 (1112) 4 (1122) 10 <1222>H
- +
3 3

h[2] Ls[<1> S22y, 2(12), -(112) +3 (122), -
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Testing tm

n = $SeriesShowDegree = $SeriesCompareDegree = 3;
Print /e {u0 = Randomu[n, 4, 1],

w0 // tm[l, 2, 2],

w0 // tm[2, 3, 3],

t1 =0 // tm[1,2,2] // tm[2, 3, 3],
t2 = 0 /7 tm[2,3,3] // tm[1, 3, 3],
tl=1t2

}s

L[OWB[2 CW1] - CW2] + CWM4], 2 CW12] - CM13] + 2 CW14] + 2 OW23] - 2 CW[24] + CW34],
~CW112] -2 CW113] - 2 OW[114] + CW124] - 2 CW132] + CM[133] + 2 CW[134] -
2 OM144] + 2 OW223] - CW224] - CM233] - OW[243] + 2 OW244] + 2 CW334] ],
h[1] LS[-2 (1) -2 (2) +2 (3), —(12) + (14) - (23) +2 (24), 2 (112) + (114) + (122) +
(123) - (1245 - (142) - (143) + (144) - (223) + 2 (224) + 2 (233) + (234) - (243)]]
L[CWS[CW2] + CW4], 2 CW22] + CWM23] + CW34],
~CW222] - 2 OWM223] - 2 OW224] + 2 OW234] - CW243] + 2 CW334] ],
h[1] LS[-4 (2) +2 (3), —(23) +3 (24), 3 (224) +2 (233) + (234) -2 (243) + (244)]]
L[OWB[2 CW1] - CW3] + CWM4], CW13] + 2 CW14] + 2 CW33] - OW34],
~3C0W113] -2 CWM114] - OW133] + 3 CW134] - 2 W 144] + OM333] + 2 OW344] ],
h[1] LS[-2 (1), - (135 + (14) +2 (34), 2 (113) + (114) + (133) - (134) - 2 (143) + (144) + 4 (334)]]
L[OWB[CW 3] + CW4], 3 CW33] + CW34], -3 CW333] + CW334]],
h[1] LS[-2 (3), 3 (34), 6 (334) + (344)]]

L [CWS[CW3] + CW4], 3 CW33] + CW34], -3 CW333] + CW[334]],
h[1] LS[-2 (3), 3 (34), 6 (334) + (344)]]

True

t1 =0 // tm[1, 2, 2] // tm[2, 3, 3] // InputForm
u[ CWser i es[ Li eMor phi smOnCWser i es$1866], h[ 1] *Li eSeri es[ Li eMor phi snOnLi eSeri es$1868]

Testing hm

Print /e {u0 = Randomu[4, 2, 3],
u0 7/ hm[1, 2, 2],
t1 =0 // hm[1, 2,21 // hm[2, 3, 31,
t2 = 0 // hm[2, 3, 3] // hm[1, 3, 3],
tl=1t2
}s
L[CWB[2 CW1] - OW2], 0, -2 CW122]], h[1] LS[2 (1) - (2), 2 (12), 2 (112) -2 (122)] +
h[2] LS[(2), 2 (12}, -2 (112) +(122%] +h[3] LS[(1) -2 (2}, -(12), -(112) - (122)]]

M[CV\S[Z cWm1] -ewmz2], 0, -20W122]],
7 (112) 4 (122)
+
3

h(2) LS{Z (1, 5 (12, ] Fh[3]LS[(1) -2 (2), -(12), -(112) - <122>}]

5 (112)
u[C\/\S[Z OW1] -CW2], 0, ~2CW122]], h[3] Ls[s (1y -2 ¢2), 2 (12), -

-4<122>H

5 (112)

u[o/\sm CW1] - CW2], 0, ~2CW122]], h[3] Ls[s (1y -2¢2), 2 (12, - _4 <122>H

True
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Testing hta

n = $SeriesShowDegree = $SeriesCompareDegree = 4;
Print /@ {u0 = Randomu[3, 2, 2], u0 // hta[l, 1]};

L[OWB[-CWM1] -2 CW2], CW12], -CW112], 0],
h[1] LS[(1) + (2), 0, -2 (112) -2 (122), 0] +h[2] LS[2 (1) -2 (2), -2 (12), 0, 0]]

30M12] 50W112] 11 CW122]
u[cv\s[-zalwm, , - :

2 6 6
23C0WM1112] 7CWM1122] 29CW1212] 23 CW1222]
. _ . . ,
24 12 12 24

3(112) 3(122) 111112y 10(1122) 11 (1222

h[l]l_s[<1>+<2>, ~(12), - () 5« >, ¢ ), e e >}+
2 2 6 3 6
11 (1112 5 (1122) 4 (1222)
h(2] LS{2<1>—2<2>, ~4 (12), (112) + 3 (122), + -

; |

Print /@ {u0 = Randomu[n, 3, 2],
tl=p0 // hta[l, 11 // htali, 21 // tm[1, 2, 1],
t2=u0 // tm[1, 2,171 // hta[l, 1],
tl=1t2
}s

u[CWS[-CW1] +2CW2], -2 CW13] -2 CW23],
2 COW112] + 2 CW122] + CW123] - 2 CW[132] + 2 CW[133] - 2 CW[233],
OW1112] + CW1113] + 2 CW[1122] - CW[1133] + CW[1213] - CW[1222] - 2 CW[1223] -
CW1233] + CW[1322] + CW[1323] + 2 CW[1333] + 2 CW2223] + 2 CW[2233] ],
h{1] LS[(1) - (3), (12) - (13) + (23), 2 (112) + (113) - 2 (122) - (133) - (233),
2 (1112 + (1113) + (1122) + 2 (1123) - 2 (1132) + (1133) + 2 (1222) - (1223) -
2 (1232) +2 (1233) + (1322) + 2 (1323) + 2 (1332) - (1333) - (2233) + 2 (2333)] +
h[2] LS[-2 (1) + (2), (12) +2(23), -2 (113) + (122) +2 (123) - 2 (132) - (133) + (223),
S(1113) + (1122) + 2 (1123) - (1132) + (1133) - (1222) + 2 (1223) -
2 (1232) +2 (1233) + (1323) + 2 (1332) + 2 (1333) + 2 (2223) - 2 (2333)] ]

9 CW13] 11 OW113] 11 CW133]
u[cv\s[z oW1], - — "7 acw11l] - - ,
2 6 6
85C0M1113] 35CWM1133] 7 CW1313] 47 OW1333]
2C0W1111] - + - ' ]
24 12 12 24
(113) 3(133) 37 (1113) 7(1133) 5 (1333)
hii] Ls{<1> ~ (3, (13), - , . - } .
2 2 6 3 6
7 (113 133y 53 (1113) 5 (1133 1333
(21 LS] -1y, a3y, LD (8D AL 51 A3 )y
2 6 3 6
9 CW13] 11 OW113] 11 CW133]
u[cv\s[z oW1], - — "7 acw11l] - - ,
2 6 6
85C0M1113] 35CW1133] 7CW1313] 47 OW1333
2 OWM1111] - oM ]+ M 1. W ]+ W ]],
24 12 12 24
(113) 3(133) 37 (1113) 7(1133) 5 (1333)
hi1] Ls[<1> - (3), (13), - , . - } +
2 2 6 3 6
7 (113 133) 53 (1113) 5 (1133 1333
h[2]LS{—<1>, (139, ( >+< >’ ( >+ € >7< >H
2 2 6 3 6
True
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n = $SeriesShowDegree = $SeriesCompareDegree = 5;
Print /@ {uO = ReplacePart[Randomu[n, 2, 3], 1 - MakeCWSeries[0]],
tl= u0 // hta[l, 1] // hta[2, 1] // hm[1, 2, 1],
t2=u0 // hm[1, 2,11 // htali, 11,
tl=1t2
}s
L[OWS[0, 0, 0, 0, 0], h[1]LS[-2 (1) +2(2), 0, 2(122),
2 (1112) +2 (1122 - 2 (1222), -(11112) -2 (111225 - (11222) - 2 (12222] +
h[2] LS[-(1) +2 (2), -2 (12), (112) - (122), -2 (1112) +2 (1122) +2 (1222),
(111125 - (11122% -2 (112125 + 2 (122225] +
h[3] LS[0, (12), 2 (122y, -(1122) - (1222), (11112) +2 (11122 - (11212) + (11222)]]

14 W 112]

u[c,\/\s[fscwm, 3oM12], - — 7 L owm122],
3
43 C0W1112] 61 CW1122] 34 CW1212] 8 CW1222]
- + - + ,
12 6 3 3
187 OM11112] 454 CW11122] 551 OW11212] 14 CW11222] 26 OW[12222]
. . i - 18 CW12122) - — 0 ]
60 15 15 3 15
h(3] Ls{o, (12y, -2 (122), -4 (1122) - (1222),
8 (11122) 11 (11212) 28 (12222)
(11112 - + +10 (11222) +9 (12122 + —— | +
3
73 (112) 77 (1112) 63 (1122) 2 (1222)
hi1] LS{—3<1>+4<2>, 9 (12y, — """ 9 (122, - - ,
6 2 3
277 (11112) 1309 (11122) 163 (11212) 379 (11222 2237 (12122)
- . + . +6 <12222>H
24 20 20 45 90
14 OW112]
u[c,\/\s[fscwm, 3owW12], - — " L owm122],
3
43 CW1112] 61 CW1122] 34 CW1212] 8 CwW1222]
- + - +
12 6 3 3
187 OWM11112] 454 CW11122] 551 OW11212] 14 CW11222] 26 OW12222]
- i - - +18 OW12122] - 7}
60 15 15 3 15
73 (112) 77 (1112) 63 (1122 2 (1222)
h[1]|_s{-3<1>+4<2>, 9(12), — "1 _9(122), - - ,
6 6 2 3
277 (11112) 1309 (11122) 163 (11212) 379 (11222) 2237 (12122)
. . R . +6(12222) ] +
24 20 20 45 90
h[3] Ls[o, (12), -2 (122), -4 (1122) - (1222),
8 (11122) 11 (11212) 28 (12222)
(11112) - + +10 (11222 +9 (12122 + 7”
3 3 3
True
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Testing dm

$SeriesShowDegree = 3;
$SeriesCompareDegree = n=5;
Timing[Print /@ {u0 = Randomu[n, 4, 4],
tl1 = 0 // dm[1, 2, 1] // dm[1, 3, 17,
t2 = 0 // dm[2, 3, 2] // dm[1, 2, 1],
tl=1t2
1
p[CWB[-2 CW1] +2CWM2] - CW3], -CWM12] -2 CWM23] + CW24],
-CW112] + COW114] + OM122] + 2 CW123] + CW133] - CW134] + CW142] - CW143] -
CW144] + 2 COW224] - CW233] - 2 CW234] + CW244] - 2 CW334] - CW344] ],
h{1] LS[-2(2) -2 <(4), 2 (13) +2 (14) + (23) -2 (24) - (34), -2 (114) + 2 (122) - (123) - (124) +
2 (132) +2 (133) +2 (134) + (142) + 2 (224) + 2 (233) -2 (234) -2 (244) +2 (334) -2 (344)] +
h[2]LS[2 (1) +2 (2) +(3) +2(4), (12) -2 (13) -2 (23) + (24) - (34), 2 (113) -2 (114) - (122) +
(133) + (134) - (142) + 2 (143) - (223) + 2 (224) + (234) + (243) -2 (244 + (334) -2 (344)] +
h[3] LS[(1) -2 (2) -2 (3) - (4), (12) +(13) +2 (14) -2 (23) -2 (24) - 2 (34),
(112 - (113 - (122) + (132) + (133) + (134) + 2 (142) + 2 (144) +
2 (223) -2 (224) +2 (233) + 2 (234) -2 (243) + (244 + (344)] +
h[4]LS[-2(2) +(3) +2(4), (13) -2 (14) - (24) - (34),
2 (112 - (113) +2 (114) + (122) - 2 (123) - (124) - (132) + (133) - (134) +
(142 - (223) +2 (224) - (233) - (234) -2 (243) + (244 + 2 (334) + 2 (344)]]
u[c,\/\s[o, 4 OW1L] - 11 CW 14 o 7 CW111] . 7 CW114) . CW144]
3 6 6
h[{4] LS[-(1) +2 {4y, -6 (14), -2 (114) +3 (144)] +
13 (14) 17 (114) 45 (144)
2 2 4 H
11 CW14] 7C0M111] 7CW114] CW144]
u[o/\s[o, 40M11] + . - . .
3 6 6
h[4] LS[-(1) +2 (4), -6 (14), -2 (114) +3 (144)] +
13 (14) 17 (114) 45 <144>H

hi1] LS{—<4>, -

h[1] LS{—<4>, - :
2 2 4
True
(43.93, Null }

Testing R-Moves

(Rp[1, 21 Rm[3, 4]) // dm[1, 3, 1] // dm[2, 4, 2]
L[CWB[0, 0, 0], h[1] LS[O, 0, 0] +h[2] LS[O, O, 0]]

(Rp[1, 21 Rm[3, 4]) // dm[1, 3, 1] // dm[4, 2, 2]
L[CWB[0, 0, 0], h[1] LS[O, 0, 0] +h[2] LS[O, O, 0]]

tl =Rp[1, 2] Rp[4, 3] Rp[5, 6] // dm[1, 4, 1] // dm[2,5,2] // dm[3, 6, 3]

u|ows(o, 0, 0],

(12y  (112)  (122)
h{1] LS[0, 0, 0] +h[2] LS[(1), O, 0] +h[3] LS| (1) + (2}, , N H
2 12 12
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t2 = Rp[2, 31 Rp[1, 4] RP[5, 6] // dm[1l, 5, 1] // dm[2, 6, 2] // dm[3, 4, 3]

u|CWs[0, 0, 0],

(12y  (112) (122
h[1] LS[O, 0, 0] +h[2] LS[(1), 0, 0] +h[3] LS| (1) + (2), , + }]
2 12 12

{t1[7], €2[7], €1[7] ==t2[7]}

{ {0 hi3 (1111112 (1111122 (1111212 (1111222) (1112112) (1112122
w0, [3] ( - + + + +
30240 5040 10080 3780 10080 1680
(1112212 (1112222 (1121122) (1121212 13 (1121222) (1122122)
+ + - + + -
1260 3780 2016 5040 15120 10080
(1122212) (1122222) (1212122) (1212222 (1221222 <1222222>J]
- + - - +
1512 5040 1260 2016 5040 30240
(1111112) (1111122 (1111212 (1111222) (1112112) (1112122
u{o,h[3} ( - + + + + +
30240 5040 10080 3780 10080 1680
(1112212) (1112222 (1121122) (1121212 13 (1121222) (1122122)
+ + - + + -
1260 3780 2016 5040 15120 10080
(1122212) (1122222 (1212122 (1212222 (1221222) <1222222>JJ ; }
- + - - + , lrue
1512 5040 1260 2016 5040 30240
817
Print /e {

§0 = Rm[12, 1] Rm[2, 7] Rm[8, 3] Rm[4, 11] Rp[16, 5] Rp[6, 13] Rp[14, 9] Rp[10, 15],
Do[u0 = w0 // dm[1, k, 1], {k, 2, 16}1; uO
}

u[CWs[0, 0, 0],
h[1l] LS[-<b), 0, O] +h[7] LS[-(2), 0, 0] +h[3]LS[-¢8), 0, 0] +h[11] LS[-(4), O, 0] +
h[5] LS[(f), 0, 0] +h[13]LS[(6), 0, O] +h[9] LS[«d), O, 0] +h[15]LS[(¢0), O, 0]]

L [OWB[0, ~-CW[11], O], h[1] LS[O, 0, 0]]
(Nul'l, Null}

$RecursionLimit = 2°16;

u0[{4}]
31 OWM1111
u[cms[a —OW11], 0,__f3%5___l , h[1] LSJO, 0,0,01]
u0[{6}]
31 OWM1111 1351 OW111111
u[cms[o, ~OWM11], O, -;—f§yg———jn 0, - oM ]}, h{1] LS[0, O, O, O, o,O]}
12 360
uO[{8}]
31 OWM1111 1351 OW111111 123271 OW11111111
U[CMB[O,7CNW11},O, 7——£¥E————1,o, - oM "o, oM ] y
12 360 20160

h[1] LS[0, 0, 0, 0, 0, 0, 0, 0]
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) 1-4X+8X2-11X348X4-4X54+X6
Print /e {/3: - - /. X e,
X

Series[B, {X, 0, 8}],
Series[Log[B] ., {X, 0, 9}]

};

e 3 (1-4e*+8 e?* 11X +8e** - 4eP% eﬁx)
25 x4 481x% 1109x8
12 360 4032
31x4 1351x5 123271x8
12 360 20160

Runs for the KBH paper

1-x2- 9

+O[x]

2

x2_ 110

+ O[x

Rp[u, X]
u[CW5[0, 0, 07, h[X} LS[<(u), 0, 0]]

Format[CW[w_], StandardForm] := "["<>w<>"]";

ExampleZeta
&=Tg//dm[2,1,1] // dm[4, b, b] //dm[1, a, a] // dm[3, a, a];

gl{4}]
ExampleZeta
[aab] [abb] [aaab] 7 [aabb] 5 [abab] [abbb]
u[C\/\S[—[a}, _[ab], - . .- . - - }
2 2 6 4 2 6
b bb
hib] LS{<a>, 0, - (aab), - (aaab) <aabb)y
2 2
3 (ab) 13 (aab) 13 (abb) <(aaab) 17 (aabb) <(abbb)
hia) LS|~ (a) + (b), , - : - : ]
2 12 12 2 8 2
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TheTrivialBalloon
Graphics3D[{
Red, Thickness[0.02], Line[{{0O, -2, 0}, {0, -1, 0}}1,

Thick, Line[Table]
{Cos[e], Sin[e], 0},
{6, 0, 2xn, 27/72}

11,
RGBColor[1, 0.65, 0.65], Sphere[{0O, O, 0}, 1]

1
Axes - True, AxeslLabel - {x,y, t}, LabelStyle - Directive[lLarge],

Ticks » {{}, {}, {-1, 1}},
Lighting - "Neutral"

1

TheTrivialBalloon
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