
Free Lie Algebras Routines

Lazy Evaluation Version

Pensieve header: A free-Lie calculator with lazy evaluation for series; forks pensieve://2013-04/.

Global Definitions

$SeriesShowDegree = 3; $SeriesCompareDegree = 3;

Words and Lyndon Words

A Lyndon word is a word lexicographically smaller than all of its proper right factors; see http://katlas.-

math.toronto.edu/drorbn/AcademicPensieve/Projects/FreeLie/index.html
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LyndonQ@AW@w_StringDD := And �� H
OrderedQ@8w, ð<D & �� Table@StringDrop@w, iD, 8i, 1, StringLength@wD - 1<D

L;

AllWords@0, _ListD = 8AW@""D<;

AllWords@n_ �; n > 0, ab_ListD := AllWords@n, abD = AW �� Flatten@Outer@
StringJoin@ð1, ð2D &,

First �� AllWords@n - 1, abD,

ab

DD;

AllLyndonWords@n_Integer, ab_ListD :=

LW ��� Select@AllWords@n, ab �. LW@w_StringD ¦ wD, LyndonQD;

AllLyndonWords@8n_<, ab_ListD :=

Join �� Table@AllLyndonWords@k, ab �. LW@w_StringD ¦ wD, 8k, n<D;

LyndonFactorization@LW@w_StringD �; StringLength@wD == 1D := LW@wD;

LyndonFactorization@LW@w_StringD �; StringLength@wD > 1D := Module@
8rf<,

rf = First@Sort@Table@StringDrop@w, iD, 8i, 1, StringLength@wD - 1<DDD;

LW �� 8StringDrop@w, -StringLength@rfDD, rf<
D;

LW@s_SymbolD := LW@ToString@sDD;

LW@LW@w_DD := LW@wD;

LW �: LW@x_D £ LW@y_D := OrderedQ@8x, y<D;

LW �: x_LW ³ y_LW := y £ x;

LW �: x_LW > y_LW := ! Hx £ yL;

LW �: x_LW < y_LW := ! Hy £ xL;

Format@LW@w_D, StandardFormD := Defer@Xw\D;

BracketForm@w_LWD �; Deg@wD � 1 := w@@1DD;

BracketForm@w_LWD := BracketForm@wD = StringJoin@Flatten@8
"@",

BracketForm �� LyndonFactorization@wD,

"D"

<DD;

topbracketform@w_LWD �; Deg@wD � 1 := w@@1DD;

topbracketform@w_LWD := topbracketform@wD = Overscript@
Row@Riffle@topbracketform �� LyndonFactorization@wD, " "DD,

p

D;

TopBracketForm@w_LWD �; Deg@wD � 1 := Overscript@w@@1DD, pD;

TopBracketForm@w_LWD := topbracketform@wD;

TopBracketForm@CW@w_StringDD := Overscript@w, �D;

TopBracketForm@expr_D := expr �. w_LW w_CW ¦ TopBracketForm@wD;

Xw__\ := LW@wD;

LW@is__IntegerD := LW@StringJoin ��

HStringTake@"1234567890abcdefghijklmnopqrstuvwxyz", 8ð<D & �� 8is<LD;

Deg@LW@x_DD := StringLength@xD;

8LyndonQ@AW�"abba"D, LyndonQ@AW�"ababb"D<
8False, True<
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8AllWords@3, 8"1", "2"<D, AllLyndonWords@83<, 8"1", "2"<D<
88AW@111D, AW@112D, AW@121D, AW@122D, AW@211D, AW@212D, AW@221D, AW@222D<,

8X1\, X2\, X12\, X112\, X122\<<

Table@Length@AllLyndonWords@k, 8"1", "2"<DD, 8k, 10<D
82, 1, 2, 3, 6, 9, 18, 30, 56, 99<

Table@Length@AllLyndonWords@k, 8"1", "2", "3"<DD, 8k, 10<D
83, 3, 8, 18, 48, 116, 312, 810, 2184, 5880<

BracketForm@LW@"12122"DD
@@12D@@12D2DD

The Bracket for Lie Elements

b@0, _D = 0; b@_, 0D = 0;

b@c_ * Hx_AW x_LWL, y_D := Expand@c b@x, yDD;

b@x_, c_ * Hy_AW y_LWLD := Expand@c b@x, yDD;

b@x_Plus, y_D := b@ð, yD & �� x;

b@x_, y_PlusD := b@x, ðD & �� y;

b@w_LW, z_LWD := LWAdjoint@wD@zD;

ad@x_D@y_D := b@x, yD;

LWAdjoint@w_D := LWAdjoint@wD = Module@8u<,

u = Unique@LWActD;

u@z_D := u@zD = Which@
w === z, 0,

z < w, Expand@-b@z, wDD,

Deg@wD � 1, LW@First@wD <> First@zDD,

True, Module@8x, y<,

8x, y< = LyndonFactorization@wD;

If@y ³ z,

LW@First@wD <> First@zDD,

b@x, LWAdjoint@yD@zDD + b@LWAdjoint@xD@zD, yD
D

D
D;

u

D;

b@LW@"112"D, LW@"122"DD
X112122\ + X112212\
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Outer@b, AllLyndonWords@83<, 8"1", "2"<D,

AllLyndonWords@83<, 8"1", "2"<DD �� MatrixForm

0 X12\ X112\ X1112\ X1122\
-X12\ 0 -X122\ -X1122\ -X1222\

-X112\ X122\ 0 -X11212\ X12122\
-X1112\ X1122\ X11212\ 0 X112122\ + X112212\
-X1122\ X1222\ -X12122\ -X112122\ - X112212\ 0

Union@Flatten@Outer@Hb@ð1, ð2D + b@ð2, ð1DL &,

AllLyndonWords@86<, 8"1", "2"<D, AllLyndonWords@86<, 8"1", "2"<D
DDD

80<

Outer@Hb@ð1, b@ð2, ð3DD + b@ð2, b@ð3, ð1DD + b@ð3, b@ð1, ð2DDL &,

AllLyndonWords@85<, 8"1", "2"<D,

AllLyndonWords@85<, 8"1", "2"<D, AllLyndonWords@85<, 8"1", "2"<D
D �� Flatten �� Union

80<
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LieSeries

LieSeries@ser_SymbolD@8dd_Integer<D :=

TopBracketForm@LS �� Table@ser@dD, 8d, dd<DD;

LieSeries@ser_SymbolD@e___D := ser@eD;

Format@s_LieSeries, StandardFormD := s@8$SeriesShowDegree<D;

ShowLieSeries@d_IntegerD@s_LieSeriesD := s@8d<D;

MakeLieSeries@s_LieSeriesD := s;

MakeLieSeries@expr_D :=

MakeLieSeries@exprD = MakeLieSeries@Unique@MakeLieSeriesD, exprD;

MakeLieSeries@ser_Symbol, expr_D := H
ser@D = Hold@MakeLieSeries@ser, exprDD;

ser@d_IntegerD := ser@dD = Expand@expr �. w_LW �; Deg@wD ¹ d ® 0D;

LieSeries@serD
L;

MakeLieSeries@ab_List, coefs_D :=

MakeLieSeries@Unique@MakeLieSeriesD, ab, coefsD;

MakeLieSeries@ser_Symbol, ab_List, coefs_SymbolD := H
ser@D = Hold@MakeLieSeries@a, coefsDD;

ser@d_IntegerD := ser@dD =

Plus �� MapIndexed@HHcoefs �� Prepend@ð2, dDL * ð1L &, AllLyndonWords@d, abDD;

LieSeries@serD
L;

s1_LieSeries º s2_LieSeries := Module@8res = True, k<,

For@k = 1, res && k <= $SeriesCompareDegree, ++k, res = res && Hs1@kD � s2@kDLD;

res

D;

RandomLieSeries@ab_List, opts___RuleD :=

RandomLieSeries@Unique@RandomLieSeriesD, ab, optsD;

RandomLieSeries@ser_Symbol, ab_List, opts___RuleD := ModuleB

:rand = Randomizer �. 8opts< �.

Randomizer ®
RandomInteger@8-2 Deg@ðD!, 2 Deg@ðD!<D

Deg@ðD!
& >,

ser@D = Hold@RandomLieSeries@a, optsDD;

ser@d_IntegerD := ser@dD = Plus �� HHrand@ðD * ðL & �� AllLyndonWords@d, abDL;

LieSeries@serD
F;

Print �� 8ts1 = X"1122"\ �� MakeLieSeries, ts1@D, ts1 �� Range@6D<;

LS@0, 0, 0D

Hold@MakeLieSeries@MakeLieSeries$5040, X1122\DD

80, 0, 0, X1122\, 0, 0<

Α = RandomLieSeries@8"a", "b"<D

LSB-2 a + 2 b,
a b
q

2
,

3

2
a a b

q

s

-
7

6
a b
q

b
s

F
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Α@85<D

LSB-2 Xa\ + 2 Xb\,
Xab\

2
,

3 Xaab\
2

-
7 Xabb\

6
,

11 Xaaab\
8

+
23 Xaabb\

24
+

19 Xabbb\
12

,

-
7 Xaaaab\

15
+

13 Xaaabb\
120

+
181 Xaabab\

120
-

163 Xaabbb\
120

-
7 Xababb\

60
+

5 Xabbbb\
24

F

AddLieSeries@ss___LieSeriesD := AddLieSeries@ssD = Module@8ser<,

ser = Unique@AddLieSeriesD;

ser@D = Hold@AddLieSeries@ssDD;

ser@d_IntegerD := ser@dD = Plus �� HHð@dDL & �� 8ss<L;

LieSeries@serD
D;

LieSeries �: Plus@ss__LieSeriesD := AddLieSeries@ssD;

ScaleLieSeries@c_, s_LieSeriesD := ScaleLieSeries@c, sD = Module@8ser<,

ser = Unique@ScaleLieSeriesD;

ser@D = Hold@ScaleLieSeries@c, sDD;

ser@d_IntegerD := ser@dD = Expand@c * s@dDD;

LieSeries@serD
D;

LieSeries �: c_ * s_LieSeries := ScaleLieSeries@c, sD;

b@s_LieSeries, y_D := b@s, MakeLieSeries@yDD;

b@x_, s_LieSeriesD := b@MakeLieSeries@xD, sD;

b@s1_LieSeries, s2_LieSeriesD := b@s1, s2D = Module@8ser<,

ser = Unique@bD;

ser@D = Hold@b@s1, s2DD;

ser@d_IntegerD := ser@dD = Sum@
b@s1@kD, s2@d - kDD,

8k, 1, d - 1<
D;

LieSeries@serD
D;

b@s_LieSeries, y_D := b@s, MakeLieSeries@yDD;

b@x_, s_LieSeriesD := b@MakeLieSeries@xD, sD;

8ts2 = X"122"\ + X"11122"\ �� MakeLieSeries,

ts3 = b@ts1, ts2D, ts3@D, ts3 �� Range@10D<
8LS@0, 0, X122\D, LS@0, 0, 0D, Hold@b@LS@0, 0, 0D, LS@0, 0, X122\DDD,

80, 0, 0, 0, 0, 0, X1122122\, 0, -X111221122\, 0<<

LieSeries �: EulerE@s_LieSeriesD := Module@8ser<,

ser = Unique@EulerED;

ser@D = Hold@EulerE@sDD;

ser@d_IntegerD := ser@dD = Expand@d * s@dDD;

LieSeries@serD
D;
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8ts4 = EulerE@ts3D, ts4@D, ts4 �� Range@10D<
8LS@0, 0, 0D, Hold@EulerE@LS@0, 0, 0DDD,

80, 0, 0, 0, 0, 0, 7 X1122122\, 0, -9 X111221122\, 0<<

adPower, adSeries, and Ad

adPower@0, x_LieSeriesD@Ψ_LieSeriesD := adPower@0, xD@Ψ D = Module@8ser<,

ser = Unique@adPowerD;

ser@D = Hold@adPower@0, xD@Ψ DD;

ser@d_IntegerD := ser@dD = Ψ @dD;

LieSeries@serD
D;

adPower@n_Integer, x_LieSeriesD@Ψ_LieSeriesD := adPower@n, xD@Ψ D = Module@8ser<,

ser = Unique@adPowerD;

ser@D = Hold@adPower@n, xD@Ψ DD;

ser@d_IntegerD := ser@dD = b@x, adPower@n - 1, xD@Ψ DD@dD;

LieSeries@serD
D;

adSeries@f_, x_LieSeriesD@Ψ_LieSeriesD := adSeries@f, xD@Ψ D = Module@8ser<,

ser = Unique@adSeriesD;

ser@D = Hold@adSeries@f, xD@Ψ DD;

ser@d_IntegerD := ser@dD = Module@8c<,

Expand@Sum@
c = SeriesCoefficient@f, 8ad, 0, k<D;

If@c === 0, 0, c * adPower@k, xD@Ψ D@dDD,

8k, 0, d - 1<
DD

D;

LieSeries@serD
D;

adSeries@f_, x_D@Ψ_D := adSeries@f, MakeLieSeries@xDD@MakeLieSeries@Ψ DD;

Ad@x_D := adSeries@E^ad, xD;

8xs = MakeLieSeries@LW@"x"DD, ys = MakeLieSeries@LW@"y"DD,

ts5 = adPower@0, xsD@ysD, ts5@D, ts5 �� Range@5D<
8LS@Xx\, 0, 0D, LS@Xy\, 0, 0D, LS@Xy\, 0, 0D,

Hold@adPower@0, LS@Xx\, 0, 0DD@LS@Xy\, 0, 0DDD, 8Xy\, 0, 0, 0, 0<<

adPower@3, xsD@ysD �� Range@5D
80, 0, 0, Xxxxy\, 0<

8adSeries@E^H-adL, xsD@ysD �� Range@5D, adSeries@E^H-adL, ysD@xsD �� Range@5D<

::Xy\, -Xxy\,
Xxxy\

2
, -

Xxxxy\
6

,
Xxxxxy\

24
>, :Xx\, Xxy\,

Xxyy\
2

,
Xxyyy\

6
,

Xxyyyy\
24

>>

Ad@xsD@ysD@5D
Xxxxxy\

24
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Ad@xsD@ysD@D

Hold@adSeries@ã
-ad, LS@Xx\, 0, 0DD@LS@Xy\, 0, 0DDD

LieDerivation, DerivationPower, DerivationSeries

LieDerivation@der_D@es___D := der@esD;

LieDerivation@rules___RuleD := LieDerivation@8rules<D;

LieDerivation@rules_ListD :=

LieDerivation@rulesD = LieDerivation@Unique@LieDerivationD, rulesD;

LieDerivation@der_Symbol, rules_ListD := H
der@D = Hold@LieDerivation@der, rulesDD;

Hder@w_LWD �; Deg@wD � 1L :=

Hder@wD = MakeLieSeries@w �. Append@rules, _LW ® 0DDL;

der@w_LWD := der@wD = Module@8x, y<,

8x, y< = LyndonFactorization@wD;

AddLieSeries@b@der@xD, yD, b@x, der@yDDD
D;

der@s_LieSeriesD := der@sD = Module@8ser<,

ser = Unique@LieDerivationOnLieSeriesD;

ser@D = Hold@der@sDD;

ser@d_D := ser@dD = Sum@
der@s@kDD@dD,

8k, 1, d<
D;

LieSeries@serD
D;

der@as_ASeriesD := der@asD = Module@8ser<,

ser = Unique@LieDerivationOnASeriesD;

ser@D = Hold@der@asDD;

ser@d_D := ser@dD = Sum@
Expand@as@kD �. AW@w_D ¦ Sum@

NonCommutativeMultiply@
AW@StringTake@w, j - 1DD,

Ι@der@LW@StringTake@w, 8j<DDD@d - k + 1DD,

AW@StringDrop@w, jDD
D,

8j, k<
DD,

8k, 1, d<
D;

ASeries@serD
D;

der@cws_CWSeriesD := der@cwsD = Module@8ser<,

ser = Unique@LieDerivationOnCWSeriesD;

ser@D = Hold@der@cwsDD;

ser@d_D := ser@dD = Sum@
Expand@cws@kD �. CW@w_D ¦ Sum@

tr@NonCommutativeMultiply@
AW@StringTake@w, j - 1DD,

,
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Ι@der@LW@StringTake@w, 8j<DDD@d - k + 1DD,

AW@StringDrop@w, jDD
DD,

8j, k<
DD,

8k, 1, d<
D;

CWSeries@serD
D;

der@expr_D@d_D :=

Expand@expr �. 8w_LW ¦ der@wD@dD, s_LieSeries ¦ der@sD@dD<D;

LieDerivation@derD
L;

Print �� 8
ld1 = LieDerivation@8X1\ ® b@X3\, X1\D<D,

ld1@D,

Hð ® ld1@ðD@84<DL & �� AllLyndonWords@83<, 8"1", "2"<D,

HX"112"\ �� ld1 �� ld1L@85<D
<;

LieDerivation@LieDerivation$5120D

Hold@LieDerivation@LieDerivation$5120, 8X1\ ® -X13\<DD

8X1\ ® LS@0, -X13\, 0, 0D, X2\ ® LS@0, 0, 0, 0D, X12\ ® LS@0, 0, -X132\, 0D,

X112\ ® LS@0, 0, 0, -X1132\ + X1213\D, X122\ ® LS@0, 0, 0, -X1322\D<
LS@0, 0, 0, 0, X11332\ - X12133\ + 2 X13132\D
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DerivationPower@0, der_LieDerivationD@Ψ_LieSeriesD :=

DerivationPower@0, derD@Ψ D = Module@8ser<,

ser = Unique@DerivationPowerD;

ser@D = Hold@DerivationPower@0, derD@Ψ DD;

ser@d_IntegerD := ser@dD = Ψ @dD;

LieSeries@serD
D;

DerivationPower@n_Integer, der_LieDerivationD@Ψ_LieSeriesD :=

DerivationPower@n, xD@Ψ D = Module@8ser<,

ser = Unique@DerivationPowerD;

ser@D = Hold@DerivationPower@n, derD@Ψ DD;

ser@d_IntegerD := ser@dD = der@DerivationPower@n - 1, derD@Ψ DD@dD;

LieSeries@serD
D;

DerivationSeries@__D@0D = 0;

DerivationSeries@f_, ld_LieDerivationD@Ψ_LieSeriesD :=

DerivationSeries@f, ldD@Ψ D = Module@8ser<,

ser = Unique@DerivationSeriesD;

ser@D = Hold@DerivationSeries@f, ldD@Ψ DD;

ser@d_IntegerD := ser@dD = Module@8c<,

Expand@Sum@
c = SeriesCoefficient@f, 8der, 0, k<D;

If@c � 0, 0, c * DerivationPower@k, ldD@Ψ D@dDD,

8k, 0, d<
DD

D;

LieSeries@serD
D;

DerivationExp@ld_LieDerivationD := DerivationSeries@E^der, ldD;

X"112"\ �� MakeLieSeries �� DerivationExp@LieDerivation@8X1\ ® b@X3\, X1\D<DD ��
ShowLieSeries@6D

LSB0, 0, X112\, -X1132\ + X1213\,
X11332\

2
-

X12133\
2

+ X13132\,

-
X113332\

6
+

X121333\
6

-
X131332\

2
+

X132133\
2

F

X"122"\ �� MakeLieSeries �� DerivationExp@LieDerivation@8X1\ ® b@X3\, X1\D<DD ��
ShowLieSeries@6D

LSB0, 0, X122\, -X1322\,
X13322\

2
, -

X133322\
6

F
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LieMorphism

LieMorphism@mor_D@es___D := mor@esD;

LieMorphism@rules_ListD :=

LieMorphism@rulesD = LieMorphism@Unique@LieMorphismD, rulesD;

LieMorphism@rules__RuleD := LieMorphism@8rules<D;

LieMorphism@mor_Symbol, rules_ListD := H
mor@D = Hold@LieMorphism@mor, rulesDD;

Hmor@w_LWD �; Deg@wD � 1L := Hmor@wD = MakeLieSeries@w �. rulesDL;

mor@w_LWD := Hmor@wD = b �� Hmor �� LyndonFactorization@wDLL;

mor@AW@""DD = MakeASeries@AW@""DD;

Hmor@AW@w_DD �; StringLength@wD � 1L :=

Hmor@wD = Ι@MakeLieSeries@LW@wD �. rulesDDL;

mor@AW@w_DD := mor@wD = Module@8w1, w2<,

w1 = StringTake@w, Floor@StringLength@wD � 2DD;

w2 = StringDrop@w, Floor@StringLength@wD � 2DD;

Hmor@AW@w1DDL ** Hmor@AW@w2DDL
D;

mor@CW@w_DD := tr@mor@AW@wDDD;

mor@s_LieSeriesD := mor@sD = Module@8ser<,

ser = Unique@LieMorphismOnLieSeriesD;

ser@D = Hold@mor@sDD;

ser@d_D := ser@dD = Sum@
mor@s@kDD@dD,

8k, 1, d<
D;

LieSeries@serD
D;

mor@cws_CWSeriesD := mor@cwsD = Module@8ser<,

ser = Unique@LieMorphismOnCWSeriesD;

ser@D = Hold@mor@sDD;

ser@d_D := ser@dD = Sum@
mor@cws@kDD@dD,

8k, 1, d<
D;

CWSeries@serD
D;

mor@expr_D@d_D := Expand@expr �. Hw_LW w_AW w_CWL ¦ mor@wD@dDD;

LieMorphism@morD
L;

Print �� 8
lm0 = LieMorphism@8LW@"x"D ® LW@"y"D<D,

LW@"x"D �� lm0,

AW@"x"D �� lm0,

CW@"x"D �� lm0<;
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LieMorphism@LieMorphism$8978D

LS@Xy\, 0, 0D

Ι@LS@Xy\, 0, 0DD

tr@Ι@LS@Xy\, 0, 0DDD

Print �� 8
lm1 = LieMorphism@8LW@"x"D ® Ad@LW@"y"DD@LW@"x"DD<D,

lm1@D,

lm1@LW@"y"DD,

lm1@LW@"x"DD,

lm1@LW@"x"DD@4D,

lm1@X"xxy"\D,

lm1@X"xxy"\D@8D,

lm1@AW@"x"DD,

lm1@CW@"x"DD
<;

LieMorphism@LieMorphism$8979D

HoldBLieMorphismBLieMorphism$8979, :Xx\ ® LSBXx\, Xxy\,
Xxyy\

2
F>FF

LS@Xy\, 0, 0D

LSBXx\, Xxy\,
Xxyy\

2
F

Xxyyy\
6

LS@0, 0, Xxxy\D

Xxxyyyyyy\
120

+

Xxyxyyyyy\
30

+

Xxyyxyyyy\
24

ΙBLSBXx\, Xxy\,
Xxyy\

2
FF

trBΙBLSBXx\, Xxy\,
Xxyy\

2
FFF

StableApply

StableApply@mor_LieMorphism, Htype : HLieSeries ASeries CWSeriesLL@s_DD := H
StableApply@mor, type@sDD = Module@8ser<,

ser = Unique@StableApplyD;

ser@D = Hold@StableApply@mor, type@sDDD;

ser@d_D := ser@dD = Nest@mor, type@sD, dD@dD;

type@serD
D

L;
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BCH

BCHBase = Module@8bch<,

bch = Unique@"BCHBase"D;

bch@D = Hold@BCHBaseD;

bch@1D = X"x"\ + X"y"\;

bch@d_IntegerD := bch@dD = Expand@Plus@
adSeries@E^H-adL, MakeLieSeries@X"y"\DD@MakeLieSeries@X"x"\DD@dD,

-adSeries@H1 - E^H-adLL � ad - 1, LieSeries@bchDD@
EulerE@LieSeries@bchDDD@dD

D � dD;

LieSeries@bchD
D;

BCH@x_, y_D := LieMorphism@8LW@"x"D ® x, LW@"y"D ® y<D@BCHBaseD;
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8BCHBase, BCHBase@D, BCHBase@8D<

:LSBXx\ + Xy\,
Xxy\

2
,

Xxxy\
12

+
Xxyy\

12
F, Hold@BCHBaseD,

Xxxxxxxyy\
60 480

-
Xxxxxxyxy\

15 120
-

Xxxxxxyyy\
10 080

+
Xxxxxyxxy\

20 160
-

Xxxxxyxyy\
20 160

+
Xxxxxyyxy\

2520
+

23 Xxxxxyyyy\
120 960

+
Xxxxyxxyy\

4032
-

Xxxxyxyxy\
10 080

+
13 Xxxxyxyyy\

30 240
+

Xxxxyyxyy\
20 160

-

Xxxxyyyxy\
3024

-
Xxxxyyyyy\

10 080
+

Xxxyxyxyy\
2520

-
Xxxyxyyyy\

4032
-

Xxxyyxyyy\
10 080

+
Xxxyyyyyy\

60 480
>

:LSBXx\ + Xy\,
Xxy\

2
,

Xxxy\
12

+
Xxyy\

12
F, Hold@BCHBaseD,

Xxxxxxxyy\
60 480

-
Xxxxxxyxy\

15 120
-

Xxxxxxyyy\
10 080

+
Xxxxxyxxy\

20 160
-

Xxxxxyxyy\
20 160

+
Xxxxxyyxy\

2520
+

23 Xxxxxyyyy\
120 960

+
Xxxxyxxyy\

4032
-

Xxxxyxyxy\
10 080

+
13 Xxxxyxyyy\

30 240
+

Xxxxyyxyy\
20 160

-

Xxxxyyyxy\
3024

-
Xxxxyyyyy\

10 080
+

Xxxyxyxyy\
2520

-
Xxxyxyyyy\

4032
-

Xxxyyxyyy\
10 080

+
Xxxyyyyyy\

60 480
>

:LSBXx\ + Xy\,
Xxy\

2
,

Xxxy\
12

+
Xxyy\

12
F, Hold@BCHBaseD,

Xxxxxxxyy\
60 480

-
Xxxxxxyxy\

15 120
-

Xxxxxxyyy\
10 080

+
Xxxxxyxxy\

20 160
-

Xxxxxyxyy\
20 160

+
Xxxxxyyxy\

2520
+

23 Xxxxxyyyy\
120 960

+
Xxxxyxxyy\

4032
-

Xxxxyxyxy\
10 080

+
13 Xxxxyxyyy\

30 240
+

Xxxxyyxyy\
20 160

-

Xxxxyyyxy\
3024

-
Xxxxyyyyy\

10 080
+

Xxxyxyxyy\
2520

-
Xxxyxyyyy\

4032
-

Xxxyyxyyy\
10 080

+
Xxxyyyyyy\

60 480
>

:BCHBase3BXx\ + Xy\,
Xxy\

2
,

Xxxy\
12

+
Xxyy\

12
F, Hold@BCHBaseD,

Xxxxxxxyy\
60 480

-
Xxxxxxyxy\

15 120
-

Xxxxxxyyy\
10 080

+
Xxxxxyxxy\

20 160
-

Xxxxxyxyy\
20 160

+
Xxxxxyyxy\

2520
+

23 Xxxxxyyyy\
120 960

+
Xxxxyxxyy\

4032
-

Xxxxyxyxy\
10 080

+
13 Xxxxyxyyy\

30 240
+

Xxxxyyxyy\
20 160

-

Xxxxyyyxy\
3024

-
Xxxxyyyyy\

10 080
+

Xxxyxyxyy\
2520

-
Xxxyxyyyy\

4032
-

Xxxyyxyyy\
10 080

+
Xxxyyyyyy\

60 480
>

:LieSeries@BCHBase3D, Hold@BCHBaseD,

Xxxxxxxyy\
60 480

-
Xxxxxxyxy\

15 120
-

Xxxxxxyyy\
10 080

+
Xxxxxyxxy\

20 160
-

Xxxxxyxyy\
20 160

+
Xxxxxyyxy\

2520
+

23 Xxxxxyyyy\
120 960

+
Xxxxyxxyy\

4032
-

Xxxxyxyxy\
10 080

+
13 Xxxxyxyyy\

30 240
+

Xxxxyyxyy\
20 160

-

Xxxxyyyxy\
3024

-
Xxxxyyyyy\

10 080
+

Xxxyxyxyy\
2520

-
Xxxyxyyyy\

4032
-

Xxxyyxyyy\
10 080

+
Xxxyyyyyy\

60 480
>
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8BCH@LW@"y"D, LW@"z"DD, BCH@LW@"y"D, LW@"z"DD@6D<

:LSBXy\ + Xz\,
Xyz\

2
,

Xyyz\
12

+
Xyzz\

12
F,

-
Xyyyyzz\

1440
+

Xyyyzyz\
720

+
Xyyyzzz\

360
+

Xyyzyzz\
240

-
Xyyzzzz\

1440
>

:LSBXy\ + Xz\,
Xyz\

2
,

Xyyz\
12

+
Xyzz\

12
F,

-
Xyyyyzz\

1440
+

Xyyyzyz\
720

+
Xyyyzzz\

360
+

Xyyzyzz\
240

-
Xyyzzzz\

1440
>

:LSBXy\ + Xz\,
Xyz\

2
,

Xyyz\
12

+
Xyzz\

12
F,

-
Xyyyyzz\

1440
+

Xyyyzyz\
720

+
Xyyyzzz\

360
+

Xyyzyzz\
240

-
Xyyzzzz\

1440
>

:LieSeries@LieMorphismOnLieSeries$101D,

-
Xyyyyzz\

1440
+

Xyyyzyz\
720

+
Xyyyzzz\

360
+

Xyyzyzz\
240

-
Xyyzzzz\

1440
>

8
t1 = BCH@LW@"x"D, BCH@LW@"y"D, LW@"z"DDD,

t2 = BCH@BCH@LW@"x"D, LW@"y"DD, LW@"z"DD,

t1 � t2,

Table@t1@dD � t2@dD, 8d, 10 <D
< �� Timing

:4.056, :LSBXx\ + Xy\ + Xz\,
Xxy\

2
+

Xxz\
2

+
Xyz\

2
,

Xxxy\
12

+
Xxxz\

12
+

Xxyy\
12

+
Xxyz\

3
+

Xxzy\
6

+
Xxzz\

12
+

Xyyz\
12

+
Xyzz\

12
F, LSBXx\ + Xy\ + Xz\,

Xxy\
2

+
Xxz\

2
+

Xyz\
2

,
Xxxy\

12
+

Xxxz\
12

+
Xxyy\

12
+

Xxyz\
3

+
Xxzy\

6
+

Xxzz\
12

+
Xyyz\

12
+

Xyzz\
12

F,

LSBXx\ + Xy\ + Xz\,
Xxy\

2
+

Xxz\
2

+
Xyz\

2
,

Xxxy\
12

+
Xxxz\

12
+

Xxyy\
12

+
Xxyz\

3
+

Xxzy\
6

+
Xxzz\

12
+

Xyyz\
12

+
Xyzz\

12
F � LSBXx\ + Xy\ + Xz\,

Xxy\
2

+
Xxz\

2
+

Xyz\
2

,
Xxxy\

12
+

Xxxz\
12

+
Xxyy\

12
+

Xxyz\
3

+
Xxzy\

6
+

Xxzz\
12

+
Xyyz\

12
+

Xyzz\
12

F,

8True, True, True, True, True, True, True, True, True, True<>>
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AW, ASeries, Ι, Σ

Unprotect@NonCommutativeMultiplyD;

x_ ** 0 = 0; 0 ** y_ = 0;

Hc_ * x_AWL ** y_ := Expand@c Hx ** yLD;

x_ ** Hc_ * y_AWL := Expand@c Hx ** yLD;

x_Plus ** y_ := Hð ** yL & �� x;

x_ ** y_Plus := Hx ** ðL & �� y;

Deg@AW@w_DD := StringLength@wD;

AW@AW@w_DD := AW@wD;

AW@w1_StringD ** AW@w2_StringD := AW@w1 <> w2D;

b@w_AW, z_AWD := w ** z - z ** w;

ASeries@ser_SymbolD@8dd_Integer<D := AS �� Table@ser@dD, 8d, 0, dd<D;

ASeries@as_SymbolD@es___D := as@esD;

Format@s_ASeries, StandardFormD := s@8$SeriesShowDegree<D;

MakeASeries@as_CWSeriesD := as;

MakeASeries@expr_D :=

MakeASeries@exprD = MakeCWSeries@Unique@MakeASeriesD, exprD;

MakeASeries@ser_Symbol, expr_D := H
ser@D = Hold@MakeASeries@ser, exprDD;

ser@d_IntegerD := ser@dD = Expand@expr �. w_AW �; Deg@wD ¹ d ® 0D;

ASeries@serD
L;

Hs1_ASeries ** s2_ASeriesL := Hs1 ** s2L = Module@8ser<,

ser = Unique@NonCommutativeMultiplyD;

ser@D = Hold@s1 ** s2D;

ser@d_IntegerD := ser@dD = Sum@
s1@kD ** s2@d - kD,

8k, 0, d<
D;

ASeries@serD
D;

Ι@w_LWD �; Deg@wD � 1 := AW �� w;

Ι@w_LWD := Ι@wD = b �� HΙ �� LyndonFactorization@wDL;

Ι@expr_D := Expand@expr �. w_LW ¦ Ι@wDD;

Ι@ls_LieSeriesD := Ι@lsD = Module@8as<,

as = Unique@ΙD;

as@D = Hold@Ι@lsDD;

as@d_D := as@dD = Ι@ls@dDD;

ASeries@asD
D;

Ι@BCHBase@3DD
AW@xxyD

12
-

AW@xyxD
6

+
AW@xyyD

12
+

AW@yxxD
12

-
AW@yxyD

6
+

AW@yyxD
12
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8as = Ι@BCHBaseD, as@5D<

Power::infy : Infinite expression 

1

0

 encountered. �

Infinity::indet : Indeterminate expression 0 ComplexInfinity encountered. �

:ASBIndeterminate, AW@xD + AW@yD,
AW@xyD

2
-

AW@yxD
2

,

AW@xxyD
12

-
AW@xyxD

6
+

AW@xyyD
12

+
AW@yxxD

12
-

AW@yxyD
6

+
AW@yyxD

12
F,

-
AW@xxxxyD

720
+

AW@xxxyxD
180

+
AW@xxxyyD

180
-

AW@xxyxxD
120

-
AW@xxyxyD

120
-

AW@xxyyxD
120

+

AW@xxyyyD
180

+
AW@xyxxxD

180
-

AW@xyxxyD
120

+
AW@xyxyxD

30
-

AW@xyxyyD
120

-
AW@xyyxxD

120
-

AW@xyyxyD
120

+
AW@xyyyxD

180
-

AW@xyyyyD
720

-
AW@yxxxxD

720
+

AW@yxxxyD
180

-
AW@yxxyxD

120
-

AW@yxxyyD
120

-
AW@yxyxxD

120
+

AW@yxyxyD
30

-
AW@yxyyxD

120
+

AW@yxyyyD
180

+
AW@yyxxxD

180
-

AW@yyxxyD
120

-
AW@yyxyxD

120
-

AW@yyxyyD
120

+
AW@yyyxxD

180
+

AW@yyyxyD
180

-
AW@yyyyxD

720
>

Σ@y_LW, w_LWD �; Deg@yD � 1 := Σ@y, wD = Which@
y === w, AW@""D,

Deg@wD === 1, 0,

True, Module@8w1, w2<,

8w1, w2< = LyndonFactorization@wD;

Ι@w1D ** Σ@y, w2D - Ι@w2D ** Σ@y, w1D
D

D;

Σ@y_, ls_LieSeriesD := Σ@y, lsD = Module@8as<,

as = Unique@ΣD;

as@D = Hold@Σ@y, lsDD;

as@d_D := as@dD = Σ@LW@yD, ls@d + 1DD;

ASeries@asD
D;

Σ@y_, expr_D := Expand@expr �. w_LW ¦ Σ@LW@yD, wDD;

Hð -> Σ@1, ðDL & �� AllLyndonWords@85<, 8"1", "2"<D
8X1\ ® AW@D, X2\ ® 0, X12\ ® -AW@2D, X112\ ® -2 AW@12D + AW@21D, X122\ ® AW@22D,

X1112\ ® -3 AW@112D + 3 AW@121D - AW@211D, X1122\ ® 2 AW@212D - AW@221D,

X1222\ ® -AW@222D, X11112\ ® -4 AW@1112D + 6 AW@1121D - 4 AW@1211D + AW@2111D,

X11122\ ® -AW@1122D + 4 AW@1212D - AW@1221D - 2 AW@2121D + AW@2211D,

X11212\ ® -AW@1122D + 4 AW@1212D - AW@1221D - 3 AW@2112D + AW@2121D,

X11222\ ® -2 AW@1222D + 3 AW@2122D - 3 AW@2212D + AW@2221D,

X12122\ ® 2 AW@1222D - 3 AW@2122D + AW@2212D, X12222\ ® AW@2222D<
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8Σ@"x", BCHBaseD@5D, Σ@"y", BCHBaseD@5D<

:-
AW@yxxxyD

360
+

AW@yxxyxD
240

+
AW@yxxyyD

240
-

AW@yxyxxD
360

-
AW@yxyxyD

60
+

AW@yxyyxD
240

-
AW@yxyyyD

360
+

AW@yyxxxD
1440

+
AW@yyxxyD

240
+

AW@yyxyxD
240

+
AW@yyxyyD

240
-

AW@yyyxxD
360

-
AW@yyyxyD

360
+

AW@yyyyxD
1440

,

-
AW@xxxxyD

1440
+

AW@xxxyxD
360

+
AW@xxxyyD

360
-

AW@xxyxxD
240

-
AW@xxyxyD

240
-

AW@xxyyxD
240

-
AW@xxyyyD

1440
+

AW@xyxxxD
360

-
AW@xyxxyD

240
+

AW@xyxyxD
60

+
AW@xyxyyD

360
-

AW@xyyxxD
240

-
AW@xyyxyD

240
+

AW@xyyyxD
360

>

CW, CWSeries, tr, div

Deg@CW@w_DD := StringLength@wD;

AllCyclicWords@d_Integer, ab_ListD :=

AllCyclicWords@d, abD = Union@tr@AW@StringJoin �� ðD & �� Tuples@ab, dDDD;

CWSeries@cws_SymbolD@es___D := cws@esD;

CWSeries@ser_SymbolD@8dd_Integer<D :=

TopBracketForm@CWS �� Table@ser@dD, 8d, dd<DD;

Format@s_CWSeries, StandardFormD := s@8$SeriesShowDegree<D;

MakeCWSeries@cws_CWSeriesD := cws;

MakeCWSeries@expr_D :=

MakeCWSeries@exprD = MakeCWSeries@Unique@MakeCWSeriesD, exprD;

MakeCWSeries@ser_Symbol, expr_D := H
ser@D = Hold@MakeCWSeries@ser, exprDD;

ser@d_IntegerD := ser@dD = Expand@expr �. w_CW �; Deg@wD ¹ d ® 0D;

CWSeries@serD
L;

MakeCWSeries@ab_List, coefs_D := MakeCWSeries@Unique@MakeCWSeriesD, ab, coefsD;

MakeCWSeries@ser_Symbol, ab_List, coefs_SymbolD := H
ser@D = Hold@MakeCWSeries@a, coefsDD;

ser@d_IntegerD := ser@dD =

Plus �� MapIndexed@HHcoefs �� Prepend@ð2, dDL * ð1L &, AllCyclicWords@d, abDD;

CWSeries@serD
L;

RandomCWSeries@ab_List, opts___RuleD :=

RandomCWSeries@Unique@RandomCWSeriesD, ab, optsD;

RandomCWSeries@ser_Symbol, ab_List, opts___RuleD := ModuleB

:rand = Randomizer �. 8opts< �.

Randomizer ®
RandomInteger@8-2 Deg@ðD!, 2 Deg@ðD!<D

Deg@ðD!
& >,

ser@D = Hold@RandomCWSeries@a, optsDD;

ser@d_IntegerD := ser@dD = Plus �� HHrand@ðD * ðL & �� AllCyclicWords@d, abDL;

CWSeries@serD
F;

s1_CWSeries º s2_CWSeries := Module@8res = True, k<,

For@k = 1, res && k <= $SeriesCompareDegree, ++k, res = res && Hs1@kD � s2@kDLD;

res
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res

D;

AddCWSeries@ss___CWSeriesD := AddCWSeries@ssD = Module@8ser<,

ser = Unique@AddCWSeriesD;

ser@D = Hold@AddCWSeries@ssDD;

ser@d_IntegerD := ser@dD = Plus �� HHð@dDL & �� 8ss<L;

CWSeries@serD
D;

CWSeries �: Plus@ss__CWSeriesD := AddCWSeries@ssD;

ScaleCWSeries@c_, s_CWSeriesD := ScaleCWSeries@c, sD = Module@8ser<,

ser = Unique@ScaleCWSeriesD;

ser@D = Hold@ScaleCWSeries@c, sDD;

ser@d_IntegerD := ser@dD = Expand@c * s@dDD;

CWSeries@serD
D;

CWSeries �: c_ * s_CWSeries := ScaleCWSeries@c, sD;

IntegrateCWSeries@cws_CWSeries, 8s_, s0_, s1_<D :=

IntegrateCWSeries@cws, 8s, s0, s1<D = Module@8ser<,

ser = Unique@IntegrateCWSeriesD;

ser@D = Hold@IntegrateCWSeries@cws, 8s, s0, s1<DD;

ser@d_IntegerD := ser@dD = Expand@Integrate@cws@dD, 8s, s0, s1<DD;

CWSeries@serD
D;

CWSeries �: Integrate@cws_CWSeries, 8s_, s0_, s1_<D :=

IntegrateCWSeries@cws, 8s, s0, s1<D;

tr@w_AWD := tr@wD = CW@RotateToMinimal �� wD;

tr@expr_D := expr �. aw_AW ¦ tr@awD;

tr@as_ASeriesD := tr@asD = Module@8cws<,

cws = Unique@trD;

cws@D = Hold@tr@asDD;

cws@d_D := cws@dD = tr@as@dDD;

CWSeries@cwsD
D;

tr@AW@"yxxyxx"DD
CW@xxyxxyD

t1 = Σ@"y", BCHBaseD �� tr

CWSB
CW@xD

2
,

CW@xxD
12

-
CW@xyD

12
, -

CW@xxyD
24

F

t1@5D
CW@xxxxyD

1440
-

CW@xxxyyD
180

+
CW@xxyxyD

120
+

CW@xxyyyD
480

-
CW@xyxyyD

720
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div@y_LW, w_LWD �; Deg@yD � 1 := div@y, wD = tr@HAW �� yL ** Σ@y, wDD;

div@y_, ls_LieSeriesD := div@y, lsD = Module@8cws<,

cws = Unique@divD;

cws@D = Hold@div@y, lsDD;

cws@d_D := cws@dD = div@LW@yD, ls@dDD;

CWSeries@cwsD
D;

div@y_, expr_D := Expand@expr �. w_LW ¦ div@LW@yD, wDD;

divy_@expr_D := div@y, exprD;

8div@"x", BCHBaseD@7D, div@"y", BCHBaseD@7D<

:-
CW@xxxxxxyD

30 240
+

CW@xxxxxyyD
2520

-
CW@xxxxyxyD

1008
-

19 CW@xxxxyyyD
15 120

+

CW@xxxyxxyD
2520

+
CW@xxxyxyyD

504
+

CW@xxxyyxyD
504

+
19 CW@xxxyyyyD

15 120
+

CW@xxyxxyyD
1680

-
CW@xxyxyxyD

280
-

CW@xxyxyyyD
504

-
CW@xxyyxyyD

1680
-

CW@xxyyyxyD
504

-

CW@xxyyyyyD
2520

+
CW@xyxyxyyD

280
+

CW@xyxyyyyD
1008

-
CW@xyyxyyyD

2520
+

CW@xyyyyyyD
30 240

,

CW@xxxxxxyD
30 240

-
CW@xxxxxyyD

2520
+

CW@xxxxyxyD
1008

+
19 CW@xxxxyyyD

15 120
-

CW@xxxyxxyD
2520

-

CW@xxxyxyyD
504

-
CW@xxxyyxyD

504
-

19 CW@xxxyyyyD
15 120

-
CW@xxyxxyyD

1680
+

CW@xxyxyxyD
280

+
CW@xxyxyyyD

504
+

CW@xxyyxyyD
1680

+
CW@xxyyyxyD

504
+

CW@xxyyyyyD
2520

-
CW@xyxyxyyD

280
-

CW@xyxyyyyD
1008

+
CW@xyyxyyyD

2520
-

CW@xyyyyyyD
30 240

>

t1 = MakeCWSeries@CW@"xyxyyyy"DD ��
LieDerivation@8LW@"x"D ® MakeLieSeries@b@LW@"x"D, LW@"z"DDD<D

CWS@0, 0, 0D

t1 �� Range@10D
80, 0, 0, 0, 0, 0, 0, -CW@xyxyyyyzD + CW@xyxzyyyyD - CW@xyyyyxyzD + CW@xyyyyxzyD, 0, 0<
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The Meta-Cocycle JA

JA@-1, ___D = MakeCWSeries@0D;

JA@n_, y_LW, Μ_LieSeries, ss_D := JA@n, y, Μ, ssD = Module@
8s, sΜ, Μs<,

sΜ = ScaleLieSeries@s, ΜD;

Μs = StableApply@LieMorphism@8y ® Ad@ScaleLieSeries@1, sΜDD@LW@zDD<D, ΜD;

Μs = Μs �� LieMorphism@8LW@zD ® y<D;

IntegrateCWSeries@
AddCWSeries@

JA@n - 1, y, Μ, sD �� LieDerivation@8y ® b@Μs, yD<D,

div@y, Μs D
D,

8s, 0, ss<
D

D;

JA@y_LW, Μ_LieSeriesD := JA@y, ΜD = Module@8cws, s<,

cws = Unique@JAD;

cws@D = Hold@JA@y, ΜDD;

cws@d_IntegerD := cws@dD = JA@d - 1, y, Μ, sD@dD �. s ® 1;

CWSeries@cwsD
D;

Print �� 8y0 = LW@"y"D, Μ0 = BCHBase,

JA@0, y0, Μ0, sD,

JA@1, y0, Μ0, sD,

JA@2, y0, Μ0, sD,

JA@y0, Μ0D
<;
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$SeriesCompareDegree = $SeriesShowDegree = 8;

JA@3, y0, Μ0, sD º JA@4, y0, Μ0, sD
True

JA@y0, Μ0D@6D
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