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Free Lie Algebras Routines

Lazy Evaluation Version

Pensieve header: A free-Lie calculator with lazy evaluation for series; forks pensieve://2013-04/.
Global Definitions
$Seri esShowbDegr ee = 3; $Seri esConpar eDegree = 3;

Words and Lyndon Words

A Lyndon word is a word lexicographically smaller than all of its proper right factors; see http://katlas.-
math.toronto.edu/drorbn/AcademicPensieve/Projects/FreeLie/index.html
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LyndonQ[AWw _String]] : = And ee (
O deredQ[{w, #}] & /@ Table[StringDrop[w, i1, {i, 1, StringLength[w] -1}]
)
Al Wrds[0, _List] = {AM""1};
AllWrds[n_ /; n>0, ab_List] := AllWrds[n, ab] = AW/e Flatten[Quter [
StringJoi n[#l, #2] &,
First /@ AllWrds[n-1, ab],
ab
11
Al'l LyndonWbrds [n_I nteger, ab_List] :=
LWeee Sel ect [All Wrds[n, ab /. LWw String] =»w], LyndonQl;
Al'l LyndonWords[{n_}, ab List] :=
JoineeTabl e[Al | LyndonWords [k, ab /. LWw String] =»w], {k, n}];
LyndonFactori zati on[LWw _String] /; StringLength[w] == 1] := LWw];
LyndonFactori zati on[LWw _String] /; StringLength[w] > 1] : = Mdul e[
{rf},
rf =First [Sort [Tabl e[StringDrop[w, i1, {i, 1, StringLength[w] -1}111;
LW/e {StringDrop[w, -StringLength[rf]], rf}
1;
LWs_Synmbol ] : = LWToString[s]];
LWILWw_ 17 : = LWMw];
LW /: LWx_ ] = LMy 1 := OrderedQ[{Xx, V}I;
LW/: x IW2y LW:=y <x;

LW /: x LW> vy LW:= 1t (X £V);

LW /: x_ W<y LW:= 1t (y £Xx);

For mat [LWw_], StandardForm] := Defer [{(w)];

Bracket Formw _LW] /; Deg[w] =1 := w[[1]];

Bracket Form[w_LW] : = Bracket Form[w] = StringJoin[Flatten[{

"I
Bracket Form /@ LyndonFact ori zati on[w],
"y
1
t opbracketformw LW] /; Deg[w] ==1 := w[[1]];
t opbracket form{w_LW] : = topbracketform[w] = Overscript[
Row[Ri f f| e[t opbracket form /@ LyndonFactorization[w], ""11,
IN
TopBracket Formfw LW] /; Deg[w] =1 := Overscript [w[[1]], —~I;
TopBracket Formfw_LW] : = topbracketform[w];
TopBracket Form[CWMw _String]] : = Overscript [w, ~];
TopBr acket For mfexpr _] := expr /. w_LW]|w CW :» TopBracket For m{w];
(W__) 1= LWw];
LWis__Integer] := LWStringJoi nee
(StringTake["1234567890abcdef ghi j kl mmopgr stuvwxyz", {#}] & /@ {is})];
Deg[LWx_]1]1 := StringLength[x];

{LyndonQ[AWe" abba" ], LyndonQ[AWe" ababb" ]}

{Fal se, True}
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{All Wrds[3, {"1", "2"3}]1, AlLyndonWrds[{3}, {"1", "2"}]}

{{AW111], AW 112], AW 121], AW122], AW211], AW212], AW 221], AW222]},
(1), <2), (12), (112), (122)}}

Tabl e[Lengt h[Al | LyndonWords [k, {"1", "2"3}11, {k, 10}]

(2, 1, 2, 3, 6, 9, 18, 30, 56, 99}

Tabl e[Lengt h[Al | LyndonWor ds [k, {"1", "2"
(3, 3, 8, 18, 48, 116, 312, 810, 2184, 5880}

» "3"}11, {k, 10}]

Bracket For m[LW[" 12122" ]]
[[12][[12]2]]

The Bracket for Lie Elements

b[0o, _1 =0; b[_, 0] =0;

blc_» (X _AW|x_LW), y_ ] := Expand[c b[x, y]1;
b[x_, c_»(y_AW]y_LW] := Expand[c b[x, y11;
bix Plus, y 1 :=b[#, y] & /@ Xx;

b[x , y Plus] := b[x, #] & /e y;

b[w LW z LW] := LWAdj oi nt [w] [2];
ad[x_1[y_1:=Db[x, y1;

LWAdj oi nt [w_] : = LWAdj oi nt [w] = Modul e[{u},
u = Uni que [LWAct 1;
ufz 1 :=uf[z] = Wiich]
w===2z, 0,
z <w, Expand[-b[z, w]],
Deg[w] =1, LWFirst [w]<>First[z]],
True, Modul e[{X, v},
{X, y} = LyndonFactori zati on[w];
Ifly 2z,
LWFirst [w] <>First[z]],
b[x, LWAdj oi nt [y]1[z]] +b[LWAdj oi nt [x][z], V]

bLW" 112" ], LW"122"]]
(1121225 + (112212)
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Quter [b, AllLyndonWrds[{3}, {"1", "2"}1,
Al'l LyndonWords [ {3}, {("1", "2"}11 // MatrixForm

0 (12 (112) (1112) (1122)
~(12) 0 ~(122) ~(1122) ~(1222)
112y (122) 0 - (11212) (12122)
S(1112) (1122) (11212) 0 (112122 + (112212)
S(1122) (1222) -(12122) -(112122) - (112212) 0

Union[Flatten[Quter [ (b[#1l, #2] +b[#2, #1]) &,
Al LyndonWords[{6}, {"1", "2"3}1, AllLyndonWords[{6}, {"1", "2"}]
111

{0}

Quter [(b[#l, b[#2, #3]] +b[#2, b[#3, #1]] +b[#3, b[#l, #2]]) &,
Al'l LyndonWords [{5}, {"1", "2"}]1,
Al'l LyndonWords [ {5}, {"1", "2"}1, AllLyndonWords[{5}, {"1", "2"}]
1 // Flatten // Union

{0}
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LieSeries

Li eSeries[ser Synbol J[{dd Integer}] :=
TopBracket Form[LSee Tabl e[ser [d], {d, dd}11;
Li eSeries[ser Synbol J[e_ ] := ser [e];
Format [s_LieSeries, StandardForm] := s[{$SeriesShowDegree}];
ShowLi eSeries[d Integer][s_LieSeries] := s[{d}];
MakeLi eSeries[s_LieSeries] := s;
MakeLi eSeri es[expr_] : =
MakeLi eSeri es[expr] = MakelLi eSeri es[Uni que[MakelLi eSeries], expr];
MakeLi eSeri es[ser _Synmbol, expr_1 := (
ser [] = Hol d[MakeLi eSeries[ser, exprl];
ser [d_Integer] : = ser [d] = Expand[expr /. w LW /; Deg[w] # d - 0];
Li eSeries[ser ]
)
MakelLi eSeries[ab _List, coefs_] :=
MakeLi eSeri es [Uni que [MakeLi eSeri es], ab, coefs];

MakelLi eSeri es[ser Synbol, ab List, coefs Synbol] := (
ser [] = Hol d[MakeLi eSeries[a, coefs]];
ser [d_Integer] := ser [d] =

Pl us @@ Mapl ndexed[ ((coefs eePrepend[#2, d]) »#1) & AllLyndonWords([d, abl];
Li eSeries[ser ]
)s
sl LieSeries = s2 LieSeries := Mdule[{res =True, Kk},
For [k =1, res &k <= $Seri esConpareDegree, ++k, res =res &% (sl[k] =s2[k])1;
res
1
Randonli eSeries[ab List, opts__ Rule] :=
RandonLi eSeri es [Uni que [RandonLi eSeri es], ab, opts];

RandonlLi eSeri es[ser _Synbol, ab_List, opts__ Rule] := Mdul e[

{rand = Randoni zer /. {opts} /.

Random zer -

Deg[#]!
ser [] = Hol d[RandonlLi eSeries[a, opts]];
ser [d_Integer] := ser [d] = Plus e@ ((rand[#] *#) & /@ Al |l LyndonWords[d, ab]);
Li eSeries[ser ]

]

Print /e {tsl=("1122") // MakelLieSeries, tsl[], tsl /e Range[6]};
LS[0, 0, 0]

Random nteger [{-2 Deg[#]!, 2Deg[#]!}] &)}

Hol d [MakeLi eSeri es[MakeLi eSeri es$5040, (1122)7]]
{0, 0, 0, (1122), 0, 0}

a = RandonLi eSeries[{"a", "b"}]

ab 33— 7 —
LS|-2a+2b, —, — aab - — abb
2 2 6
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al[{5}]
(ab) 3 (aab) 7 (abb) 11 (aaab) 23 (aabb) 19 (abbb)
LS|-2 (a) +2 (b), . - , . N ,
2 6 8 24 12
7 (aaaab) 13 (aaabb) 181 (aabab) 163 (aabbb) 7 (ababb) 5 (abbbb)
- + + - - +

15 120 120 120 60 24

AddLi eSeries[ss__ LieSeries] := AddLi eSeries[ss]
ser = Uni que[AddLi eSeri es];
ser [] = Hol d[AddLi eSeries[ss]];
ser [d Integer] := ser[d] = Plus ee ((#[d]) & /@ {ss});
Li eSeries[ser]
IN
LieSeries /: Plus[ss_LieSeries] := AddLi eSeries[ss];
Scal eLi eSeries[c_, s LieSeries] := ScalelLieSeries[c, s] = Mdule[{ser},
ser = Uni que [Scal eLi eSeri es];
ser [] = Hol d[Scal eLi eSeries[c, s]11;
ser [d_Integer] := ser[d] = Expand[c *s[d]];
Li eSeri es[ser]
1
LieSeries /: c_=s_LieSeries := Scal eLieSeries[c, s];
b[s LieSeries, y 1 := b[s, MakelLieSeries[y]l];
b[x , s LieSeries] := b[MakeLieSeries[x], s];

Modul e[{ser },

b[sl LieSeries, s2 LieSeries] := b[sl, s2] = Mdul e[{ser },
ser = Uni que[b];
ser [] = Hold[b[s1l, s2]1;

ser [d _Integer] := ser[d] = Sum[
brsitky, s2[d-kii,
{k, 1, d -1}
1

Li eSeries[ser]
1
b[s LieSeries, y 1 := b[s, MikelLieSeries[y]];
b[x , s LieSeries] := b[MakeLi eSeries[x], s];

(ts2 = ("122"y + (" 11122"y // MakeLi eSeri es,
ts3 =Db[tsl, ts2], ts3[], ts3 /@ Range[10]}

(LS[0, 0, (122)], LS[O, 0, 0], Hol d[b[LS[0, 0, 0], LS[0, 0, (122)]]7,
(0, 0, 0, 0, 0, 0, (1122122), 0, - (1112211225, 0}}

LieSeries /: EulerE[s LieSeries] := Mdul e[{ser},
ser = Uni que[Eul er E];
ser [] = Hold[Eul erE[s]];
ser [d_Integer] := ser [d] = Expand[d xs[d]];

Li eSeries[ser]

1;
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{ts4 = Eul erE[ts3], ts4[], ts4 /e Range[10]}

(LS[0, 0, 0], Hol d[Eul erE[LS[O, 0, 0]]],
(0, 0, 0, 0, 0, 0, 7 (1122122, 0, -9 (111221122), 0}}

adPower, adSeries, and Ad

adPower [0, x LieSeries][¥ LieSeries] := adPower [0, x][¢¥] = Mdul e[{ser },
ser = Uni que [adPower 1;
ser [] = Hol d[adPower [0, x][¥]1];
ser [d_Integer] := ser[d] = ¢ [d];
Li eSeries[ser]
IN
adPower [n_Integer, x LieSeries][¢ LieSeries] := adPower [n, x][¢¥] = Mdul e[{ser},
ser = Uni que [adPower 7;
ser [] = Hol d[adPower [n, x][¥]11;
ser [d_Integer] := ser[d] = b[x, adPower [n-1, x][¥]]1[d];
Li eSeries[ser]
1:
adSeries[f , x LieSeries][¢ LieSeries] := adSeries[f, x][¥] = Mdul e[{ser},
ser = Uni que[adSeri es];
ser [] = Hold[adSeries[f, x][¥]];
ser [d_Integer] := ser[d] = Mddule[{c},
Expand [Sum[
c =SeriesCoefficient [f, {ad, 0, k}I;
If[c === 0, 0, c+adPower [k, x][¢¥]1[d]],
{k, 0, d-1}
11
1
Li eSeries[ser]
1:
adSeries[f , x ][¢ ] := adSeries[f, MkelLieSeries[x]][MakeLieSeries[y]1];
Ad[x ] := adSeries[E™ad, x];

{xs = MakeLi eSeries[LW"x"1], ys = MakeLieSeries[LW"y"11,
ts5 = adPower [0, xs][ys], ts5[], ts5 /@ Range[5]}

{LS[<x), 0, 0], LS[(y), 0, 0], LS[(y), 0, O],
Hol d [adPower [0, LS[(x), 0, 0]]([LS[(y), 0, 0]]], {(y), 0, 0, 0, 0}}

adPower [3, xs][ys] /@ Range[5]

{0, 0, 0, (xxxy)y, 0}

{adSeri es[E”" (-ad), xs][ys] /@ Range[5], adSeries[E”" (-ad), ys][xs] /@ Range[5]}
(XXY) (XXXY ) (XXXXY)

{{o, -y L [0, o) (Xyy)  (xyyy) <xyyyy>}}
| o2 6 24 7 ’ o2 e 1 24
Ad[xs][ys][5]

(XXXXY )

24
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Ad[xs][ys]1l]
Hol d[adSeries[e®, LS[(x), 0, 0]][LS[<¢y), 0, 0]]]

LieDerivation, DerivationPower, DerivationSeries

Li eDerivation[der ][es__ ] := der [es];
Li eDerivation[rules_ Rule] := LieDerivation[{rul es}];
LieDerivation[rules List] : =
Li eDerivation[rul es] = LieDerivation[Unique[LieDerivation],
Li eDerivation[der_Synbol, rules List] := (
der []1 = Hol d[Li eDerivation[der, rules]l;
(der (w_LW] /; Deg[w] = 1) :=
(der [w] = MakelieSeries[w /. Append[rules, _LW- 011);
der [w_LW] := der [w] = Modul e[{X, YV},
{X, y} = LyndonFactori zati on[w];
AddLi eSeries[b[der [x], y], b[x, der [y]11]
IN
der [s_LieSeries] := der [s] = Mdul e[{ser},
ser = Uni que[Li eDeri vati onOnLi eSeri es];
ser [1 = Hold[der [s]1];
ser[d_] := ser[d] = Sum[
der [s[k]][d],
{k, 1, d}
IN
Li eSeries[ser]
1
der [as_ASeries] := der [as] = Mdul e[{ser},
ser = Uni que[Li eDerivati onOnASeri es];
ser [] = Hold[der [as]];
ser[d_] := ser[d] = Sum[
Expand[as [k] /. AWMw ] = Sum[
NonCommut ati veMul tiply[
AW St ri ngTake[w, j -111,
c[der [LWStringTake[w, {j }111[d-k+1]1,
AW St ringDrop[w, j11]

1
{i. k}
11,
{k, 1, d}
1
ASeries[ser]

1
der [cws_CWseries] : = der [cws] = Modul e[{ser },
ser = Uni que[Li eDeri vati onOnCWseri es];
ser [1 = Hold[der [cws]];
ser[d ] := ser[d] = Sum[
Expand[cws [k] /. CWMw_] = Sum[
tr [NonCommut ati veMul tiply[
AW StringTake[w, j -111,
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c[der [LWStringTake[w, {j }11]1[d-k+111,
AWStringDrop[w, j11
11,
(., k}
11,
{k, 1, d}
1
CWseri es[ser ]
1
der [expr_1[d_] :=
Expand[expr /. {w LW = der [w][d], s_LieSeries = der [s]1[d]}];
Li eDerivati on[der ]
)

Print /e {

ldl =LieDerivation[{(1l) » b[(3), (1)]1}1,

ldir],
(# > 1d1[#]1[{4}]) & /@ Al l LyndonWrds {3}, {"1", "2"}1,
(¢"112"y /7 1d1 /71d1l)[{5}]

3
Li eDerivation[Li eDerivati on$5120]

Hol d[Li eDeri vati on[Li eDeri vati on$5120, {(1) » -(13)}]]

((1y - LS[0, -(13), 0, 0], (2) > LS[0, 0, 0, 0], (12) »LS[0, 0, - (132}, 0],
(112) - LS[0, 0, 0, -(1132) + (1213)], (122) - LS[0, 0, 0, - (1322)]}

LS[0, 0, 0, 0, (11332) - (12133) +2 (13132)]
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Derivati onPower [0, der LieDerivation][¢ LieSeries] :=
Derivati onPower [0, der ] [¥] = Modul e[{ser },
ser = Uni que [Deri vati onPower ];
ser [1 = Hol d[DerivationPower [0, der J[¥11;
ser [d_Integer] := ser[d] = ¢ [d];
Li eSeri es[ser]
1
DerivationPower [n_| nteger, der_LieDerivation][¢_LieSeries] :=
Derivati onPower [n, x][¢¥] = Mdul e[{ser},
ser = Uni que [Deri vati onPower ];
ser [] = Hol d[Derivati onPower [n, der J[¥11;
ser [d_Integer] := ser[d] = der [Derivati onPower [n-1, der ][¢]1]1[d];
Li eSeries[ser]
1
DerivationSeries[__]1[0] = O;
DerivationSeries[f , |d LieDerivation] [y LieSeries] :=
DerivationSeries[f, |d][¢¥] = Mdul e[{ser},
ser = Uni que[DerivationSeries];
ser [] = Hold[DerivationSeries[f, |d][¢]11;
ser [d_Integer] := ser [d] = Moddul e[{c},
Expand [Sum[
c = SeriesCoefficient [f, {der, 0, k}I;
If[c=0, 0, c«=DerivationPower [k, [d][¢]1[d]],
{k, 0, d}
11
1
Li eSeri es[ser]
1
DerivationExp[ld_LieDerivation] := DerivationSeries[E*der, |d];
("112") // MakelieSeries // Derivati onExp[LieDerivation[{{(1) -» b[{(3), (1>1}11 //
ShowlLi eSeri es[6]
(11332) (12133)

LS|0, 0, (112), -(1132) + (1213), +(13132),

(113332) (121333) (131332) (132133)
- + - +
6 6 2 2

("122"y // MakelieSeries // DerivationExp[LieDerivation[{{(1) -» b[{(3), (1>13}11 //
ShowlLi eSeri es[6]

(13322)  (133322)
LS|0, 0, (122), -(1322), S -
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LieMorphism

Li eMor phi sm[nor _1[es__ ] : = nor [es];
Li eMor phi sm[rules_List] : =

Li eMor phi sm[rul es] = Li eMor phi sm[Uni que [Li eMor phi sm], rul es];
Li eMor phi sm[rul es_ Rule] : = LieMrphism[{rul es}];

Li eMor phi sm[nor _Synbol, rules List] := (
nmor [] = Hol d[Li eMor phi sm[nor, rules]];
(mor [w_LW] /; Deg[w] = 1) := (nor [w] = MakeLieSeries[w /. rules]);
nmor [w_LW] := (nor [w] = b e@ (nor /@ LyndonFactorization[w]));

mor [AW["" 1] = MakeASeries[AW""11;
(mor [AWfw_1]1 /; StringLength[w] == 1) :=
(nmor [w] = c[MakelieSeries[LWw] /. rules]l);
mor [AWfw_1] : = nor [w] = Modul e[{wl, w2},
wl = StringTake[w, Floor [StringLength[w] /2]1;
w2 = StringDrop[w, Floor [StringLength[w] /2]];
(mor [AW[WL]]) ## (mor [AWW2]])

1
mor [CWMw_1] := tr [nor [AWw]]11;
nor [s_LieSeries] := nor [s] = Mdul e[{ser},

ser = Uni que[Li eMor phi smOnLi eSeri es];
ser [] = Hold[nor [s]];
ser[d ] := ser[d] = Sum[
mor [s[k]11[d],

{k, 1, d}

1

Li eSeries[ser]
1
nmor [cws_CWseries] = nor [cws] = Modul e[{ser },
ser = Uni que [Li eMor phi smOnCWser i es];
ser [] = Hold[nor [s]];
ser[d_] := ser[d] = Sum[

mor [cws [k]1][d],
{k, 1, d}

1

CWBeri es[ser]
IN

mor [expr_][d_] := Expand[expr /. (W _LW|w AW|w CW) :» nor [w][d]];
Li eMor phi sm[nor ]
)

Print /@ {
| m0 = Li eMor phi sm[{LWM"x"] »> LW"y"1}1,
LW"x"1 7/ I nO,
AM"x"1 // | nD,
CW]"x"1 7/ I nD};
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Li eMor phi sm[Li eMor phi sn8978]
LS[<y», 0, 0]

L[LS[Cy>, 0, 01]

tr[c[LS[Cy), 0, 011]

Print /@ {
I mL = Li eMor phi sm[{LWM"x"] » AD[LW"y"11[LW"x"1]1}1,
P[],
Pl [LWM"y" 11,
Pl [LWM" X" 11,
Il [LW" X" 1] [41,
Fl ["xxy" )],
Fml [¢"xxy" >1[8],
[ ml [AM" X" 11,
I ml [CWM"x" 1]
N
Li eMor phi sm[Li eMor phi sn8979]

Hol d {Li eMor phi sm{Li eMor phi sn$8979, {<x> - LS[<x>, (XY ), X—] }H

LS[{y>, 0, 0]

xyy)
LS| (x), <xy), |
(xyyy)

6
LS[0, 0, (xxy)]

(XXYYYYYY)  (XYXYYYYY)  (XYYXYYYY)
+ +

120 30 24
(Xyy)
L[LS{(X), (XYY, —H
2
(Xyy)
tr LS| (x), (Xxy), ——
[e[ts[ oo, owr —=]]]
StableApply
St abl eAppl y [mor _Li eMor phism (type: (LieSeries | ASeries | CWeeries))[s_1]1 = (

St abl eAppl y [nor, type[s]] = Modul e[{ser},
ser = Uni que[St abl eAppl y1;
ser [] = Hol d[St abl eAppl y[nor, type[s]]];
ser[d ] := ser[d] = Nest [nor, type[s], d][d];
typel[ser]
1

)
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BCH

BCHBase = Modul e[{bch},

bch = Uni que [" BCHBase" 1;

bch[] = Hol d[BCHBase];

bch[1] = "x") +"y");

bch[d_Integer] := bch[d] = Expand[Pl us[

adSeri es[E” (-ad), MakeLieSeries[("y")]][MakeLieSeries[("x")]]1[d],
-adSeries[(1-E” (-ad)) /ad -1, LieSeries[bch]][
Eul er E[Li eSeri es[bch]]]1[d]
1/7d1;
Li eSeries[bch]
1

BCH[x , y_1 := LieMrphism {LWM"x"] -» x, LWM"y"] - y}][BCHBase];
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{BCHBase, BCHBase[], BCHBase[8]}

X XX X
{LS[<X>+<Y>, < y>, ooy +< o , Hol d [BCHBase],
2 12 12
(XXXXXXYY ) (XXXXXYXY)  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
- - + - + +
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY) (XXXYXXYY ) (XXXYXYXY) 13 (XXXYyXyyy) (XXXYYXYY)
+ - + + -
120960 4032 10080 30240 20160
(XXXYYYXY) (XXXYYYYY) (XXYXYXYY ) (XXYXYYYY) (XXYYXYYY) (XXYYYYYY) }
- + - - +
3024 10080 2520 4032 10080 60480

(XY ) (XXY)  (XYyY)
{Ls[<x>+<y>, , +
2 12 12

(XXXXXXYY D) (XXXXXYXY D) (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
- + - + +

, Hol d [BCHBase],

60 480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY) (XXXYXyXy) 13 (XXXYXYYYy) (XXXYYyXyy)
120960 4032 10080 30240 T 20160
COXYYYXY ) OOXYYYYY)  OYXYXYY)  OYXYYYY)  OOYYXyYy) <xxyyyyyy>}
3024 10080 2520 4032 10080 60 480
{LS[<x> Ly, <Xy>, Oxy) oY) , Hol d[BCHBase],
2 12 12
(XXXXXXYY D) (XXXXXYXY Y (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY) (XXXYXyXy) 13 (XXXYXYYy) (XXXYyXyy)
120960 4032 10080 30240 " 20160
COXXYYYXY) — OXYYYYY)  CXYXYXYY)  OXXYXYYYY)  CXYYXyyY) <Xxyyyyyy>}
3024 10080 2520 4032 10080 60 480
{BCHBases (Xy + (Y)Y, <Xy>, Ooxy) oY) , Hol d [BCHBase],
2 12 12
(XXXXXXYY DY (XXXXXYXY )  (XXXXXYYY)  (XXXXYXXY) — (XXXXYXYY)  (XXXXYYXY)
60480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY)  (XXXYXYXYy) 13 (XXXYXYYYy) (XXXYYyXyy)
120960 4032 10080 30240 T 20160
COXYYYXY)  OOXYYYYY)  OXYXYXYY)  OXYXYYYY)  OXYYXyYy) <Xxyyyyyy>}
3024 10080 2520 4032 10080 60 480

{LieSeries[BCHBaseB}, Hol d [BCHBase],

(XXXXXXYY ) (XXXXXYXY )  (XXXXXYYY)  (XXXXYXXY)  (XXXXYXYY)  (XXXXYYXY)
- + - + +

60 480 15120 10080 20160 20160 2520
23 (XXXXYYYY)  (XXXYXXYY) — (XXXYXYXY) 13 (XXXYXYYY) — (XXXYYyXyy)
+ - + + -
120960 4032 10080 30240 20160

(XXXYYYXY)  (XXXYYYYY)  (XXYXYXYY)  (XXYXYYYY)  (XXYYXYYY)  (XXYYYYYY) }
- + - - +
3024 10080 2520 4032 10080 60480
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{BCH[LW"y" 1, LWM"z"]1], BCH[LW"y"], LW"z"]][6]}

(yzy (yyz) (yzz)
LS , )
{Ls[)+ @ . PR ]

yyyyzz) (yyyzyz) (yyyzzz) (yyzyzz) (yyzizz) }
- + + + -

1440 720 360 240 1440
(yz) (yyz) (yzz)
LS +(2Y, , + )
{Ls[w)+ @ T
yyyyzz) (yyyzyz) (yyyzzz) (yyzyzz) (yyzizz) }
- + + + -
1440 720 360 240 1440

(yz) (yyz) (yzz)
LS zZ)y, , + )
{Ls[)+ @ TR

yyyyzz) (yyyzyz) (yyyzzz) (yyzyzz) (yyzizz) }
- + + + -
1440 720 360 240 1440

{LieSeries[LierrphisnthieSeries$1011

yyyyzz,) Kyyyzyz) (Yyyyzzz) (yyzyzz) (yyzziz) }
- + + + -
1440 720 360 240 1440

t1=BCH[LW"x"], BCH[LWM"y"], LW"z"]11,
t2 = BCH[BCH[LW" x" ], LW"y"]1], LW"z"1],
tl=t2,

} // Tinming

{4. 056, {LS[<x> (Y)Y + (2, Yo 2 )

2 2 2

(XXY)  (XXZ) (XYY) (Xyz) (Xzy) (Xzz) (yyz), (yzz)
+ + + + + + +

| Ls| oo+ vy + @,

12 12 12 3 6 12 12
(XYy)  (XZ) (Y¥zZ) (XXYy) (XXZ) (XYYy) (XyzZ) (Xzy) (Xzz) (Yyz) (YyzZ)
+ + , + + + + + + + ,
2 2 2 12 12 12 3 6 12 12 12
Xy) (Xz) (yz)
LS| (X) +(y) +(Z), e

(XXY ) (XXZ) (XYY) (Xyz) (XZy) (Xzz) (yyz) (Yyzz)
+ + + + + + +

| =Ls[oo+y+ @,

12 12 12 3 6 12 12 12
(XYy)  (XZ) (YZ) (XXYy) (XXZ) (XYy) (Xyz) (Xzy) (XZz) (yyz) (yzz)
+ + , + + + + + + + ,
2 2 2 12 12 12 3 6 12 12 12

{True, True, True, True, True, True, True, True, True, True}}}
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AW, ASeries, ¢, o

Unpr ot ect [NonConmrut ati veMul tiplyl;

X_%*%#0=0; O*xxy_=0;

(C_*x_AW) %%y := Expand[c (X **V)];

X_ %% (C_xy AW) := Expand[C (X **V)];

X Plus #xy = (B*xYy) & /@ X;

X_#*%xy Plus 1= (X *x#) & /@ v;

Deg[AWMw_]]1 : = StringLength[w];

AMAWMwW 17 : = AMw];

AWMWL _String] *» AW[wW2_String] := AMWL <>w2];
b[w AW z AW] = Wx%xZ -=Z %% W,

ASeries[ser_ Synbol 1[{dd_Integer }] := ASeeTabl e[ser [d], {d, O, dd}1i;
ASeries[as_Synbol J[es_ ] := as[es];
Format [s_ASeries, StandardForm] : = s[{$Seri esShowDegree}l;
MakeASeri es[as CWseri es] : = as;
MakeASeri es[expr_]1 : =
MakeASeri es[expr] = MakeCWBeri es [Uni que [MakeASeries], expr];
MakeASeri es[ser _Synbol, expr_]1 := (
ser [] = Hol d[MakeASeries[ser, expr]l;
ser [d_Integer] := ser [d] = Expand[expr /. w AW /; Deg[w] # d - 01;
ASeri es[ser ]
)
(sl _ASeries % s2 ASeries) := (slxxs2) = Mdule[{ser},
ser = Uni que [NonConmrut ati veMul tiply];
ser[] = Hold[sl x%xs2];

ser [d_Integer] := ser[d] = Sum[
s1[k] #*s2[d -k],
{k, 0, d}
1

ASeries[ser]
1:

c[w LW /; Deg[w] ==1 : = AWee v,
t[wW LW := ¢[w] = b ee (. /@ LyndonFactorization[w]);
t[expr_]1 := Expand[expr /. w LW c[wW]];
L[ls LieSeries] := ¢[ls] = Mdul e[{as},
as = Uni que[c];
as[] = Hold[c[ls]];
as[d ] := as[d] = c[ls[d]];
ASeries[as]
1

L[BCHBase[3]]

AWMxxy]  AWxyx] AWMxyy] AWyxx] AMyxy] AWYyx]
- + + - +
12 6 12 12 6 12
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{as = L[BCHBase], as[5]}
1

Power:infy : Infinite expression — encountered. >
0

Infinity::iindet : Indeterminate expression 0 ComplexInfinity encountered. >

A A
{AS[Indeterm’ nate, AW x] + AWY], Wxy] - VWny,

2 2
AWXxy]  AWXxyx] AWXyy] AWyxx] AWMYyxy] AWMYyx]
12 s | 12 12 8 12 r
AW XXXXY ]  AWXXXYX]  AWXXXYY] AWXXYxX] AWXXyxy] AWXXYyX]
" 720 180 180 120 120 120
AWXXYYY] AWXYXXX]  AWXYxxy] ~AWXyxyx] AWXyxyy] AW Xyyxx]
180 180 120 30 120 120
AWXYyxy] — AWXYyyx] AWXYyyy] AWYxxxx] AWyxxxy] AWyxxyx]
120 180 720 720 180 120
AWYXxyy] — AWYyxyxx] AWYxyxy] AWYxyyx] AWyxyyy] AWYyyxxx]
120 120 30 120 180 180
ANLYyxxy] AMyyxyx] AWMyyxyy] AWyyyxx] AWMyyyxy] AWyyyyx] }
120 120 120 180 180 720

oly LW w_LW /; Deglyl=1:= o[y, w] = Wiich][
y ===w, AM""],
Deg[w] ===1, O,
True, Modul e[{wl, w2},
{wl, w2} = LyndonFactori zation[w];
LI[WL] ** o[y, W2] - L[W2] ** o[y, WL]
1
1;
o[y , |s LieSeries] := o[y, |s] = Mdul e[{as},
as = Uni que[o];
as[] = Hold[o[y, |s]11;
as[d ] := as[d] = o[LMy], Is[d+1]11;
ASeries[as]
1
o[y_, expr_] := Expand[expr /. w LW :» o[LWMy], w]];

(# -> o[, #]) & /@ All LyndonWords[{5}, {"1", "2"}]

((1y 5 AW, (2) 0, (12) > -AW2], (112) - -2 AW12] + AW21], (122) > AW22],
(1112) > -3 AW112] + 3 AW[121] - AW211], (1122) -2 AW212] - AW[221],
(1222) 5 -AW222], (11112) - -4 AW1112] + 6 AM1121] - 4 AW 1211] + AW2111],
(11122 - -AW1122] + 4 AW1212] - AW 1221] - 2 AW[2121] + AW[2211],

(11212) > ~AW[1122] + 4 AW1212] - AW[1221] - 3 AW[2112] + AW[2121],
(11222 - -2 AW1222] + 3 AW[2122] - 3 AW[2212] + AW 2221],
(12122) -2 AM1222] - 3 AW[2122] + AW[2212], (12222) - AW[2222] }
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{o["x", BCHBase][5], o["y", BCHBase][5]}
{ AWYxxXy] AWMyxxyx] AWyxxyy] AWMyxyxx] AWMyxyxy] AWMyxyyx] AWMYyXyyy]
- + + - - + - +

360 240 240 360 60 240 360
AWYYxxx] AWYyxxy] AWYyxyx] —AWMyyxyy] AWYyyxx] AWyYyyxy] AWyyyyx]
1440 240 240 240 360 360 1440
AW XXXXY ]  AWXXXYX]  AWXXXYY] AWXXYyxx] AWXXYyxy] AWXXyyx] AWXXYyyy]
" 1440 360 360 240 240 240 1440
AWXyXXx]  AWxyxxy] —AWXyxyx] —AWXxyxyy] —AWxyyxx] AWXyyxy] ~AWxyyyx] }
360 240 60 360 240 240 360

CW, CWSeries, tr, div

Deg[CWMw 11 : = StringLength[wi;
Al'l CyclicWrds[d_Integer, ab List] :=
Al CyclicWwrds[d, ab]l = Union[tr [AWStringJoinee#] & /@ Tupl es[ab, d]11;
CWseries[cws Synbol J[es_ ] := cws[es];
CWseri es[ser Synmbol J[{dd_Integer}] :=
TopBr acket For mfCWsee Tabl e[ser [d], {d, dd}]1];
Format [s_CWseries, StandardForm] : = s[{$SeriesShowDegree}];
MakeCWBeri es[cws CWseries] : = cws;
MakeCWBeri es[expr_] : =
MakeCWBer i es [expr ] = MakeCWSeri es [Uni que [MakeCWBeri es], expr1;
MakeCWBeri es[ser _Synbol, expr_1 := (
ser [1 = Hol d[MakeCWseri es[ser, expr]l;
ser [d_Integer] := ser [d] = Expand[expr /. w CW /; Deg[w] # d -» 01;
CWser i es[ser ]
):
MakeCWBeri es[ab List, coefs 1 := MakeCWBeri es[Uni que[MakeCWseri es], ab, coefs];
MakeCWBer i es[ser _Synbol, ab_List, coefs_Synbol] := (
ser [] = Hol d[MakeCWseries[a, coefs]];
ser [d_Integer] : = ser [d] =
Pl us ee Mapl ndexed[ ((coefs eePrepend[#2, d]) »#1) & Al CyclicWrds[d, abli;
CWeeri es[ser ]
);
RandonCWBeri es[ab_List, opts  Rule] :=
RandonmCWser i es [Uni que [RandonCW5er i es], ab, opts];

RandonmCWser i es [ser _Synmbol, ab_List, opts__ Rule] := Mdul e[

{rand = Randomi zer /. {opts} /.

Random zer -

Random nteger [{-2 Deg[#]!, 2Deg[#]!}] 8 }
Deg[#]! )
ser [] = Hol d[RandonCWEeri es[a, opts]l];
ser [d_Integer] := ser [d] = Plus e@ ((rand[#] x#) & /@ Al |l CyclicWrds[d, ab]l);
CWBeri es[ser ]
sl CWeeries = s2 CWseries : = Module[{res = True, k},
For [k =1, res &%k <= $Seri esConpar eDegree, ++k, res =res &% (sl[k] =s2[k])];
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res
1;
AddCWseries[ss_ CWseries] : = AddCWSeries[ss] = Mddul e[{ser},
ser = Uni que [AddCW5er i es];
ser [] = Hol d[AddCWBeri es[ss]];
ser [d_Integer] := ser[d] = Plus ee ((#[d]) & /@ {ss});
CWseri es[ser ]
1
CWeeries /: Plus[ss_CWseries] := AddCWBeries[ss];
Scal eCWBeries[c , s CWseries] := Scal eCWeeries[c, s] = Mdul e[{ser},
ser = Uni que[Scal eCWseri es];
ser [] = Hol d[Scal eCWBeries[c, s]1;
ser [d_Integer] := ser[d] = Expand[c *s[d]];
CWBer i es[ser ]
1:
CWseries /: c_xs CWBeries := Scal eCWseries[c, s];
I nt egrateCWeeries[cws_CWseries, {s_, sO_, sl }] :=
I nt egrat eCWseri es[cws, {s, sO0, sl1}] = Modul e[{ser},
ser = Uni que[l ntegrateCW\series];
ser [1 = Hol d[I nt egrat eCWseri es[cws, {s, sO, s1}11;
ser [d_Integer] := ser[d] = Expand[Integrate[cws[d], {s, sO, s1}11;
CWBer i es[ser]
1:
CWeeries /: Integrate[cws CWseries, {s_, sO_, sl }] :=
I ntegrateCWseries[cws, {s, sO, s1}1;

tr [wAW] :=tr[w] = CWMRot ateToM ni mal eew];
tr[expr_1 := expr /. aw AW = tr [aw];
tr [as_ASeries] := tr[as] = Modul e[{cws},
cws = Uni queftr];
cws[] = Hold[tr[as]];
cws[d ] :=cws[d] = tr[as[d]];
CWBeri es[cws]
1:

tr [AW" yxxyxx" 1]
CW XXYXXY ]

t1=o["y", BCHBase] //tr
X XX X XX
g CMXT OWXX] OWMxy]  OWxxy

2 12 12 24
t1[5]
CWxxxxy] —OWxxxyy] OWxxyxy] OWxxyyy] CWXxyxyy]
_ . . _
1440 180 120 480 720
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diviy LW wLW /; Deg[y]l=1:=div[y, wl] = tr[(AWeey) xxcl[y, W]];
diviy , |Is LieSeries] :=div[y, |s] = Mdule[{cws},
cws = Uni que[div];
cws[] = Hold[div[y, |s]];
cws[d ] :=cws[d] = div[LWMy], |s[d]];
CWBeri es[cws]
1:
div[y_, expr_] := Expand[expr /. w LW div[LWMy], w]l];
divy [expr_]1 :=div[y, exprl];

{div["x", BCHBase][7], div["y", BCHBase][7]}
{ CWXXXXXXY ]  CWXXxXxyy] CWxXxxxyxy] 19 CMXXXXYYY]
- + - - +

30240 2520 1008 15120
OWXXXyxxy] —CWXxxyxyy] —OWxxxyyxy] 19 CWXxxyyyy]

2520 504 : 504 " 15120 :
OWxXyxxyy] —CWXxyxyxy] OWXxyxyyy] CWXxyyxyy] CWXXyyyxy]
1680 280 ) 504 - 1680 504
OWxxyyyyy] —OMxyxyxyy] —OWxyxyyyy] OWXyyxyyy] —OWXyyyyyy]
2520 280 1008 2520 30240
CWXXXXXXY]  CWXXXXXYyy] OCOWXXXXyxy] 19 CWxxxxyyy] CWXXXYXXY]

30240 2520 1008 15120 - 2520
OWXXxyxyy] —CWxXxxyyxy] 19 OWMxxxyyyy] OWXXyxxyy]
504 . 504 ) 15120 " 1e80
OWxXyxyxy] —CWxxyxyyy] OWXxyyxyy] CWXxXyyyxy]
280 " 504 T 1680 504 "
OWOxxyyyyy] — OMxyxyxyy] —OWixyxyyyy] —OWXyyxyyy] —OMXyyyyyy] }
2520 280 1008 2520 30240

t1l = MakeCWBeri es [CWM" xyxyyyy" 1] //
Li eDerivation[{LW"x"] - MkeLieSeries[b[LW"x"], LW"z"111}]

CWS[0, 0, 0]

t1l /@ Range[10]
{0, 0, 0, 0, 0, 0, 0, -CWxyxyyyyz] + CWxyxzyyyy] - CMxyyyyxyz] + CWxyyyyxzy], 0, 0}
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The Meta-Cocycle JA

JA[-1, 1 = MakeCWseries[0];
JA[n_, y_ LW pu LieSeries, ss_1 := JA[n, v, u, ss] = Mdul e[
{s, su, ws},
sy = Scal eLieSeries[s, ul;
pus = St abl eAppl y [Li eMor phi sm[{y - Ad[Scal eLi eSeries[1, sul]l[LWz]11}], ul;
pus = ps // LieMorphism[{LWz] - v}1;
I nt egrat eCWseri es [
AddCWser i es [
JA[n-1, vy, u, s] // LieDerivation[{y - bf[us, y1}1,
diviy, us]
1,
{s, 0, ss}
]
1
JALYy_ LW, p_ LieSeries] := JA[y, u] = Mdul e[{cws, s},
cws = Uni que[JA];
cws[1 = Hol d[JALY, u]l;
cws[d Integer] := cws[d] = JA[d-1, vy, u, s][d] /. s=1;
CWBeries[cws]
1

Print /@ {y0 =LW"y"], w0 =BCHBase,
JA[O, yO, uO, s1,
JA[1, yO, uO, s],
JA[2, yO0, uO, s],
JA[YO0, u0]
3

y>

xy) - Oxy) oy
LS| x) + <y, , .
12 12

1 1
C,\/\S[s Wy, ES CWXy] + Esz CWxyT,

1 1 1 1 1 1
— s OW[XXy] + — S?2 OWxxy] + — s3 CWxxy] - — s CWxyy] - — s? CWxyy] - — s3 C,W[xyy}]
12 4 6 12 4 6
1 1 )
OVB|[s Oy, S OWxy] + s OWxy ],

1 1 1 1 1 1
— s OWMxxy] + —s2 OWxxy] + — 3 OWxxy] - — s CWxyy] - — s2 CWxyy] - —s® C\N[xyy}]
12 4 6 12 4 6
1 1 )

CV\B[S Wy, EsON[xy] +Es CWxy ],

1 1 ) 1 3 1 1 ) 1 3

— S CWxxXy] + — s  CWxxXy] + — s CWxxy] - — s CWxyy] - —s“ CWxyy] - —s C\N[xyy]]

12 4 6 12 4 6
CWxxy]  CWXyy]

2 2

VB[ CWy ], CW{xy ],
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1 1 1 1
C\/\S[s CW"y"1, 5 s CWM"xy" 1] + E sZ2CWM" xy" 1, —12 s CW" xxy" ] + Z SZCOWM" xxy" ] +
1 3 " " 1 " " 1 2 " " 1 3 " "
gs CW " xxy ]——1230/\/[ Xyy ]_ZS CW" xyy ]-gs CWM" xyy ]] /. s=1

OWxxy]  OWlxyy]
2 2

OB Oy ], OWixy],

$Ser i esConpar eDegr ee = $Ser i esShowDegr ee = 8;
JA[3, y0, u0, s] =JA[4, yO0, u0, s]

True

JA[y0, uO][6]
CWxxxxxy] 31 COWxxxxyy] 11 CWxxxyxy] 109 CWXXXyyy]
+ - + +

120 48 6 36
7 OWMxxyxxy] 23 CWxxyxyy] 23 CWxxyyxy] 31 CWXxyyyy]
8 ) 4 ) 4 ' 48 "
28 QW xyxyxy] 11 CWxyxyyy] 7 CWxyyxyy] CWXyyyyy]
3 - 6 " 8 " 120
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