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1 Introduction

Riddle 1.1 The set of homotopy classes of maps of a tube T = §' x [0, 1] into a based
topological space (X, b) which map the rim 87 = S' x {0, 1} of T to the basepoint b
is a group with an obvious “stacking” composition; we call that group 77 (X). Homotopy
theorists often study 7y (X) = [S!, X] and 72 (X) = [52, X] but seldom, if ever, do they
study 7y (X) = [T, X]. Why?

The solution of this riddle is on page 13. Whatever it may be, the moral is that it is better
to study the homotopy classes of circles and spheres in X rather than the homotopy classes of
lubes in X, and by morphological transfer, it is better to study isotopy classes of embeddings
of circles and spheres into some ambient space than isotopy classes of embeddings of tubes
into,the-same gpace.

I [6, 7], ,Ztsuzsanna Dancso and I studied the finite-type knot theory of ribbon tubes
in R*-and found it to be closely related to deep results by Alekseev and Torossian [1] on
the Kashiwara-Vergne conjecture and Drinfel’d’s associators. At some point, we needed a
computational tool with which to make and to verify conjectures,

This paper started in being that computational tool. After a lengthy search, I found a
language in which all the operations and equations needed for [6, 7] could be expressed
and computed. Upon reflection, it turned out that the key to that language was to work with
knotted balloons and hoops, meaning spheres and circles, rather than with knotted tubes.

Then, I realized that there may be independent interest in that computational tool. For
(ribbon) knotted balloons and hoops in R* (™, Section 2) in themselves form a lovely
algebraic structure (a meta-monoid-action (MMA), Section 3), and the “tool” is really a
well-behaved invariant £. More precisely, ¢ is a “homomorphism ¢ of the MMA JC{)bh o
the MMA M of trees and wheels” (trees in Section 4 and wheels in Section 5). Here, A"
is a variant of K™ defined using generators and relations (Definition 3.5). Assuming a
sorely missing Reidemeister theory for ribbon-knotted tubes in R* (Conjecture 3.7), iCBbh is
actually equal to K™,

The invariant ¢ has a rather concise definition that uses only basic operations written in
the language of free Lie algebras. In fact, a nearly complete definition appears within Fig. 4,
with lesser extras in Figs. 5 and |. These definitions are relatively easy to implement on a
computer, and as that was my original goal, the implementation along with some computa-
tional examples is described in Section 6. Further computations, more closely related to [ 1]
and to [6, 7], will be described in [5].

In Section 7, we sketch a conceplual interpretation of ¢. Namely, we sketch the statement
and the proof of the following theorem:

Theorem 2.7 The invariant ¢ is (the logarithm of) a universal finite type invariant of the
objects in iq]'"’” (assuming Conjecture 3.7, of ribbon-knotted balloons and hoops in R*).

While the formulae defining { are reasonably simple, the proof that they work using only
notions from the language of free Lie algebras involves some painful computations—the

qo
ﬂ“'1
[ 1
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more reasonable parts of the proof are embedded within Sections 4 and 5, and the 63
less reasonable parts are postponed to Section 10.4. An added benefit of the results of 64
Section 7 is that they constitute an alternative construction of £ and an alternative proof of 65
its invariance—the construction requires more words than the free Lie construction, yet the 66
proof of invariance becomes simpler and more conceptual. 67

In Section 8, we discuss the relationship of ¢ with the BF topological quantum field 68
theory, and in Section 9, we explain how a certain reduction of ¢ becomes a system of 69
formmlae for the (multivariable) Alexander polynomial which, in some senses, is better than 70
any previously available formula. 71

Section 10 is for “odds and ends’—things worth saying, yet those that are better post- 72
poned to the end. This includes the details of some definitions and proofs, some words about 73

our conventions, and an attempt at explaining how I think about “meta” structures. 74

Remark 1.3 Nothing of substance places this paper in R*. Everything works just as well in 75 . =
R forany d > 4, with “balloons” meaning gyﬂ% _2Dyspheres and “hoops” always meaning 76 ( A~2)~dmesro fﬂ)@v;f
JBcircles. We have only specialized to d = 4 only for reasons of concreteness. i [t . '

: MY a4 w/

2 The Objects 78

2.1 Ribbon-Knotted Balloons and Hoops 79

This paper is about ribbon-knotted balloons (S”s) and hoops (or loops, or § ls)in R* or, 80
equivalently, in §*. Throughout this paper, T and H will denote finite! (not necessarily dis- 81
joint) sets of “labels”, where the labels in 7' label the balloons (though for reasons that will 82
become clear later, they are also called “tail labels” and the things they label are sometimes 83
called “tails™), and the labels in H label the hoops (though they are sometimes called “head 84
labels” and they sometimes label “heads™). 85

Definition 2.1 A (T; H)-labelled ribbon-knotted balloons and hoops (rKBH) is a ribbon? 86
up-to-isotopy embedding into R* or into §* of |T|-oriented 2-spheres labelled by the ele- 87
ments of T (the balloons), of | H |-oriented circles labelled by the elements of H (the hoops), 88
and of |T'| + |H| strings (namely, intervals) connecting the |T'| balloons and the | H | hoops 89
to some Tixed base point, often denoted co. Thus a (2; 3)-lzaﬂf_>elled3 rKBH, for example, is 90
a ribbon up-to-isotopy embedding into R* or into §* of the space drawn en-theright. Let 91

Kb (T H) denote the set of all (T; H)-labelled rKBHs. Howy” %
1 l ¢ o )
ook S _p
/ T s r /'%,i? ?L
0, .

I'The bulk of the paper easily generalizes to the case where H (not T) is infinite, though nothing is gained
by allowing H to be infinite.

2The adjective “ribbon” will be explained in Definition 2.4.

35ee “notational conventions™, Section 10.5.
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Recall that [ objects cannot be knotted in éﬁ)J space. Hence, the hoops in an rKBH
are not in themselves knotted, and hence an rKBH may be viewed as a knotling of the
|T| balloons in it, along with a choice of |H| elements of the fundamental group of the
complement of the balloons. Likewise, the |¥'| + |H| strings in an rKBH only matter as
homotopy classes of paths in the complement of the balloons. In particular, they can be
modified arbitrarily in the vicinity of co, and hence they don’t even need to be specified
near co—it is enough that we know that they emerge from a small neighbourhood of co
(small enough so as to not intersect the balloons) and that each reaches its balloon or its
hoop.

Conveniently, we often pick our base point to be the point oo of the formula
§% = R* U {oo} and hence, we can draw rKBHs in R% (meaning, of course, that we draw
in R? and adopt conventions on how to lift these drawings to ’R*).

We will usually reserve the labels x, y and z for hoops; the labels «, v and w for balloons
and the labels a, & and ¢ for things that could be either balloons or hoops. With almost no
risk of ambiguity, we also use x, y and z, along also with 7, to denote the coordinates of R?,
Thus, ]RJQ(_‘, is the xy plane within R*, R?x_‘. is the hyperplane perpendicular to the z-axis and
Y., is just another name for R*.

Examples 2.2 and 2.3 are more than just examples, for they introduce much notation that
we use later on.

Example 2.2 The first four examples of rKBHs are the “four generators” shown in Fig. 1:

®  he, is an clement of K™(; x) (more precisely, ™™ (%; {x})). Tt has a single hoop
extending from near oo and back to near oo, and as indicated above, we didn’t bother
to indicate how it closes near co and how it is connected to oo with an extra piece of
string. Clearly, hie, is the “unknotted hoop”. [ See bedoy

® fe, is an element of ™M (y: ). As a picture in ]R_%VZ, it looks like a simplified tennis
racket, consisting of a handle, a rim, and a net. To interpret a tennis racket in R?, we
embed Rf_vz into ]Rf'xvz as the hyperplane [t = 0], and inside it, we place the handle and
the rim as they were placed in Rf.‘,_,. We also make two copies of the net, the “upper”
copy and the “lower” copy. We place the upper copy so that its boundary is the rim and
so thatits interior is pushed into the [+ > 0] half-space (relative to the pictured [t = 0]
placement) by an amount proportional to the distance from the boundary. Similarly, we
place the lower copy, exceptl we push it into the [t < 0] half space. Thus, the two nets
along with the rim make a 2-sphere in R*, which is connected to oo using the handle.
Clearly, re, is the “unknotted balloon”. We orient re,, by adopting the conventions that
surfaces drawn in the plane are oriented counterclockwise (unless otherwise noted) and

hegy = tey: = | fon < B

((z = 0); 0) ((; 0) ((z = u); 0) ((z = —u); 0)

Fig. 1 The four generators fiey, tey, }yﬁ,'ﬂnd Bia drawn. in By (f“i_), differ in the direction in which x
pierces u—Iirom below at p;7,. and from above at P The lower part t_:f,.?he figure previews the values of
the main invariant { discussed in this paper on these generators, Morgfater, in Section 5

A
N\
f
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that when pushed to 4D, the upper copy retains the original orientation while the lower
copy reverses it.

X

Warning: the vertical di-

"
rection here is the “time” ,} Wf[-/l{f/

coordinate ¢, so this is an
R3,, picture.

e pf is an element of Kby x). Tt is the 4D analogue of the “positive Hopf link”. Its
picture in Fig. | should be interpreted in much the same way as the previous two—what
is displayed should be interpreted as a 3D picture using standard conventions (what’s
hidden is “below™), and then it should be placed within the [r = 0] copy of B3, in R*,
This done, the racket’s net should be split into two copies, one to be pushed tolt = 0]
and the otherto [t < 0].In R?wz’ it appears as if the hoop x intersects the balloon u
right in the middle. Yet in R4, our picture represents a legitimate knot as the hoop is
embedded in [t = 0], the nets are pushed to [t 7 0], and the apparent intersection is
eliminated.

e p. is the “negative Hopf link™. It is constructed out of its picture in exactly the same
way as p;,. We postpone to Section 10.1 the explanation of why ., 1s “positive” and
Py is “negative”.

Example 2.3 Below en—the-right is a somewhat more sophisticated example of an
fKBH with two balloons labelled a and b and two hoops labelled with the same
labels (hence it is an element of KNy b:a, b)). It should be interpreted using the
same conventions as in the previous example, though some further comments are in
order:

e The “crossing” marked (1) @ﬂalj;ewo' tis between two hoops and in 4D it mat-
ters not il it is an overcrossing or an undercrossing. Hence, we did not bother
to indicate which of the two it is. A similar comment applies in two other
places.

e Likewise, crossing (2) is between a 1D strand and a thin tube, and its sense is imma-
terial. For no real reason, we've drawn the strand “under” the tube, but had we
drawn it “over”, it would be the same rKBH. A similar comment applies in two other
places.

e Crossing (3) is “real” and is similar to o~ in the previous example. Two other crossings
in the picture are similar to p™.
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e Crossing (4) was not seen before, though its 4D meaning should be clear from our
interpretation rules: nets are pushed up (or down) along the  coordinate by an amount
proportional to the distance from the boundary. Hence, the wider nel in crossing (4)
gets pushed more than the narrower one, and hence, in 4D, they do not intersect even
though their projections to 3D do intersect, as the figure indicates. A similar comment
applies in two other places.

e  QOur example can be simplified a bil using isotopies. Most notably, crossing (5) can be
eliminated by pulling the narrow “\” finger up and out of the wider “/” membrane. Yet
note that a similar feat cannot be achieved near (3) and (4). Over there, the wider */”
finger cannot be pulled down and away from the narrower “\” membrane and strand
without a singularity along the way.

We can now complete Definition 2.1 by providing the the definition of “ribbon
embedding”.

Definition 2.4 We say that an embedding of a collection of 2-spheres S; into R* (or into
§4) is a “ribbon” if it can be extended to an immersion ¢ of a collection of 3-balls B;
whose boundaries are the S;s, so that the singular set & c R* of ¢ consists of transverse
self-intersections, and so that each connected component C of T is a “ribbon singularity™:
1~ 1(C) consists of two closed disks D and D», with D; embedded in the interior of one
of the B; and with D> embedded with its interior in the interior of some B; and with its

boundary in dB; = §;. A dimensionally reduced illustration is en-the-right: The ribbon
condition does not place any restriction on the hoops of an rKBH. }’pgﬁ;;v. ?
| B
D,
) P00
‘ A
- ¥
i) N okt
O

It i1s easy (o verify that all the examples above are ribbon, and that all the operations we
define below preserve the ribbon condition.

gy,
aw
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There is much literature about ribbon knots in R, See, e.g. [6, 7, 14, 15, 18, 29, 30].

2.2 Usual Tangles and the Map &

For the purposes of this paper, a “usual tangle”,* or a “u-tangle”, is a “framed pure labelled

tangle in a disk™. In detail, it is a piece of an oriented knot diagram drawn in a disk, having
no closed components and with its components labelled by the elements of some set S, with
all regarded modulo the Reidemeister moves R17, R2 and R3:

w00 mi mIX

The set of all tangles with components labelled by S is denoted as u7(S). An exam-
ple of a member of uT (a, b) is ea-the-right. Note that our u-tangles do not have a specific
“up” direction so they do not form a category, and that the condition “no closed compo-
nents” prevents them from being a planar algebra. In fact, 477 carries almost no interesting
algebraic structure. Yet it contains knots (as I-component tangles) and more generally,
by restricting to a subset, it contains “pure tangles” or “string links” [12]. And in the
next section, #7 will be generalized to v7 and to w7, which do carry much interesting
structure.

\ moes<
e \\\ i ailia

There is a map 8: 7 (S) — KP'(S; ). The picture should precede the words, and it
appears as the left half of Fig. 2.

In words, if T € w7 (S), to make §(T) we convert cach strand s € § of T into
a pair of parallel entities: a copy of s on the right and a band on the left (7" is a planar
diagram and s is oriented, so “left” and “right” make sense). We cap the resulting band
near its beginning and near its end, connecting the cap at its end to co (namely, to outside
the picture) with an extra piece of string—so that when the bands are pushed to 4D in the
usual way, they become balloons with strings. Finally, near the crossings of T we apply the
following (sign-preserving) local rules:

“Better English would be “ordinary tangle”, but I want the short form to be “u-tangle”, which fits better with
the “v-tangles™ and “w-tangles” that arise later in this paper.
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/ a \ (s [,.' a N
| / \
\ ) = —
\ / N - .\
UGN A N ¢ S/ =
Se - 25 o %
1}, Y <5
') = b N 4
To =R [3, a] R*[b, 2] R*[1, 4]; ]

To //dm[2, 1, 1] // dm[4, b, b] // dm[1, a, a] //

. F, saF 13 .= 13 g
MHa—)LS{—aer, = & 1% aab = abb],

beLS{Tﬁ", 0, uaﬁ]}, cws[ 1, -ab, - “%H )

Fig.2 ATy ~— 4&(Ty) example, and its invariant ¢ of Section 5 (computed to degree 3)
203 Proposition 2.5 The map § is well defined.

204 Proof We need to check that the Reidemeister moves in 17 are carried to isotopies in
205 K™ We'll only display the “band part” of the third Reidemeister move, as everything else
is similar or easier:

% ?‘ ; /’ % 7 4 b :
6 | |
% —_— K, % Y
b
206
207 The fact that the two “band diagrams™ above are isotopic before “inflation” to ®*, and
208 hence also after, is visually obvious. O

209 2.3 The Fundamental Invariant and the Near-Injectivity of 8

210 The “Fundamental invariant” w(K) of K € K™(u;:x;) is the triple () (K©); m; 1),
211 where within this triple:

212 e  The first entry is the fundamental group of the complement of the balloons of K, with
213 basepoint taken to be at oo.
214 o  The second entry m is the functionm: I' — 1 (K*) which assigns to a balloony € T

215 its “base meridian” m,—the path obtained by travelling along the string of u from oo
7
Q) Springer i
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to near the balloon, then Hopf-linking with the balloon u once in the positive direction 216
much like in the generator pt of Fig. 1, and then travelling back to the basepoint again 217

along the string of «e. 218
e The third entry / is the function/: H — m(K*) which assigns to hoopx € Hits 219
longitude [,—it is simply the hoop x itself regarded as an element of 7 (K¢). 220

Thus, for example, with (@) denoting the group generated by a single element & and 221
following the “notational conventions” of Section 10.5 for “inline functions”, 222

mihe) = (1; O (x — 1), witey) = (lo); (u — a); ()

223
and  7lp) = (@) (@ — a) (x > o).
We leave the following proposition as an exercise for the reader: 224

Proposition 2.6 If T is an n-labelled u-tangle, then w(8(T')) is the fundamental group of 225
the complement of T (within a 3D space!), followed by the list of meridians of T (placed 226
near the outgoing ends of the components of T), followed by the list of lon gitudes of T. 227

1t is well known (e.g. [20, Theorem 6.1.7]) that knots are determined by the fundamental 228
group of their complements, along with their “peripheral systems”, namely their meridians 229
and longitudes regarded as elements of the fundamental groups of their complements. Thus 230
we have the following: 231

Theorem 2.7 When restricted to long knots (which are the same as knots), 8 is injective. 232

Remark 2.8 A similar map studied by Winter [33] is (sometimes) 2 to 1, as it retains less 233
orientation information. 234

1 expect that § is also injective on arbitrary tangles and that experts in geometric topology 235

would consider this trivial, but this result would be outside of my tiny puddle. 236
2.4 The Exlension to v/w-Tangles and the Near-Surjectivity of 8 237
The map & can be extended to “virtual crossings™ [19] using the local assignment 238
‘s.\ A (S’ %
S 9% =
\ A - "
e g )

In a few more words, u-tangles can be extended Lo “v-tangles” by allowing virtual crossings 239
as on the left hand side of Eq. 1, and then modding out by the “virtual Reidemeister moves” 240
and the “mixed move”/“detour move” of [IQJ].5 One may then observe, as in Fig. 3, that § 241
respects those moves as well as the overcrossings commute relation (yet not the undercross- 242
ings commute relation). Hence, & descends to the space w7 of w-tangles, which are the 243
quotient of v-tangles by the overcrossings commute relation. 244

A topological-flavoured construction of § appears in Section 10.2. 245

5n [19], the mixed/detour move was yel unnamed, and was simply “move (c) of Fig, 27.

o
°x
s
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OC:-_\—-__:, \—\ UC;‘\—\”%T T

Fig. 3 The “overcrossing commute” (OC) relation and the gist of the proof that it is respected by §, and the
“undercrossing commute” (UC) relation and the gist of the reason why it is not respected by §

The newly extended 8: w7 — K™ cannot possibly be surjective, for the rKBHs in its
image always have an equal number of balloons as hoops, with the same labels. Yet, if we
allow the deletion of components, § becomes surjective:

Theorem 2.9 For any KTG K, there is some w-tangle T so that K is obtained from 8(T) by
the deletion of some of its components.

Proaf (Sketch) This is a variant of Theorem 3.1 of Satoh’s [29]. Clearly, every knotting
of 2-spheres in R* can be obtained from a knotting ol tubes by capping those tubes. Satoh
shows that any knotting of tubes is in the image of a map he calls “tube”, which is identical
to our § except that our § also includes the capping (good) and an extra hoop component for
cach balloon (harmless as they can be deleted). Finally, to get the hoops of K, simply put
them in as extra strands in 7, and then delete the spurious balloons that § would produce
next to each hoop. [

3 The Operations
3.1 The Meta-Monoid-Action

Loosely speaking, an rKBH K is a map of several S's and several $2s into some ambient
space. The former (the hoops of K) resemble elements of 7y, and the latter (the balloons
of K) resemble elements of 7. In general, in homotopy theory, 7y and m; are groups, and
further, there is an action of 7y on my. Thus, we find that on K™, (here are operations that
resemble the group multiplication of 7y, and the group multiplication of 5, and the action
of my on 3.

Let us describe these operations more carefully. Let K e K'™M(T; H).

®  Analogously to the product in 7y, there is the operation of “concatenating two hoops”.
Specifically. if x and y are two distinct labels in / and z is a label not in H (except
possibly equal to x or to y), welet © X / hmI” be K with the x and y hoops removed
and replaced with a single hoop labelled z that traces the path of them both. See Fig. 4.
e  Analogously to the homotopy-theoretic product of 73, there is the operation of “merg-
ing two balloons”. Specifically, if # and v are two distinct labels in 7 and w is a label
not in 7 (except possibly equal to u or to v), we let K / tm“? be K with the u and
v balloons removed and replaced by a single two-lobed balloon (topologically, still a

sphere!) labelled w which spans them both. See Fig. 4, or-the-even-picer-two-tobed-

balloon-disptayed on the right:

e  Analogously to the homotopy-theoretic action of | on m, there is the operation tha™*
(tail by head action on u by x ) of re-routing the string of the balloon u to go along
the hoop x, as illustrated in Fig. 4. In balloon-theoretic language, after the isotopy
which pulls the neck of u along its string, this is the operation of “tying the balloon”,

<ax
g
CH
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K K [ hmv K [ tm K [ that
g
(T;H)(=(u5v;cu,y). )\HA}{m,y}u(A 5 ¢ 41 ) [
1= (A;w) in z — beh(Ag, Ay)), e p f(u v = w), , Az
FLT)E x CW'(T), it rtotghed, (& @+ Julde)) f RO

with G = (- e=7(u)), ROy = (€)Y, and Ju(y) = J, da divu(y J ROT) | O

plenty more components, and it may actually be knotted. ThelJower partef the figure is a summary of the
main invariant ¢ defined in this paper. See Section 5 e z
o [Fase " §

commonly performed to prevent the leakage of air (though admittedly, this will fail in 281
4D). 282

Fig. 4 AnrKBH K and the three basic unary operators applietdt(o'\(ﬁ schematic notation; K may have

In addition, IC"™™" affords the further unary operations tn" (when u € T) of “puncturing” 283
the balloon 1 (implying, deleting it) and fn* (when x € H) of “culting” the hoop x 284
(implying, deleting it). These two operations were already used in the statement and proof 283
of Theorem 2.9. 286

In addition, X" affords the binary operation  of “connected sum”, sketched on-the . 287
-right (along with its g@m = H; N H,, it is an operation 288
K0 (T HY) % KTy Hy) — KN U To; Hy U Hy). We often suppress the x symbol - 289
and write K1 K, for K| * K». Kﬁrbh(Tl;éIX) x KO (T Hy) — KT U T H U ). 290

Q6 We often suppress the * symbol and write 'K K for K * K» Fig. 5). 291
Finally, there are re-labelling opergtions hoj and toj’ on K™ which take a label @ 292
(either a head or a tail) and rename it b|(provided b is “new”). 293

4Gee “notational conventions”, Section 10).5.

|
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Fig. 5 Conncctled sums

_ 4:-/ < - — = .“,l' _J.”'\.:'/ (A ( {'l:\-’/i‘:." 7 ,'/\
0V'0) T 00 W Ay

¢ Mot (Mo

(Arjwr) * (Ao wa) = (A1 U Ag;wr + wa)

294 Proposition 3.1 The operations *, to!, hol, ", hy*, hm;", tm"? and tha"™ and the
295 special elements te, and hey have the following properties:

296 ® [Ifthe labels involved are distinct, the unary operations all commute with each other:
297 e The re-labelling operations have some obvious properties and interactions:

298 oy //crf.’ = of, hmy" [ ho! = hm?”, etc., and similarly for the deletion operations
299 ne.

300 e sk is commutative and associative; where it makes sense, it bi-commutes with the unary
301 operations (K| [/ hmz") * Ky = (K| * K2) [} hmy', etc.).

302 e te, and he, are “units”:

(K * tey) [ tml) = K [ to), (K * te,) Jtml' = K [ tal,
(K = hey) | hmy" = K [ ho?, (K * hey) [ hml" = K [ ho?.
304 o Meta-associativity of hm, similar to the associativiry in my:

303

hmy” Jf hm™ = hmy* ) hmy . 2)
305 Meta-associativity of tm, similar to the associativity in m:
tmy” v tmy = tml" [ oemlY (3)
306 e Meta-actions commute. The following is a special case of the first property above,
307 yet it deserves special mention because later in this paper it will be the only such
308 commutativity that is non-obvious to verify:
tha" [l tha"™ = tha™ [ tha"". (4)
309 e Meta-action axiom t, similar to (uv)¥ = u¥v";
) [ tha™ = tha* [ tha"™ [ tm"). (5)
310 o Meta-action axiom h, similar to u™ = (u*)*:
hmz” [ tha" = tha™ [ tha™ j| hm}”. (6)

311 Proof The first four properties say almost nothing and we did not even specify them in
312 full.” The remaining four deserve attention, especially in the light of the fact that the veri-
313 [lication of their analogues later in this paper will be non-trivial. Yet in the current context,
314 their verification is straightforward. O

315 Later, we will seek to construct invariants of rKBHs by specifying their values on
316 some generators and by specifying their behaviour under our list of operations. Thus, it is
317 convenient to introduce a name for the algebraic structure of which ™ is an instance:

"We feel that the clarity of this paper is enhanced by this omission.

& Springer
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Definition 3.2 A meta-monoid-action (MMA) M is a collections of sets M(T; H), one 318
for each pair of finite sets of labels T and H, along with partially defined operations® ¥, 319
tol, hayf, ", by, hmy”, tm#? and tha**, and with special elements re, € M({u}; ¥) and 320

he, € M(%; {x}), which together satisfy the properties in Proposition 3.1. 321

For the rationale behind the name *“meta-monoid-action” sec Section 10.3. In 322
Section 10.3.5, we note that K™ in fact has the further structure making it a meta-group- 323
action (or more precisely, a meta-Hopf-algebra-action). 324

3.2 The Meta-Monoid of Tangles and the Homomorphism 8 325

Our aim in this section is to show that the map 8: w7 — K of Sections 2.2 and 2.4, 326
which maps w-tangles to knotted balloons and hoops, is a “homomorphism™. But first, we = 327
have to discuss the relevant algebraic structures on w7 and on Ko 328

wT is a “meta-monoid” (see Section 10.3.2). Namely, for any finite set § of “strand 329
labels” w7 (S) is a set, and whenever we have a set § of labels and three labels ¢ # b 330
and ¢ not in it, we have the operation m4?: w7 (S U{a, b)) — wT (S U {c}) of “con- 331 .
catenating strand a with strand b and calling the resulting strand c”. See the picture en-the- 332 g ¢ (; )
tight and note that while on u7T, the operation m® would be defined only if the head of @ 333 Sl
happens to be adjacent to the tail of b; on v7 and on w7, this operation is always defined 334
as the head of & can always be brought near the tail of b by adding some virtual cross- 335
ings, if necessary. w7 (rivially also carries the rest of the necessary structure (o forma 336
meta-monoid—namely, strand relabelling operations o/, strand deletion operations n“,and 337
a disjoint union operation *, and units €, (tangles with a single unknotted strand labelled a).

T (! | VYTI/APN

T N 7 g i%f@f}% y

al b c f"’"} 0 '\/’?/ A
338

It is easy to verify the associativity property (compare with (32) of Section 10.3. 1):

me fmet=mi®fms’ s

339
It is also easy to verify that if a tangle T € w7 (a,b) is non-split, then 340
T # (T J n?y % (T f/ 7). so in the sense of Section 10.3.2, w7 is non-classical. 341

f‘ég:n?, for example, is defined on M(T; H) exactly when u, v € T yet w ¢ T\ {u, v}). All other operations
ﬂbe,h ve similarly.
[
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v

K™ is an analogue of both 7r; and ;. In homotopy theory, multiplication on that"
part of K™ in which the balloons and the hoops are matched together. More pre-
cisely, given a finite set of labels S, let ICO=(§) := KPh(S: §) be the set of rKBHs
whose balloons and whose hoops are both labelled with labels in S. Then define
dmé®: KP=1(S U (a, b)) — KP=''(S U (c}) (the prefix d is for “diagonal” or “double”)
by KP=H(§y+=ICP(S:-§)-be the set of rkBHs-whoese-balloons-and whose hoops-are-both™
Tabetted-with-Jabels in S.-Then-define dm >+ K= {a; b)) KE=1S—U—{e}-(the

" Solution of Riddle 1.1.mp & myxmy ™
{a semi-direct product!), so if you know |
all about m; and w2 (and the action of }“
w1 on m2), you knew-all about 7.

—

—

((d ab lh abh ///tl 1h ///'m b (7)

It is a routine exercise to vemy that the properties (2)-(0) of hmy; @and th}' imply that dm /h/ . f

is meta-associative: .
( dm}”b//dm — t{[ﬂb[ ///

Thus@ dm)(dlong with dlagonal n's and ¢’s and an unmochhe,d %) puts a meta-monoid
structure on KF=".

Proposition 3.3 §: wT — K" is a meta-monoid homomorphism. (A rough picture is Méf//;b\/
on-the-right’ in the picture a and b are strands within the same tangle, and they may be
knotted with each other and with possible further components of that tangle). L T

3.3 Generators and Relations for b

It is always good to know that a certain algebraic structure is finitely presented. If we had
a complete set of generators and relations for ™", for example, we could define a “homo-
morphic invariant” of rKBHs by picking some target MMA M (Definition 3.2), declaring
the values of the invariant on the generators, and verifying that the relations are satisfied.
Hence, it’s good to know the following:

Theorem 3.4 The MMA K" js generated (as an MMA) by the four rKBHs he,, te,, ,o]l
and A;iqof Fig. 1. —
J'

Wy
Proof By Theor‘giﬁ 2.9 and the fact that the MMA operations include component dele-
tions ¢4 and hn®, it follows that ™" is generated by the image of §. By the previous

i
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proposition and the fact (7) that dm can be written in terms of the MMA operations of
Kb i follows that ™1 is generated by the 8-images of the generators of w7 . But the
generalors of 131T are the virtual crossing axb and the right-handed and left-handed cross-
ings a/:b and .;'\b; and so, the theorem follows from the following easily verified assertions:

(uxb) = teahegtephey, § (a?:b) = ,a:btebhea, and & (a:\’b) = pyateahey. O
We now turn to the study of relations, Qur first is the hardest and most significant, the
“c—:an]ug’mo@ﬂdtmn whose name is msplred by the group theoretic relation vu” = wv

{here, 4’ denotes group conjugation, u¥ = v~ 'uv). Consider the following equality:

z - z A Y w
T e S - — — — — =

| |

e | uz — A I~ \ =

. ,‘7’(“\ tha /, | L = ; G

u‘ /z |U \J z o \\4 \u /z ] Nl

Easily, the rKBILon the very left is P (,ol,) o //(’fr—nB‘ ) /f( hmt and the one on the very
right is (pf; pif- //tml”“)pm, //ra , and s0

oot J (o s = pf ooy (md Hom ®)

Definition 3.2 Let iCBbh be the MMA freely generated by symbols pjﬁ. e iCBbh(u; x),
modulo the following relations:

Relabelling: p, / hoyl [/ tolt = pi;.

Cutting and puncturing: o, / hn* = te, and pZ, J 0" = hey.

Inverses: pif, iy, /AmiY fms” = reyhe..
Conjugation relations: for any 512 € {x},

pm puva( / tmfwj //@n?n Jﬁm7 = rots)zxpi‘ﬁzp;l\ //C@ ﬂxlf&‘

e Tail commutativity: on any inputs, T;%)” =(tmH.
e  Framing independence:

ot A" = . ©)

The following proposition, whose proof we leave as an exercise, says that ]Cf)bh is a pretty

good approximation to A1

Proposition 3.3 The obvious maps 1 = ;‘C{)”” — K" and§ = wT — }Ca”h are well

defined. . ]

Conjecture 3.7 The projection 7 : iCBb"’ — K s an isomorphism.

We expect that there should be a Reidemeister-style combinatorial calculus of ribbon
knots in R*. The above conjecture is that the definition of K o js such a calculus. We expect
that given any such calculus, the proof of the conjecture should be easy. In particular, the
above conjecture is equivalent (o the statement that the stated relations in the definition of
w7 generate the relations in the kernel of Satoh’s Tube map &y (see Section 10.2), and this
e
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is equivalent to the conjecture whose proof was attempted at [34]. Though T understood by
private communication with B. Winter that [34] is presently flawed.

In the absence of a combinatorial description of K" we replace it by lCBbh throughout
the rest of this paper. Hence, we construct invariants of elements of ]C{)bh instead of invariants
of genuine rKBHs. Yet note that the map § = w7 — /C{th is well-defined, so our
invariants are always good enough to yield invariants of tangles and virtual tangles.

3.4 Example: The Fundamental Invariant

The fundamental invariant 77 of Section 2.3 is defined in a direct manner on K™ and does
not need to suffer from the difficulties of the previous section. Yet, it can also serve as an

example for our approach for defining invariants on fCBbh using generators and relations.

Definition 3.8 Let IT(T; H) denote the set of all triples (G; m; 1) of a group G along with
functionsm € GT andl € G, regarded modulo group isomorphisms with their obvious

" P s — AN /
action on m and .7 Define MMA operations (x, to), ko, 1", hpt S\tmiﬂ' ,;‘ﬁmi‘ ._'fﬁq}”) on | {z.
M = {II(T; H)} and units f€, and hey as follows: > :
® =« is the operation of taking the free product G| % G of groups and concatenating the
lists of heads and tails:
o (Gym L) *(Goyoma ) = (G o# Ggyom Uomg; I U B).
,‘»-\
® t(rf/i}’q,ﬁ* relabels an element labelled @ to be labelled b. o<t

° [*‘('}j'rﬁf n* removes the element labelled éf)?

23 tmﬁ, “combines” u and v to make w. Precisely, it replaces the input group G with
1-—1\&4['5&}’ = G/{m, = m,), removes the tail labels x and v, and introduces a new tail, the
element m, = m, of G' and labels it w:

t—n'ﬁ?)(G, wmy D) = (G/my = my); (m\{u, v} U (w — my,); D).

{ €
o[ hmY replaces two elements in { by their product:

*‘-'.[ijr?é}'(c; m; 1) = (Gym, (\[x, ) U (z — Lly).

P caais . ;
® The best way to understand the action of\tha"’ is as “the thing that makes the funda-
mental invariant 7 a homomorphism, given the geometric interpretation of(fh'a“,‘-" on
JCh §n Section 3.17. In formulae, this becomes 22l

Chal# (G5 m; 1) i= (G # (@) my = Lal;'y; m\w) U (@ — a),1),

where « is some new element that is added to G.
o fe, = ({a); (u — a); O)andhey, = (1; O; (x — ).

We state the following without its easy topological proof:
Proposition 3.9 7: K™ — 11 is a homomorphism of MMAs. [J

A consequence is that = can be computed on any rKBH starting from its values on the
generators of ™" as listed in Section 2.3 and then using the operations of Definition 3.8.

91 ignore set-theoretic difficulties. If you insist, you may restrict to countable groups or to finitely presented
groups.
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Comment 3.10 The fundamental groups of ribbon 2-knots are “labelled-oriented tree”
(LOT) groups in the sensc of Howie [ 16, | 7]. Howie’s definition has an obvious extension to
labelled-oriented forests (LOF), yielding a class of groups that may be called “LOF groups”.
One may show that the the fundamental groups of complements of rKBHs are always LOF
groups. One may also show that the subset TTLOF of T in which the group component G is
an LOF group is a sub-MMA of IT. Therefore 7 = K™ — 110 is also a homomor-
phism of MMAs; T expect it to be an isomorphism or very close to an isomorphism. Thus,
much of the rest of this paper can be read as a “theory of homomorphic (in the MMA sense)
invariants of LOF groups™. I don’t know how much it may extend to a similar theory of
homomorphic invariants of bigger classes ol groups.

4 The Free Lie Invariant

In this section, we construct &y, the “tree” part Lo our main tree-and-wheel-valued invariant
¢, by following the scheme of Section 3.3. Yel, before we succeed, it is useful o aim a bit
higher and fail, and thus appreciate that even £y is not entirely trivial.

4.1 A Free Group Failure

If the balloon part of an rKBH X is unknotted, the fundamental group 71 {K ) of its com-
plement is the free group generated by the meridians (my),er. The hoops of K are then
clements in that group and hence, they can be written as words (wy)yep in the my,’s and
their inverses. Perhaps we can make an MMA WV out of lists (w,) of free words in letters
m! and use it to define a homomorphic invariant W = KR W7 All we need, it
seems, is (o trace how MMA operations on K affect the corresponding list (w,) of words.

The beginning is promising. * acts on pairs of lists of words by taking the union of those
lisls.’@?' acts on a list of words by replacing w, and w, by their concatenation, now
labelled z.{’t-"‘w acts on @ = (w,) by replacing every occurrence of the letter m, and
every occurrence of the letter m, in w by a single new letter, m,.

T s g gty -

The problem is w1llj3 @ Imitating the topology,\l\hg/ should act on w = (wy) by
replacing every occurreiice of m,, in @ with wxa:w;l, where o is a new letter, destined to
replace m,,. But w, may also contain instances of m,,, so after the replacement, m,, +> ot
is performed; it should be performed again to get rid of the m,,’s that appear in the “con-
jugator” w,. But new m,,’s are then created, and the replacement should be carried out yet
again. ... The process clearly does not stop, and our attempt failed.

Yet, not all is lost. The latter and latter’s replacements occur within conjugators of con-
jugators, deeper and deeper into the lower central series of the [ree groups involved. Thus,
if we replace free groups by some completion thereof in which deep members of the lower
central series are “small”, the process becomes convergent. This is essentially what will be
done in the next section.

4.2 A Free Lie Algebra Success

Given a set T, let FL(T) denote the graded completion of the free Lie algebra on the gen-
erators in T (sometimes we will write “FL” for “FL(T") for some set 7). We define a
meta-monoid-action Mg as follows. For any finite set T of “tail labels” and any [inite set H
or “head labels”, we let

My(T; H) := FL(T)#
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467  be the set of H-labelled arrays of elements of FL(T). On My := {My(T; H)}, we define

468 operajions as follows, starting from the trivial and culminating with the most interesting, -~ .
469 /“tha?’. All of our definitions are directly motivated by the “failure” of the previous section; /{7~ ¢
470 ‘-in establishing the correspondence between the definitions below and the ones above, one

471 should interpret . = (k) € My(T; H) as “a list of logarithms of a list of words (w,)”.

472 e hoy is simply oy as explained in the conventions section, Section 0.5,

473 e  to)/ is induced by the map FL(7T} — FL((T\u) U {v}) in which the generator u is
474 mapped Lo the generator v.

475 e tqacts by setling one of the tail variables to 0, and /7 acts by dropping an array element.
476 Thus, for & € My(T; H),

A =1 (w e 0) and A f hyt = p\x.

7 8 I A € My(T;H) and k2 € My(Ty Hy) (and, of course.) eruw-?’
478 I'NnTh =@ = H N H), then j

|.‘-»]1 y),( ’_ﬁj{/r /)

Apw A= Gafu) U Ga )

479 where (; are the natural embeddings ¢; : FL(T;) = FL(T} U Ta),fori = 1,2.
480 e If A e My(T; H) then

A /{”tfﬁﬂ) =AM (v = w), /%r//“ f{} ¥
481 where (u, v = w) denotes the morphism FL(T) — FL(T\{u, v} U {w}) defined -
482 by mapping the generators « and v to the generator w.
483 e IfA € My(T; H) then _
] /1
= offs
MBI =3\ ) U @ = behGhe, ), P 4
484 where bch stands for the Baker-Campbell-Hausdorff formula:
1
beh(a, b) = log(e“e”) = a + b + Sl bl + ...
485 e IfA € My(T; H) then
7 ?ﬂ
x //ma’”l Af (€T = A RCH (10 [T=rég
486 In the above formula, C; ™ denoh,s the automorphism of FL(T) defined by mapping
487 the generator u to its “conjugate” e~*+ue’s. More precisely, u is mapped to e 3% (),
488 where ad denotes the adjoint action, and €™ is taken in the formal sense. Thus
— —adh, ; 1

C,™urs>e "(u):u—[l_t-,u]+5[lx,[lx,uﬂ—.... (1D
489 Alsoin (10), RCY = ( ‘}*) I denotes the inverse of the automorphism C
490 e te, = (Qand he, = (x — 0).

491 Warning 4.1 When y € FL, the inverse of C, ¥ may not be C}. If ¥ does not contain
492 the generator u, then indeed C, " / €} = I.Butin general, applying C,, * creates many
493 new us, within the s that appear in the right hand side of (11), and the new us are then
494 conjugated by C} instead of being left in place. Yet C,,” is invertible, so we simply name
495 its inverse RC) .

£ 5
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The name “RC” stands either for “reverse conjugation” or for “repeated conjugation™. 496
The rationale for the latter naming is that if « € FL(T) and & is a name for a new 497
“temporary” free-Lie generator, then RCJ (@) is the result of applying the transformation 498
u — e (i) repeatedly 1o « until it stabilizes (at any fixed degrec, this will happen after 499
a finite number of iterations), followed by the eventual renaming i > u. 500

Comment 4.2 Some further insight into RC} can be obtained by studying the triangle en. 501 \éf \’/} y,
the-right. The space at the bottom of the triangle is the quotient of the free Lie algebra on 502 v \"'('L/
T U {ii} (where i is a new temporary generator) by cither of the two relations shown there; 503

these two relations are, of course, equivalent. The map ¢ is induced from the obvious inclu- 504

sion of FL(T) into FL(T U {&}). and in the presence of the relation i = ey, itis 505
clearly an isomorphism. The map ¢ is likewise induced from the renaming of u > 4. Il 506
too, is an isomorphism, but slightly less trivially—indeed, using the relation 4 = Wi 507

repeatedly, any element in FL(T U {it}) can be written in form that does not include #, and 508
hence is in the image of ¢. It is clear that c,V =¢a/ ¢ L. Hence, RC! = ¢ i o', 500

and as ¢~ is described in terms of repeated applications of the relation # = i, 510

it is clear that RC! indeed involves repeated conjugation as asserted in the previous 511

paragraph. 512
oz

FL(T) =————5 FL(T)

RCI
¢ %Hu Mmoot

=e 247y
FL(TU {‘1—1.})/ and / or

u=ed7g

Warning 4.3 Equation (10) does not say tha@~‘ — RC}™ as abstract operations, only 513 1& /‘;
that they are equal when evaluated on 2. In general, it is not the case that //f\f@* =puf 514 7 weiL

RC)* for arbitrary u—the latter equality is only guaranteed if pty = 2. - 515

As another example of the difference, the operationsfim}” andtha? do not commute— 516
in fact, the compositioncimz” f/aha® does not even make sense, Tor by the timg(tha’? is 517
evaluated, its input does not have an entry labelled x. Yet, the commutativity - 518

A JEEE f RCy = A ROy [ (12)

makes perfect sense and holds true, for the operation@fﬁ%’-‘ " only involves the heads/roots of 519
trees, while RC;* only involves their tails/leafs. 520
Theorem 4.4 My, with the operations defined above, is a meta-monoid-action (MMA). 521

Proof Most MMA axioms are (rivial to verify. The most important ones are the ones 522
in (2) through (6). Of these, the meta-associativity of hm follows from the associa- 523
tivity of the beh formula, beh{bch(A, Ay),Az) = bchliy, beh(hy, A;)), the meta- 524
associativity of tm is trivial, and it remains to prove that meta-actions commute ((4); 525
all other required commutativities are easy) and the the meta-action axiom ¢ (5) and 526
h (6). 527

ATL° @ Springer
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Meta-actions commute Expanding (4) using the above definitions and denoling & := A,
B = rpnao = af RC?, and B = B J RCY, we see that we need to prove the
identity

RC,“//RC*" = Rcﬂ//Rc T (13)
,ao.,}’,fmﬂ»- ~arol /

Consider the commutative diagram en'%h _rJgh,t In‘it, ﬁL(u v) medns “the (completed)
free Lie algebra with generators 1 and v, and some additional fixed collection of generators”,
and likewise, for FL(u, &, v, ¥). The diagonal arrows are all substitution homomorphisms
as indicated, and they are all isomorphisms. We put the elements o and g in the upper-
left space, and by comparing with the diagram in Comment 4.2, we see that the upper
horizontal map is RCY and the left vertical map is RC{?. Therefore, £’ is the image of 8
in the top left space, and ' is the image of « in the bottom left space. Therefore, again,

using the dlagram in Comment 4.2, the right vertical map is J’?ijj and the lower horizontal
map is RC{f , and (13) follows from the commutativity of the external square in the above.

diagramm. (13%) I e Jfiqr / V.
B (17 e -’/'7 = " 06/7 b
RCY
FL{u,v) = FL(u,v)

l(:u,'U)*}(u,'i)-) =

(u,0)—=(Tv)
T W —ada |\
RGP FL(u,ﬁ,v,ﬁ)/(ueadﬁqj) {ECE'

A

() @) N

(u,0)—=(u,7)

FL{u,v)

For later use, we record the fact that by reading all the horizontal and vertical arrows
backwards, the above argument also proves the identity

- 4 _ a
ClR eyt = MR o (14)
Meta-action axiom t. Expanding (5) and denoting y := X, we need to prove the identity
l?}”‘ //Rcu]i//“w. = RCJ.J: // RCI};’//RC{] ﬂ".fj;;“- (15)

z//

Consider the diagram @n) the-rig TIn it, the vertical and diagonal arrows are all substi-
tution homomorphisms as indicated. The horizontal arrows are RC maps as indicated. The
element y lives in the upper left corner of the diagram, but equally makes sense in the upper
of the central spaces. We denote its image via RC! by ¥z, and think of it as an element of
the middle space in the top row. Likewise, 34 = y f1}
and the bottom of the two middle spaces.

Ly

A0Ay

€
=0
v

| Springer
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RCY RCT?
v € FL{u,v) —= v2 € FL(u,v) —> FL(u,v)

u
va € FL(w, @) /w = e "
RCT4
14 € FL(w (w)

) Y

It requires a minimal effort to show that the map at the very centre of the diagram is well 551
defined. The commutativity of the triangles in the diagram follows from Comment 4.2, and 552
the commutativity of the trapezoids is obvious. Hence, the diagram is overall commutative. 553
Reading it from the top left to the bottom right along the left and the bottom edges gives the 554

left hand side of (15), and along the top and the right edges gives the right hand side. 555
Meta-action axiom h Expanding (0), we need to prove 556 ,
beh(he.hy) . A RO T ,/ =

x// m)* J RC — A/ RCY f RCY fom? . / %(J
Using commutativities as in (12) and denotinga = A, and B = Ay, we can cancel the 557
hm; s, and we are left with 558

Rt L pee yRCf, where ' := B RCY. (16)
This last equality follows from a careful inspection of the following commutative diagram: 559

RO® Telil
FL(u) * e FL(u) = FL(w)

- w=e*d%,
FL{u,@,u) - S =
i=e U (17)
Indeed, by the definition of RC” , we have ' = B modulo and the relation 4 = *%a. 560
adw 7 0 = eadoz ndﬁ'; = eadn' 1&,8; - £,bch(a-::iaf.adlﬁ)f[ s 561

4l 2 S@n the bottom space, u = e
5{ = pldbgh(en ) Hence, if we concentrate on the three corners of (17), we see the diagram es- 562

t, whose top row is both RCY // RCf and the definition of RCbCh(“ 25 Z[ 563
M;f W
‘“"J"“ & ‘is.))é A[’*é// (’y/bz? =

§i%
e 2| Springer
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FL{u)— ——————— = FL(u)
\ uy
FL(u,3) / (u = endboh(af)z)
564 It remains to construct &p: lCBbh — Mg by proclaiming its values on the generators:

foltey) = 0, tolhes) == (x — 0), and  fo(pl) = (x = £u).

565 [Proposition 4.5 ¢y is well defined; namely, the values above satisfy the relations in
566 Definition 3.5.

567  Proof We only verify the conjugation relation (8), as all other relations are easy. On the
568  left, we have

v

trmn
pi‘mpj})pﬂ]z —C—D-> (z—=u,y—v,zow) —(r—=uy—uv 2z—v)

f it R4
2=, (z — beh(u,v), z — v) ot (@ — beh(e®d¥ (u),v), z = v),
569  while on the right it is

So

+ o+ o+ tmo® fhmiY
Pox PwzPuy — (55' =Y U T 'w) BV i

(z — bch(v,u), z — v),

570  and the equality follows because bch(e‘@(u),v} = log(eYe"e™ - ¢") = bch(v,u). O e

571 As we shall see in Section 7, {p is related to the tree part of the Kontsevitch integral.
572 Thus, by finite-type folklore [2, 13], when evaluated on string links (i.e., pure tangles) &y
573 should be equivalent to the collection of all Milnor p invariants [26]. No proof of this fact
574 will be provided here.

575 5 The Wheel-Valued Spice and the Invariant ¢

576  This is perhaps the most important section of this paper. In it, we construct the wheel part of
577  the full trees-and-wheels MMA M and the full tree-and-wheels invariant £ : ™™ — M.

578 5.1 Cyclic Words, div,,, and J,,

579  The target MMA, M, of the extended invariant ¢ is an extension of My by “wheels”, or
580  equally well, by “cyclic words”, and the main difference between M and My is the addi-
581 tion of a wheel-valued “spice” term J,(A,) to the meta-action tha"*. We first need the
582 “infinitesimal version” div, of J,.

583 Recall that if 7 is a set (normally, of tail labels), we denote by FL(T) the graded
584 completion of the free Lie algebra on the generators in 7. Similarly, we denote by
585 FA(T) the graded completion of the free associative algebra on the generators in T, and
586 by CW(T) the graded completion of the vector space of cyclic words on T, namely,
587  CW(T) = FA(T)/{uw = wu:u € T,w € FA(T)}. Note that the last is a vector space
588  quotient—we mod out by the vector-space span of {uw = wu}, and not by the ideal gen-
589 eraled by that set. Hence, CW is not an algebra and not “commutative”; merely, the words

P
2 Uq'
L |
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in it are invariant under cyclic permutations of their letters. We oflen call the elements of  5%0
CW “wheels”. Denote by tr the projection tr : FA — CW and by ¢ the standard inclusion 591
1: FL(T) — FA(T) (1 is defined to be the identity on letters in T, and is then extended to 592
the rest of FL using «([A1, A2]) := t(ki1(h2) — t(A2)e(A1)). Note that operations defined 593
by “letter substitutions™ make sense on FA and on CW. In particular, the operation RC Yof 5w
Section 4.2 makes sense on FA and on CW. 595

The inclusion ¢ can be extended from “trees” (elements of FL) to “wheels of tees” (ele- 596
ments of CW(FL)). Given a letter # € T and an element ¥ € FL{T), we let div,y 397
be the sum of all ways ol gluing the rool of y to near any one of the u-labelled leafs of 598
y: each such gluing is a wheel of trees, and hence can be interpreted as an clement of 599~
CW(T). An example is omtheright, and a formula-level definition follows: we first define 600 b ‘ff\r’(‘\/
o,: FL(T} — FA(T) by setting o,{v) := &, forletters v € T and then setling 601
au([h1, Aa]) = t(A)oy(Ra) — t(h2)oy (A1), and then we set divy, () = tr(ugy(y)). An 602
alternative definition of a similar functional div is in [ |, Proposition 3.20], and some further 603
discussion is in [7, Section 3.2].

U U u ] U v
u div, U 5 U
g
604
Now givenu € T and y € FL(T) define 605
1
July) = f dsdiv, (v J RCY) J €. (18)
0
Note that at degree d, the integrand in the above formula is a degree d element of CW(T) 606
with coefficients that are polynomials of degree at mostd — 1 in s. Hence the above formula 607
is entirely algebraic. The following (difficult!) proposition contains all that we will need to 608
know about J;,. 609
Proposition 5.1 Ifa, B,y € FL then the following three equations hold: 610
Jullch(@, BY) = Ju@) + Ju(B [ RCH [ €%, (19) oMK/ A
= 611 o
Juey — Jula [ RCH) [ €7 = J,(B) — W(B [ RCY) J C* en
oty iy = (T + Ty | RCD [ €7) [ o 1)
We postpone the proof of this proposition Lo Section 10.4. 613

Remark 5.2 J, can be characterized as the unique functional J,,: FL(T) — CW(T) which 614

satisfies (19) as well as the conditions J,(0) = 0and 615
d .
d—Ju(EJ/) = div,(y), (22)
€ e=0
;h‘mif @ Springer
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which in themselves are easy consequences of the definition of J,, (18). Indeed, taking
o = sy and B = ey in (1Y), where s and € are scalars, we find that

(s +e)y) = Ju(sy) + JH(EV//RC )//C_‘y'

Differentiating the above equation with respect to € at ¢ = 0 and using (22), we find that

d . § —sy
EJH(SV) = div,(y // Rcﬁ:y) // Cy Y,
and integrating from 0 to 1 we get {18).

Finally, for this section, one may easily verify that the degree 1 piece of CW is preserved
by the actions of €} and RC), and hence it is possible to reduce modulo degree 1. Namely,
set CW"(T) := CW(T)/deg 1 = CW > (T), and all operations remain well defined and
satisfy the same identities.

5.2 The MMA M

Let M be the collection {M(T; H)), where
M(T: H) := FL(IYY x CW'(T) = My(T: H) x CW'(T)
(Ireally mean x, not ®). The collection M has MMA operations as follows:

® oL, and/ {m )ale defined by the same formulae as in Section 4.2, Note that these
101 mu]ae make“;enqe on CW and on CW" just as they do on FL.

e hol, hn', and th/ are extended to act as the identity on the CW'(T) factor of
M(T; H). ~—r

e I uy; = (Ais wi) € M(T;;, Hy) for i = 1,2 (and, of course,/\‘
TN =@ = H N H),set S 2

(1o po = (A ok A (@) + 2(w2)),

where t; are the obvious inclusions ¢; : CW ' (T;) — CW'(T] U T).
e  The only truly new definition is that of tha”?

(s ) D = (4 w+ L) [ ROy

Thus the “new™ tha”\ is just the “o[d”tfxa’“ with an added term of J, (X,).
e e, = (0); 0) and hex = ((x = 0) 0).

Theorem 5.3 M, with the operations defined above, is a meta-monoid-action (MMA). Fur-
thermove, if ¢ : ?C'bh — Mis deﬁned on the generators in the same way as &y, except
extended by 0 to the CW" factor, g“(pm) = ((x — Hu); 0), then it is well-defined;
namely, the values above satisfy the relations in Definition 3.5.

Proof Given Theorem 4.4 and Proposition 4.5, the only non-obvious checks remaining are
the “wheel parts” of the main equations defining and MMA (2)—(6) and the conjugation
relation (8), and the FI relation (). As the only interesting wheels-creation occurs with the
operation tha, (2) and (3) are casy. As easily J,(v) = 0ifu # v, no wheels are created
by the tha action within the proof of Proposition 4.5, so that proof still holds. We are left
with (1)—(6) and (8)—(9).
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Let us slartwith the wheels partof (4). Tt = ((x — o,y — B,...);w) € M, then 647

u//th?*((x > aJRCY, y — B RCY .. )i + Jy(@) J RCY)

and hence the wheels-only part of p // tha'* j/ tha® is 648

/
w j RCY RCW/R(” + Jyley f RCY /RCW/RC" + J,(B | RCH Jf RCPIRC: 7?‘5}/(/(5
649

= [0+ Jule) + 1o(8  RCE) | €] //RC J RCEIRCE,

In a similar manner, the wheels-only part of // Lha}" /F\t@* is 650

[@ + J(B) + Jula [ RCE) J C;P] ) RCE reiIRel.

Using (13), the operators outside the square brackets in the above two formulae are the 651
same, and so we only need to verify that 652

w + J@) + LB J RCH [ C* = o + J(B) + Jula | RCE) f C,F.

But this is (20). In a similar manner, the wheels parts of (5) and (6) reduce to (21) and (19), 653
respectively. One may also verify that no wheels appear within (8), and that wheels appear 654
in (V) only in degree 1, which is eliminated in CW". O 655

Thus, we have a tree-and-wheel valued invariant ¢ defined on K{P", and thus 8 / ¢ isa 656
tree-and-wheel valued invariant of tangles and w-tangles. 657

As we shall see in Section 7, the wheels part @ of ¢ is related to the wheels part of 658
the Kontsevitch integral. Thus by finite-type folklore (e.g., [22]), the Abelianization of @ 659
(obtained by declaring all the letters in CW(T') to be commuting) should be closely related 660
to the multi-variable Alexander polynomial. More on that in Section 9. I don’t know what 661
the bigger (non-commutative) part of @ measures. 662

6 Some Computational Examples 663

Part of the reason T am happy about the invariant ¢ is that it is relatively casily computable. 664
Cyclic words are easy to implement, and using the Lyndon basis (e.g. [27, Chapter 5]), free 663
Lie algebras are easy too. Hence, I include here a demo-run of a rough implementation, 666
written in Mathematica. The full source files are available at [web/]. 667

6.1 The Program 668

First, we load the package FreeLie .m, which contains a collection of programs to manip- 669
ulate series in completed free Lie algebras and series of cyclic words. We tell FreeLie.m 670
to show series by delault only up to degree 3, and that if two (infinite) series are compared, 671
they are to be compared by default only up to degree 5: ~ § 6

Z’:':- y << F:_:’aeLie.m - } [/;(L{//’\"r

\/:/ $SeriesShowDegree = 3; $SeriesCompareDegree = 5;
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Merely as a test of FreeLie.m, we tell it to set t1 to be bch(u, v). The computer’s

response is Lo print that series to degree 3: Y A
L
[ VES(
)
@ tl=BCH[(u), {(v)]
ﬁ f / /
[ ] ll /1 (ff{/ i
/33 i
L_,.*
LS_'U+T, 323, %U'—T"’+%'ﬁv] N S
¢ les
Note that by default, Lie series are printed in “top bracket form”, whicg;ﬁre‘zin? that /:
. i [T 1 ( ﬁm
brackets are printed above their arguments, rather than around them. Hence u lL.z_v',xécans U\\ i J
S A

[t, [1, v]]. This practise is especially advantageous when it is used on highly nested
expressions, when it becomes difficult for the eye to match left brackets with the their
corresponding right brackets.

Note also that that FreeLie .m utilizes lazy evaluation, meaning that when a Lie series
(or a series of cyclic words) is defined, its definition is stored but no computations take
place until it is printed or until its value (at a certain degree) is explicitly requested. Hence,
t1 is a reference to the entire Lie series beh(u, v), and not merely to the degrees 1-3 parts
of that series, which are printed above. Hence, when we request the value of t1 to degree
6, the computer complies:

v

E ] T, 1 1 1 1

e W+ —— s WOV + — =i ari uv

LS[UHr, 2 7 WUV 5 uvv, 54 YOVV, -gop uuuuy 4+
—l—uuﬁv+iu~vvv+LWWv+ . u'ﬁﬁ—i-ﬁ'\_:‘vvv
B0 180 120 360 720 ! ‘

i
UM U Ty + 1 uu’—vvva-—l uuv avv + uuuav uv_uuvvvv]
1440 360 240 720 1440

(It is surprisingly easy Lo compute beh to a high degree and some amusing patterns
emerge. See [web/mo] and [web/beh].)

The package FreeLie.m know about various free Lie algebra operalions, but not about
our specific circumstances. Hence, we have to make some further definitions. The first
few are set-theorelic in nature. We defline the “domain™ of a function stored as a list of
key — value pairs to be the set of “first elements™ of these pairs: meaning, the set of keys.
We define what it means to remove a key (and its corresponding value), and likewise for a
list of keys. We define what it means for two functions to be equal (their domains must be
equal, and for every key #, we are to have # // fi = #/ f»). We also define how to apply a
Lie morphism mor to a function (apply it to each value), and how (o compare (4, @) pairs
(in FL(T)Y? x CW'" ().

@ Springer i
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Domain[f List] := First /@ £j;
DeleteCases[f, key = _];
[J £\ keys List := Fold[#I\#2&, £, keys];
f1 List = £2 List := Domain[f£1] === Domain[f2] && (And ee (
((# /. f£1) = (2 /. £2)) & /@ Domain[£1]));
MapAt [LieMorphism[mor],
(A1 = 22) && (@wl=z=22);

£ \Nkey :=

LieMorphism[mor ] [£ List] :=
M[A1 , w1 ] s M[A2 , w2 ] :=

£, {All, 2}];

Nexl, we enter some free-Lie definitions that are not a part of FreeLie . m. Namely, we
define RCB:,H(A') to be the result of “stable application” of the morphism 1 — ) (i7)
to & (namely, apply the morphism repeatedly until things stop changing; at any lixed degree
this happens after a finite number of iterations). We define RC! tobe RC}:_Q A — u).
Finally, we define J as in (18):

/oe) RCy [y LieSeries, ub }[s ] :=
F(/ RC, [y LieSeries][s ] :=

\l Iy [x] =

1
Module[{s}, j (y // RCy[s ] // div, // LieMorphism[u - Ad[-s »][u]]) dzs];
(1]

StableApply[LieMorphism[(u) - Ad[y][{ub}]], s];
s [/ RCuylw, {v)] // LieMorphism[{v) - (u}];

Mostly, to introduce our notation for cyclic words, let us compute Jy, (bch(u, v)) to degree
4. Note that when a series of wheels is printed out here, its degree 1 piece is greyed out to
honour the fact that it “does not count” within ¢ :

7o) g, [e1]e(4)

= CWS{ T UUV UvY uuuv ; 3 uuvy 3 avav UVVY ]
; BEE, : & R
) rUE 2 ' 6 4 2 é

Next is a series ol definitions that implement the definitions of *% and@
following Sections 4.2 and 5.2:

(oo M /3 M[A1 , wl ]+=M[A2 , M[21 | 22, w1+ w2];
S tm[u , v , w ][A List] := A // LieMorphism[(u) = {w}, {(v) =+ (w)];
\_.‘ tm[u , v, w J[M[4 , « ]] := LieMorphism[{u) =+ {w}, (v) > (w)] /@ M[.1,
hm(x , vy , z ][4 List] := Union[A\{x, y}, {(z-BCH[x/. 2, ¥ /. A1}];
bm[x , v , z J[M[2 , « 1] := M[2 // bn[x, ¥, 2], &];
thafu , x J[A List] := MapAt[RC.[x /. A], A, {All, 2}];
thalu , = J[M[A , « ]] :=
M[2 // thalu, x], (@+Ju[x /.

@2 ] =

2] ;

A1) // RCu[x /. ]];

wigy

-
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Next, we set the values of ¢(te,) and (j(pji), which we simply denote te, and pf,ﬁ.:

.‘/_ Ny he[x ] := M[{x - MakeLieSeries[0]}, MakeCWSeries[0]]
e*[u , = ] := M[{x-> MakeLieSeries[(u)]}, MakeCWSeries[0]];
( ‘ p[u, =] := M[{x -+ MakeLieSeries[-(u)]}, MakeCWSeries[0]];

The final bit of definitions have to do with 3D tangles. We set RT to be the value of
¢(8(>7) as in the proof of Theorem 3.4, likewise for R, and we define dm by following
(n:

i= p*[a, b] xhe[al; R [a , b ] := p [a, b]»he[a]);
c 1lx«1 1=« /7 tha[{a}, b] // tm[(a}, (b), {(e}] // hm[a, b, c];

6.2 Testing Properties and Relations

It is always good to test both the program and the math by verifying that the operations we
have implemented satisfy the relations predicted by the mathematics. As a first example,
we verily the meta-associativity of tm. Hence, in line 1 below, we set £l to be the element
= (x = u +w\,%[uvj+[vw;uv)ofMuvwxy)Inline
2, we compute //(”” ,in line 3 we compule #; 1= #| //'\tﬁ'” H rg}”’ and store its value
in £2; in line 4, we compute #; / fm!, in line 5 we compute 73 := #; /(tm m;" ///"t'r-n_ and
store its value in £3, and then in l\he/ﬁ we test if ¢ is equal to f3. The computer thinks the
answer is “True”, at least to the degree tested:

7 ok y Print /@ {{u={"u"}, v=("v"), w=("w")};

= 1 (1= u[{

ﬂ x » MakeLieSeries[u+v +w], y- MakeLieSeries[b[u, v] +b[v, w]]
}, MakeCWSeries[CW['"uvw"]]]),

2 » (t1 // tm[u, v, u]),

3 5 (t2=t1 // tm[u, v, u] // tm[u, w, ul),
4 - (t1 // tm[v, w, v]),

5 (t3=+1 // tm[v, w, v] // tm[u, v, ul),
6 5 (t2=1t3)};

ﬁ 1M {R>L8[T+T+W, 0, 0], y=>LS[0, G¥ +TwW, 0]}, CWS[U, 0, UWW)]
== 2~»M[{x>L8[2T+W, 0, 0], y->L5[0, aw, 0]), CWs[u, 0, Taw]]
3M[{x-1L8[3T, 0, 0], y=LS5[0, 0, 0]}, CWS[2, O, Tuu]]
QAM[{/#LbFu="\T, 0, 0], y=»LS[0, UV, 0]}, CHS[U, 0, TVV]]

5M[{x>LS[3T, 0, 0], y-»LS[D, 0, 0]}, CWS[0, O, Guw]]
6 =Tr

The corresponding test [or the meta-associativity of Am is a bit harder, yet produces the
same result. Note that we have declared $SeriesCompareDegree to be higher than
$SeriesShowDegree, so the “True” oulput below means a hit more than the visual
comparison of lines 3 and 5:

&) Springer ¢
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% Print /@ {

= 1= (tl=p"[u, x] p'[v, y] p*[w, 2]),

‘__V‘ 25 (t1 // hm[x, ¥, x]),
35 (t2=t1 // bhm[x, y, x] // hm[x, z, x]),
4- (£l // hmly, z, ¥]),
5= (t3=t1 // bm[y, =z, ¥y] // hm[x, ¥y, x]),
6+ (t2=1t3)};

| 1o M[{x=L3{T, 0, 0], y=LE[¥s 0, 0], 2= LS[W, 0, 0]}, CWS[l:, 0, 0]]

== o su{x-Ls[w-%, T, Luwv+ L Tvv], z > Ls[W, 0, 0]}, CWS[C, 0, 0]]
3y
L'Gwv +
5
5
M{{z-Ls[T-7-w, =+ ;L ROT s L utw s LuTw e L W e LTV e LT s
L www - L Tww |}, cws(o, 0, 01]

We next test the meta-action axiom ton ((x — w4+ [u, 1],y = u + [u, t]); wu + tuv)
and the meta-action axiom Aon ((x — u + [u,v],y — v + [u,v]); e + wvv):

-y Print /@ {{u={"u"), w={"v"
= 1 (tl=M[{

, W=y,

€= ("t }s

p—
d

% - MakeLieSeries[u+b[u, t]], ¥ » MakeLieSeries[u+bl[u, t]]
}, MakeCWSeries[CW["uu"] +CW["tuv"]1]),

25 (t2=t1 // tm[u, v, w] // tha[w, x]),

35 (£3=t1 // tha[u, x] // tha[v, x] // tm[u, v, w]),

4 (t2=1t3)};

1-w|{x-1s[w, -Tu, 0], y»18[W, -tu, 0]}, cws[u, T@, Tuv]]

15w, T, -Tww ], v IS[W, -TW —UIL-:] L, cws[ T, T W,

2 M|z

3 4MH-X4LH[TJ', “tw, —'t'vh}"], v LS[W, -t —"E'&«'w]}, ews |, —Tw+ W,

4 = True

o o) Print /@ {{u= ("u"}, v={("v")}:

1 (tl=M[{
X - MakelLieSeries[u+b[u, v]], ¥y = MakelLieSeries[v+b[u, v]]
}, MakeCWSeries[CW["uu'"] + CH["uvv"]]]),

2> (t2=t1 // bm[x, vy, 2] // tha[u, 2]),

33— (t3=t1 // thalu, x] // tha[u, ¥] // hm[x, ¥y, 2]),

45 (t2=t3)}:;

i 15 M[{x-=LS[W, OV, 0], -» LS [V, TV, 0]}, CWS[i, Gu, TOvv]]
le ¥ I
£ 2 M| {z-1s|T+ v, 2, - uny - Hvv] ), ces(T, to-20v, BT . T
[ rglTew, 3 e . — Y | 59T
E#D‘I[Wzﬁuaru*’\rp 1z ud T VH, (,WS[ 1, OO - 270V, Ty H

4 = True

e f

724
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And finally for this testing section, we test the conjugation relation of (8):

/\—J_;\ Print /@ {
1

=y » (t1=p*[u, x] p*[v, y] p*[w, 2]),
|_*' 2 5 (t2=tl//tm[v, w, vl // hm[x, vy, x] // tha[u, z]),
3 5 (£3=p'[v, x] p*[w, 2] p"[u, ¥]),
4 - (td=t3 // tm[v, w, v] // bm[x, ¥, x]),
5 5 (t2=td)};
w, 0, 0], y+LS[V, 0, 0], 2z-18[W, 0, O]}, CWS[0, O, O]]
T+, -, LYav+ L TvY], 2o 18(¥, 0, 0]}, cws(o, 0, 0]]
[V, 0, 0], y=LS[T; 0, 8], 2> LS[W, 0, 0]}, CWS[L, 0, 0]]
[(wev, -E, LYWV« L Wvv], 2= L8[V, 0, 01}, cws([0, 0, 0]]

6.3 Demo Run 1 — the Knot 87

We are ready for a more substantial computation—the invariant of the knot 8;7. We draw
817 in the plane, with all but the neighbourhoods of the crossings dashed-out. We thus get
a tangle T} which is the disjoint union of eight individual crossings (four positive and four
negative). We number the 16 strands that appear in these eight crossings in the order of their
eventual appearance within 87, as seen below.

‘.}_ b T __A'_ = iakitl T
7 |11

The 8-crossing tangle 77 we just got has a rather boring ¢ invariant, a disjoint merge of 8
pi’s. We store it in g1, Note that we used numerals as labels, and hence, in the expression
below, top-bracketed numerals should be interpreted as symbols and not as integers. Note
also that the program automatically converts two-digit numerical labels into alphabetical
symbols, when these appear within Lie elements. Hence, in the output below, “a™ is “107,
“aTis *127, e is 147, and “g” is “16™:

i

EA
,a-ce
=

@ Springer
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ul=R-[12, 1] R-[2, 7] R"[8, 3] R"[4, 11] R*[16, 5] R*[6, 13] R*[14, 9] R* [10, 15]

f)
| u[{1>1s(-T, 0, 01, 2-1s[0, 0, O], } [
ll ) I{‘J?

3-L1s[-%, 0, 0], 4>18[0, 0, 0], 5-18[T, 0, 0}, 6 >LS[0, €, 0],
'f—Ls{-'z‘, 0, 0], 8-18[0, 0, 0], $>18[%, 0, 0], L0 -»1s[0, 0, O],
11 »18[-7, 0, 0], 12»1s[0, 0, 0], 13-18[%, 0, 0],

14 - 180, 0, 0], 15 LS[&, 0, 0], 16 »L8[0, 0, 0} }, cws(0, 0, 0]

Next is the key part of the computation. We “sew” together the strands of T} in order by 738
tirst sewing 1 and 2 and naming the result 1, then sewing 1 and 3 and naming the result 1~ 739
once more, and so on until everything is sewn together (o a single strand named 1. This is 740
done by applying dm!* repeatedly to p1, for k = 2, ..., 16, each time storing the result 741
back again in g¢1. Finally, we only wish to print the wheels part of the output, and this we 742
do to degree 6:

(coyDolpl = pl // dm[1, k, 1], {k, 2, 16}];
- Last[ul] @{6}

h et

) R 31 1111 1351 111111
5[0, ~AT, G - Fgp== -2 ‘
743
Let A(X) be the Alexander polynomial of 87. Namely, A(X) = — 744 ”{[’&[ // .
X3 4 4x7% — 8X~!' 4+ 11 — 8X + 4X* — X*. For comparison with the above 745 . e hreak :
. 1 1 et o] 3 X 5 = .
compulation, we print the series expansion of log A(e), also to degree 6: e‘\] i ’l’ /{:j Z
v
'/_;.\1 Seu::i.es[Lng[—KL3 + xiz - i +11-8X+4%X2-%% /. Xae*|, (x,0, 6)]
7
CF ‘
3 ] 351 x'
K- e volx]
746
6.4 Demo Run 2—the Borromean Tangle 747

In a similar manner, we compule the invariant of the rgh-coloured Borromean tangle, shown 748
below. 749

We label the edges near the crossings as shown, using the labels (r, I, 2,3} for the r 750
component, {g, 4, 5, 6} for the g component, and (b, 7, 8, 9} for the b component. We let 751
(2 store the invariant of the disjoint union of six independent crossings labelled as in the 752
Borromean tangle, we concatenate the numerically labelled strands into their corresponding 753

letter-labelled strands, and we then print 2, which now contains the invariant we seek: 754
|
oSi &) Springer
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ooy u2= R [r, 6] R*[2, 4] R"[g, 9] R*[5, 7] R"[b, 3] R'[8, 1];
=/ (Do[u2 = u2 // dm[r, k, r], {k, 1, 3}]1; Do[u2 = u2 // dm[g, k, g], {k, 4, 6}1;
¥l po[u2 = u2 // dm[b, k, b], {k, 7, 9}1; u2)

0, 0, 2Bg7] |

755 We then print the r-head part of the tree part of the invariant to degree 5 (the g-head and
756 b-head parts can be computed in a similar way, or deduced from the cyclic symmetry of r,
757 g, and b), and the wheels part to the same degree:

bgrr*-% g9 9,

o

bgrr +

o
a
le]
e}

L}

+

bggrr —bbﬁ“q+ﬁbﬁgg--2b5_rgq+%bﬁ'fr r+

|

A5
2

sl
[T T T

bgggg

o
(=]
o
3
H
1
o
Q
o’
=
]
1
—

BT Gy +

=

(09 Last[pu2] @{5}

bbbgr  bhghr  bbggr bbgrg , bbagrr Dbbrbg 3 bbrgr : bgbrr 3 bggbr R

3 2 2 2 2 2 2 2 2
bgggr _ bggrg 3 bggrr " bgrgg 3 bgrrg i bgrrr " brgar _ brgrr brrgr
3 2 2 2 2 3 2 2 2
S
: A | 2
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'%’éf"f?"g‘?f’"-?"-?”-?”l

W -¥-Y-X-¥-X- B
10 .0.0.0.0.0.00

Fig. 6 The redhead part of the tree part and the wheels part of the invariant of the Borromean tangle, to
degree 6

A more graphically pleasing presentation ol the same values, with the degree raised to 6, 758
appears in Fig. 6. 759

7 Sketch of The Relation with Finite Type Invariants 760

One way to view the invariant ¢ of Section 5 is as a mysterious extension of the reasonably 761
natural invariant ¢y of Section <. Another is as a solution to a universal problem—as we shall 762
see in this section, £ is a universal finite type invariant of objects in K. Given that KM 763

<ax,
o

- |
1L

@ Springer
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is closely related to w7 (w-tangles), and given that much was already said on finite-type
invariants of w-tangles in [7], this section will be merely a sketch, difficult to understand
without reading much of [6] and sections 1-3 ol [7], as well as the parts of section 4 that
concern with caps.

Over all, defining ¢ using the language of Sections 4 and 5 is about as difficult as using
finite-type invariants. Yet computing it using the language of Sections 4 and 5 is much easicr
while proving invariance is significantly harder.

7.1 A circuit Algebra Description of i

A w-tangle represents a collection of ribbon-knotted tubes in R*. It follows from Theorem
2.9 that every rKBH can be obtained from a w-tangle by capping some of i(s tubes and
puncturing the rest, where puncturing a tube means “replacing it with its spine, a strand that
runs along it”. Using thick red lines to denote tubes, red bullets to denote caps, and dotted
blue lines to denote punctured tubes, we find that

N 7/ N\ A Reidemeister moves
‘ (including R1)

o and |
]CD = CA “ A N 7 T , =g ((
7R ~ =" g

A | ®

|

Note that punctured tubes (meanings strands or hoops) can only go under capped tubes
(balloons), and that while it is allowed to slide tubes over caps, it is not allowed to slide them
under caps. Further explanations and the meaning of “CA” are in [7]. The “red bullet” sub-
script on the right hand side indicates that we restrict our attention to the subspace in which
all red strands-are eventually capped. We leave it to the reader to interpret the operations

m}f{@ aﬁ%@s this language (fm.is non-obvious!).
PN

7.2 Arrow Diagrams for )C{)bh

As in [6, 7], one we finite-type invariants of elements on K" bi considering iterated dif-
ferences of crossings and non-crossings (virtual crossings), and then again as in [0, 7], we
find that the arrow-diagram space A(T; H) corresponding to these invariants may be
described schematically as follows:

9 9

AT I )= Relations
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In the above, arrow tails may land only on the red “tail” strands, but arrow heads may land

on either kind of strand. The “relations” are the TC and ﬁ relations of [6, Section 2.3], the
CP relation of [7, Section 4.2], and the relation Dy = Dgr = 0, which corresponds to the
R1 relation (D, and Dy are defined in [6, Section 3]).

The operation hm acts on Abh by concatenating two head stands. The operation tha acts
by duplicating a head strand (with the usual summation over all possible ways of reconnect-
ing arrow-heads as in [6, Section 2.5.1.6]), changing the colour of one of the duplicates to
red, and then concatenaling it to the beginning of some tail strand.

We note that modulo the relations, one may eliminate all arrow-heads from all tail
strands. For diagrams in which there are no arrow-heads on tail strands, the operation tm is
defined by merging together two tail strands. The TC relation implies that arrow-tails on the
resulting tail-strand can be ordered in any desired way.

Asin [6, Section 3.5], AP has an alternative model in which internal “2-in 1-out” triva-

— —— —
lent vertices are allowed, and in which we also impose the AS, ST U, and [ HX relations (ibid.).

7.3 The Algebra Structure on AP and its Primitives

For any fixed {inite sets 7' and H, the space A™(T; H) is a co-commutative bi-algebra. Its
product defined using the disjoint union followed by [hé_ffxﬁ\Operation on all tail strands and
the ﬁz)operaﬁon on all head strands, and its co-products the “sum of all splittings” as
in [6, Section 3.2]. Thus by Milnor-Moore, AP (T; H) is the universal enveloping algebra
of its set of primitives PP, The latter is the set of connected diagrams in A" (modulo
relations), and those, as in [7, Section 3.2], are the trees and the degree >1 wheels. (Though
note thateven if T = H = {l,...,n}, the algebra structure on Abh(T; H) is different
from the algebra structure on the space A" (1) of ibid.). Identitying trees with FL(T) and
wheels with CW ' (T), we find that

P T 1) = FL(T)Y? x CW'(T) = M(T; H).

Theorem 7.1 By taking logarithms (using formal power series and the algebra structure
of AP ) PR (T HY inherits the structure of an MMA [from the group-like elements of APk,
Furthermore, PH(T: H) and M(T; H) are isomorphic as MMAs.

Sketch of the proof Once it is established that PP (T; H) is an MMA, that tm and hm act
in the same way as on M and that the tree part of the action of tha is given using the RC
operation, it follows that the wheels part of the action of tha is given by some functional
J' which necessarily satisfies (19). But according to Remark 5.2, (19) and a few auxiliary
conditions determine J uniquely. These conditions are easily verified for J', and hence
J' = J.This concludes the proof.

Note that the above theorem and the fact that th(T; H) is an MMA provided an alter-
native proof of Proposition 5.1 which bypasses the hard computations of Section 10.4. In
fact, personally, I first knew that J exists and satisfies Proposition 5.1 using the reasoning
of this section, and only then did I observe using the reasoning of Remark 5.2 that J must
be given by the formula in (18).

7.4 The Homomorphic Expansion Z®"

As in [6, Section 3.4] and [7, Section 3.1], there is a homomorphic expansion (a universal
finite type invariant with good composition properties) ZP": }Cfth — AP defined by
i

g @ Springer
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mapping crossings (o exponentials of arrows. It is easily verified that Z® is a morphism of
MMAs, and therefore it is determined by its values on the generators p& of iCBbh. which are
single crossings in the language of Section 7. 1. Taking logarithms we find that log ZP" = ¢
on the generators and hence always, and hence ¢ is the logarithm ol a universal finite type
invariant of elements of iC{}bh.

8 The Relation with the BF Topological Quantum Field Theory
8.1 Tensorial Interpretation

Given a Lie algebra g, any element of FL(T) can be interpreted as a function taking |T |
inputs in g and producing a single output in g. Hence, putting aside issues of comple-
tion and convergence, there is a map 7;: FL(T) — Fun(g? — @), where in general,
Fun(X — Y) denotes the space of functions from X to ¥. To deal with completions more
precisely, we pick a formal parameter /2, multiply the degree k part of t; by ¥, and getl a per-
fectly good t = 74 : FL(T) — Fun(g” — g[A]), where in general, V[i] := Q[A] ® V
forany vector space V. The map 7 obviously extends to 7 : FL(T)¥ — Fun(g? — g [A]).

Similarly, if also g is finite dimensional, then by taking traces in the adjoint representation
wegetamapt = 7, : CW(T) — Fun(g” — Q[A]). Multiplying this T with the T from
the previous paragraph, we get T = 1, : M(T; H) — Fun(g’" — g"[A]). Exponen-
tiating, we get

e": M(T; H) — Fun(g? — M(g)‘g‘q[h.]]).

8.2 ¢ and BF Theory

Fix a finite dimensional Lie algebra g. In [10] (sce especially section 4), Cattaneo and Rossi
discuss the BF quantum field theory with fields A e QIR* g)and B « Q*(R* g*)
and construct an observable “U (A, B, E)” for each “long” B? in R*; meaning, for each 2-
sphere in §* with a prescribed behaviour at co. We interpret these as observables defined on
our “balloons”. The Cattaneo-Rossi observables are functions of a variable 2 e g, and they
can be interpreted as power series in a formal parameter /. Further, given the connection-
field A, one may always consider its formal holonomy along a closed path (a “hoop”) and
interpret it as an element in Z/(g)[#A]. Multiplying these hoop observables and also the
Cattanco-Rossi balloon observables, we get an observable (7, for any KBH y . taking values
inFun(g” — U(@)®"[A]).

Conjecture 8.1 If y is an rKBH, then (O, )pr = e (£(¥)).

Of course, some interpretation work is required before Conjecture 8.1 even becomes a
well-posed mathematical statement.

We note that the Cattanco-Rossi observable does not depend on the ribbon property of
the KBH y. I hesitate to speculate whether this is an indication that the work presented in
this paper can be extended to non-ribbon knots or an indication that somewhere within the
rigorous mathematical analysis of BF theory an obstruction will arise that will force one o
restrict to ribbon knots (yet I speculate that one of these possibilities holds true).

Most likely the work of Watanabe [3 1] is a proof of Conjecture 8.1 for the case of a single
balloon and no hoops, and very likely, it contains all key ideas necessary for a complete
proof of Conjecture 8.1.
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9 The Simplest Non-Commutative Reduction and an Ultimate Alexander Invariant 869
9.1 Informal 870

Let us start with some informal words. All the fundamental operations within the defini- 871
tion of M, namely [., .1, C}. RC} and div,, act by modifying trees and wheels near their 872
extremities—their tails and their heads (for wheels, all extremilties are tails). Thus, all opera- 873
tions will remain well-defined and will continue to satisfy the MMA properties if we extend 874
or reduce trees and wheels by objects or relations that are confined to their “inner” parts. 875

In this section, we discuss the “A-quotient of M”, an extension/reduction of M as dis- 876
cussed above, which is even belter-computable than M. As we have seen in Section 6, 877
objects in M, and in particular the invariant ¢, are machine-computable. Yet the dimensions 878
of FL and of CW grow exponentially in the degree, and so does the complexity of compu- 879
tations in M. Objects in the f-quotient are described in terms of commulative power series, 880
their dimensions grow polynomially in the degree, and computations in the §-quotient are 881
polynomial time. In fact, the power series appearing with the -quotient can be “summed”, 882
and non-perturbative formulae can be given to everything in sight. 883

Yet £#, meaning ¢ reduced to the A-guotient, remains strong enough to conlain the 884
(multi-variable) Alexander polynomial. I argue that in fact, the formulae obtained for the 885
Alexander polynomial within this A-calculus are “better” than many standard formulae for 886
the Alexander polynomial. 887

More on the relationship between the f-calculus and the Alexander polynomial (though 888
nothing about its relationship with M and ¢), is in [8].

u U U v w v

C < /{'“\ g,;

[u,v] = cu —  Cul

889
Still on the informal level, the B-quotient arises by allowing a new type of a “sink” vertex 890
¢ and imposing the B-relation, shown en-therightreon both trees and wheels. One casily sees 891 [S*évug/(?
that under this relation, trees can be shaved to single arcs union “c-stubs”, wheels become 892
unions of ¢-stubs, and ¢-stubs “commute with everything”:

i u v U v
% / W uy ug ug g
¢ / ¢ M g
i _— ¢ c
= f \ _ — 0
Wi wy—C r w3 \

wg == Wy =0 ‘ wo—C

T

—
w3 wy—C + ¥ Uy ug ug u3

893
Hence, c-stubs can be taken as generators for a commutative power series ring R (with 894

one generator ¢, for each possible tail label u), CW(T') becomes a copy of the ring R, 895
elements of FL(T) becomes column vectors whose entries are in R and whose entries 896

e @ Springer
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897  correspond to the tail label in the remaining arc of a shaved tree, and elements of FL( HH
898  can be regarded as T x H malrices with entries in R. Hence, in the S-quotient, the MMA
899 M reduces to an MMA {Bo(T; H)} whose elements are T x H matrices of power series,
900  with yet an additional power series to encode the wheels part. We will introduce g more
901  formally below, and then note that it can be simplified even further (with no further loss of
902  information) to an MMA f whose entries and operations involve rational functions, rather
903  than power series.

904  Remark 9.1 The g-relation arose from studying the (unique non-commutative) 2D Lie alge-
905 bragy = FL(&,£)/([&1, &] = &), as in Section 8.1. Loosely, within g the f-relation
906 is a “polynomial identity” in a sense similar to the “polynomial identities” of the theory of
907 Plrings [28]. For a more direct relationship between this Lie algebra and the Alexander
908  polynomial, see [web/chicl].

909 9.2 Less Informal

910 Forafiniteset Tlet R = R(T) = Q[{cyluer] denote the ring of power series with com-
911  muting generators ¢, corresponding to theelements y of T, andlet L = L(T) := R @ QT
912 be the the free R-module with generators 7. Turn £ into a Lie algebra over R by declaring
913  that[u,v] = cyv — cyuforany u,v € T.Letc: L. — R be the R-linear extension of
914  u > cy,;namely, '

Y= Z“y‘”” € Li> ¢y i= ZHVHCM € R, (23)

915 where the y,’s are coefficients in R. Note that with this definition, we have
916 [, B] = caff — cpa forany o, f € L. There are obvious surjections ¥ : FL — L and
917 m:CW — R (strictly speaking, the first of those maps has a small cokernel yet becomes
918  a surjection once the ground ring of its domain space is extended to R). ‘
: : TR RS ] el : o ; P § = W Y
919 The fo]lowm@ga}lgﬁ_mﬁ@may appear scary, yet its proof is nothing more than ¢ znn - 275 77
920  high school level algebra, and the messy formulae within it mostly get renormalized away
921 by the end of this section. Hang on!

922  Lemma-Definition 9.2 The operations C,,, RC,, beh, div,,, and J,, descend from FL/CWto
923  L/R,and,fora, B,y € L (withy = 3 y,v) they are given by

vfCY =vRC) =v foru#veT, (24)
pfCY =pJRCI =p forpeRr, (25)
—y g er — 1
ufCy’ = utcy y (26)
Cy
. e — 1 er —1
= e % ((1 + Cnyuc‘y) 0+ C”—()V—Zv:;ényuv) y (27)
er — 1\ er —1
u // RC{T = (i + cuVu e ) (ecy” — CHTZU#”]/UU) ) (28)
o+ e o | e — 1
behie, ) = 2T 8 {2 a4 el B, (29)
glates Co cp
divey = cyVu, (30)
ev — 1
July) = IOg(l‘i‘ CHVU)- (31)
Cy
@ Springer K
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Proof (Sketch) Equation (24} is obvious—C,, or RC,, conjugate or repeatedly conjugate u,
but not v. Equation (25) is the statement that C, and RC,, are R-linear, namely that they act
on scalars as the identity. Informally this is thgj@ct that 1-wheels commute with everything,
and formally it follows from the fact that 7 :\F L)% L is a well-defined morphism of Lie
algebras. =T

To prove (26), we need to compute e % (1), and it is enough to carry this computation
oul within the 2D subspace of L spanned by # and by y. Hence, the computation is an
exercise in diagonalization—one needs (o diagonalize the 2 x 2 matrix ad(—y) in order
to exponentiate it. Here, are some details: set § = [—y,u] = c¢,¥ — cyu. Then, clearly

ad(—y)(8) = —e,é, and hence e (§) = e r§. Also note that ad(—y)(y) = 0,and
hence e () = 3. Thus

” 5 ¢ s ¢ . er — 1
uff Cp¥ = e W) = e (7ﬁ 2 Ly) e gV (u + ¢y V) :
cp Oy cy cy &y

Equation (27) is simply (26) rewrilten using y = >, yv. To prove (28), take its right
hand side and use (27) and (24) to get u back again, and hence our formula for RC},’ indeed
inverts the formula already established for c, 7.

Equation (29) amounts to writing the group law of a 2D Lie group in terms of its 2D Lie
algebra, Lo := span(w, 8), and this is again an exercise in 2 x 2 matrix algebra, though
a slightly harder one. We work in the adjoint representation of Lo and aim to compare the
exponential of the left hand side of (29) with the exponential of its right hand side. If & and
b are scalars, let e(a, b) be the matrix representing ¢*@@+5%) on L relative to the basis
bey 4063131_1 d
—bey acy

we need to show that e(1,0) - e(0,1) = ¢ ( Qe g g =1 gk E‘”l ete "Cﬂ(,}; 1)/. Lazy

Pm |Cﬂ = G 1 ﬁco{‘ﬂ‘ﬁﬁ

(o, B). Then using e, ] = cuf — cpo we find that e(a, b) = exp

bums do it as follows:

P bes -ac

fo¢tela , b ] :=MatrixExp[( a B)];

s - - -bec, ac,

'/'\1 Catcg P Satog ai OB y ;

| ®la1, 05,200, 1] = e[ec:.»cg_l Sl e e ?] // Simplify

Equation 30 is the fact that div,u# = ¢, along with the R-linearity of div,,.
For (31), nole that using (28), the coefficient of w in y // RCﬁy is

Sten -1 . ~ ——
¥, 85t (l + euvi %) . Thus using (30) and the fact that C,, acts trivially on R,

1 1 se =
. . 5 e'r —1 .
Lyy = f ds dl\«’”(]/ Vi RC;V) JC = jod\v (1 —l—c,[yuci) CaVue
0 ¥
et — 1 l er — 1
=log| 14+ ——cypu =log|1+ CuVy | -
Cy 0 Cy.
O
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9.3 The Reduced Invariant £/,

We now let Bo(T; H) be the p-reduced version of M(T; H). Namely, in parallel with
Section 5.2 we define

Bo(T: H) := LI x R(T) = RIT*H x RU(T).

In other words, elements of Bo(T; H) are T x H matrices A = (A,,) of power series in
the variables (¢, Juer, along with a single additional power series @ € R" (R" is R modded
out by its degree 1 piece) corresponding Lo the last factor above, which we write al the top
left of A:
wx ¥
u Ay Ayy )
Bolu, v, ...ix,¥,...) = 0 Aus Agy - twe R(T), A. e R(T)

_Coatinuing in parallel with Section 5.2 and using the formulae from Lcmma detlm-
thl‘l 9.2/we turn {By(T; H)) into an MMA with operations defined as follows (on a typical
element of Bo. which is a decorated matrix (A, w) as above):

e ol acls by renaming row k& (o v and sen the variable ¢, to ¢, everywhere. 5" acts
by removing row ¢ and sending ¢y to Oﬁé acts by adding row u to row v calling the
result row w, and by sending ¢, and ¢, to ¢,y everywhere.

e hoy and hn* are clear. To define@%}, let = (Ayduer and f = (Ayy)uer denote
the columns of x and y inA,letey = Y werAuxcyandcg = > wer Auycy in parallel

with (23), and le( hm act by removing the x- and v—wlumns o and B and introducing
a new column, labelled z, and containing %{jf‘] r’i’ o 4 ptag?=1 = ﬁ) as in (29).

e  We now describe the action of Lha“" on an input (A, w) as depicted en-the-right: Let
P P g

¥ —|( Yo |be the column of x, split into the “row u” part y, and the rest, pest. Let ¢y

rest
be i’ugzvcu as in (23). The h "+ acts as [ollows: f?‘f«//-d

|~

*|Yrest * Qirest -

— Asdictated by (31), e is replaced by w + log (1 i 2, c,,y,,)

—  As dictated by (24) and (28), every column o = ( o
rest

-

column y itself) is replaced by /
; / ofSa

1 + g‘*y _] ( ya'u \\ 3 '[ -
C — eV —1 , ( &Y
u CJ; \arcst — Cy ET(CV)TCH I) & T"

where (c) )rest 18 the column whose row v entry is ¢y, for any v # u.

H H
e The “merge’ 0])61’6[[[0[1*15 Mk B
T2 As

0 g and hey = @ ] (theqe values correspond to a matrix with an empty set of
w

columns and a matrix with an emply set of rows, respectively).

1rP A (including the

[ ] o fey =

) Springer AL

J f{ (_lj by
‘}ﬂ}"j>j,{} /— (f?
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would be a morphism of MMAs. Hence, to completely compute 280 = 7 0¢ on any rKBH

We have concocted the definition of the MMA gy so that the projection m: M — 8y

(to all orders!), it is enough to note its values on the generators, These are determined by

the values in Theorem 5.3: C'B" (,O?jt;g) =

0| =
w41

9.4 The Ultimate Alexander Invariant £#,

Some repackaging is in order. Noting the ubiquity of factors of the form &—

section, it makes sense to multiply any column & of the matrix A by
row-u entries (things like y,) often appear multiplied by ¢, we mult1ply every row by its
corresponding variable ¢,. Doing this and rewriting the formulae of the previous section
in the new variables, we find that the variables ¢, only appear within exponentials of the
= e and rewrite everything in terms of the z,’s. Finally, the only
formula that touches e is additive and has a log term. So, we replace w with . The result
which was described in detail in [¥]. A summary version follows. In these
formulae, «, f, y, and § denote entries, rows, columns, or submatrices as appropriate, and

form e, So, we set #,

is “g-calculus”,

whenever « is a column, {«) is the sum of is entries:

in the previous
Notmg that

| w and the aws’s are rational functions in

is

B(T: H) = M|\Quz Quy | yariables ty, one for each v € T. When all
' V| Qvz Cuy ty’s are set to 1, w is 1 and every aus
: 0.
{:d < w| H
tml . :” g = | wlet+ B |/ (tus o — tw),
iy 7w
H w| 2 H
i WEVE |
Taf vy " TlatB+ (@ v
wlz H  wl+a) z H
tha*®: ula B w @ /A Fa) BAT W/ AT,
T|y ¢ 7/(1+a) 6 —8/(1+a)
Wiz Hl Hz

w1 |H1 L2 Hy
T A Ts| Az T

Ay O,
0 Ao

110 1|z T

1
CB(teu)zuw, gﬁ(hﬁx)=w, and qﬁ(pfz)=utu =

Theorem 9.3 If K is a u-knot regarded as a I-component pure tangle by cutting it open,
then the w part of ¢8(3(K)) is the Alexander polynomial of K.

I know of three winding paths that conslitute a proof of the above theorem:

Use the results of Section 7 here, of [6, Section 3.7], and of [24].

Use the results of Section 7 here, of [6, Section 3.9], and the known relation of the

Alexander polynomial with the wheels part of the Kontsevich integral (e.g. [22

@ Springer
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®  Use the results of [21], where formulae very similar to ours appear.

Yet to me, the strongest evidence that Theorem 9.3 is true is that it was verified explicitly
on very many knots—see the single example in Section 6.3 here and many more in [8].
In several senses, £? is an “ultimate” Alexander invariant:

e  The formulae in this section may appear complicated, yet note that if an tTKBH consists
of about n balloons and hoops, its invariant is descr:bed in terms of only 0 (n®) poly-
nomials and each of the operations\ tm’ tind, and {ha’involves only O(n?) operations on
polynomials.

® It is defined for tangles and has a prescribed behaviour under tangle compositions (in
fact, it is defined in terms of that preseribed behaviour). This means that when ¢7 is
computed on some large knot with (say) n crossings, the computation can be broken
up into n steps of complexity O(n?) at the end of each the quantity computed is the
invariant of some topological object (a tangle), or even into 3n steps at the end of each
the quantity computed is the invariant of some rKBH'?,

e ¢ contains also the multivariable Alexander polynomial and the Burau representation
{overwhelmingly verified by experiment, not written-up yet).

e ¢ has an easily prescribed behaviour under hoop- and balloon-doubling, and ¢# o §
has an easily prescribed behaviour under strand-doubling (not shown here).

10 Odds and Ends
10.1 Linking Numbers and Signs

If x is an oriented §' and 1 is an oriented 52 in an oriented $* (or R*) and the two are disjoint,
their linking number /,,, is defined as follows. Pick a ball B whose oriented boundary is
u (using the “outward pointing normal” convention for orienting boundaries), and which
intersects x in finitely many transversal intersection points p;. At any of these intersection
points p;, the concatenation of the orientation of B at p; (thought of a basis to the tangent
space of B at p;) with the tangent to x at p; is a basis of the tangent space of $* at p;, and
as such it may either be positively oriented or negatively oriented. Define o (p;) = + lin
the former case and o(p;) = — 1 in the latter case. Finally, letZ,, = Y ,o(p;).Ttisa
standard fact that I, is an isotopy invariant of (i, x).

Exercise 10.1 Verify that [, (p;—’;) = +1,where p“*x and p, . are the positive and negative
Hopf links as in Example 2.2. For the purpose of this exercise, the plane in which Fig. |
is drawn is oriented counterclockwise, the 3D space it represents has its third coordinate
oriented up from the plane of the paper, and R? . _ is oriented so that the 7 coordinate is
“first”.

Xy

An efficient thumb rule for deciding the linking number signs for a balloon w« and a hoop

x presented using our standard notation as in Section 2.1 is the “right-hand rule” of the

107 similar statement can be made for Alexander formulac based on the Burau representation. Yet note that
such formulae still end with a computation of a determinant which may take O(n*) steps. Note also that
the presentation of knots as braid closures is typically inefficient—typically a braid with O (n?) crossings is
necessary in order to present a knot with just # crossings.

v\g,y
i
:la- L
B

o
B

@ Springer f*
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ifo
figure m%hf_’;gt/\/ﬂ,ﬂlown here without further explanation. The lovely figure is adopted 1036
from [Wikipedia: Right-hand_rule].

/Gt

1037
10.2 A Topological Construction of 4 1038

The map & is a composition 8y / T (“8 followed by Y7, aka T o . See Sec- 1039
tion 10.5.). Here, &g is the standard “tubing” map &y (called ¢’ in Satoh’s [29]), though 1040
with the tubes decorated by an additional arrowhead to retain orientation information. 1041
The map T caps and strings both ends of all tubes to o0 and then uses, at the level of 1042
embeddings, the fact that a pinched torus is homotopy equivalent to a sphere wedge a 1043
circle:

/,’\‘_/7._\\

' a N\
rf(“\:Jg
13 1
= e

ST

kt %7[0/‘ /9 ome
703

1044
A+
T:I+—=- $L = | (,Z?/mc’ TZ//OM@
-, W) o
| .y 7.
a pinched torus a Spgecriic‘ﬁaedge

It is worthwhile to give a completely “topological” definition of the tubing map dp, 1045

thus giving 8 = &g / T a topological interpretation. We must start with a topo- 1046
logical interpretation of v-tangles, and even before, with v-knols, also known as virtual 1047
knots. 1048

i
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The standard topological interpretation of v-knots (e.g. [23]) is that they are oriented
knots drawn'!! on an oriented surface ¥, modulo “stabilization”, which is the addition and/or
removal of empty handles (handles that do not intersect with the knot). We prefer an equiv-
alent, yet even more bare-hones approach. For us, a virtual knot is an oriented knot y drawn
on a “virtual surface T for y”. More precisely, £ is an oriented surface that may have a
boundary, y is drawn on %, and the pair (X, y) is taken modulo the following relations:

e Isotopics of y on T (meaning, in ¥ x [—e,€]).
e  Tearing and puncturing parts of X away from y:

} N e T
) [ \ / 3

‘ fearing |\ isotopy / puncturing k
/ g X S :x-;/;

ax B CE RS

(We call & a “virtual surface” because tearing and puncturing imply that we only care
about it in the immediate vicinity of ).

We can now define!® a map &g, defined on v-knots and taking values in ribbon tori in
R*: given (X, y), embed ¥ arbitrarily in R‘?‘,Z ¢ R*. Note that the unit normal bundle of
¥ in BY is a trivial circle bundle and it has a distinguished trivialization, constructed using
its positive #-direction section and the orientation that gives each fibre a linking number +1
with the base . We say that a normal vector to X in R?* is “near unit” if its norm is between
1 — eand 1 + €. The near-unit normal bundle of ¥ has as fibre an annulus that can be
identified with [—¢, €] x S! (identifying the radial direction [1 — €, 1 + €] with [—€, €] in
an orientation-preserving manner), and hence the near-unit normal bundle of ¥ defines an
embeddingof & x [—e€,€] x §! into R*. On the other hand, v is embeddedin & x [—¢, €]
s0y x S!iscmbeddedin ¥ x [—e, €] x S, and we can let §,(Z, y) be the composition

')/XSIQEXI_—QE]XSI <—>R4,

which is a torus in R*, oriented using the given orientation of y and the standard orientation
ot ST,

We leave it to the reader to verify that (3, ) is ribbon, that it is independent of the
choices made within its construction, that it is invariant under isotopies of y and under
tearing and puncturing, that it is also invariant under the “overcrossing commute” relation
of Fig. 3, and that it is equivalent to Satoh’s tubing map.

The map g has straightforward generalizations to v-links, v-ltangles, framed-v-links, v-
knotted-graphs, etc.

10.3 Monoids, Meta-Monoids, Monoid-Actions, and Meta-Monoid-Actions

How do we think about meta-monoid-actions? Why that name? Let us start with ordinary
monoids.

i

U Here and below, “drawn on £ means “embedded in & x |—e, €]

2pllowing a private discussion with Dylan Thurston.

@ Springer '“.
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10.3.1 Monoids 1080

A monoid'? G gives rise (o a slew of spaces and maps between them: the spaces would be 1081
the spaces of sequences G = {(g1,...,&n}: & € G}, and the maps will be the maps 1082
“that can be written using the monoid structure”—they will include, for example, the map 1083
m:-"’ : G" — G defined as “store the product g; g; as entry number { in G"~! while 1084
erasing the original entries number i and j and re-numbering all other entries as appropriate”. 1085
In addition, there is also an obvious binary “concatenation” map *: G" x G" — G"™ 1086
and a special element € € G! (the monoid unit). 1087

Equivalently but switching from “numbered registers” to “named registers”, a monoid 1088
G automatically gives rise to another slew of spaces and operations. The spaces are 1089
GY¥ = {f: X = G) = {(x = g)eex} of functions from a finite set X to G, or as 1090
we prefer o say it, of X-indexed sequences of elements in G, or how computer scientists 1091
may say it, of associative arrays of elements of G with keys in X. The maps between such 1092
spaces would now be the obvious “register multiplication maps” m3” : GXV5Y) . GXUal 1003
(defined whenever x, y,z € X and x # y), and also the obvious “delete a register” map 1094
' GX — GV, the obvious “rename a register” map o G¥Ut . GXYY andan 1095
obvious x: G*¥ x GY — G¥YY, defined whenever X and ¥ are disjoint. Also, there are 1096

special elements, “units”, ¢, € G, 1097

This collection of spaces and maps between them (and the units) satisfies some 1098

properties. Let us highlight and briefly discuss two of those: 1099

(1) The “associativity property”: For any £ € G¥, 1100
Qfme it = Qfmi fm. (32)

This property is an immediate consequence of the associativily axiom of monoid the- 1101

ory. Note that it is a “linear property’—its subject, €2, appears just once on each 1102

side of the equality. Similar linear properties include €/ a\’f//(fg = QJof, 1103

Qo m ol = Qf m, etc., and there are also “multi-linear” properties like 1104

(2 % 22) % Q3 = Q) % (22 * Q3), which are “linear” in each of their inputs. 1105

(2) If2e G¥Y then 1106
Q= Q) )@ [ ) (33)

(indeed, if = (x — gy, y — gy), then Q // n” = (x — g and 1107

Qfn* = (v — g)andsotheright hand sideis (x — g;) % (v — g,), whichis 1108
Q back again), so an element of G1-Y! can be factored as an element of G timesan 1109
element of G, Note that 2 appears twice in the right hand side of this property, so 1110
this property is “quadratic”. In order to write this property one must be able to “make 1111
two copies of 7. 1112

10.3.2 Meta-Monoids 1113
Definition 10.2 A meta-monoid is a collection (Gyx, m;”, o, n*, %) of sets Gx, one for 1114
each finite set X “of labels”, and maps between them m}" o, ", * with the same domains 1115
and ranges as above, and special elements €, € Gy, and with the same linear and multi- 1116
linear properties as above. 1117

3 A monoid is a group sans inverses. You lose nothing if you think “group” whenever the discussion below
states “monoid”.

P @ Springer
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Very crucially, we do not insist on the non-linear property (33) of the above, and so we
may not have the factorization G y) = G x Gyy), and in general, it nced not be the
case that Gy = G for some monoid G. (Though of course, the case Gy = GX is an
example of a meta-monoid, which perhaps may be called a “classical meta-monoid™).

Thus a meta-monoid is like a monoid in that it has sets Gy of “multi-elements” on
which almost-ordinary monoid theoretic operations are defined. Yet, the multi-elements in
Gy need not simply be lists of elements as in G¥, and instead, they may be somehow
“entangled”. A relatively simple example of a meta-monoid which isn’t a monoid is H®X
where H is a Hopf algebra'®. This simple example is similar to “quantum entanglement”.
But a meta-monoid is not limited to the kind of entanglement that appears in tensor powers.
Indeed many of the examples within the main text of this paper aren’t tensor powers and
their “entanglement” is closer to that of the theory of tangles. This especially applied to the
meta-monoid w7 of Section 3.2,

10.3.3 Monoid-Actions

A monoid-action'? of a monoid G| on another monoid G is a single algebraic structure
MA consisting of two sets G (heads) and G (lails), a binary operation defined on G|,
a binary operation defined on G, and a mixed operation G| x Gz — Gz (denoted
(x,u) > u”)which satisfy some well-known axioms, of which the most interesting are the
associativities of the first two binary operations and the two action axioms (#v)* = u v’
and u®™¥ = (u)¥.

As in the case of individual monoids, a monoid-action MA gives rise to a slew of spaces
and maps between them. The spaces are MA(T; H) = G%l % Gf", defined when-
ever T and H are finite sets of tail labels and head labels. The main operations'® are | T
tm?: MA(T U {u, v}; H) — MA(T U {w}; H) defined using the multiplication in G, r’ f / .
(assuming u,v,w ¢ Tandu # v),hmi : MA(T; H U {x,y) - MA(T; HU{z}) \ 2/ ["W |
(assuming x,y ¢ H and x # y) defined using the multiplication in G, and / T
tha**: MA(T; H) — MA(T; H) (assumingx ¢ H andu € T) defined using the [
action of G| on G». These operations have the following properties, corresponding to the

associativity of G| and Gy and to the two action axioms of the previous paragraph: \ Y,
hmy” / hm¥* = hmy° / hmy”, tmi? / mi® = tml" / umi?, ‘ "ﬂ] A
tm? / tha"™ = tha™* // tha"™ J/ tm{?, hm” / tha'® = tha'® // tha®” / hm;”". =

(34)

There are also routine properties involving also =, 71°s and o ’s as before.
10.3.4 Meta-Monoid-Actions

Finally, a meta-monoid-action is to a monoid-action like a meta-monoid is to a monoid.
Thus it is a collection

(M(T; H),Eini}“ (hmy” @t toy, hoy, ", hn*, *, tey, hey)

4 0r merely an algebra.
Think “group-action”,

16 There are also *, 4", k", ta) and hol and units re, and fe; as before.

"
g
aa-oi‘
or &

apw
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of sets M(T'; H), one for each pair of finite sets (7'; H) of tail labels and head labels, and
maps between therrﬁza‘,“,”,gﬁ: it i?“"", tol!, hol, tn", hn*, *, and units 7, and he,, with
the same domains and ranges as above and with the same linear and multi-linear properties
as above; most importantly, the properties in (34).

Thus a meta-monoid-action is like a monoid-action in that it has sets M (T; H) of multi-
elements on which almost-ordinary monoid theoretic operations are defined. Yet the multi-
elements in M(T; H) need not simply be lists of elements as in Gg % G and instead they

may be somehow entangled.
10.3.5 Meta-Groups / Meta-Hopf-Algebras

Clearly, the prefix meta can be added to many other types of algebraic structures, though
sometimes a little care must be taken. To define a “meta-group”, for example, one may
add to the definition of a meta-monoid in Section 10.3.2 a further collection of operations
S, one for each x € X, representing “invert the (meta-)element in register x”. Except
that the axiom for an inverse, g - g1 = ¢, is quadratic in g—one must have two copies
of g in order to write the axiom, and hence it cannot be written using §* and the oper-
ations in Section 10.3.2. Thus, in order to define a meta-group, we need to also include
“meta-co-product” operations A} Gyupep —>  Gxuly.z). These operations should sat-
isfy some further axioms, much like within the definition of a Hopf algebra. The major
ones are: a mela-co-associativity, a meta-compatibility with the meta-multiplication, and a
meta-inverse axiom  J A, / §¥ / my = (& ) 5°) %€y

A strict analogy with groups would suggest another axiom: a meta-co-commutativity of
A, namely A}, = AZ. Yet, experience shows that it is better to sometimes not insist
on meta-co-commutativity. Perhaps the name meta-group should be used when meta-co-
commutativity is assumed, and “meta-Hopf-algebra” when it isn’t.

Similarly one may extend “meta-monoid-actions™ to “meta-group-actions” and/or “meta-
Hopf-actions”, in which new operations tA and AA are introduced, with appropriate
axioms.

Note that v'7 and w7 have a meta-co-product, defined using “strand doubling”. It is not
meta-co-commutative.

Note also that ™" and KCP™ have operations 2 A and tA, defined using “hoop doubling”
and “balloon doubling”. The former is meta-co-commutative while the latter is not.

Note also that M and Mo have have an operation 2A7_ defined by cloning one Lie word,
and an operation t A" defined using the substitution# — v + w. Both of these operations
are meta-co-commutative.

Thus &g and ¢ cannot be homomorphic with respect to t A. The discussion of trivalent ver-
tices in [7, Section 4] can be interpreted as an analysis of the failure of ¢ to be homomorphic
with respect to £ A, but this will not be attempted in this paper.

10.4 Some Differentials and the Proof of Proposition 5.1

We prove Proposition 5.1, namely (19) through (21), by veritying that each of these equa-
tions holds at one point, and then by differentiating each side of each equation and showing
that the derivatives are equal. While routine, this argument appears complicated because the
spaces involved are infinile dimensional and the operations involved are non-commutative.
In fact, even the well-known derivative of the exponential function, which appears in the
definition of C,, which appears in the definitions of RC, and of J,,, may surprise readers
who are used Lo the commutative case de* = e*dx.
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Recall that FA denotes the graded Lomp]etlpg_o’r the h;ee associative algebra on some
a!phabc[ 7, and that the exponential map exp: ¥ L/ —' FA defined by y — exp(y) =

A
eV = Y2 o7 makes sense in this completion.

Lemma 10.3 If §y denotes an infinitesimal variation of y, then the infinitesimal variation
de¥ of eV is given as follows:

1 — efa,dy e(m'y 1
je¥ =e¥ . rSy//W = 5}///W el (35)

. Jady _ . . . . .
Above expressions such as “ g 7 L are interpreted via their power series expansions,

eﬂ::l}fl I + Lady + L(ady)® + ..., and hence 8y [ = dy + iy 8yl +
]gl]/, ly, 8711+ ... Also, the precise meaning of (35) is that forany §y € FL, the deriva-

tive e = limeo L (e”T% — ¢7) is given by the right-hand-side of that equation.

S|

ady

Equivalently, 8¢¥ is the term proportional to §y in ¢, where during calculations, we
may assume that “dy is an infinitesimal”, meaning that anything quadratic or higher in 8y
can be regarded as equal to 0.

Lemma 10.3 is rather standard (e.g. [1 ], Section 1.5], [25, Section 71}. Here’s a tweet:

Proof of Lemma 10.3 With an infinitesimal 8y, consider F(s) = e Ve ¥Tor) — 1,
Then, F(O) = Oand LF(s) = e (=)™ 4 e=¥(y + dy)ef@ +81) =
& \y5.yev(y+hw = e_‘VcSVeW = §y //e—sady Soe Vdy = F(l) = fUdeVF{S) =
8y //j ds ey = gy f 1= — The second part of (35) is proven in a similar manner,
starting with G(s) := e‘”’*me*”’ b

Lemma 10.4 [fy —"ErTE’ot B) and Su, 88, and 8y are infinitesimals related by y + 8y =
bkl + S, B+ 8B), then

b, _mjy e 1 — efa{.’,ﬁ
8y // (M o // ”"ﬁ) (85 / T) (36)

Proof Use Leibniz’ law on e/ = e%ef 10 get 8e¥ = (8e%)ef + e¥(8e”). Now use
Lemma [0.3 three times to get

1 —e¢ —ady @ ]_e—ad p o, P —adﬁ
(]/// ady )—e (8@//?1(1&)6 +e (Sﬁ//v ,

conjugate the ef in the first summand to the other side of the parenthesis, and cancel ¢¥ =
¢%ef from both sides of the resulling equation. |

Recall that €} and RC} are automorphisms of FL. We wish to study their variations

§CY and 8RC) with respect to y (these variations are “infinitesimal” automorphisms of

FL). We need a definition and a property first.
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Definition 10.5 Forz € T and y € FL(T) let ad,(y} = adl : FL(T) — FL(T) 1223
denote the derivation of FL(T") defined by its action of the generators as follows: 1224

v [ ad,{y}=v fad) ;= [y, ul v=u

0 otherwise.

Property 10.6 ad, is the infinitesimal version of both C, and RC,. Namely, if 6y is an 1338

infinitesimal, then C27 = RCY = 1+ ad, {8y} 1227
We omit the easy prool of this property and move on to SCY and SRCY : 1228
Lemma 10.7 8C) = [5;» fJ— /RC } J CY and 8RC], = RC] J 1229

7(4(1‘3/

ady iay § ————— J RC) } 1230

Proof Substitute o and 88 into (16) and get RCbCh(“ ) & = RC* [/ RCM//R(” and hence 1231
using Property 10.6 for the infinitesimal §8 / RCY and Lemma 10.4 with o = g = 0on 1232
beh(e, 88). 1233

B8 i
£ =~ —RC3‘+RC5‘//ad”{5,s//RC$}

ey

Now, replacing o — y and 88 — 8y [/ , we get the equation for SRCY. The 1234

equation for 8C}, now follows by taking the variation of C}} // RC,” = Id. 0O 1235

Our next task is to compute 8.J, (). Yet before we can do that, we need to know one of 1236
the lwo properties of div,, that matter for us (besides its linearity): 1237

Proposition 10.8 For any u,v € T and any a, § € FL and with 8, denoting the Kro- 1238

necker delta function, the following “cocycle condition” holds: (compare with [ |, Proposi- 1239
tion 3.20]) 1240
iy, [ adf — @diB) [/ ady = Su/divila, B +gfﬁ (a [ adf) —@}(5 Jad®y. (37) Sl 7%
A B C D E
Proof Starl with the case where 4 = v. We draw each contribution to each of the terms 1241

above and note that all of these contributions cancel, but we must first explain our drawing 1242 7
conventions. We draw o and 8 as the “logic gates” appearing on-the-right: Each is really a 1243 é{//otl/
linear combination, but (37) is bilinear so this doesn’t matter. Each is really a tree, but the 1244

proof does not use this so we don’t display this. Each may have many tail-legs labelled by 1245

other elements of T, bul we care only about the legs labelled # = v and so we display only 1246

those, and without real loss of generality, we draw it as if @ and g cach have exactly three 1247

such tails. 1248
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Objects such as div,a and o ad’:f are obtained from & and B by connecting the head
of one near its own tails, or near the other’s tails, in all possible ways. We draw just one
summand from each sum, yet we indicate the other possible summands in_each case by g
marking the other places where the relevant head could go with filled circledr empty circles

(the filling of the circles has no algebraic meaning; it is there only to separate summations 710 nﬁ’ / 9 {] 7[
|- s

in cases where two summalions appear in the same formula). I hope the pictures en-the right-
explain this better than the words. Aels %

We illustrate our next convention with the pictorial representation of term A of (37),
(divya) J adﬁ , shown en-the-right. Namely, when the (wo relevant summations dictate that .ér,z,/’.; i
two heads may fall on the same arc, we split the sum into the generic part, A; en-the-right, %04 L
in which the two heads do not fall on the same arc, and the exceptional part, Ay entheright, Ze7, 0\

in which the two heads do indeed fall on the same arc. The last convention is that filled .
A vk0y v, S

circles indicates the first summation, and empty circles, the second. Hence in Ay, the o head "f)”/

may fall in three places, and after that, the 8 head may only fall on one of the remaining ., (,, I ,
relevant tails, whereas in Ay, the « is again free, but the 8 head must fall on the same y A%

arc.

g -*
S N Je 7"
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With all these conventions in place and with term A as above, we depict terms B—£:

1265
Clearly, Ay = Dy, By = Ej, and D3 = Ej (the last equality is the only place in 1266
this paper that we need the cyclic property of cyclic words). Also, by the Jacobi identity, 1267

Ay — Dy = Cyand E2 — By = C». So altogether, A —B=C+ D - E, 1268
The case where i # v is similar, except we have to separate between u and v tails, the 1269
terms analogous to As, Bz, D> and E» cannot occur, and € = 0: 1270

uuwvv

B,

Clearly, A— B =D — E. L1271

For completeness and for use within the prool of (21), here’s the remaining property of 1272
div we need to know, presented without its easy proot: 1273

Proposition 10.9 Foranyy € FL, vy J 2 [ divy, =y [ div, 57 +y [ div, [ rL’J”.UIZM

1 — —ctely _
Proposition 10.10 8./, (y) = 8y // ;7 J RCY [ div, || C37. 1275
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Proof Letl, :=y J/RC, [/ div, J C,"" denote the integrand in the definition of J,. Then
under ¥ — y + 8y, using Leibniz, the linearity of div,,, and both parts of Lemma 10.7, we
have
8Ig = 8y Jf RCY [ div, €Y
, —adsy —S
+y | RCY [l ad, oy | =5 R | J divi f €7

—y | RCIY [ div, [ ady [8y | =i J RO ) €

Taking the last two terms above as D and A of (37), with @ = y / RC,” and 8 = 8y [

L= JRCY and using [, B1 = Ly, 8y [ =5 | JRCLY = 8y [ (1—e™) [ RCYY

we get

8I; = 8y J/ RCYY [ div, f C
+oy ) = JRCYY fadyly J) RO} divi ff Ci™
1— {—dtl\,v

=8y | i [ RGY [ dive [ aduly | RG] €™
=8y J/ (1 —e ™7y J RC)Y [ div, [ Cu ',

and so, by combining the first and the last terms above,

31, = 8y [l e ™7 ) RCYY //dw” #Coph
+dy // B dd];dv // RC //ddu ¥ //‘ RC, V} //dwu //Cu

—;.uhy

—8y | S ) RGY [ div [ aduly | RCY ) €™

and hence, once again using Lemma 10.7 to differentia.u, RC,Y and C;; ™" (except that things
are now simpler because sy and é(sy) = m L(sy) = ¥ commute), we gel

81, (5 fJ— // RC)Y [ div, ff C;"V) .

Integrating with respect to the variable s and using the fundamental theorem of calculus, we
are done. o

Proof of Equation (19). We fix o and show that (19) holds for every 8. For this it is enough
to show that (19) holds for # = 0 (it trivially does), and that the derivatives of both sides of
{(19) in the radial direction are equal, for any given 8. Namely, it is enough to verify that the
variations of the two sides of (19) under 8 — B + 8B are equal, where 8§ is proportional
to A. Indeed, using the chain rule, Lemma 10.4, Proposition 10.10, the fact that 8 commutes
with 88, and with y := bch(a, ),

sLis = (38 1 et ) 2%5) 55§ REY f i ) €&
=88 ) RCY [ div, Jf C;T.

Similarly, using Proposition 10.10 and the fact that 8 / RCY commutes with 88 / RC},

SRHS = 88 J RC2 J) RCEVR paiv, j c?TR<0 pore = 8p ) RCY [ diva ) €7,

where in the last equality, we have used (16} to combine the RCs and its inverse to combine
the Cs. o
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Proof of Equation (20). Equation (20) clearly holds when o = 0, so as before, it is enough 1296
to prove it after laking the radial derivative with respect to «. So we need (ouch!) 1297

Ct//RC:'f//diV“ //C;D’—ot//RC //RCG/PR(J //d]Vu //‘Cia//R(L /C p

yrex , 1 — e WBIRCG) BIRCE —HIRCE
=—f JRCY ffady" """ ) ——————— f RC," " fid L “ e
B RCY J o™ F | s I RELTT iy j P )
—wfRCY _
— B J RCY T, f adg®TRE oo,
This we simplify using (13) and (14), cancel the C,/® on the right, and get 1298

o f/ RCY [ divy —a J RC | RCIVECT f div,, J €y P1RC

. [ — o—ad(BJRC) . I
L g jRree fadd/®  RESTRS  diy € 1RC

ad(p J/ RCY)
— B/ RCY )y ff ad T
We note that above o and 8 only appear within the combinations o / RC% and g / RC?, 1299
sowe rename o J RCY — o and g f RCY — B: 1300
a f div, —a J RCP //div” /C’ﬁ

LB/ ad® // d(ﬁ) //Rcﬁ//dwv//c—ﬁ B /Ty [ ad;®. (38)

Equation (38) still contains a Jy in it, so in order to prove it, we have to differentiate 1301
once again. So note that it holds at # = 0, multiply by —1, and take the radial variation with 1302

respect to B (note that ﬂ% 1_;.;:;(;& g — ol Id}ggﬁ) ()L“I('H))) 1303
a//RC Jadl? " iy, fcy* foz//RC'B//dlvu//ddﬂ//RC Ron
= B fads ) g REL ) div, f C7F
15 ady IR RC J v ci? (39)
+8 [ ad® 1;;;;’;”’ JRCE ad? I REE / div, f €5
[/ adt [ ks RCE J div, f 0™ R ¢
+B/ RCﬂ [ div, J €CyP Jfad;®
We massage three independent parts of the above desired equality at the same time: 1304
e  The div and the ad on the left hand side make terms D and A of (37), with o,.'//RC,‘ii — o 1305
and 8 RCf — . We replace them by terms A and E. 1306
e We combine the first two terms of the right hand side using l_t‘_;"” + '?_"(l:“_gu) = 1307
oit 1308
e In (14), (fu//wl g Cy F =, S PIRC 4 €%, take an infinitesimal o and use 1309
Property 10.6 and Lemma 10.7 to get 1310

—ffad 1= d..(,,) e et

70[//R(_1 //C ﬂ_ d

The last of that matches the last of (39), so we can replace the last of (39) with the start 1311
of (40). 1312

CJCTP - Cyf fad?. (40)

e
o
o ?

%
-l

@ Springer

vl
=
=
S
o

a



D. Bar-Natan

1313 All of this done, (39) becomes the lowest point of this paper:

B J RCE d"‘//RC Jdiv, J Cif = g ) RCE [ div, //dd“//”' Ao
= ,6’ [ ad® [ B j RCE Jdivy ff A
B adt S g RED 0l aiv, f 5
| —e— ¥

+f ff adg J 55" ) RCE //dw{,//adl.ﬁ//RC”//Cv
+ B ) RCE [ divy J adg®RE y oy

adiB)
— B J RCE J div, [ ad, P

=B frady ff LS ETITA T /RC(?
1314 Next, we cancel the Cy B at the right of every term, and a pair of repeating terms to get

B J RCP fad?l " j diy, L ,8 // ad® // e 4B f RCP f div,
—ad(f

Y i d(ﬁ) //Rcﬁ//adf;‘/““" / divy

— B/ ad? // // RCP [ div, |/ ad/RCE

d(ﬁ)
—B // RCﬂ //dlvu // ad,

1315 The two middle terms above differ only in the order of ad, and div,. So we apply (37)
1316  again and get

—p ads = ® yRCE

B RCE [ adt!*% Jaiv, Z p Jad® J P J RCP | divuj Fuch, %/

—ad(f) .
B fiact ) =og— f RCE

J divy

—ad(#)

+8 j RCE [ ¢ il
—B /| RCl  divy //adﬁf““//‘ i R
+|:ﬁ//RC§aﬁ//adf,‘//

— 37‘

'ﬁ 1w
2d(P) - J &t }//d e

i f
~p a1 RE

—B / RCE [/ div, // ad, e
1317 In the above, the two terms that do not end in div, cancel each other. We then remove the
1318 div,, at the end of all remaining terms, thus making our quest only harder. Finally, we note
1319 that RC{L:i is a Lie algebra morphism, so we can pull it out of the bracket in the penultimate
1320  term, getting

Y. RC'H //adr,v//R(. L5 //adoz //e—m](ﬂ) / Rcﬁ J {f:/::\,e'nr

P10 S I RED e~
+8 /) RCE [ ad, . B, B [ ad // T J RCE
1321 The bracketing with 8 in the last term above cancels the ad(8) denominator there, and

1322 then that term combines with the first term of the right hand side to yield

1oemad(H) B
B ) RCE fad?® L g yagw J RCH +p J RCE J ad) ! 5 /Rt
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We make our lask harder again, 1323
do e B0y peof
RCP [ ad2? "% L oge J RCP 4+ RCE J adl ! s/
and then we both pre-compose and post-compose with the isomorphism CJ‘B. getling 1324
s PP I pirads e yret
adg//mﬂi // Cu A :) Cv . // adg +a d” e // CU 4
The above is (40), with « replaced by —c, and hence it holds true. 7 1325
Proof of Equation (21). As belore, the equation clearly holds at y = 0, so we take its radial 1326
derivative. That of the left hand side is 1327
y Jm f RCLI™S [ div,, f €Y ™
Using (15) and then Proposition 10.9, this becomes 1328

v ) RCL | RCLTRCT  (divy, + divy) Jem™® J gt 1™

Now using the reverse of (15), proven by reading the horizontal arrows within its proof 1329

backwards, this becomes 1330
RCY ; ; —yyRCY = i
y [ RCY J RCYVRC f (div, +divy) f € V1R gt g ome.

On the other hand, the radial variation of the right hand side of (21) is 1331

y [ RCY [ div, JC7 fmil +y J RCY [ RCV//RC“ J divy, / C—y//RC” R omay 8

| — e MG fRCY) ~ B
=2 JRCIR v, f TS oy

v RCY
+y J RC, Jf ad], i 2y JRCD)

—ypRrCY _
+y  RCL [ 3y Jadg?"T*C p 7 e
Equating the last two formulae while eliminating the common term (the second term in 1332
each) and removing all trailing C, " // 74" (thus making the quest harder), we need to show 1333
that 1334
RCY . —y fRCY .
v/ RCY J RC?,/// J div, J Cy i =y J RC) / div,
| — e*‘;ld(]///RC,,)

oz “/
ad(y // RCY) J AL Jaiv, €71

+y Jf RCY J ad 7y

+y JRCY [ 3, [ adg?PREE

Nicely enough, the above is (38) withe = 8 = ¢ / RC},. O 1335
10.5 Notational Conventions and Glossary 1336
For n € N let n denote some fixed set with n elements, say {1,2, ..., n}. 1337

Often, within this paper, we use postfix notation for operator evaluations, so f(x) may 1338
also be denoted x / f. Even buter we use f f g for “composition done right”, meaning 1339

fieg=ugof, mcanmg thatif X L ¥ -5 Zthen X —//> Z rather than the uglier (though 1340

equally correct) X -4> Z. We hope that this notation will be adopted by others, to be used 1341
alongside and eventually instead of go f, much as we hop 1at 7 will be used alongside and 1342

eventually instead of the presently popular r := /2. In I(TEX // i es??naryrd sty] 1343
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In the few paragraphs that follow, X is an arbitrary set. Though within this paper such
X’s will usually be finite, and their elements will thought of as labels. Hence, if f € GXis
a function f: X — G where G is some other sel, we think of f as a collection of elements
of G labelled by the elements of X. We often write f to denote f(x).

If f € G¥andx € X, welet f\x denote the restricted function Sy in which x is
removed from the domain of f. In other words, f\ x is “the collection f, with the element
labelled x removed”. We often neglect to state the condition x € X. Thus, when writing
F\x we implicitly assume that x € X.

Likewise, we write f\{x, y} for “f with x and y removed from its domain” and as before
this includes the implicit assumption that {x, y} C X.

If fi: X, — Gand fp: X — G and X and X3 are disjoint, we denote by f U g the
obvious “union function” with domain X| U X7 and range G. In fact, whenever we write
f U g, we make the implicit assumption that the domains of fi and f3 are disjoint.

In the spirit of “associative arrays” as they appear in various computer languages, we use
the notation (x — a, y — b,...) for “inline [unction definition”. Thus, () is the empty
function, and if f = (x — a, y — b), then the domain of f is {x, ¥} and f;, = a and
f y =b.

We denote by o) the operation that renames the key x in an associative array to y.
Namely, if f € GX,x & X,and y ¢ X\x, then

ol f = (FADUG = fo.
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Glossary of Notations (Greek letters, then Latin, then symbols)

«, B,y  Free Lie series Sec. 4
a, B, y,8 Matrix parts Sec.9.4
B Arepackaging of § Sec.94

Bo A reduction of M Sec.9.3
AmapuT jvT/wT — K0 Sec. 2.2

Sa, 88,8y  Infinitesimal free Lie series Sec. 10.4
€, Units Seéc. 3.2

IT The MMA “of groups” Sec. 34

m  The fundamental invariant Sec. 2.3

s The projection }ngh — JCroh Prop. 3.6

pE  +-Hopf links in 4D Bx.22

oy Re-labelling Sec. 10.5

t  Tensorial interpretation map Sec. 8.1

@  The wheels part of M/t Sec.5

@ The scalar partin 8/Bo Sec. 9.3

T  Capping and sliding Sec.10.2

¢ The main invariant Sec. 5
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o

C‘H
Cﬁ“

A

a, b, c
ady, ad,{y)
¢4bh
bch
¢k
CA
Ccw

FL

Fun(X — Y)
H

he,

z 4 hn
AT
fl-U)'f"

JH
}Crhh
bh

Ky
Lux
Ix
M
My
MMA
iy
mgf"?
ocC
1)bh
R
R’
R1.,R1’,R2,R3

The tree-level invariant

A B-valued invariant

A Bp-valued invariant

The matrix part in 8/ 8o
Strand labels

Derivations of FL

Space of arrow diagrams
Baker-Campbell-Hausdorff
Conjugating a generator
Circuit algebra

Cyclic words

CW mod degree 1

A “sink” vertex

A “c-stub”

The “divergence” FL — CW
Double/diagonal multiplication
Free associative algebra
Free Lic algebra

Functions X — ¥

Set of head/hoop labels
Units

Head delete

Head multiply

Head re-label

The “spice” FL — CW

All rKBHs

Conjectured version of K0
4D linking numbers
Longitudes

The “main” MMA

The MMA of (rees
Meta-monoid-action
Meridians

Strand concatenation
Overcrossings commute
Primitives of A™

Ring of e-stubs

R mod degree 1
Reidemeister moves
Repeated C)) / reverse C,;
Ribbon knotted balloons&hoops
Set of strand labels

Set of tail / balloon labels
Units

Tail by head action

Tail delete

Tail multiply

Tail re-label

Sec. 4
Sec. 9.4
Sec. 9.
Sec. 9.
Sec.

Def. 105
Sec.
Sec.
Sec.
Sec.
Sec.
Sec.
Sec. 9.
Sec. ¢
Sec. 5
Sec. 3
Sec. 5

Sec. 4.

3
C.

[R]
[ SRR RST8]

~ = &= -

Ln
e RS B TS a2 B o T S I o o R = A o i T (O T 0 T S ]

th

O

Sec.

Se

Ex. 2.2, Sec. 4.2,5.
Sec. 3.,4.2,5.

Sec. 3,4.2,5.

Sec. 3,4.2,5.

Sec. 5.

Def. 3.2, Sec. 10
Sec.
Sec
Fig.
See: 7.
Sec. 9.
Sec. 9.
Sée. 22,71
Sec. 4.2
Def. 2.1
Sec. 2.
Sec.
Ex. 2.2, Sec. 4.2,5.
Sec. 3.4.2,5.
Sec. 3,4.2,5.
Sec. 3,4.2,5.
Sec. 3,4.2,5.
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D. Bar-Natan

t,x,y,z Coordinates Sec. 2
UC  Undercrossings commute Fig. 3
u-tangle A usual tangle Sec. 2.2
uT  All u-tangles Sec. 2.2
w, v, w Tail / balloon labels Sec. 2
v-tangle A virtual tangle Sec. 2.4
vl All v-tangles Sec. 2.4
w-tangle A virtual tangle mod OC Sec. 2.4
wT  All w-tangles Sec. 2.4
x,v,z Head/hoop labels Sec.
Z%  An APP-valued expansion Sec. 7.4
%  Merge operation Sec. 3,4.2,5.2
J Composition done right Sec. 10.5
x j f Postfix evaluation Sec. 10.5
f\x  Entry removal Sec. 10.5
x — a Inline function definition Sec. 10.5
v “Top brackel form” Sec. 6
& —— ™~ .
[ LIRuv ) A cyelic word Sec. 6
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AUTHOR QUERIES

AUTHOR PLEASE ANSWER ALL QUERIES:

Ql.

i 9

Q3.
Q4.

—
AL
tn

Q6.

Q7.

BF was expanded to “background field (BF)”. Please check if 4/

appropriate.

Please check if the article note is presented appropriately.

Kindly check if all equations in the text are captured and presented
correctly.

There may be differences in the pages of the edited manuscript
from the submitted original manuscript. Kindly check if the cited
page number still corresponds to the final PDF output. If not, kindly
modify.

. Only three generators were given. p,, was added as the fourth

generator. Please check if appropriate.

Figure 5 citation was inserted here to make Figure citation in
sequential. Please check if correct.

References [3,4,9,32] has been provided in the reference list but
its citation in the text/body is missing. Please advise location of its
citation. Otherwise, delete it from the reference list.
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