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Pensieve header: Finding the A2 $d=1$ invariant using undetermined coefficients.

Searching for Q + pxx + €(ppx + 1 + px + ppxx) solutions.

Initialization

mm[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];
<< FormalGaussianIntegration.m;

+

'i._ :=i+1;

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Projects/HigherRank to compute rotation numbers.
in[-]:= Features[Knot[8, 17]]

KnotTheory: Loading precomputed data in PD4Knots'.

Out[e]=
Features[18,

Ce[-1] Cig[-1] Xq,7[1] X3,0[-1] Xs5,13[-1] Xg,16 [1] X10,4[-1] X12,18[1] X15,2[-1] Xg7,11[1]]

In[-]:= T3 =Ty Ty
S={x_,p_};
als_, i_, j_]1 :=Sum|

Xy,i (Pv,i* = Pv,i) +Xy,5 (Pv,j* = Pv,5) + (T‘s, = 1) Xy,i (Pv,i* = Pv,j5) s
{v, 3}];
L[X; ,5 [s_11:

TiE[qls, i, j1+B™'re[s, i, j1 +€Bry[s, i, jl +era[s, i, j]1 +0[e]?];

(xv1[0_,K_]:=0(3/2-Xq,kP1,k—X2,kP2,k—X3,kP3,k) 5 *)
L[C, [0]1] := E[Sum[X,,. (Py,r* = Pv,k)s {vs 3}] +0[e]?];
LICk [#.1] :=

T E[Sum[X,,. (Py,r = Pv,k) s (Vs 3}]1 +B ™ yo[0, k] +€By1[0, k] +€va2[0, k] +0[e]®];
ps; :=Sequence[py i, P2,is P3,i];
Xs; := Sequence[Xqy i, X2,i, X3,i]3
vs; := Sequence[ps;, Xs;];
Flis___1 :=E[Sum[m, ipy,i, {i, {is}}, {v, 3}11];
L[K_ ] :=CF[L£ /@Features[K][2]1];
VS[K_] := UnioneeTable[{vs;}, {i, Features[K][1]}]

In[-]:= VSj

Out[e]=

Sequence [p1,i, P2,i» P3,is X1,i» X2,is X3,i]
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The Various Terms (ry)

The pxx Terms (rg)

In[-]:= K =03

re[l, 1_, j_] := Evaluate[Sum[
Asex P3,Kk3 X1,k1 X2,Kk25
{k1, {i, 7}}, {k2, {i, j}}, {k3, {1, J}}
115

re[l, i, jl

Oout[-]=
a1 P3,i X1,i X2,i +32P3,5 X1,i X2,i + a5 P3,i X1, X2,i + de P3,j X1,5 X2,i +
a3 P3,i X1,i X2, + 34 P3,j X1,i X2,5 + a7 P3,i X1,§ X2,5 + ag P3,j X1,5 X2,5
In[-]:= K =@
re[-1, i_, j_] := Evaluate[Sum[
d..x P3,k3 X1,k1 X2,k25
{k1, {i, 7}}, {k2, {1, j}}, {k3, {1, J}}
115
f‘e[—l: i) J]
Out[-]=
di P3,i X1,i X2,1 + d2 P3,§ X1,1 X2,1 + 05 P3,i X1,5 X2,1 + dg P3,§ X1,§ X2,1 +
d3 P3,i X1,i X2,§ + da P3,j X1,1 X2,5 + d7 P3,i X1,§ X2,§ + dg P3,j X1,§ X2,
The ppx Terms (r;)
In[-]:= K =@
ri[1, i_, j_] := Evaluate[Sum[
b..x X3,k3 P1,k1 P2,k2s
{k1, {i, j}}, {k2, {1, j}}, {k3, {1, J}}
115
r‘1[-1-3 i) J]
Out[]=
b1 P1,i P2,i X3,1 + b5 P1,§ P2,i X3,1 + b3 P1,i P2,5 X3,1 + b7 P1,§ P2, X3,1 +
by P1,i P2,i X3, + s P1,§ P2,i X3,5 + ba P1,i P2,j X3, + bg P1,§ P2, X3, 5
In[-]:= K =@
ri[-1, 1 , j ] := Evaluate[Sum[
€,4x X3,k3 P1,k1 P2,k2»
{k1, {i, 7}, {k2, {i, J}}, {k3, {i, J}}
115
ri[-1, i, j]
out[-]=

€1 P1,i P2,i X3,i + €5 P1,5 P2,i X3,i + €3 P1,i P2, X3,i + €7 P1,5 P2,j X3,i +

€2 P1,i P2,i X3,5 + €6 P1,5 P2,i X3,5 + €4 P1,i P2,5 X3, + €8 P1,j P2,5 X3,5
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The ppxx Terms (r4,)

In[-]:= K =@
Short[rs[1, i, j_ ] = Evaluate[Plus|
Sum [

Chax Xv1,k1 Pvi,k2 Xv2,k3 Pv2,ka»s
{k1, {i, j}}, {k2, {i, 3}}, {k3, {i, j}}, {k4, {i, }}, {v1, 2}, {v2, v1, 3}
1
Sum[
Ciax Xy, k1 Pv,k2s
{k1, {i, j}}, {k2, {i, j}}, {v, 3}
1,
Civx
111
Out[-]//Short=

2 2
Co3 + Cg1 P1,i X1,i + Cg4 P1,j X1,i + C1P1,5 X1,1 + <<86>> +

C75 P2,5 P3,i X2,5 X3,5 + Ceo P2,i P3,j X2, X3,5 + Cge P2,j P3,5 X2, X3,j

In[-]:= K =@}
Short[rs;[-1, i, j_ ] = Evaluate[Plus|[
Sum [

Frox Xy k1 Pyva,k2 Xv2,k3 Pv2,kas
{k1, {i, j}}, {k2, {i, j}}, {k3, {i, j}}, {k4, {i, §}}, {v1, 2}, {v2, v1, 3}
1s
sum[
foix Xy, k1 Pv,k2s
{k1, {i, j}}, {k2, {i, j}}, {v, 3}
1
L
111
Out[-]//Short=

2 2
fo3 + fe1 P1,1 X1,1 + Faa P1,j X1,1 + F1 7,5 X7,5 + <<86>> +

f75 P2,5 P3,1 X2,5 X3, + Teo P2,1 P3,5 X2, X3,5 + T80 P2,5 P3,5 X2,5 X3,
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The y Terms (yo, v1, Va2)

In[-]:= K =@

Yol[l, R_1 := Evaluate[g,.x P3,r X1,k X2,r] 5

¥1[1, R_] := Evaluate[g,,x X3,k P1,r P2,r];

Ya2[1, k_] := Evaluate[Plus[
SUM[8..x Xy,k Pv,ks {Vs 3}1,
SUM[8,.x Xv1,k Pvi,k Xv2,k Pyv2,rs {V1, 2}, {Vv2, v1, 3}]
115

{vel[l, k], ¥ol[1, k1, ¥42[1, k]}

Out[e]=
2 2
{gl P3,k X1,k X2,ks 81 P3,k X1,k X2,k» 83 P1,k X1,k + 86 P1,k X1,k * 84 P2,k X2,k *

2 2
87 P1,k P2,k X1,k X2,k + 89 P2,k X3,k t+ 85 P3,k X3,k + 88 P1,k P3,k X1,k X3,k + 810 P2,k P3,k X2,k X3,k}

In[-]:= K =03
Yo[-1, k_] := Evaluate[h,,. Ps,r X1,r X2,r] 3
v1[-1, k_] := Evaluate[h,, X3,k P1,k P2,£]
Ya2[-1, k_] := Evaluate[Plus[
sumlh, . Xy,k Pv,ks {V5 3}1,
Sumlh,,, Xvi,k Pvi,k Xv2,k Pv2,ks {V1, 2}, {v2, v1, 3}]
115
{¥ol-1, k1, wo[-1, k1, va2[-1, k]}
Out[-]=
{hl P3,k X1,k X2,k» N1 P3,k X1,k X2,k5 D3 P1,k X1,k + he pi,k Xi,k +Ng P2k Xa,k +

2 2
h7 P1,k P2,k X1,k X2,k + Do P3 i X5, + N5 P3,k X3,k + Ng P1,k P3,k X1,k X3,k + 1o P2,k P3,k X2,k X3,k}

Reidemeister 3b

In[-]:= Timing[{Le-FtR3b} =
CaseS[jf[i, Js k1 £ /@ (X4,5[1] Xi+,k [1] Xj+,k: [1]) d{VSi, VSj, VS, VSi+y VSj+, VSk+},

E[S ] &, oo]]
out[-]=

{54.3438,

{eSer‘ies {Tf P1,2+1 71,1 = (=1 + T1) Te P12 7ta,1 + (1= T1) P12k 7,1 + TaP1,2.9 71,5 + (1= T1) P1,2.k 7T1,§ + P1,24k 7T1,k +

a3 Ty Ty P3,2.5 71,5 712,k
e e LA 3 2 Rty a2
B
(-a3-ag+az T1 T2) P3,2.k 71,5 72,k N a7 Ty Ty P3,2.4 7T,k 72,k N a7 T1 T2 P3,2+5 7,k 72,k 2 (-a7-3g+a7 T1 T2) P3,2.k 71,k 72,k
B B B B

T3 P2,2.1 72,1 = (1 +T2) Typaaig7ia,s + (1= Tp) Paoek 7,1 +

212
+ T T3 P3,204 73,1 —

TiTo (-1 +T1T2) P3,2:5713,i + (1= T1T2) P3,2.k 73,1 + T1 T2 P3,245 73,5 + (1 = T1T2) P3,2:k 73,5 + P3,2:k 713,k

3 (a;by +a,by +asby+agbs+asbs +agbg +a;,by; +agbg+2¢Cy +Cy+C3+2Cyq+ Cs + Cqg + Cq7 + Cig + C1g + Cop + C31 + C34 +

Cag + Cag + Cp1 + Ce2 + Cp3 + Ca + Cos + 2Cy6 + C77 + C7g + 2 Cy9 + Cgg + Cgy + Cgy + Cg3 + Cop + Co1 + Coy + Co3) + +
(2a3b2+2a4b2+a7b2+agb2+Za3b4+2a4b4+a7b4+a3b4+3a7b5+3a3b6+ +a7b2T%T2+
2 2 2 2 2 2 12
a7by T3T, + 2230, Ty T3 + a7 by Ty T3+ 3a;,b6 Ty T3+ 2¢s55 Ty T2 - a, b, T2 T3) p, p n ma 1}
s
Full expression not available (original memory size: 3.8 MB) @
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Inf]:= Timing[{RightR3b} =
Cases[jﬂ-‘[i, Js k] £ /@ (X4,k[1] Xi,k [1] Xi+, 4+ [1]) A{VSi, VS4, VSk, VSi+, VSj+, VSi+},

E[& ] » &, oo]_;]

out[e]=
(43.4531, Null}

in[-]:- Short[eqn = CF[LeftR3b[1] - RightR3b[1]]]
cvs = UnioneCases[eqn, p__ | 7, =]
vars = Unione@Cases[rg[1, i, jl, a_, =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[egns, vars]
Out[-]//Short=
T, T, (—a1 T, + «<20>> + ay Ti T%) P3,2+5 71,1 72,1

B
(<<60>> +a,; T3 T;) <I> <«<1>> <<1> g0 a7 Ty Ty (-1 +T1Ty) P3,2sj 7T,k T2,k
+ <<32> +
B B

out[e]=

{P3,2+is P3,2435 P3,24ks 71,15 711,55 711,ks 72,15 772,95 7T2,k}
Out[«]=

{al: d, a3, dg, as, dg, dy, aS}

Out[~]//Short=

{ a3TiTs asTiT) a3TiT, a;TiT3
—_ + == —_ ==
B B B B ’
asT2T3 as T3 T3 a; 12T a; 375 a, 1373 a, T3 T3
- + =0, - + + - =0,
B B B B B B
azy dg azy Tl ag T]_ az Tl T2 az T% T2
<«<18>>, - — - — + + ¥ _ =0,
B B B B B B
a;T, agT, a; T2 agT: a;, T3 a; 11T
+ — — — + == N
B B B B B B

azy ag azy T2 dg Tz azy Tl TZ ay Tl T%
-—— - — + + + - = @}

B B B B B B

Solve: Equations may not give solutions for all "solve" variables.

Out[]=
as a4T2
{{alﬁe,3399,35%6,36%—*—7‘,37%0,agﬁe}}
T1 T1

in[-]:= sol /. (v_ > val_) = (v=CF[vall);
"0[1: i) J]
Out[]=

(a2 + a4 T2) P3,j X1,5 X2,1
dz P3,j X1,i X2,i — T +da P3,j X1,i X2,5
1

https://drorbn.net/AcademicPensieve/Projects/HigherRank/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: UC4A2.nb 2024-06-13 07:48:00

ii-J:= Short[eqn = CF[Coefficient|

LeftR3b[2] - RightR3b[2] /. v: (7w |p) = uv,
3

u
11 5]
cvs = UnioneCases[eqn, p | 7, »]
vars = UnioneCases[r;[1, i, j1, b , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[egns, vars]
out[-]//Short=
Bby (-1+Ty) T1 T3 P1,2+5 P2,2+i 73,1 —
Bby (-1+Ty) TaT5pP1,2.kP2,2:473,i +Bb1 T2 (-1 +7T2) Tap1,ois P2,2+j 73,1 —
BTiTy (-byTy-byTp+2by Ty To-by Ty To+ by T3 T5) Pa,2uj Pa,2eg /13,1 + <<23>> +
BbyT{ (-1+Ty) T P1,24i P22+ 73,k ~B by (=1 +T1) Ty (=1 +T2) Ty P1,2.9P2,245 73,k -
B (-by -bg+by T1) (=1+T3) TaP1,2.k P2,245 73,k +
B (-1+Tq) Ty (-=by-bs+byTy) P1,24i P2,2:k 73,k =B (=1 +T1) Ty (=by —bsa+by Ty) p1,2:5 P2,2:k 73,k
Out[-]=
{P1,2+1is P1,2435 P1,24k> P2,24i5 P2,2+55 P2,2+ks 713,is 713,45 713,k }
Oout[-]=
{b1, by, b3, bs, bs, bg, by, bg}
out[-]//Short=
[-Bby TiT3+Bb, T3T3 =0, Bb, T1 T, -Bb, T3 T3 == 0, <225,
“BbgT;-BbgTy -BbyTy-BbgTy+BbyTyTy+2BbsTyTo+2BbgTy Ty
2Bbg Ty To-Bby T3 T, -Bbs T3 T, -Bby Ty T3 -Bbg Ty T5 + Bb, T3 T3 == 0}

Solve: Equations may not give solutions for all "solve" variables.

Out[e]=
{{bleO, bz%@, b4%0, bsﬁe, b7%—b3—b5, bg%@}}

inf-]:= sol /. (v_ -»val_) =» (v=CF[val]l);
ri[1, i, ]
Out[-]=
bs p1,j P2,i X3,i + b3 P1,i P2,§ X3,i + (=b3 - bs) P15 P2,jX3,1
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in[-]:= Short[eqn = CF[LeftR3b[2] - RightR3b[2]], 5]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Union@Cases[rg;[1, i, j], ¢ , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqgns, vars]]
Out[~]//Short=
- ( (2C11 +2Caq + Cap + Ca3+ 2 Csp + Cs7 + Csg + 2 Cy1 + Cgz) (-1 +Tq) T3 P1,2+j 7T1,i) -
(-1+Ty) <4C1+C2+C3+2C5+C16+C17+C18+2C21+C22+C23+C31+2C35+C37+C38+
Cg46 + Cg1 + 2 Cgg + Cg1 + Cgg +2Cqq T7 +C16 T1+C31 T1 +2Cq1 Ty +CqpTq +Ca3 Ty +CygTy+
2C56 Ty +C57T1 +Csg Ty +Cgy T1 +Cp T1 +Ce3T1 +2C73 Ty +4Cy6 Ty +C77T1 +Cyg Ty +Cg7 Ty +
CooT1-2C11 T3 -2Cu T - Ca T3 -Cas T3 -2Cs6 T3~ Cs7 T3 — Csg T3 — 271 T3 - Ca7 T3)
P1,24k 7T1,i +2C1 (-1 +Ty) T3 P1,2+i P1,2+j H%,i + <<473>> +
(=1+Ty) To (~Cs5 - Cep + Cs5 T1 T2) P2,2+1 P3,24k 712,k 713,k —
(=1+Ty) Ty (~Cs5 ~Cep + Cs5 T1 T2) P2,2+5 P3,24k 712,k 713,k
Out[e]=
{P1,2+is P1,2435 P1,24k> P2,2+i5 P2,2+55 P2,2+ks P3,2+i»
P3,2+35 P3,2+ks 7T1,is 711,35 7T1,ks 772,is 712,55 7T2,ks 713,is 773,75 73,k }
Out[]=
{c1, €2, C3, Cq, Cs, Cg, C7, Cg, C9, Ci0, C11, C12, C13, C14, C15, C165 C17, Ci185 C19, Co0,
Co1, €22, C23, Coa, Co5, C26, C27, C28, C29, C30, C31, C32, C33, C34, C35, C36, C37, C38, C39,
Ca05 Ca1, Ca2,5 C43, Cas, Cas5, Caps Ca7, Cag, Ca9, Csp, Cs1, Cs2, Cs53, Csg, Cs5, Csey Cs7,
Csg, C59, Ceps Ce1s Ce25 C635 Ceas Ce55 Cess Ce75 Cess Ce9s C70s C715 C725 C73, C74, Cys,
C765 C775 C785 C79, Cges Cg1, Cs2, Cs3, Cs4» Csss Cses Cs7, Csgs Csgy Cops Co1, Co2, Co3}
Out[-]//Short=
[~euTi-caTi+enTi+caTi =0,
CiTi+CaTi-CiiTi—Ca T3 =0, <3155, 3Ty To+CisTaTo+Cn Ty Ty +

CrsTaTy+CaoTiTo-CasTiT3 - Cas Ti T3 - Co3 T T3 - Cos T1 T3~ Cao Ty T3 == O}

Solve: Equations may not give solutions for all "solve" variables.

Out[~]//Short=

<«<1> ng C85
{{Clee, C, >0, C3 >0, «<56>, Cgpgo - — - <1l>,C>-—— - —,
<«<1>> T, T,
Cg3 Cge —-dp b5—a2 b3 T, +as b3 T - <1> -a4 b3 T, Ty +ay b5 T, T,
T )
T, T1T, TZT, (-1+TyTy)

in[-]:= sol /. (v_ >val_) = (v=CF[vall);
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In[]:= Shor‘t[CF[r‘42[1, i, j]], 29]
Out[-]//Short=

2
Co3 + Cg1 P1,i X1,i + Cga P1,j X1,i + (Ce + C21) P1,i P1,5 X7,; +
1

2 2
5 (=1+T1) (2Ce+2Cp1+C16 Ty +C31 Ty +CagT1+Co1T1) P §X7 35—

(Cg1 + Cga) P1,j X1,5

T1

+ (C16 + C31 + Ca6 + Ce1) P1,i P1,§ X1,1 X1,5 +

1

2
; (-2Ce—C16—2Co1—C31-Cap— Co1 — C1g T2~ C31 T1 — Cag T1 — Ce1 T1) P15 X1,1 X,5 +

Cg2 P2,i X2,i + Cg5 P2,§ X2,i + C22 P1,j P2,i X1,i X2,i + C7 P1,i P2,5 X1,i X2,i +
1
—_— (a2b3+c7+c22—c7T1+a4b3T2+a2b5T2—a4b5T2—c22T2—
*1+T1 Tz
2 2 2
agbsTiTo-CrTiTo-CouTaTo+CyTiTo+agbs Ty +Con Ty Tz) P1,§ P2, X1,i X2,i +

bs (a2 + a4 T2) p1,i P3,j X1,5 X3,1 1

<<18>> + -
i (-1+Ty) (-14Ty) Ty (-1+Ty)

<—azb3+azb3T1+azb5T1+C23T1—a4b3T2+a4b3T1T2_a2b5T1T2+a4b5T1T2_C23T1T2_c23TiT2_

1

2 212
agbs Ty Ty +Cp3 T Tz) P1,5 P3,5 X1,j X3,i + C25 P2,5 P3,i X2,i X3,i + C10 P2,i P3,5 X2,i X3,i — 7( 1eTo T
-1+ 1 1

(—azb3+azb3T1—Clng—C25T1+C19Ti+C25Ti—a4b3T2—azb5T2+Za4b3T1T2+azb5T1T2—
a4b5T1T2+C19T1T2—a4b3TiT2—C1gTiT2+C25TiT2—C25TiT2—a4b5T§+Za4b5T1T§>
1

P2,5 P3,j X2,i X3,i +
(—1+T1> Tl (—1+T2) (—1+T1T2>

(*azbs*azb3T1+a4b3T1+azbsTl*a4b5T1+C19T1*C25T1+a2b3Ti*a4b3Ti*C10T§+C25Ti+
a2b5T2*a4b5T2*a4b3T1T2*azb5T1T2+3a4b5T1T2*C19T1T2+a4b3T§T2+C10TiT2+
as bs py i P3,jX2,9 X3,1

*1+T1

Cos TiT,~Cos T3 To+agbs T5 -2, bs Ty T%) P2,5 P3,i X2, X3,i —

2
(*34 bs - Cos +Cos Ty +asbs3Try+asbs Ty —agbs Ty Ty + Co5 Ty Ty - €5 T Tz) P2,5 P3,§ X2, X3,i

(-1+Tq1) (-1+Ty)
1

TIT, (-1+T1Ty)
(—azbs—azb3T1+a4b3T1—c83T1—cgﬁTl—a4b5T2—a4b3T1T2+a4b5T1T2+c83TiT2+cg5T§TZ
(agbs —agbs — g+ Co3 + Cg Ty + a4 b5 Ty — C23 T1 Ta) P1,i P3,5 X1,i X3, 5
P3,j X3,5 - -
(*1+T1) (*1+T1T2>

(—apbs+cg+aybsTy-agbsTy-CgTy-azbsTo-CgTr+2a3b3 Ty Ty +CgTyTa) P15 Ps3,j X1,i X3, 5

(-1+Ty) (-1+T1Ty)

2
(32 bs-CioTei+Cos T1+asb3Ty-asbs Ty Ty +Cip Ty To - Cp5 T3 Tz) P2,i P3,5 X2,1 X3,

T1 (—1+T2> <—1+T1T2)
1

(-1+T1) Ty (-1+T1Ty)
<C19T1*C19Ti+azb5T2*azb5T1T2+a4b5T1T2*C19T1T2+C1@T§T2+a4b5T§*234b5T1T§>

P2,5 P3,5 X2,i X3,
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in[-]:- CF[LeftR3b - RightR3b]
Out[]=
eSeries [0, 0]

Reidemeister 2b

i++ / J++

Territory: (x | p)g) jy+> Xij-

Y
Inf- = Timing[ Shor‘t[Le-FtRZb - (jf[i, 1« £ /@ (Xi,5[1] Xg+,5- [-1]) d{VSi, VS5, VSi-, vsj+}) 1]

/]

{3-60938, eSeries [Pl,zu T, + P1,245 71,5 + P2,2+41 72,1 + <<10>> +P3 2.4 13,1 + P3,2.5 73,9

Out[«]=

<<352>> + fg3 Ti T% (<<1>>) <<3>> 7T 1.
+ <<98>> + }}
(-1+T) T2 (-1+Ty) Ty T, T3

in[-]:= RightR2b = eSeries [Py,z,i 71,i + P1,2+§ 71,5 + P2,2+i 72,1 + P2,24+j 72,5 + P3,24i 73,1 + P3,2+§ 713,55 O]
Out[«]=

e€Series [py,o.i 7, + P1,245 71,5 + P2,2+1 72,1 + P2,2+5 72,5 + P3,24i 713,i + P3,2:5 713,55 O]
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in[-]:= Short[eqn = CF[LeftR2b[1] - RightR2b[1]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Unione@Cases[ro[-1, i, j], d , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[egns, vars]
Out[-]//Short=

<d7+d3 Tl—d7 Tl +d5 T2 —d7 T2+d1 Tl T2 —d3 T1 Tz—d5 T]_ T2+d7 T] T2) <<2>> Tl el
+

BT, T,
(<<1>>) <<3>> <<1>> (-d7 +d7 Ty Ty +dg Ty Tp) <<2>> 7T g
— + <<5> ¢+ +
B T]_ T2 <<1>> B T1 Tz
Out[]=
{P3,2+1is P3,2455 71,15 711,55 72,is 772,75}
Out[]=
{d1, dj, d3, dg, ds, dg, dy, dg}
Out[-]//Short=
dg d3 ds dy ds dy ds dy dy ds dy dy
{—————+—+ - + - + =0, — - + =0,
B B B B BT, BT, BT, BT, BT, T, BT, BT, BT, T,
ds d; dz dy a; d; ds d7T1 T, dgT1 T,
- _ + =0, =0, — - — + — + <<32> + + =0,
BT, BT, BT, T, BT, T, B B B B B
ag dy dg d3Ty dyTy dyTy dgTy  ds dz d;
— +— +— + + - - - + - =0,
B B B B B B B BT, BT, BT;T,
d; dg & ds d; dz dsT, dgT, dyTo, dgTr, asT,
— ¢ — - — - + - + + - - - =0,
B B BT, BT, BT, BT,;T, B B B B BT,
d; dg d;
—_ — - = 0}
B B BT, T,
Out[«]=
a,-—agTy+as T, dg —a,-as T,
{{dlae, dba--———— d3-0,dy o -—,ds>0,dg>-———,d; >0, dg%@}}
T, T, T, T,
mnf-1:= sol /. (v_—>»val_) » (v=CF[val]l);
re['l) i: J]
out[e]=
(maz+a3T1-34T3) P3,jX1,iX2,i (@2+34T2) P3,5X1,5X2,i Q4 P3,q X1,i X2,
. _
T, T, T, T,
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in[-]:= Short[eqn = CF[LeftR2b[2] - RightR2b[2]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Union@Cases[r;[-1, i, j] +rs[-1, i, jl, e |f , ]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqgns, vars]]

Out[~]//Short=

<<l>> ('F;; + <<16>> + g Ty T%) <<3>> T 1ss
«<107>> + +
<1>> «<1> T, T%
out[e]=
{P1,241s P1,2435 P2,2415 P2,2+55 P3,2+i5 P3,2+95 7T1,is 711,45 72,15 712,55 713,15 773,57}
out[e]=

{e1, e, €3, ey, €5, €, €7, €8, T1, T2, F3, fa, Fs5, F6, F7, fs, To, T10, 11, F12, Fu3, F1a, Fus, 16,
-F17) 'F18) 'F19) 'er) fZl) 'F22) 'F23; 'F24, 'F25; -F26: 'F27, f28) -F29: f30) f31) 'F32) f33) f34) 'F35) -F365

f37) f38) 'F39: f40) f41) 'F42: -F43) 'F44_, 'F45: -F46: -F47) f48) -F49: fSO) fSl) 'F52; f53) f54) 'FSSJ

fSG) f57) F58: f59) fse: FGl: 'F62) f631 F64J f:651 f66) f67) f:68.v f69) f70) F71: f72) f73) F74:

'F75) 'F76J F77J 'F78) 'F79J 'FBOJ 'F81: -FBZJ 'F83) -F84J 'FSS) 'F86J -F87J 'FSS) 'F89J FQB: 'F91) 'F92J 'F93}

Out[-]//Short=
fs1 fuu faa 275
{f1*f11*{:41+f51+7+7+7’ =0,
T TnT Ty

2 'F51 'Fll <«<1> 2 'F51

+— + =0, 83>, «<1>> =0,
T% T, <<1>> T,
2a,bs Cie Cig Ca1 C3a
+ + + + +
(1-T1) (1-T2) (1-T1) (1-Tp) (1-Ty) (1-Tz) (1-Ty1) (1-T2) (1-Ty) (1-Ty)
Css o T1 Ty g3 T1 Ty
+ <<327> + + +
(1-T1) (1-Tp) (1-T1) (1-T2) (1-T1) (1-Ty)
foe T1 T fo1T1 T fou T1 T fo3T1 Ty
+ + + = @}
(1-T1) (1-T2) (1-Ty1) (1-Tp) (1-T1) (1-Tz) (1-Ty1) (1-Ty)

Solve: Equations may not give solutions for all "solve" variables.

Out[-]//Short=
{{e; >0, e, >0, <«<84>, fg3 > -Co3}}

in[-]:= sol /. (v_ >val_) = (v=CF[vall);
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inl-1:= re[-1, i, ]
Short [CF[rs[-1, i, 11, 5]
Out[«]=

bsp1,9P2,i X3,i b3 P1,iP2,jX3,i (b3 Ty+bsTy) pa,jP2,iXs,i
- - +

T1 T, T:1 T

Out[=]//Short=

—Co3 — Cg1 P1,i X1,i + <«<54>> +

2
(az b3 -CigT1+Cos Ty +asb3 Ty —asb3 Ty Ty +Cip Ty Ty — Cp5 T Tz) P2,i P3,5 X2,i X3,

+
Tl (*1+T2) (*1+T1T2)

((azb3—azb3T1+c25T1—C25T§+a4b3T2+azb5T2—2a4b3T1T2—a2b5T1T2+a4b5T1T2+a4b3T§T2—
Cos TiTy+ Cos T3 Ty +ag bs T3 2@, bs T1T§> P2,5 P3,j X2,i X3,j) /((*1+T1) T1Ty (-1+T1T2))

inl-]:- CF[LeftR2b - RightR2b]

Out[«]=
e€Series [0, 0]
Reidemeister 2¢
.
J
R
A
S .
1

In[-]:= Timing[ Shor‘t[{LeftRZc} = Cases[

jﬂ"[i, J1 2 £/@ (Xi,1,5[1] Xi,422[-1] C4,2[1]) dA{VSi, VSj, VSi+, VSj+, VS4,2}, E[&S ] = 5]

Out[]=
{4.29688,
81 (-1+Ty) <<3> 7my,3 <«<1>>
{eSer‘les [p1,2+i T01,i + P1,345 7T1,5 + P2,24i 72,1+ - + <<1>> -
BT, T, B «<1>> <«<1>
gl <<3> VAP TN gl p3,3+j ﬂl,j 7T2_,j
+ + P3,2+i 713,i + P3,3+5 73,5 <<1>>]}}

BT, B
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In[-]:= Timing[ Short[{RightR2c} =

2024-06-13 07:48:00

Casesuf[i, jl « L /@ (C;[0] C;,1[0] C5[0] Cj,1[1] C4,2[0]) dA{VSi, VS, VSi+, VSj+, VSj.2},

E[&S ] » 5]
Out[e]=
{0.125,
. 81 P3,3+5 71,5 712,35
{eSer‘les [p1,2+i T1,i + P1,3+5 71,5 + P2,2+i 7T2,i + P2,3+j 772, + B +P3,2+i 713,i + P3,345 713,50

8182+ <16>> + <g1 g2+ gl@) pZ, <1 Pciss T2 cclss <1 7T3,j} }}

in[-1:= Short[eqn = CF[LeftR2c[1] - RightR2c[1]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = UnioneCases[yp[1, k], g , »]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[egns, vars]

Out[-]//Short=

81 (-1+T1) (-1+T2) P3,3.5 711,172,181 (=1 +T2) P3, cc1s 711,572,181 (=1 +T1) P3,3.5 /11,1 72,5

BT, T, BT,
Out[]=
{P3,3495 711,15 711,55 72,15 72,51}
Out[]=
{81}
Out[-]//Short=
81 g1 81 81 81 81 81 g1
{*—77 + =0, - — + =0, - — + ::0}
B BT, BT, BT, T, B BT, B BT,
Out[e]=
{{81~>0}}

in[-]:= sol /. (v_ -»>val_) = (v=CF[vall);
Yoll, k]

out[e]=
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in[-]:= Short[eqn = CF [LeftR2c[2] - RightR2c[2]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Union@Cases [y1[1, K] + ¥a2[1, k], g , ]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqgns, vars]]

Out[~]//Short=
(C16 +C31+Cqp + Ce1~ 83 -4 86— 87-88) (-1+T1) P1,3,5 71,1

4
T1
g <<1>>2 <1 7T2<<1>> <«<1>
- + <<22>>
T2 T,
Out[e]=
{P1,3+95 P2,3455 P3,3455 7T1,is 711,95 72,05 712,55 713,is 713,75}
out[e]=
{82, 83, 84, 855 865 87, 88> 89, 810}
Out[~]//Short=
8 286 2 8¢ <<1>>
{g6 F 2222 e, 2ge+ 0, <«<135>, Cjo+ <<225> + — o,
T1 T T, <<1>>
2 a4 bs a4 bs a, bs ay bs
+ + - -
(1-T1) (1-Tp)  (1-Ty) T3 (1-Ty) (1-Ty T3 (1-Ty) (1-Ty) T] (1-Ty)
3 a, b a, bs 810 T2 asbs T,
- + <<33> + + -
(1-T1) T1 (1-Ty) (1-T1) T1 (1-Tp) (1-T1) (1-Ty) (1—T1)T% (1-Ta)
2a,bs T, gsT1 T, g8sT1 T g1 T1 T2

— — - =0
(1-T1) Ty (1-T2)  (1-Ty) (1-T2) (1-Ty) (1-T2) (1-Ty) (1-Ty) }
Out[~]//Short=

ng — 0, 83 > Ci6 + C31 + C46 + Ce15 84 = C19 + C34 + C49 + Ceas

—ay bz +aybs + <<225> +2a,bs T, T3

85 > - ;36%9:g7%9,€8%0:gsﬁe,gleﬁe}}
(=1+T1) T1 (-2+Ty) (-1+T1Ty)

in[-]:= sol /. (v_ >val_) = (v=CF[vall);

in[-1:= ¥1[1, k]
Short [CF[¥42[1, k11, 5]

Out[e]=
%]

Out[~]//Short=
(C16 + C31 + Ca6 + Cp1) P1,k X1,k + (C19 + C34 + C49 + Ceq) P2,k X2,k +
(=b3+bs+b3 Ty —bsTy) (maz+a,Ti-a3T1-a3T,+2a3T1Ty) P3,k X3,k

(-1+Tq1) T1 (-1+Ty) (-1+T1Ty)

in[-]:= CF[LeftR2c - RightR2c]

Out[]=
eSeries [0, 9]
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Ci[1] and C,[-1] are inverses
In-]:= Timing[ Shor‘t[{LeftCC} = Cases[{Jf[k] £/@ (Ce[1] Croa[-11) dA{VSk, vsk«}}, E[& ] 5]
h1 P3, 2.k 711,k 72,k

{9-109375; {eSer‘ies [P1,2+k T,k + P2,24k T2,k + +P3, 24k 713,k
B

Out[]=

<«<177>> +h1a T3 T3
+ <<8> + (hyhy + hig) P2, cc1e <<1>> 7Tg 7T3,k] }}

(*1+T1) Tl (*1+T2) (*1+T1T2)

Inf-J:= Timing[ Shor‘t[{RightCC} - Cases[{J‘s“[k] £ /@ (C[@] Cru1[0]) d{VSy, vsk+}}, E[S ] » 5]

/]

{0.015625, {eSeries[ps, .k 7T1,k + P2,2+k 72,k + P3,24k 73,ks 0] }}

out[e]=

in[-]:- Short[eqn = CF[LeftCC[1] - RightCC[1]]]
cvs = UnioneCases[eqn, p_ | , =]
vars = Union@Cases[yo[-1, k], h , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[egns, vars]
Out[-]//Short=
h1 P3, 24k 711,k 72,k

B

out[e]=
{P3,24ks 7T1,Kks T2,k }

Out[«]=

{h1}
Out[~]//Short=
5 -9
B
out[-]=
{{h1~>0}}

inf-1:= sol /. (v_>»val_) =» (v=CF[val]);
Yol[-1, k]

Out[]=
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in[-]:= Short[eqn = CF[LeftCC[2] - RightCC[2]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Union@Cases [y1[-1, K] + ¥42[-1, k], h , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqgns, vars]]

Out[-]//Short=
aybz-aybs-2a,b3Ty+ <161 +hg T3T242hg T3 T2+ hyp T3 T3

+ <<8>> + h1g P2, 2.k P3,2:4k 712,k 713,k
(*1+T1) Tl (*1+T2) (*1+T1T2)

Out[]=
{P1,24ks P2,2+ks P3,2+ks 7T1,ks 7T2,ks 713,k }
out[-]=
{ha, h3, hyg, hs, hg, hy, hg, hg, hig}
Out[-]//Short=
{h6 =0, h =0, Bh, =0, hg =0, Cig+C31 + <<4> +h; +hg =0, hg == 0,
2a;bs

hleiie, C19+C34+C49+C54+h4+h7+4h9+h19::0, -
(1-Ty) (1-Ty) (1-T1 Ty)

dg b3 a b5
_ + <<48>> == 0,
(1-T1) (1-Ty) (1-T1Ty) (1-T1) <1l> <1> (<<1>)

2 ER) b3 dg b3 ar b5
- +

(1-Ty1) (1-T3) (1-T1Tp) (1-Ty) (1-Ty) (1-T1Tp) (1-Ty) (1-T3) (1-T1Tp)

a4b5 C16 <<1>>
+ + + <<162>> = }
(1-T1) (1-T3) (1-T1Tp) (1-Ty) (1-T) (1-T1T3) <<1>»

Out[~]//Short=
{{hz -0, h3 > —C16 - C31 — Ca6 — Co1, Ng > —C19 — C35 — C49 - Cea,

<<22>> + <<1> -2a,bs Ty T%
hs - - :hsﬁe)h7_>01h3%@’hg%e’hleée}}
(-1+Ty) Ty (-1+Tp) (-1+T1Ty)

in[-]:= sol /. (v_ -»>val_) = (v=CF[val]);

in[-1:= ¥1[-1, k]
Short [CF[v¥42[-1, k]1, 5]
out[-]=
0
Out[-]//Short=
(- C16 — €31 — Ca6 — Ce1) P1,k X1,k + (~C19 — C34 — Ca9 — Cea) P2,k X2,k —
(b3 +bs+b3 Ty -bsTy) (may+ayTy-asT1-a3Tr+2a4T1Ty) P3,i X3,k

(*1+T1) Tl (*1+T2) (*1+T1 Tz)

in[-]:= CF[LeftCC - RightCC]
Out[«]=
eSeries [0, 0]

Invariance Under R1l
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mi-- {LeftR11} = Cases[{jf[i] £/@ (Xi,3[1] €11 [1]) A{Vss, Vsie, Vsio} |, E[6.] & 6, o]

Out[e]=
{eSeries[pi,3.i T1,i + P2,3+i 7T2,i + P3,341 73,1, Co3]}

i1~ {RightR1l} = Cases[{j?’[i] £ /@ (C;[0] Ci,1[0] Ci.2[0]) d{VSi, VSi+s vsi,,z}}, E[& ] &, oo]

Out[e]=
{eSeries[pi,s.i T1,i + P2,3+i 7T2,i + P3,3+i 713,i, 0]}

i1~ LeftR11[1] == RightR11[1]

Out[«]=
True

in[-1:= Short[eqn = CF[LeftR11[2] - RightR11[2]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Union@Cases[eqn, (c|d|e|f|g]|h), oo]

Short[eqns = If[cvs === {},

{eqn == @},
CoefficientRules[eqn, cvs] /. (_—>cC_) = (c =0)
1, 3]

{sol} = Solve[eqgns, vars]
Out[~]//Short=

Co3

Out[]=

{3

Out[e]=

{}

Out[-]//Short=

{Co3 = 0}
Out[-]=

{{Co3 > 0}}

mnf-]:= sol /. (v_ -»val_) = (v=CF[val]);

inl-]:- CF[LeftR1l - RightR11]

out[e]=
eSeries[9, 0]

Invariance Under R1r
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!
= (-

i1~ {LeFtR1r} = Cases[{Jf[i] L£/@ (Xi,1,2[1] Ci,2[-1]) d{vss, VSi-, vsi+2}}, E[S ] &, co]

out[e]=
{(—:Ser‘ies {P1,3+i T0,i + P2,3+1 72,1 + P3,3+1 713,i»

1

(azb5+azb3T1—a4b3T1+c83T1+c85T1+c82T§+c85T§+a4b5T2+
TITo (-1+ Ty 1)

agb3 Ty Ty~ asbs Ty Ty + € Ty To+Coa Ty Ty~ Cor T3 To ~Cap TiT, - 2Cg3 T T, —

Cge Ti T2 - Cg2 Ti Tz - Cgs Ti T2 - Cg1 Ti T% - Cgs T% T% + Cg1 Ti T% + Cg2 Ti Tg + Cg3 Ti T%) ] }

il - {RightR1lr} = Cases[{j}'[i] £/@ (C;[0] Ci,1[0] Cira[@]) A{VSi, VSi+s vsi,,z}}, E[5 ] &, co]

Out[e]=
{eSeries[pi,3.i T1,i + P2,3+i 7T2,i + P3,3+i 713,i» 0]}

in[-]-= LeftR1r[1] == RightR1r[1]

Out[«]=
True
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in[-]:= Short[eqn = CF[LeftR1r[2] - RightR1r[2]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Union@Cases[eqn, (cld|e|f|g]|h), oo]
Short [eqns = CoefficientRules[eqn, cvs] /. (_—>c_) = (c =0), 3]
{sol} = Solve[egns, vars]
Out[=]//Short=
A, bs +a, b3 Ty —as by Ty + <<26> + Cgq Ti T% +Cg Ti T% + Cg3 Ti T%

T2T, (-1+ T, Ty)
out[e]=

{1

Out[«]=

{Cs1, Cg2, Cg3, Cgas Cs5, Cge}

Out[~]//Short=
1

{ (azbs+a2b3T1—a4b3T1+C83T1+
T2T, (-1+T1Ty)

Cog Ty + Coa T3 + Cas T3 +As bs Ty + <<21>> + Ca T3 T3+ Cap T3 T5 + Cg3 T3 T3) == @}

Solve: Equations may not give solutions for all "solve" variables.

out[e]=
{{Css —> —Cgs T1 —Cgg To—Cg3 (1 -T1Tp) —Cg2 (T1 -T2 T2) -

—a2b5—a2b3T1+a4b3T1—a4b5T2—a4b3T1T2+a4b5T1T2}}

Cg1 (T2 =Ty T3) - 1Ty
1 (—1+ 1112

m[-1:= sol /. (v_ > val_) » (v=CF[val]);

in[-]:= CF[LeftR1lr - RightR1r]
out[e]=
eSeries [0, 0]

Invariance Under Sw

L
Swt B
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Inlo = Timing[Short[{LeftSw} =Cases[{J1F[i,j] L£/@ (Xiy1,5.1[1] Ci[-1] C5[-1] Cy,2[1] C4.2[11)

d {vs;, VSj, VSi+, VSj+, VSji,z, VSj+2}}, E[& ] » &, oo]

{1.32813,

out[e]=

{eSer‘ies [T1 P1,3+i 71,1 + (1= T1) P1,345 71,1 + P1,3+5 7T1,5 + T2 P2,3.1 72,1 + <<6>> + T1 Ty p3,3,1 73,1 +

<«<1> <«<1>
(1-Ty1T2) P3,3+9 73,1 + P3,3.j 713,55 ——— + <<56>> + H}
<«<1>> <«<1>>

Il 1= Timing[Short[{RightSw} =Cases[{J1F[i,j] £ /@ (Xi41,421[1] C1[@] C5[0] C1,2[0] C5,2[0])

d{VSi, VSj, VSi+, VSj+, VSi,2, VSj+2}}, E[& ] » &, 00]

{1.57813,

Out[«]=

{eSer‘ies [Tl P1,3+1 7T1,i + (1 =T1) P1,3+9 71,1 + P1,345 71,5 + T2 P2,3+i 72,1 + <<6>> + T1 Tp P3,3.1 /13,3 +

<«<1>> <«<1>
(1-T1T2) P3,345 73,1 + P3,345 713,95 ——— + <<56>> + H}
<<1>> <«<1>
in[-]:= LeftSw = RightSw
Out[e]=
True

The Solution

ml-]- UnioneCases|Le@X; j[1], (a|b|c|d|e]|f|g]|h) , =]
Out[«]=
{az, a4, bz, bs, Cg, €7, Cg, Co, Cio5 C165 Ci9, C215 C22, Co3,

C24, C255 €31, C345 C36, C39, Ca6s Ca9, Ce1s Ceas Cg1s Cs2, Cg3, Cgas Cas)

in[-]:= LeafCount@CF[£L@X; j[1] /. {Ci6|19|31|34|46|49|61|64|81|82|84|85 = @5 D35 > 1, @54 »1, B>1} //.
{C21 » -Cg, C22 > —Cy, €4 > -Cg, C7 > -1/ Ty, Cgj10|23)2583 = O} ]

out[e]=
1310

in[-]:= LeafCount@CF[£L@X;,[1] /. {C16|19|31|34|46|49|61|64|81|82|84|85 2> O, b3j5 > 1, a4 »>1,B->1} //.
{€21 » -Cg, C2 » -C7, Czqg > —Cg, C7 > O, Cg10|23|25/83 > O} ]

Out[«]=
1205
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in[-]:= CF[L@X;,[1] /. {Ci6|19|31|34|46|49|61|64|81|82|84|85 = @, D35 > 1, a3 »1, B>1} //.
{€21 » -Cg, C2 » -C7, Czq = -Cg, C7 > O, Cg|109|23|25(83 = O} ]
out[e]=
T1 T E [eSer‘ies [—P1,i X1,i + T1P1,14 X1,i + (L =T1) P1,145 X1,i — P1,j X1,5 + P1,145 X1, — P2,i X2,i +
(1+T2) p3,j X1,j Xa,1

T2 P2,1+1 X2,1 + (1= T2) P2,1.5 X2,i + P3,5 X1,i X2,i — T = P2,j X2,5 + P2,145 X2,5 +
1

P3,j X1,i X2,5 — P3,i X3,i + T1 T2 P3,1.1 X3,i + (1 = T1 T2) P3,1.5 X3,i — P3,j X3,5 + P3,1+5 X3,

(-1-To+TaTo-T3) P1,y P25 X1, X280 (Te-Tp) (~1-To+TiTy) 1,y Pai Xa,5 Xa,i

*1+T1T2 <*1+T1) Tl <*1+T2) (*1+T1T2>
(1+T2) p1,j P2, X1,§ X2,1 (T1 - T2) T2p1,i P2,j X1,i X2,j P1,§ P2,§ X1,1 X2,j
- + +
(*1+T1) Tl (*1+T1) (*1+T2) (*1+T1T2) *1+T2

(1+7T3) P3,§X3,1
P1,j P2,i X3,i + P1,i P2,5 X3,1 — 2 P1,§ P2,5 X3,i + -
Ty (-1+T1Ty)

(1 -2 T1 T2 +T%> pl,j p3,j Xl,i X3,i (—Tl + TZ - 2T1 T2 + ZT% T2 +T% - T1 T%) pl,j p3)i Xl,j X3)i

-1+T, ' (-1+Tq) T (-2+Ty) (-1+T1Ty) '
(L+T2) p1,i P3,§ X1,5%X3,1  (1+Tp) (1-2T1+T1T2) P1,jP3,5 X1,5 X3,1
Ty (-1+Ty) ' (-1+T1) Ty (-1+Tp) '
(1-Ty+2To - 2Ty T+ TE T+ T3 -2 T1 T3) Po,j P3,5 X2,1 X3,4
(-1+T1) Tq :
(-1+Ty T+ T T+ T5-2T1 T5) pa,j P3,i Xa2,j X3,1
(-1+Tq) T (-2+Ty) (-1+T1Ty) )
P2,i P3,j X2,5X3,i (1 -2To+T1T3) pa,jP3,jX2,jX3,i
-1+T, ) (-1+Ty) (-1+Ty) )
T2 P1,i P3,5 X1,i X3, (-1-T+2T1T2) P1,jP3,j X1,i X3,
(-1+Tq) (-2+T,Ty) ) (-1+Ty) (-1+T1Ty) '
(-1-To+T1T2) P2,i P3,§ X2,1 X3,5 T2 (-1-Ta+2T1T3) p2,5P3,jX2,i X3,5
Ty (-1+Ty) (-1+T1Ty) : (-1+T1) Ty (-1+T1Ty) }]

in[-]:= CF[L@X;,y[-1] /. {C16|19|31|34|46|49 61 64|81|82(84|85 = O, b3js > 1, a4 >1, B->1}//.

{C€21 » -Cg, C22 > —C7, €4 » -Cg, C7 > 0, Cg|10|23|25/83 = O} ]

Out[e]=
1
— E
T1 T
. P1,1+4 X1,1 (=1 +T1) P1,1.5 X1,1 P2,1+1 X2,i
eSeries [—P1,i X1,i+ + —P1,5 X1, + P1,1+5 X1,5 ~P2,i X2,i + ——_——— +
T1 T1 T,
(=1+T3) P21+ X2,i (=1+T1-T2) p3,5X1,1 X2, (1 +T2) P35 X1,5 X2,
+ + - P2,5 X2, + P2,1+9 X2,5 —
N ,j X, , ,
T, T T2 T, T,
P3,§ X1,1 X2, P3,1+i X3,i (-1 +T1T2) P3,1.5 X3,
——————— —P3,i X3,i + + = P3,j X3,j + P3,1+5 X3,3»
T1 T1 T T1T>
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(T1-T2) (=1-Ta+T1T3) P1,P2,iX1,i X2,i  (T1-T2) P1,i P2,5 X1,i X2,i
. _

T2 (-1+Ty) (-1+T1Ty) (-1+Tq) (=1+T1Ty)

(1-Ty+2Tp =Ty T+ 2TiTo+ T5 - 2Ty T5) pa1,j P2,j X1,i Xa,1

+

T2T, (-1+T1Ty)
(Te=T2) (=1-Ta+T1T2) P1,jP2,i X1,§ X2,1
(-1+T1) Ty (-1+Ty) (-1+T1Ty)

(1 ST142T, - 2T T+ TiT+T5-2T, T%) P1,j P2,j X1,5 X2, (T =T2) Tapa,iP2,jX1,i X2,5

+ _
(—1+T1) T]_Tz (—1+T1T2) (—1+T1) (—1+T2> <—1+T1T2)
(*1+2T1 T, *Tﬁ) P1,5 P2,5 X1,i X2,5  P1,P2,i X3, P1,i P2,9%X3,i (T1+T2) P1,5P2,§X3,i
- - + +
Ty (-1+Ty) (-1+T1Ty) T, T, T, T,

(-1-To+TaTo-T5) p3,5Xs,1  (-Te+To=2TyTo+2 T8 Ty + T3 - Ty T5) p1,j P3,i X1,1 X3,1

TiTy (m1+T1Ty) T2 (-1+T,) (-1+T1Ty)
(1-Ty+Ta-2TyTo+ 2T T - T1T3) P1,iP3,j X1,1 X34

+

(-1+T1) T2 (-1+Ty) Ty
(1-2T1 +T,-3T1T,+4TiT,-T, Tg) P1,5 P3,j X1, X3,1

T2 (-1+Ty) T,

(-Ti+T2-2Ta T+ 2T T+ T3 -TaT3) P1,5 P31 X1,9 X3,4 (1+7T2) P11 P3,j Xa,5 X3,1

(-1+T)) Ty (-1+Ty) (-1+T1Ty) ) T1 (-1+T5) T, :
(1-2Ty+T3+To-3Ty T+ 3TiTo - Ty T5) P1,j P3,5 X1,j X3,1
(14T T3 (-14Ty) T, 7
(-1+TaTo+ TiTo+ T3 -2T1T5) Pa,j P3,i Xa2,i X3,
(14T TyTy (14T, Ty) -
(-Te+ T+ TE T+ T3 -2T1T3) P2,i P3,j Xo,1 X3,4
(-1+T1) T2 (-1+T,) T, :
(-T1+2To+ TiTo+2T5-4T1 T3) pa,j P3,j X2,1 X3,1
(-1+Ty) T273 )
(-1+Ty T+ TiTo+T3-2T1T3) Pa,§ P31 X2,5 X3, Pa,i P3,i Xa,j X3,1
(~1+T) Ty (-1+Ty) (-1+T1Ty) : (-1+T) Ty
(F1-Ty+Ti+2Ta T+ TiTo+T3-3T1T3) Po,iP3,X2,5 X3,0 T P1,i Pa,j X1,1 X3,
(-1+T1) T2 (-1+Ty) T, : (-1+Ty) (-1+T,Ty) :

(-1 +2T1To - T%) P1,5P3,5X1,i X3,5  (-1-Ty+T1T2) Pa,i P3,j X2,i X3,
- +

Tl (*1+T2) (*1+T1T2) Tl (*1+T2> (*1+T1T2)

(1-Ty+2T2- 2Ty Tp+ T T+ T5 - 2Ty T5) Pa,j P3,5 X2,1 X3, 3

(—1+T1) T]_Tz (—1+T1T2) }]
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in[-]:= MatrixForm@CF [ {
{r‘e[l, i: J]) r'1[1) i: ]]})
{r'e[-l: i: J], r‘1[_1) i: J]]’)
{(-a2+a;Ty1-a3T1-a3T2+2a3 Ty T2), (-bs+bs+b3Ty-bsTy)}
} /. {b350, a;-50, bs >Ty, a > T1}]
Out[~]//MatrixForm=

T1P3,§ X1,i X2,i = P3,j X1, X2,i T1P1,5P2,i X3,i — T1 P1,5 P2,j X3,1

P3,5 X1,i X2,i P3,j X1,j X2,i
- T, + T, =P1,j P2,i X3,i + P1,j P2,j X3,i

(-1+T1) Ty -T1 (-1+Ty)

in[-]:= MatrixForm@CF [ {
{rell, i, j1, ra[1, i, j1},
{rel-1, i, j1, ra[-1, i, 31},
{(-a+@;T1-a3T1-3a3T2+2a3T1T2), (-b3+bs+b3Ty-bsTy)}
}/.{b3»0,a;,-0, bs>1, a, »1}]
Out[-]//MatrixForm=

P3,j X1,5 X2,i

P3,j X1,i X2,i — P1,5 P2,i X3,i — P1,5j P2,5 X3,i

T1
_ P3,j X1,i X2,i P3,j X1,j X2,i _ P1,j P2,i X3,i + P1,5 P2,j X3,i
T, T T, T: T
-1+ Tl 1- Tz

In[-]:= Matr‘ixFor‘m@CF[{

{rell, i, j1, ra[1, i, 31},

{rel-1, i, j1, ra[-1, i, 31},

{(-a+@3T1-a3T1-3a3T2+2a3T1T2), (-b3+bs+b3Ty-bsT;)}
Y /. {b3—>T;/2, bs » —Ti/z, a4->T}/2, a; - - '\/T_sz}]

Out[+]//MatrixForm=

- \/T71 T2 P3, 5 X1,i X2,i + \/?1 P3,j X1,i X2, - \/-Tl P1,5 P2,i X3,i + \/-Tz P1,i P2,j X3,i + (N/-T - \/-Tz) P1,5 P2

P3,X1,1 X2,i P3,jX1,1 X2, P1,j P2,i X3,i  P1,iP2,jX3,i + ( V1 - ﬁ) P1,5 P2,j X3,1
VT T, T N N VT AT

T2 (-1+T,) (VT2 + AT2) -1+ 4Ty T2)

in[-]:= MatrixForm@CF [ {
{rell, i, j1, r.[1, i, j1},
{re[-1, i, j1, r1[-1, i, j1},
{(-a2+a;T1-a3T1-a3T2+23a4 T3 T2), (-b3+bs+b3Ty-bsTy)}
} /. {a»-Tyag, bs» -b3T1} /. {b3>T; -1, az » 1}]
out[-]//MatrixForm=

~TyP3,§ X1,i X2,1 + P3,§ X1,1 X2,5 — ((=1+T1) Tep1,P2,i X3,1) + (~1+T1) pr,iP2,jXs,i+ (-1+T1)%pg,5]

P3,j X1,i X2,i P3,j X1,i X2,5 1 (=1+T1) P1,i P2, X3,1 (=1+T1) (-1+T2) p1,j P2,5 X3,i
_ ~-1+T7T . s X3 5 — _
T T, T ( 1) pl,j p2,1 3,i T, T,
Tl (*1+T2) (*1+T1> (*1+T1T2)
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il-]= MatrixForm@CF[{
{7‘0[1: i) J]J r‘l[l) i: J]})
{f‘a[-1: i) J]J r'1[_1: i: J]}:
{(-a2+a3T1-a3T1-3a3T2+2a4T1Ty), (-bs+bs+b3Ty-bsTy)}
} /. {az> -Tyas, bs > -b3 Ty} /. {b3>1, a3 > 1-T;'}]

Out[-]//MatrixForm=

(-1+T1) T2 P3,j X1,i X2,1 + (-1+T1) P3,5 X1,i X2,5

=T1P1,j P2,i X3,i + P1,i P2,5X3,i + (-1+T1) P1,j P2,j X3,i

T1 T1
(=1+T1) p3,j X1,i X2,1 _ (=1+T1) P3,j X1, X2, P1iPaiXsi- P1,i P2,5 X3,1 (=1+T2) P1,j P2,5 X3,1
27, T2 1,3 F2,1 73,1 T, T,
(*1+T1> (*1+T2) *1+T1T2

inl-]:= LIC[1]]
out[e]=
1T E [eSer‘ies [ (=P1,k + P1,1+k) X1,k + (= P2,k + P2,1+k) X2,k + (= P3,k * P3,1+k) X3,k>

(C16 + C31 + Cag + Co1) P1,k X1,k + (C19 + C34 + Cg9 + Coq) P2,k X2,k +
(b3 +bs+b3Ty-bsTy) (maz+ayTi-asTi-a3Tr+2a,T1Ty) Ps,kxa,kH

(—1+T1) Tl (—1+T2) (—1+T1T2)

(-b3+bs+b3Ty-bsTy) (maz+@,Ty-asTi-a3Tr+2a,3T1Ty) P3,k X3,k
Infe]:= Factor-[

(—1+T1) Tl (—1+T2) (—1+T1T2)
{2y » -Tyag, bs > -b3 T4} /. {b3 > Ty -1, a4->1}]

out[e]=

P3,k X3,k

inf-]:= LIC[1]] /+ Ci6|19|31|34|46|49|61|64|81|82|84|85 > O /. T > 1

1
Power: Infinite expression — encountered.
0

Out[]=
Ty E[eSeries[ (-p1,k + P1,1+k) X1,k + (= P2,k + P2,1:k) X2,k + (=P3,k + P3,1.k) X3,k» ComplexInfinity]]

i = LICG[-1]1]

Out[«]=
1 o
— E{€Serle5[<fp1,k+p1,1+k) X1,k + (=P2,k + P2,1+k) X2,k + (= P3,k + P3,1+k) X3,k»
T:1 T,
(—C16 — C31 — Ca6 — Ce1) P1,k X1,k + (—C19 — C34 — C49 — Cea) P2,k X2,k —
(-b3+bs +b3 Ty -bsTy) (may+ayTi-asTi-asTr+2a,T1 Ty) p3,kX3,kH
(*1+T1) Tl (*1+T2> <*1+T1T2)
Some Knots

-]~ K =Knot[3, 1]; K31 = jL[K] d vs [K]

out[e]=
1

(1_T1+T§) (1_T2+T§) (1-T1T2+T§T§)
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i T3 TSE [eSeries[@, - ((-Cs1— Cap — Caa — Cas + C16 Ty + C31 Ty + Cag Tr + Co1 Ty + 5 Cag Ty +4 Cgp Ty +
ACgu Ty +8Cg5T1-3C16To-3C31T2-3CaeT2-3Co1 T2 -10Cgy T2 -8Cgy T2~ 6Cgy T2 -
8Cgs T2 +5C16To+5C31 T2 +5CagTa+5Ce1 T3 +11Cgy Ta +10Cgp T2 +5Cgq To + 10 Cgs T3 -
5C16 T -5C31 Ty ~5CagT1-5Ce1 T1 -7 Car T3 -8CgoT1 ~2Cea Ty -8 Cgs Ty +2Cy6 T3 +
2031 T3 +2Cae T3 +2Co1 Ty +2Ca1 T3 +4Cor Ty +4Cas T3 —Caa To —Cgs To —ay b3 Ty + @, bs Ty +
C1oTy +C3aTo+Cag Ty +CeaTo+4Cgr To+5Csy Ty +4CgaTo+4Cgs To+4a,byTy Ty
agbsTiTo-3a,bs Ty To+asbs Ty Ta-3C16T1T2-3C1oTiTy-3C33T1To-3C3aT1 Ty
3C6T1T2-3CaoT1To-3Ce1TiTo-3CeaT1Ty-17Cg1T1To-17CgoT1 Ty -13Ca Ty T, -
13Cgs Ty T2 -8a,bs T2T,+3a,bs T2 T, +5a,bs TaT,-2a,bs T2Ty+7Ce T2 T, +
5C1oTiTo+7CaTaTy+5C3 ToTo+7CagTaTo+5Ca0TaTy+7Cer ToTo+5Ce T3 T+
28 Cgy TiTo+28Cgy T2T)+15Cga T3 T2 +20Cgs T2 T, +10a@, b3 T3 To—5a, by T3 To -
S5a,bs T3 T,+3a5bsT3To-9¢C16T3T2-5C10T3T,-9C31 T3To-5C3TaT2-9C6T3 T, -
5Ca0ToTa-9Ce1 T3T2a-5CeaTaT2-23Ca ToTo-26Cg, TaT,-8Ca T3 Ty - 16 Cgs T3 To —
8a,by T{ T, +5a,b3T{To+3a,bs T{ T, -2asbs Ty T, +5C16 Ty To+3Cio Ty To +
5c3 T3T2+3C3aTiTo+5Ca6TiTa+3Ca0TTo+5Ce1 T3 To+3CeaTiTo+7Cor Ty T
10Cgy Ti Ty~ Coa Ty To+2Cas Ty Ty + 42, b3 T3 Ty -3 a,b3 T3 Ty~ @y bs T; To+ s bs T3 T +
ACieTiTy~CroTyTo+4Cu T3T,-CoauTyTo+4Cau T T~ Cag Ty To+4Cey T3 Tp -
CaaTiTo+4C T3 To+4Ce) T3 To+3Cu Ty Tp+8Ces T3 Ta-a b3 T3 T+ ag by T T, -
AcigTiTy-4C ToTr - 4CaToTo-4Ca ToTo-3Ca TeTo-7Co T3T,-8Cas To Ty +
3cg T{Ty+3Ces Ty To+2a,b3T5-a,b3T5-3a,bsT5+a,bsT5-3CioT5-3C3Ts -
3Ca9T3-3CeaT5-8Cg T5-10Ce T3 -8CaaT5-6CgsTo-7a,b3 Ty To+7a,by Ty T+
8a,bs Ty T5-7a,bs T1T5+5C16TiT5+7CioT1T3+5C3 TiT5+7C3aTyT5+5Ce Ty T+
7CaoT1To+5Ce1 T1To+7Coa Ty T5+28Cgy T1T2+28Cap Ty T5+20Cgq Ty T2+ 15 Cgs Ty To +
11a,b3TiT5-16a,b3 T3 T5-11a,bs TAT5+12a,bs T2 T2 -9y T2 T3 -9 Co T3 T5 -
9C3 T2T2-9C3T2T5-9CasTiTo-9CaoTaT5-9¢Ce1 T2T2-9Cea T2T5-34 ¢ T2 TS -
34Cg T2AT5 - 14 Cga T2T3-14Cgs T2 T5-8a, b3 T3 T3+ 21 asbs T3 T2+ 7a, bs T3 T2 -
14a,bsT3T2+9C1ToTa+5C10TaT5+9¢C TaT2+5C3ToTa+9CToTa+5C ToT5+
9Ce1 ToTa+5Ceu TaTo+11Cgy ToT2+12C, TaT5-3Caa ToTo-4cCgs ToTa-a, b3 T T2 -
152, b3 T7T5+6a5bs Ty To—Crg T3 T5+Cro T3 Ta—Car Ty T5+ Caa T3 T5 — Cae T3 T3 +
CaoTiTo-Cor T3 T+ Coa T3 T+ 17 Cor TI T3+ 24 Co T3 T3+ 14 Cga Ty T5 + 26 Cgs T3 T3 +
7a;b3T3T2+4a,b3T3To-3a,bs T3 Ta-azbs T3 T3-10C16T; T5-3C10 T T2 -
10C3 T3T5-3C3 T3T5-10Cas ToTa-3CoT3 T -10Ce1 T3 T2 -3 Coa T2 T3 - 22 €y T3 T5 -
36Cgr T3T5-8Caa T3T5-28Cgs T3 T5-6a,bs TS T5+2a,bs TS T5+2a,bs TS T5 -
2a5bs TST5+2C16TSTo+2C10ToT3+2Ca T5T5+2C3a TS To+2Cae To T3 +2Cao TS TS+
2Ca ToTo+2Cea TSTo+7Car TST3+22Cao ToTo—Caa ToTo+ 14 Cgs TS T3+ 2@, by T T3 -
2a5b3 T T5+4C1g T To+4C3 TITo+4CaeT]To+4Ce1 T, To+Car T3 Ta-4cCg, T T5 -

Cos T3 T2-2Caa ToT5-2Cas ToT5-3a, b3 Ta+2a,bsT3+5a,bsTa-3asbs T3 +5C10 T+
5C3 T3 +5CaT5+5CeaTo+10Cay To+11Cgy T3+10Cg T3 +5Cg5Ta+9a, b3 Ty T3 -
12a,b3TyT3-11a,bs Ty T3 +16a4bs Ty T3 -5C16T1 T2 -9C10T1 Ta-5¢3 Ty Th -

9C3, T1T3-5CaTaiTo-9CaoT1To-5C1 T1Ta-9CeaTo T3 -26Cgy T3 T3 -23Cg Ty T -

16 Cga T1 T3 -8Cgs T1 T3 -11a, b3 TiT3+22a, b3 T3 T3 +11a, bs TIT5 - 22a,bs T2 T3 +
5C16ToT3+9C1oTiTa+5C TaT3+9CauTaT3+5CaToT3+9C0TiTo+5C T3+

9Cea TiT+12Ca T2T3+11Cey ToTo -4 CaaTaT3 -3 Cas ToT3+2a,b3 T3 T3-19a5 b3 T3 T3 +
absTiT3+18a,bs ToTa-CieToTa-Cro T Ta-Ci T3 Ta-Caa T Ta —Cas To Ta —Cao T3 T -
Ce1TaTs—CoaTaTa+30Ce; T3T3+30Ca T3 T3 +26Cea T3 T3 +26Cgs T3 To+13a, b3 T4 T3 -
2a4b3T{ T3 - 132, bs T3 T3 +5a,bs T35 -8cCig Ty Ty -5C1oTiT3-8C T1T3 -5¢3,T7 5 -
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8Cas T3 T -5Ca0TiT3-8Co1 T3 T3-5Cea Ty Ty -54Cg T3 T5 -66Cgy T3 T3 -28Cga T3 T5 -
40 Cgs T3 T3-19a,bs T3 T3 +20a, b3 T3 T3 +13a, bs T3 T3 -11asbs T3 T3 + 13 Cyg T3 Th +
3C1oT3T3+13C TaT3+3C3T3Ta+13Cas T3 Ta+3Ca0T3T3+13Ce1 T3 T3 +3Cea T3 To+
36Ce T3 T2 +54Ce, ToT3+8CaaToTa+26Cgs ToT5+132a,b3 ToT3-19a, by TSTS -
6a,bs ToT3+10asbs TST3 +5C16TSTa+5C3 ToTo+5CasToTa+5Ce1 ToTs —4cCgy To Th -
17Co TS T3 +4Caa ToT3-3Cas TSTo—4a, by T T +8asbs T[T -7C16Ti T3 -2C10 T, T3 -
7 TiT3-2C3u T -7 Cas T, Ta-2Ca0TiTo-7CerTaT3-2Cea TiTo -4 gy T, T3 -
7CeTiT;-8CasTiT3-2C16T3T5-2C3 T35 -2CaT3T5-2Cau T3T3+7Cop T35+
5c85T§T3+2a2b3T§—3a4b3Tg—5a2b5Tg+5a4b5T‘21—5c19Tg—5c34T§—5c49T§—
5CeaTy - 8Cg1 Ty~ 7CgTy-8CaaT3-2Cas Ty -3a,b3TiTy+14a,b3 Ty T3+7a,bsTyT; -
21a4bs Ty T3 +3C16Ta Ty +5C10T1 Ty +3Ca TaT3+5C3TaTy+3CaeT1 Ty +5Ca T T+
3CeTiT3+5CeaTyiT5+10Ce TiT5+7Cap Ty Ty +2Ca Ty T3 Cos Ty T3 -5a,b3 T3 T3 -
182, b3 Ti T3+ @y bs TIT5 +19a, bs TI T3 + Ci T3 T3 ~C1o T3 T3 + €31 TE T3~ €32 T3 Tg +
Cag TITy ~CaoTi T3+ Car Ti Ty ~Caa T3 T3 +24 Coy TI T3 +17 Cgp T T + 26 Cga T3 T3 +
14 cgs T3 T3 +24a, b3 T3 T3 +a, b3 T3 T3 -21a, bs T3 T3 —aabs T3 T3 - 5¢C16 T3 T3 -
8CioTiT5-5C31 T3 Ty -8C3aT3T3-5CaTiT5-8CaoT3T;-5Ce1 T3 T3 -8Caa T3 T5 -
66 Cg1 T3 T3 ~54Cgr T T; ~ 40 Coa T3 T3 ~28Cgs T3 T, ~41a, by T3 T5 +34a, b3 T T; +
33a,bs Ty T3 -37a4bs T{T5 +8Ci T{ T3 +8Cio Ty T3 +8C3y Ty T3+ 8C3a T1 T3 +
8Cus T3 T3 +8Cao T3 Ty +8Ce1 Ty Ty +8Ces T3 T3 +66Cgy T Ty +66Cgy Ty T5+26Cgq T3 T +
26 Cgs T3 T3 +39a,b3 T3 T3 -52a5 b3 T3 T3 -25a,bs T3 T3 +35a,bs T3 Ta -3 Cy6 T3 T -
3¢5 T3T3-3CaTiT5-3CeT3Ty-24Ce T3T5-30Cg T T5+2Caa T3 T3 - 4Ces T3 T3 -
222,b3 T3 T3 +38a4b3 TS T3 +10a, bs T3 T3 - 2284 bs TS T5 - 15 Ci6 T5 T3 -3 C1o T3 T5 -
15C3 T8 T2 -3 oy T8 TA - 15 Cue TOTr -3 Cao T T - 15 oy TO T -3 ey T TH - 10 ey TO T2
30 g T =3C3a Ty Ty = 1oCae T 1 - 53Ca9 17 15 - 15Ce1 17 15 - 3Ceq 17 1, -10Cgy 17 15 -
11Cg TS TS -8Caa To T - 14 Cgs TSTa+6a, b3 T, Ta-14a,bs T/ To+5C16 T2 Th +
3C1oT Ty +5C3 T3 T3+3C3aT]Ty+5Ca6T,Ta+3CaoT;T3+5Ce1 T Ty+3CesT,Ts+
8Ce1 T1T3+23Car T, Ta+15Ces T3 T3 +6C16ToTy+CroToTo+6Ca ToTy+Ca ToTH+
6Cag T3 Ty +Cag T3 T3 +6Cor T3 Ty + Coa Ty Ty ~ 11 Cap T3 T3~ 6 Cas T3 T3 ~ap by T3 +
2a5,b3T;+3a,bs T3 -5a,b5T5+2C10T5+2C35T5+2Ca0T5+2CeaT5+4Ce T+
2C82T§+4C84T§*6a4b3T1T§+15a4b5T1T§*C15T1T3+4C19T1T§*C31T1Tg+
B4C3TiTy-CagTiTo+4CaTiT5-CrT1T3+4Cea TeTo+4Ce TaT5 +4Ce T 5+
8CgaT1To+3Cgs TaT5+8a,bsT2T5-5a,bsT2T5-13a,bs T2T53+2a,bs T2 T -
3C16T3T5-10C0ToT5-3C31T3T5-10C3aT2T53-3Cae ToT5-10CaoTAT5 -3 Cr T2 T, -
10 Cea TIT5 -36Coy TaT; -22Cgo TaT5 - 28Caa T3 T3 -8 Cas TaT5 - 22, b3 T3 T3 +
37a4b3T3T5+33a,bsT3T5-34a,bs T3 T5+3C6ToT3+13¢C10T3T5+3C3 T3 15+
13¢5 TT5+3CusTaT5+13CToTo+3Ce1 ToT5+13Cou TaT3+54C ToT5+36Cs, T35+
26Cg T3 T5+8Cgs ToT5+32a, b3 T3 T5-74a,b3T7T5-40a,bs TiT5 + 74a, bs TH T -
3C10T3T5-3C3aT3T5-3Ca0T3T5-3CoaTiT5-30Ca1 T3T5-24Cg, T1T5-4CaaT5T;+
2¢g5 Ty T3 -28a, b3 T3 T5 +79a2 b3 T3 T3 427 @y bs T3 T5 - 57 a2 bs T3 T3 - 7€y T3 T; -
7CoT3T5-7CanTiT5-7C3aT3T5-7CasT3T5-7CaoT3T5-7Cr T3 T5-7Cea T3 T5 -
12cg1 T3 T5-12Cgr T3T;-16Ca T3 T5 - 16 Cgs T3 T3 +15a, b3 TS T5 -49a, b3 TS TS -
102, bs TST5+30a,bs TST5 +13CeTo T3 +5C0T5To+13Cay To T3 +5C3 To Ts +
13Cae TS T5 +5Ca0 ToT5+13Cor TST5 +5Cea TS T5 + 26 Cor TS T5+34Cr TS TS +
10Cga TST5 +20Cas To T -4 a, by T/ T5+16a5 b3 T, T +5C16TaT5 - Cio T2 T3+5¢C3, T, T -
7 5 7 5 7 5 7 5 7 +5 7 +5 7 5
C34T1T2+5C45T1T2—C49T1T2+5C61T1T2—C64T1T2—1@C31T1T2—28C82T1T2—
13Ces T T5-10Ci6ToT3-3C10ToT5-10Ca ToT5-3Caa ToT53-10Cas T3 T5 -3 Cao TS T -
10Ce1 ToT5-3Cea ToT5+10Cg, ToT5 +4 Cas To T3 —az by To —a, bs T5 +3 a5 bs TS -
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Co1 TS —Caa TS +2a, b3 Ty TS +asbs Ty TS -3 a,bs Ty T —4a,bs Ty T —4co Ty T -

By TiTe —4cuTiTo-4cCesTiTo-7Car TaTo-3Ca, TaTo-8cCaaT1 To-8a,bs T2TS +
11a4b3TITS+13a,bs TATS - 20a,bs T2 TS + 2 Cyp T2To+2Co Ta TS +2 €3y T2 TS +

2C3 T2t 2 Cu e TITe +2Cao ToTo +2Ce T2 TS +2Coa T2TS +22Cey TATS + 7 T2 TS +
14 Cq TITS —Cas TI TS +16@, b3 T3 T5 -35a, b3 T3 TS —25a, bs T3 TS + 52 a4 bs T3 TS +
5C1oTa TS +5C3 T3 To+5C0T3To+5CaaTaTo-17Car T3 To-4cCgy T3 TS -3 Caa T3 T +
bcgsT3T5-20a, by TITS +57a, by T1T5 +27 @, bs T{ TS ~79a,bs T1 T5 -3 46 T3 T5 -
15¢C19 T3 Ty -3 €3 T3 TS ~15C3, T1T5 -3 Cag T3 T - 15Cag Ty T -3 Cor T3 Ty~ 15 Coa T3 T5 -
11ca T4T5-10Cg Ty T5 - 14 Ca TI TS -8 Ces T{ TS +16 @, b3 T3 T5 - 558, by T3 TS -
17a,bs T3 TS +55a,bs T 7o +5C16 T3 To+13Cio T3 To +5C3y T3 To + 13 C34 T3 T +
5CasT3To+13CaoT3To+5Ce1 T3TS+13Coa T3 To+34Ca T3 TS5 +26Cgr T3 To +20Cgq T3 T +
10cgs T3 To - 8a,bs TS TS +32a,bs TS TS +6a,bs TS TS - 26, bs TS TS - cyg TS TS -

Cao TS TS — o T TS — o T TS - Cas TS TS —Cao TS TS —Cer To TS — Con TS TS — 28 Cay TS TS -
28 Car TS TS —8Caa TSTS - 8Cgs ToTo+2a, b3 TI To-10a, by TI TS - 13 cyg T, T -

5C1oT T -13C3 TITo-5C3 T, T5-13CaeTiTo-5Ca0 T T5-13Co1 T4 To -5Cea T2 T +
8Ce  TITo+17 Car T, To+4Cas T, To +10C1e To TS +5C10 To TS +10C3y To TS +5Caa TE TS +
10 Cae To TS +5CaoTo T +10Cor To TS +5Coa To TS —5Car To TS - Cas To TS —as bs T) +
2a,b3TyTj+2a,bs Ty T)-2asbs Ty T)+3Cey TaTo+3CaaT1Ty-10asbs T3 T) -

6a,bs TaT,+19a,bs T2T)+4C1oTiTo+8C TaT,+4CaoTaT)+4Cea ToT) -4 gy T3 Th+
Coa T3Ts —Caa T2T,+22a2b3 T3 T;+10a, bs T3 T5-38a,bs T3 T) -2 C16 T3 T) -
7C1oTaT)-2C ToT)-7CaToTs-2CagTaTs-7CaoTaT)-2Cr TaTy-7Cea T3 T -
7Ca1T3T)-4cg TaTs-8CaaTaT,-30asbs T3 T;-10a,bs Ty TS +49a,bs T3 T5 +
3C16TITo+5C10T3 T, +3CaT3T5+5CTiTo+3CasT3T5+5Ca0T3T5+3Ce1 Ty Ts+
5CeaTITo+23Cay TaT,+8Cg T3 T5+15Caa T3 T, +26a,b3 T2 T +6a,bs To T) -

32a4bs T3 ) —Cie T3 T +5C10T3T5-Ca1 T3 T5+5C3a T3 15— Cag T3 T3 +5Cag T3 Tj -
CorT3T)+5CeaT3T)-28Ce1 T3 T5-10Caa T3 T)-13Caa T3 T3 - 142, b3 TS T) -

2a,bs TST)+14a,bs TST) - 5¢C16To T, -13CioToT)-5C3 TSTo - 13 C34 To T) -

5Cas TSTo-13CaoToT)-5Ce1 ToT)-13Coa To Ty +17Car TST)+8Caa To Ty +4Caa To T +
BasbsTITo+11CeT]T5+11CioTaTo+11Cay TI T +11Caa T4 To+ 11 Cug T, T +
11CuoT]To+11Cer TaT3+11Cea T To -4 Ce1 To T -4Cg T2 T3 -6C16To T - 5C10 To Th -
6C3 T8T) - 5C3ToTs —6CaToT,-5CaoToT)-6Ce1 ToTs-5CeaToT)+Cg ToTs+
2a,bs Ty TS -8asbs TITS - 2cCe TIT5 —2Caa T2 T3 +14 a5 bs T3 T3 -2 Co T3 T5 -

2C3 TS - 2Ca T -2 T3To+7Car T3 To+5Caa ToTo —16a5 bs Ty To + €y T3 T +
6C1oTyTo+Ca T To+6C3TiTo+Cag Ty To+6Cao T3 To+Cor T3 To+6Ceq Ty To -

11Ce T3To - 6Ce TITo +10a,bs T2 To -3 Cye T3 T -10Cro T3 To -3 C3y T3 T -

10C3, T3 o -3 CeToTo-10Ca T3 To -3Car T3 To-10Ces T3 To + 10 Cay T3 To + 4 Cgg T3 T3 -
BasbsTSTS +5CiToT3+10C1oTSTo +5C3 To T3 +10Ca, TSTo +5Cap TS T3 + 10 Cao TS TS +
SCo ToTS+10Cea TSTS —5Ca ToTo —Caa To T3 - 5C16TITo -6 Cio T, To —5¢3 T, T -
6C3a T, To - 5CaTiTo-6CuTiTo-5Ce1T]To-6CeaTiTo+Car TaTo+2Cs T3 To+

2C1o TS +2Co T3 T3 +2C3aT3T5+2Cag T3 T5+2Cu T3 T3 +2Ca T3 T5+2Caa T3 T5) /

((-1+T1) (1-Ta+TH)? (-14Tp) (-1+T4Tp) (1-T,+T3)2 (1-Tu T+ T373)) ) ]

in[-]:= K = Knot["K11n34"]; Conway = JL[K] d vs [K]

KnotTheory: Loading precomputed data in DTCode4KnotsTo11".
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KnotTheory: The GaussCode to PD conversion was written by Siddarth Sankaran at the University of Toronto in the summer of

Out[«]=

2005.

-1E [eSer‘ies [0,

1

<azb3Ti*azbsTi*4azb3Ti+a4b3Ti+332b5Ti*

(m14T) T (-1+Ty) TS (-1+ T4 Ty)

asbs T3 +6a,b3 Ty —3a,bsT] —3a,bsTi+2a,bs Ty —4a,bsT; +3asb3 Ty +a,bs T3 -
agbsT; +a, b3 Te —asbs TS -2a, b3 Ty To+2a,bs Ty To+6a,b3 TiT,—ag by T3 T, -

3a,bs T2Ty+asbs T2T,-6a,b3 ToTo—asbsToTy-a,bs TaTy+3a,bs ToTy+2a,b3 T3 T+
7asb3TiTy+3a,bs TiT,-7azbs T3 Ty+2a, b3 T3 Ty-7asbs T3 T,-3a,bs T3 Ty +

3abs T3 To-6a,b3TSTo+4a,b3TSTo+4a,bsTSTo-2a,bs TSTo+6a,b3T] T, -
Aa,bsTITy-2a,bsTiTo+2a,bsTiTo-2a,bsToT,+2a,bs ToTy+a, b3 T2 —a, bs T2 -
asb3TiT3-3a,bs Ty T5+asbs Ty T3 -5a, b3 T2T5+9asbs T2T5+8a,bs T2T5-9asbs T2 TS +
6ab;T3T2-14a,bsT3T5-4a,bs T3To+4a,bsT3To-4a,bsTiTo+6a,bs Ty Ts+

2a,bs TiT3+5a5bs T3 T5+4a, b3 T3 T3 -2asbs T3 T5-4a, by TS T5-6a5bs TS TS -

2a,bs T3 T3 +8agbs To T3 +6a,b3 T{ T3 +8asb3T{ T3 -2a,bs Ty T3 -4asbs T; T3 -
S5absT8To+a,bs T8T5-2a,bs T8To-asbs Ty To+a,bs Ty Ta—asbs Ty Ta+a, by T2 T2 -
asb3 T2 T2 - 2a,bsTi+asbsTa+3a,bs Ta-asbsTa+4a,bsTyTs-3azbs Ty Ts —a,bs Ty Ts +
agbsTiT3-2a,b3TiT3-4a,byTaT3-4a,bs TaT3+14a,bs T2T3+10a, by T3 T3 +

2a,bs T3T3-10a,bs T3 T3 +a, by T3 T3 -6a5b3 T3 T3 -3a,bs Ty T3 +2a,bs Ty T3 -

b3 T T3 +7a,b3ToT3+2a,bsToTa-5a,bs T3 T3-a, b3 TS T3 -6a,b3 TS T3 —a, bs TS TS -
SasbsTSTo+asbsT{To+7asbsT]To+4a,bsT{To-4asbsT]T3+2C1oT T3 +2C34 T2 T3+
2C4TIT3+2Ces TiTa-9asbs T8Ts —a,bs To T3 +5a,bs To T3 —2CioTo T3 —2C3y To T3 -
204 T8T3 - 2CaaToT3 -2, b3 TiTovasbs T3 To +a,bs T3 Ta +3a,bs T3 T +4a, b THOTS -
2a,bs T1%T3 +2a,bs T12T3-2a, by T1 T3 +2a,bs T3P T3 +a, by Ty -2 az by T3 -3 a, bs T +
3asbs Ty ~2ab3 Ty Ty +7asb3 Ty Ty +3abs Ty T5 -7 asbs Ty T5 —a, by T1T; - 5a, b3 T1 15 +
2a,bs T2T5-6asbs T2T5+5a, b3 T3 T3 -2asb3 T3 T3 -3a,bs T3 T3+ 6a5bs T3 Ts -
28,b3T{T5+4a,b3T{T5-4a,bs T{T5-3a,b3 T3 T3 -a,b3 T3 T3+2a,bs T3 T3 +4a,bs T3 T3 +
AaybsTSTy - 3a,b3ToT; - 3a,bsToTy +asbs TST; ~3a,bs T{ T +4aabs T, T;+a,bs T T +
4asbsTiT;-6C1oT, Ty -6C3aT T3 6CagT, Ty~ 6Cea T Ty -2a,b3T3T; —agby T35+
3a,bsTITy-4asbsT3Ty+4C1oTiT3+4CuTiT5+4CaTiT3+4Ceu T3 T5+5a,b3 T3 T5 -
5agb3 Ty T -4abs Ty T3 +2a,bs T T3 +2C1o T3 T5+2C3a T3 T3 +2Cag Ty To + 2Cea T3 T -

a, b3 T1T3 +8asbs T2 T +a,bs T2 T3 - 6a,bs T1° T3 - 28, b3 T1' T3 -3 a, by T3 T3 +

aybs T T3 —asbs T1 Ty + @y by T2 T3 ~as by T1° T3 + @ by T3 +a; bs T; ~3ag bs T +
2a,b3T1T3-3a4b3TiT;-3a,bs Ty T3+7asbs Ty T3 -4a,bsTaT;+2a,b3 T2 T; +
3a,b3T3T5+5a,b3T3To+2a,bsT3T5-7asbsToT5-2a,bsTiT5-4a,bs TP+

2a,bs TIT3+asbs T3 T3-3a, b3 T3 T5-5a2bs T3 T5+2a,bs T3 T5+5a5bs T3 T +
4a,byTiT;+2a,b3TiT;+2a,bsTiT;+4a,b3T{T; -5a,b3T]T;-5a,bsT]T;+
9asbsT]T5+6C1o0T]T5+6C3T,T5+6CoT1T5+6CeT;T5-3a,b3T8T5+3a,b3T3TS -
4a,bsT8T5 +5a,bs TET5 - 2a, b3 ToT5+9a, b3 ToT5+3a,bs T3 T3 -9a,bs T5 T -
6C1oTT5-6C3aT3T5-6Ca0TaT3-6CeaTiTo+3a,b3Ti2T5-4a,b3T1T5-a,bsTI2T;+
3a,bs T12T5-4a, by T 15 —asbs Ti T3 +a, bs Tal T +ag bs T3 T3+ 2@, by T12 T + ag bs TS -
2a,b3 Ty TS +2asb3 Ty To+4a,bs Ty TS -4asbs Ty To+2a, by T2TS - 8as by T2 TS -

2a,bs T2T5+6asbs T2T5+2a, by T3 To+5a,b3 T3 TS -a,bs T3 TS+ 6a5bs T3 TS5 —az by T TS -
3a,bs T3 TS +3a,bs TI TS +2CieTiTo+2Ca T To +2Cue T3 To+2Ce T3 TS -8a, by T3 TS +
2a,bs T3 TS -2asbs T3 TS -6C1s T3 T -6C31 T3 To—6Cas T3 To-6Cer T3 To+22a, by TSTS +

https://drorbn.net/AcademicPensieve/Projects/HigherRank/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: UC4A2.nb 2024-06-13 07:48:00

2a5b3TSTS-16a,bs TSTS - 2a,bs TS TS +6Cig TS TS +6Can To T5 +6 Cap TS T9 + 6 Coy TS T5 -
32a,bs T TS +20a, b3 T, T5+20a,bs T TS 27 a4 bs T T5 -2 Cyg T, To — 2 Co T4 T -

20 T TS - 2CauTiTS - 2Cas TITo-2Cao T, To - 2Ce1 TaTo - 2Cea T1 TS+ 222, b3 T TS -
23a,bs T3S - 5a,bs T8TS —a,bs T8 TS+ 2Cie To TS 4 Co T TS + 2y TE TS 4 cay TOTS +

2 T TS 4 TeTS + 2ce1 TS -4 e ToTS - 8a, by To TS5 +3a,bs ToTo vay bs T5 15 +
S5asbsTi TS -6C1s Ty To+6C1oT3 To-6C3 T3TS+6C3 Ty To—6Ca6Ty To+6CaoTy TS -

6Ce1 T3 To+6Ces TaTo+2asbs TP T +4a,bs T12T5 —asbs T2 TS +6Ci TIPTS5+ 603 TIOTo+
6Cas T2 TS +6Cer TP To+2a,bsT1 TS —8a,bs T3 To-2a,bs TIH TS + 6@, bs TIH TS -

2C1e T To —2Ca Ti TS - 2 Cag TH TS — 2 Cer T3 TS + 2@, b3 T12 To +4a, by T12 To - 2@, bs T2 TS +
2a5,bs T2 TS - 2a,bs T3 TS +2a, by TP TS —2a,bs Ty TS —2a,bs Ty T, +4as bs Ty T) +
2a,b3T2T)+4a,b3T2T)-2a,bs T2T)-8a,bs T2T)-4a,bs ToT)+4a,bsT2T)+

Aa,bs T2T) - 7asbsT3To+3a,bsTiTo —4asbsTiT, +a,bs TaT, —dagbs Ti T, -2C6TH TS -
203 TiTs-2Cas 3T, -2Ce1 T3 T5-2a,b3 T3 T5-9asbs T3 T)-5a,bs T3 T+ 5a,bs T3 1) +
ACieTyT)+4cCy TiT)+4CaT3T+4Ce T3To—-3a,b3TSTo+27a,b3 TS T, +20a,bs TS T -
20a,bs TST)+4a, by T/ T5-52a,b3 T, Ts-16a,bs T, To+52a,bsTiTs-4C6T1 T+
2C10T]T)-4Cs T Ty +2C3aT1T)-4CagT]T)+2Ca0T Ty -4Cer T1T)+2Cea T] T+
Aa,bsToT,+38a,bs T8 T, +2a,bs T8 T, -9a,bs T5 T, -3a,bs T3 T, -10as by T2 T) -
3a,bsT)T)+4asbsTiT)+4C1eT3T,-2C10T3T5+4CaT3Ts—2C3aT3T,+4CasTyT)
204 TiT)+4Ce T3Ts-2CeaToT,-2a,b3T38 T, +3a,b3 TP T —a,bs T30 T, +3 a4 bs T2 TS +
3a,b3 TI T, +3absT1 T —2a,bs T3 T3 -8asbs 1 Ts—4Ce T3 Ty -4 C3y TAN TS -

AT T)-4Ce T T)-4a,bsT12 T, +4a,b3 112 To+4a,bs T2 T) - 8a,bs T12 T) +

2016 T T +2C T2 T, +2Cas T2 To+2Ce1 T12 To+2a, b3 T2 T —6a, by T1° T3 —2as bs T TS +
a b3 T2T8+2a, b3 T2 T8 +a,bs T2T5 - 2a, b3 T3 To - 5a, b3 To To —a, bs T3 TS + 9 a, by T3 T5 -
a by Ti TS+ 4a,bsTiT8 +3a,bs Ti TS +asbs Ti To +5a, b3 T2 To - 5a, by T2 To —4a, bs T3 TS -
3asbs T3 TS +2cC16TaTo+2C T3 T3 +2CasT3To+2Ce1 T To-2a,bs TSTS +a, by TSTS -
Sa,bs To TS +23a,bs TS TS -6 CiTSTE - 6Ca ToTo-6Ca ToTo-6Ce TSTo —3a, by T, TS +
9asbsT] T8 +2a,bs TIT5-38asbs T/ T5+6C16 T, To-6C1oTaTo+6C3 T, To-6C3, T, To +
6CaTITo-6Cu T, To+6Ce T, To-6CeuTiTo+4a,b3ToT8+2a,b3T8T8+2a,bs T8 TS -
2a,bs T8 T8 - 2 ToTS 4o To TS - 2 T TS 4 4 T TS - 2 TE TS + 4y T TS -

2Ca To TS A, T8TS —3a, by ToTo —5a,bs ToTo +2a, bs T TS —7asbs T TS + 2 a6 T3 To +
2Co T T 2Cs Ti T 4 2Ca T T+ 2Cue ToTo+2Ca T3 To+2Ce TaTo+2Cea To TS -
2a,b3TIT8 —4a,b; T10 TS +2a,bs T12T5 -6 Cip T120T5 6 C3y T30 To — 6 Cae T2 TS -
6Ce1T1oTo+5a, b3 Ti TS v a,bs TI  To+2a,bs 1 To +6Cag Ta  To + 6 Cay T3 To + 6 Cup Ty T +
6Ce1 T To—a, by T1°To —4a,b; T2 To-3a,bs T12 T5 + 10 as bs T12 T5 — 2 c16 TI2 TS -

20 T2 TS - 2 T2 T8 - 2 e T2 T8 - 2@, by T2 T8+ 5a, b TP TS + @, by T3 TS -

agbs TP TS +a, by T1 TS —as by T1* T3 + as b3 T3 T3+ @, bs TI T +as bs TIT5 - 23, b3 T3 T3 -
3asbsT3Ty+absT3Ty—asbsT3Ty+4a,bsTiT-2a,b3T7To-4a,bs Ty To+5a,bsT7 T -
2a,b3T3T5+92a,b3T5T9+3a,bs T5T5-9a,bs T5T5-5a,bs ToTy+a,bs TS TS -

3abs TST)+a,bs T T -4asbsT]T5-3a,bsT]T5+10a,bs T, T5+6C10T, T9+6C34 T, T+
6CaTIT9+6Ces TITa—a,bsToTo+7a,bsToTy+2a,bs ToT) +5a,bs TS TS —a, by T3 T5 -
S5asbsTiTo+5a,bsToTo-6C1oT3T5-6C3uTaTa-6CaoTiTa-6CeaTyTy+a,bsTi2TH -
2a4b3T1°T) -3, bs T2 T +3a,bs T12To+8a,bs T3 T +2a, bs T TS 4 a, bs TIH T) -
2a,b3 T2 Ty -3a,bs T2 T +3a,bs TH2To -5a,bs 12 To +4a, by T2 To-5a,bs T2 T) -
3a,bs TP T3 +5a,bs T3 T3 -2a, b3 T3 T5 +4azbs T14 T3 +as bs T3 722 -2 a5 by T3 T5° -
2a,bs T3T2 +a, by Ti T30 +6a,bs Ti T30 + @, bs TTT3° —8a, bs T3 Ta2 —3a, by T5 T5° -

asbs T3T32 +4a,bs T3 T30 -5a, by TS T3 +asbs TS 132 +4a, by TS T22 - 28, bs TS T52 +
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6as b3 TI T2 -3a,bsTi 132 —asbs T] 132 -3 asbs T3 T3% —2Ci0 T T3 - 2 C34 T T3 -

2C4TI T2 —2CaaTiT2 4, by T8T3°2 128, bs T8 T30 + 42, bs TS T32 — 4 cyo TE T3 -
Ac3T8T —8cu o 3T - 4caToT32+4a,b3Ti T2 -3a,bs T3 T3 -3 a, bs T3 T22 +

2a4bs T3 T2 +6C1oTi T2 +6Ca ToT32 +6CaoToT3 +6Ces ToTa2 —4a,bs T12T5 +
4a,bsT1%T% +2a,bs T12T3 -4a,bs 110 T2 + 6@, b T T30 - 2@, by T3 132 — 4@y bs TTH T2 +
6asgbs T3 T3 - 5a,bs T1? T2 +2a, by T2 T30 —ay bs T2 132 + ag bs T3 T3° + 5 a, by T2 T30 +
3a,bs TP T3 -9a,bs TP T2 +a, by T1 T30 - 5a, b3 T1* T3° ~ 2@, bs T3 T3t +ag by Ty T3 +

A bs TIT3 +3a,bs TI T3  —agbs T3 To  +a, bs T3 T3 +ag bs T3 Tt - 2@, by TS T3 -

6asbs TS T3 —2a,bs TST3 +8a,bs TS Ta  +6a, b3 T Tt +8as by T, T3 —2a, bs T] T3 -
3a,bs T Ta -6a,bs To T3 28, by T8 T2 —asbs To T3 + 2o To T3 + 2 Caa T T3H +

2C4 ToT +2Caa ToT3 +2a, b3 To T3 +4a, by To Tal + 22, bs T3 Tt —8ag bs T3 T3 -

2C o ToTa m 2 T T -2 Cao T Ta —2Cea ToTa + 28, b TH0 T2 —6a, by TIO 2! -
4a,bsTI0T +2a,bs T12 T3 -6a, by 1 T3t + 10 a, by T1 T3 + 8@, bs T T3 -

10a,bs T T3 + 6@, b3 T2 T3h - 13 a5 b3 T12 To' -3 @, bs T2 T3 + 5@, bs T12 T -

2a,b3 TP T30 +3a, by TP T3l —ay bs TP T3t + 7aa bs T2 T3 + 2@, by T4 T3t + a, bs T3 T3 -
2a5b3 TS T2 -2a,bs TS T3 ~4a,bs TS T2 +8a, b T) T32 +4as bs T, T3 —4ag bs T] T3% +

a; by T8TI2-10a,bs TE T3 -3 a, bs T8 Ta2 +4asbs To T3 —4a, by T Ta2 +5a, by Ts T3 +
3a,bsT)T32+3asbs T3 T3 +6a, b3 T2 T2 —as by T2 T2 —a, bs T2 152 - 2 a5, bs T30 752 -
4a, by TI T2 -5a,bs TI T2 -3 a, bs T1 132 + 13 a, bs TE T3% + a, by T12 T32 + 9 ag by TI2 Ta2 +
2a,bs TI°T3° - 9asbs T12 T3 —4as by TP T3 —2a, bs T2 T3 —2a, bs TS T2 + 6 a5 bs T, T5° +
as b3 TE T3 +a,bs T8 T2 —5a,bs TS T3> —5a5 b3 T T3 —3a, bs T3 T2 + 5a, bs T3 T3> +
9asbsT12T22 +3a,bs T12 T3> - 5a,bs T12 T3 -7 as by T1 T3 —as bs T3 T3> —3 a4 bs T1H T5° +

2a,b5 T TR 42, b5 T T 4 a, bs T8 T3 — 42y bs T3 T2 + 5 8, bs TH T2~ 2.3, b TH T34 H

mn[-]-= K =Knot["K11n42"]; KT = JL[K] d vs [K]

Out[-]=
-1
1
]E[eSer‘ies[@, (a2bsTy-a,bs Ty -a by T +as b3 75 —a, bs T5 -
(-1+T1) T (-1+Ty) T3 (-1+T1Ty)

a;b3 T} +a,bs T3 —azbs T3 +a, b3 Ty —agbsT] -2C10T7 -2C33 T1 —2Ca0 T3 —2Coa T3 +2C10 T +
2034 T3 +2CaoT5 +2Cea Ty +as b3 Ty—arbs To—4a, b3 Ty To+2asb3 Ty Ty +4a bs Ty T, -
2a,bs Ty To+3a,b3 TiT,-5a,b3TiTo+4a,bsTiTo—asbs T3 To-abs T3 To+5a,bs T3 T, +
3a,b3TiTo+2a,b3 Ty To-3a,bs Ty To+2a5bs Ty To+6C1oTiTo+6C35 T3 Ty +6Ca0TyTo+
6Cea Ty To-4absTiTo+3a,b3 Ty To+asbs T3 To—asbs T3 To-4cCioT;To-4C3T5 T, -
BCuoTiTy-4CaaT3To+arbsTSTo—asbsTSTo-2C10To Ty -2C3a TS To-2Cao TS T, -
2Cea TSTo+aybsTa+asbsTe—asbs T2 -4a,bs Ty T2-4a,bs Ty T2+5a,bs Ty T2+7a,bs T2 T2+
3asb3TiT5-4a,bsTiT5-3a,bsTiT5-4a,bs T3 To+4a,b3T3T5-8a,bsT3T5-4a,by Ty T+
3a4b3TiT2+7a,bs T3 T3-9a,bs T3 T5-6C10TyT5-6Ca TIT5-6C4 T3 To-6Coq T T+
7a,bsT3T2-11asb3 T3 T5-4a,bs T3 T5+5a5bs T3 Ta-4a, by ToT5+5a,b3 ToT5+a,bs TS TS -
A bs TS T2+ 6C1oToTI+6C3 ToTa+6CaToTo+6CeuToTo+a,b3TiTo-a,b3TiTo+a,b3Ts+
azbsT3-2a,bs Ty T3 -5a,b3 Ty Ta-a,bs Ty Ta+asbs Ty T3 -2C16TiTa-2C3 T1 T -
2046 T1T3-2Co1T1T3+6a,b3T2T3+8asbsToT3 -4asbsT2T3+6C16ToT3+6C3 T3T5 +
6CaToTr+6Ce ToTo-6a,b3TaTo-4asbsTaTo+2a,bsTaTo+4a,bsTaTo-6CTaTa-
6C31T3T5-6CauTaT3-6Ce TaTa+4a,b3TiT3-6as2bsTiT3-6a,bs T3 T3+13a,bs Ty T3+
2C16TiT3+2C10TTa+2C TiTo+2CauTiTo+2Ca T3 Ta+2C0 T3 Ta+2Ce T 1o +
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2064 TiT3-6a,b3 Ty T3+13a,bs T3 T3 +7a,bs T3 T3 -11asbs T3 T3 -2Ci6To T3 +4CioT5 Ts -
2¢3 TiT3+4C3T3Ta-2Cas T3 Ta+4CaT3T3-2Co1 T3 T3+4Cea T3 T3 +6a,b3 TS TS -
11a,bsT5Ty-3a,bs TST5 +5a,bs TST5 +6C16TST -6C10ToT3+6C3 ToT;-6C3a T T +
6CasToT3-6CaToTa+6C ToTo-6CeaToTo-2a,b3TIT3+4a,b3TiT3-6C16T, s -
6C3TiT3-6CaT1T5-6Ce1TiTo+2C6TiT5+2C T3 To+2CaT3T3+2Ce T3 T;+asbs s+
a,b3TyT3-2a,b3TyT5-3a,bsTiT3-2a,bsTiT5+2C6TiT5+2C3 TiT5+2CTyTs+
2061 T1T5 - 4a, by T3 T3 +9asb3 Ti T3 +7a,bs Ti T3 -3 a4 bs TiT; -4 CiTi T3 -4 C3y T T -
AcaeTiTy-4Cer T3 T3+ 7@ b3 T3 T5-13a,b3 T3 T -6a,bs T3 T3 +6a,bs T3 T3 -4a,by T 15 +
102, b3 T{ T3 +2a,bs Ty T; - 10, bs T T5 +4C1 T1T5 ~2Cio Ty T +4 €3y Ty Ty~ 2C3 T T +
AcaeTiTy-2CaT T3 +4Ce TiT5 -2CeaTiT5-4a,b3 T T3 -8a,b3 T T5+11a,bs T3 T3 +
7a,b3T{T3+6a,b3 T3 TS —a,bs T5T3-6asbs ToT3-4cCie T3 T3 +2Ci0 T3 T5 -4y TS TS +
23 TyTy -~ 4CagTiT+2Ca T - 4Cer ToTy +2CeaToT5 - 4ab3 T{T5 —a, by T{ T3 +

A, bs T Ty —asbs T{ T3 +a, by T3 Ty ~aa by T3 T3 +4CigTi T3 +4C Ty T3 +4Cag Ty Ts +

Acg T3T;-2C16TiTs -2C3 ToT5 ~2Cae T3 Ty -2Cer T3 Ty +@a by Ti T +a, bs Ty T3 -

3asbs Ty T3 +a, b3 TiT5-5a5b3TiT5-4a,bs TiT;+11asbs TiT5-2¢C16TaT5-2C5 T2 T, -
2046 T2T5-2Ce1 TiT5-4a, by T3T5+11a, b3 T3 T3+7a,bs T3 T5-13a,bs T3 T5+6Ci6 T3 T5 +
6C3T3T5+6CauT3T5+6C TaTo+3a,b3TiT5-11a,b3TiT5+8a,bsTiT-6C16TiT; +
6C1oTIT;-6C31T3T5+6C35T3T5;-6CasT1T;+6CsT1T5-6Ce1T3T5+6CeaT7Ts -
B4asb3TT5-4a,bsTT5+4a,bsToT5+2C16T3T5-4C19T3T5+2C31 T3 T5-4C3, T3 T; +
2046 3T -4CaoTiT5+42C1 ToT; -4Coa T3 T5+3a,b3ToT;+11a,bs TSTS —agbs TS T5 -
2016 To T -2C1oTST5 -2 TST5 - 2Caa To T3 -2Cap To T3 -2Cao TS T5 -2 TS TS -

2Cea TST5—4a, b3 T T5-4a,bs T T5+2a,bs T, T5+6C16T;T5+6C3 T T5+6CsToT5+
6Ce1TITo+a b3 ToT+a,b3ToT5-6C16ToT3-6C3 ToT5-6CasToT5-6Cer ToT5+

2016 ToT5+2C3 T3 T3 +2Cas TaTo+2Cer1 To T +agbs Ty To +as by TATS +a, bs T3 TS -
5agbsTi TS -5asbs T3 T -3a,bs T3T5+11a,bs T3 TS +a, by T3 T5+6a,by T3 T5 - ay bs T T5 -
6asbs T{TS ~6C1oTy T - 6C3 Ty Ty - 6CaoTiT5-6CeaTiTo —a, b3 T3 TS +asby T3 TS -
11asbs T3 TS —a, by TS TS +3a,bs TS TS +4a,bs TSTS -3a,bs TSTS +6C1o TS TS +6C3y TE TS +
6CaToTo+6Cea ToTo+a,bsTITS-8a,bsTI TS —a,bs TI TS +a,bs 11 TS +2a,bs TE TS +
asbs TIT)-4asbsT3T)+asbsTiT+absTyT)+asbs T3 T +2C1oT3To+2C35 T3 T+
24T T)+2CeaTyT)-2a2b3 T3 T +4a,bs T3 T +4C1oT3Tj+4C3a T3 T3 +4Cao T3 TS+
Acea Ty T)—asbyTiT, —a,bs ToTo+8azbs T5To ~6C1oToTo ~6C3a To To —6Cao To Th -
6CoaToT)+2a,b3TIT)-2a,bsTIT)+asbs T To—asbs ToTo - 2C1oTo To 2034 T3 T5 -

2Ca TITE-2Cea TiTE- 220 bs TE TS+ 2o TS T3+ 250 TETE + 2 Can T T3 + 2 Caa TS TE) ||

inf-]= CKT = Factor‘[(—1+T1) (-1+T3) (-1+T,Ty)

(Cases[{Conway, KT}, eSeries[0, & ] +» &, ©] /. C16|19|31|34|46|49|61|64|81|82|84|85 = O) ]

(—b3+b5+b3T1—b5T2) (—az+a2T1—a4T1—a4T2+2a4T1T2)
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out[e]=
1

T

(T3- 2T+ T - 2T T+ 2T T+ 2T T -2 T T+ T3+ 2 Ty T3 - 2 T3 15 - 2 T4 T5 - 2T5 T3+ 2T] T +
T - 2T+ Ty T+ Ty T - 2T T+ T3 - 2To T+ i Ty + 2T T3 + 2 TS T+ Ty T3 - 2 T3 T5 + T2 Ts +
2T+ T -4 T - AT T+ T TS + 2T T - 2 Ty T -2 T2 TS+ 2 T TS - 4T TS + 12 TS 75 -
ATITS+ 2787 2T TS 2 T TS 2 T T T AT T, AT T+ TS TS +
2T T+ T TS - 2 Ty T+ T TS+ 2 TS TS+ 2 T8 TS e Ty TS -2 T TS T2 T -2 T3 15 +
T T +ToT - 2T T+ T T2+ 2Ty Tl -2 TS T30 -2 T8 13 2710 1%+ 2T T30 +
TP T -2 Ty + 2T T3+ 2T Ty - 2 T T+ TR T2 - 2 T T2+ T30 132,

1

n (Te+Ti+Ta-2Ty T - 2T T - 2T T+ Ti T+ T3 - 2Ty T3+ 2T T3+ 2 T3 T3 -
172

2Ty T+ T T - 2T T3 + 2 T3 T3+ 214 T3 - 2Ty T3+ Ty T, - 2T T5 + 2 T3 T +
2T‘1‘T‘21—2TiT‘2‘+TfT‘2‘+TiT§—ZTiTg—zTiTi—ZTiTg+TfT§+T‘1‘T§+TiT§)}

in[-1:= Factor[(-1+ T, T,) (Cases[{Conway, KT}, eSeries[@, & ] =» &, »] /.
{C16|19|3134|4649|61|64|81|82|84|85 = O, A2 » 1, a4 » @, b3 - 0, bs > 1})]

Out[e]=

{TiTg (T3- 2T+ T3 -2 i T+ 2T T+ 2T T - 2T T+ T3+ 2 Ty T3 -2 T3 15 -2 T3 T5 -2 T3 T5 +
2T T+ 3T - 2T+ T T3+ T3 T3 - 2Ty T+ T3 -2 T3 T+ T3 T+ 2T T3 + 2 TS T + T1 T5 -
2T T+ T T+ 2Ty T3+ T T - ATy TS - AT T3+ T3 T3+ 2T T3 - 2T, T5 - 2T T5 +

2T TS AT TS+ 12T TS AT TS+ 2 T TS - 2T TS -2 T TS+ 2 T2 T+ T T, - 4TS TS -
AT T+ T T+ 2T T+ Ti T - 2T T+ Ty To + 2T T3 + 2 Ta To + T3 T3 - 2 T2 TS +

T 2T+ T TS +ToT, - 2T T+ Ty T30+ 2Ty 1ol - 21Tyl 278 1P — 270 120 &

2T TP TP T -2 e T e 2T T e 2T T 2 T T L TR TR - 2 T T TP TR,

1

e (Te+Ti+Ta-2Ty T - 2T T -2 T3 T+ Ti T+ T3 - 2Ty T3+ 2T T3+ 2 T3 T5 -
172

2T T3+ Ty T3 -2Ta T3+ 2T T3+ 2 i T3 -2 T3 T3+ Ty T3 -2Ta T3 + 2 T3 T3 +
2T‘11T‘2‘—ZTiT‘z‘+T‘13T‘21+T§T§—2TiT§—2T‘1‘T§—2TiT§’+TfT§+T‘1‘Tg+TiTS)}

in[-]:= Factor[CKT /. Ty » 1]
Out[«]=
2(-1+Ty)2 (1+T3) 2 (-1+Tp)?% (1+T3)

{ : }
E E

in[-]:= Factor[CKT /. T, » 1]

Out[e]=
2 (-1+T)? (1+TF) 2 (-1+Ty)% (1+7T7)

{ : }
T T
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(CKT /. {T1 > T3, T2 » T1})

In[«]:= Factor[ ]
CKT

Out[«]=
(22
0T,
Tweaking ya4,

In[«]:= CF [742[1) k]]

Out[]=

(C16 + €31 + C46 + Cp1) P1,k X1,k + (C19 + C34 + C49 + Ceq) P2,k X2,k +
(b3 +bs+b3 Ty -bsTy) (maz+a,Ti-a2T1-a3T,+2a3T1Ty) p3,k X3,k

(=1+Tq1) T1 (-1+Ty) (-1+T1Ty)

inf-]:= L[C[1]] /. {c_ >0, a > 1, a4 >0, b3 >0, bs » 1}

out[e]=

T T E [eSer‘ies[

(=P1,k * P1,1+k) X1,k + (=P2,k * P2,1:k) X2,k + (=P3,k + P3,14k) X3,k>»

il l:= CFlya2[-1, k1]

Out[e]=

(=C16 — C31 — Ca6 — C61) P1,k X1,k + (= C19 = C34 — Ca9 — Cea) P2,k X2,k —
(-b3+bs+b3 Ty —bsTy) (maz+a,Ty-asT1-a3Tr+2a4T1Ty) P3,k X3,k

2024-06-13 07:48:00

(—1+T1) T1 (—1+T2) (—1+T1 T2)

In[«]:= L[Ck[—l]] /. {C_—)e, a2—>1, a4—>0, b3—)0, bs—)l}

out[e]=

E [eSer‘ies[ (=P1,k + P1,1+k) X1,k + (= P2,k * P2,1+k) X2,k + (=P3,k + P3,14k) X3,ks —

(1-T2) P3,k X3,k H
Tl (—1+T2) (—1+T1T2)

(1-Ty) p3,k X3,k } }

Ty (-1+Ty) (-1+T1 Ty)

T: T,

in[-1:= Yaal@_, R_] = Evaluate[CF[¢ ¥4 [1, R]11;
Ya2[o, K]

Out[]=

¢ (C1e + C31 + Cap + Co1) P1,k X1,k + © (C19 + C34 + Cqo + Coq) P2,k X2,k +
@ (=b3+bs+b3 Ty -bsTy) (—a+aTi-asTy-asTo+2a3T1T2) P3,k X3,k

(—1+T1> Tl (—1+T2) (—1+T1T2)
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ol 1= (jﬂk] £/@ (Ccl01] Cualo2]) d{vsis Vsic) /- Yopal__]» 0
Out[e]=
Tf1+w2 Tglﬂpz

1

E [eSer‘ies [P1,2+k T,k + P2,2+k T2,k + P3,2+k 7T3,k> (@1 a bz +
(*1+T1> Tl (*1+T2) (*1+T1T2)

(,0232'93—(Dlazbs—@Zazbs—Z(Dlazb3T1—2(0232b3T1+(Dla4b3T1+(Dza4b3T1+(Dlazb5T1+

02a;bs Ty —@lagbs Ty - @2abs Ty -9l cye Ty - 02C16T1 - 0LlcigT1 - 902 C19 Ty -1 C33 Ty -
©2C31T1 9l C35 Ty~ 02 C35 Ty — 0L Cyp T1 — 02 Ca6 T1 — 01 Ca9 Ty — 02 C49 T1 — 01 C1 Ty -
02Ce1 Ty -0l Coa Ty -2 Coa Ty +0laz by T2+ 2 a, b3 T —plagbs T2 -2 a,bs T3 + 01l Cy T2 +
02 C16 T2+ 0L CioTo + 02 Cro T2 + 0L C3y T2 + 02 C31 T2 + 0L C3a T2 + 02 C34 T2 + 01 Cgg T2 +
02 Cag T2+ 0L Cao T2+ 02 Cao T2+ 0Ll Cor T2+ 02 Cer T2+ L Coa T2 + 92 Cea T2+ 0l ag by T +
@2agbsTry+pla,bsTry+@02a,bsTy-@plagbsTy-02aszbsTy-30lagbsTiT,-302a,b3T1 T, -
0labsTiTy-2a,bs Ty To+3¢0lagbs Ty Ty +3¢02asbsTyTo+0LlcigTiTo+ 2 CieTy Ty
0l CioTiTo+ 92 CroTiTo+ 0Ll Cyy Ty To+02C3 Ty To+ 0Ll Caa Ty To+ 02 C3a Ty To+ 0Ll Cag Ty T +
02 Cag T1To+ 0L Cag T1 To+ 02 Cag Ty To+ 0L Cor Ty To+ 02 Cor T1 To+ 0L Coa Ty To + 02 Coa Ty T +
20lagbsT2T,+202a,bsT2To-0lcigTaTo -2 C16 T3 To -0l Cio Ta Ty - 92 C10 Ta Ty -
0lcy T3To-02C3 T3 To-0lCaa T3 To-02C3 T3 To— 01 Cag T3 To— 02 Cag T3 To - 01 Cao T3 T2 —
02Ca0T3 Ty -0l Cer T3 Ty -2 Co1 T3 Ty - 01 Coa T3 Ty - 02 Coa T3 Ty + 0l ag bs T3 + 92 @4 bs T3 -
201asbsTiT3-202a5bsT1To -0l T3 T5-02C16 T3 T3 -0l 1o T3 T5 - 92 Cia T3 T5 -
0lea TaT2 - 02Cay T2T2 -0l Caa T2 T2 - 02 Caa T2 T2 -0l Cag T2 T2 - 02 Cae T2 T3 — L Cho T2 T3 -
02 Cao T2 -0l T2 -2 Ce1 ToTo -0l Cea ToTo -2 Cea To T+ 0l Cig T3 To + 02 Cie T3 T5 +
0lCioTa T2+ 02C1oTa T2+ 01 Cay Ta T2+ 02C3 To T2+l Caa To T2+ 02 C3a ToTa+ 0L Cag T2 T +
02Cas T3 T5+ 0l Cag T3 To + 02 Cag T3 T35+ 01 Car T3 To+ 02 Cor T3 T3 + 01 Coa T3 T3 + 02 Coa T3 T3) +
(01 + @2) (C1 +C31 + Cap + Co1) P1,2+k 71,k + (@1 + ©2) (Ci9 + C3a + Cag + Cpa) P2,2:k 72,k +
(01 +92) (b3 +bs+b3Ty-bsTy) (maz+a,T1-asT1-a3T,+2a,3T1 7)) P3,2+k7T3,kH

(=1+Tq) T (-1+Ty) (-1+T1Ty)

In[«]:= (jT[k] L/@ (C[p1] Cra[02]) d{VSk, VSk+} =

Jf[k] L/@ (Ce[ol+¢2] C,1[0]) A{VSk, VSi+}] /. Yoj2[__1-0

Out[«]=
True
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Saving the Results

mn[-1:= data = CF[{
{rell, i, j1, rel-1, i, j1},
{r.[1, i, j1, ra[-1, i, 313,
{ra2[1, i, 31, ra2[-1, i, 31},

Ya2 [0, k]
}/.{C_—)e_'3241,34—)0,b3—)0,b5—)1}
1
Out[e]=
P3,5 X1,5 X2,i P3,5 X1,i X2,i  P3,j X1, X2,i
{{P3,j X1,i X2,i — >~ 5 + }
T, Ti T2 T T,

P1,5 P2,i X3,i  P1,j P2,j X3,i
JLP1,j P2,i X3,i = P1,5 P2,5 X3,i» — + },

T1 Ty
T2 P1,5 P2,§ X1,1 X2,i P1,5 P2,i X1,5 X2,i P1,5 P2,j X1, X2,i P1,i P2,j X1,i X2,5
{ -1+T1 T, ) (-1+Tq) T (-1 +T1Ty) ) (-1+T1) Tq ' (-1+Tq) (-12+T,Ty) :
P3,5 X3, P1,5 P3,i X1,5 X3,i P1,5 P3,j X1,5 X3,i
Ty (-1+TyTy) PPy (-1+T1) Ty (-1+T1Ty) ' -1+T, )
T2 P2,jP3,jX2,i X3,1  P2,5P3,i X2, X3,1 P1,i P3,q X1,i X3, T2 P2,5 P3,4 X2,1 X3,
T, ) T, (-1+T1Ty) ) (-1+Tq) (-1+T1Ty) ' T (-1+T1Ty)
P1,P2,i X1,i X2,i (=1+T2) p1,iP2,jX1,iX2,1  (=T1 -T2+ T1T2) P1,5P2,5X1,i X2,
T%(—1+T1T2) ) (-1+T1) T (-1+T1Ty) : T%Tz (-1+T1Ty) :
P1,5 P2,i X1,5 X2,i P1,5 P2,j X1,5 X2,1 P1,i P2,j X1,i X2,5
(-1+T1) Ty (-1+T1Ty) : T, (-1+T1Ty) - (-1+T1) (-1+T1Ty) "
P1,5 P2,5 X1,i X2,5 P3,5 X3,i P1,5 P3,i X1,i X3,i  P1,i P3,5 X1,i X3,i
T (1+TTy) T (1eTTy) T (1:TT) (1T Tl
P1,j P3,j X1,i X3,1 P1,j P3,i X1,5 X3,1 (=1 +T2) P2,5 P3,i X2,i X3,i
T%Tz : (-1+T1) T1 (-2+T1Ty) : T, T, (-1+T1Ty) :
P2,i P3,5X2,i X3,i  (-1+2Ty) Pa,jP3,jXa,iX3,i P2,jP3,iX2,jX3,i P2,jP3,jXa,jX3,i
T, ) T2 712 i Ty (-14T1To) T, :
P1,i P3,j X1,i X3,5 P1,5 P3,5 X1,i X3,5  P2,j P3,j X2,i X3,j © P3,k X3,k
(-1+T1) (-1+T1Ty) ) T (-1+T1Ty) ) T (-1+T,Ty) }’7T1 (—1+T1T2)}

If[False, Put[data, "px-data.m"]]
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