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Pensieve header: Finding the A2 $d=1$ invariant using undetermined coefficients.

Searching for Q + xxx + €(ppp + 1 + px + ppxx) solutions.

Initialization
(Alt) Inf]:=

SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];
<< FormalGaussianIntegration.m;

+

1 " :=1+1;

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Projects/HigherRank to compute rotation numbers.
(Alt) Inf]:=

Features [Knot[8, 17]]

+++ KnotTheory: Loading precomputed data in PD4Knots".

(Alt) Outf]=
Features[18,

Ce[-1] Cia[-1] Xq,7[1] X3,9[~-1] X5,13[~1] Xg,16[1] X10,4 [-1] X12,18 [1] Xy5,2[-1] X37,11[1]]

(Alt) Inf]:=
T3 = T;' T5%;
S={x ,p_1};
qls_, i_, j_]1 :=Sum|
Xy,i (Pv,i* = Pv,i) +Xy,5 (Pv,5* = Pv,j) + (Ti = 1) Xy,i (Pv,i* = Pv,5*) »
v, 3}];
L[X; ,5 [s_11:
TiE[qls, i, j1 +B ™' re[s, i, j1 +€Bri[s, i, jl +erg[s, i, j]1 +0[e]?];
(xy1[@0_,K_]:=0(3/2-Xq,kP1,k—X2,kP2,k—X3,kP3,k) 5 *)
L[Cr [@]] :=E[Sum[X,,x (Py,r = Pv,k) s {v5> 331 +0[e]®];
L[C, [ 1] :=
TS E[Sum[X, ;. (Py,r = Pv,k) s (Vs 3}]1 +B ™ yo[9, k] +€By1[0, k] +€va2[#, k] +0[e]?];
ps; :=Sequence[ps,i, Pa,is P3,il;
Xs; :=Sequence[Xqy i, Xz,i, X3,i]}

vs; :=Sequence[ps;, XSi];

Flis___1:=E[Sumn, ;p,,i, (i, {i5}}, {v, 3}11;
L[K ] :=CF[L£ /@Features[K][2]1];

VS[K ] := Unionee Table[{vsi}, {i, Features[K][1]}]

(Alt) Inf]:=
VS;

(Alt) Outf]=
Sequence [p1,i, P2,i» P3,is X1,i» X2,is X3,i]
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The Various Terms

The xxx Terms (ro)
(Alt) Inf]:=
K =0;
re[1l, i_, j_] := Evaluate[Sum[
Ayax X3,Kk3 X1,k1 X2,k2

{k1, {1, J}}, {k2, {1, j}}, {k3, {1, J}}
115

re[l, i, j]
(Alt) Outf]=

a1 X1,i X2,i X3,i + a5 Xq1,§ Xp,i X3,i +aA3 X1, X3, X3,i + a7 X1,§ X2,5 X3,i +

d X1,i X2,i X3,5 + Ap X1,§ X2,i X3,§ + a4 X1,i X2,5 X3, + dg X1,j X2,5 X3,5

(Alt) Inf ]:=

K =0;

re[-1, i_, j_] := Evaluate[Sum[

s X3, 13 X1, k1 X2,k25

{k1, {1, J}}, {k2, {1, j}}, {k3, {1, J}}
115

f‘e[-1, i: J]
(Alt) Outf]=
d1 X1,i X2,1 X3,1 + A5 Xq,§ X2,1 X3,1 + d3 Xq,i Xp,§ X3,1 + d7 Xq,§ X2,§ X3,1 +

da X1,i X2,i X3,5 + de X1,5 X2,i X3,j + da X1,1 X2,§ X3,5 + dg X1,§ X2,5 X3, j

The ppp Terms (r;)
(Alt) Inf ]:=
K =0;
ri[1, i_, j_] := Evaluate[Sum[
b,.x P3,k3 P1,k1 P2,k2s

{k1, {i, J}}, {k2, {1, J}}, {k3, {1, j}}
115

ri[1, i, j]
(Alt) Outf]=

by P1,i P2,i P3,i + bs P1,5 P2, P3,i + b3 P1,i P2,§ P3,i + b7 P1,5 P2,§P3,i +
by P1,i P2,1 P3,5 + b6 P1,5 P2,1 P3,5 + ba P1,i P2, P3,5 + bs P1,5 P2,5 P3, 5
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(Alt) Inf]:=
K =0;
ri[-1, i_, j_] := Evaluate[Sum[
€445 P3,k3 P1,k1 P2,k2>
{k1, {i, j}}, {k2, {i, J}}, {k3, {1, j}}
115
ri[-1, i, j]
(Alt) Outf]=
€1 P1,i P2,i P3,i + €5 P1,5 P2,i P3,i + €3 P1,i P2,5P3,i + €7 P1,5P2,jP3,i+

€2 P1,i P2,i P3,5 + €6 P1,5 P2,i P3,5 + €4 P1,i P2,5 P3,j + €8 P1,j P2,5 P3,5

The ppxx Terms (r4,)

(Alt) Inf ]:=
K =0;
Short[rs;[1, i, j_ ] = Evaluate[Plus[
Sum|[
Coax Xv1,k1 Pvi,k2 Xv2,k3 Pv2,kas
{ki, {i, 33}, {k2, {i, 3}}, {k3, {i, J}}, {k4, {i, }}, {v1, 2}, {v2, vi, 3}
1
sum|[
Crax Xy, k1 Pv,k2s
{k1, {i, }}, {k2, {i, j}}, {v, 3}
].’

c++K

111

(Alt) Outf]//Short=
Co3 + Cg1 P1,i X1,i + <<89>> + Cep P2,i P3,5 X2,5 X3, + Cs8 P2,j P3,5 X2,5 X3, j

(Alt) Inf ]:=
K =0;
Short[rs;;[-1, i_, j_] = Evaluate[Plus|[
Sum[

foix Xyi,k1 Pvi,k2 Xv2,k3 Pv2,kas

{ki, {i, j}}, {k2, {i, j}}, {k3, {i, }}, {k4, {i, §}}, {v1, 2}, {v2, vi, 3}
1
Sum[

foix Xy, k1 Pv,k2s

(k1, {i, 3}}, {k2, {i, 3}}, {v, 3}

1
Frix

111

(Alt) Out[]//Short=
fo3 + f1 P1,i X1,1 + <<89>> + fep P2,i P3,§ X2,§ X3,5 + Tso P2,5 P3,j X2, X3, j
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The y Terms (yo, v1, Va2)

(Alt) Inf]:=
K =0;
Yol[l, R_1 := Evaluate[g,.x P3,r X1,k X2,r] 5
¥1[1, k_] := Evaluate[g,,. X3,k P1,k P2,] 5
Ya2[1, R_] := Evaluate[Plus[
SUM[g, . Xy,k Pv,rs {Vvs 3}1,
SUM[g,.x Xv1,kr Pvi,k Xv2,k Pyva2,ks {V1, 2}, {v2, vl, 3}]
115
{¥el[1, k1, vell, kI, ¥a2[1, k]}
(Alt) Outf]=
{81 P3,k X1,k X2,ks 81 P3,k X1,k X2,k> 83 P1,k X1,k *+ 86 Pi,k Xi,k + 84 P2,k X2,k +

2 2
87 P1,k P2,k X1,k X2,k * 89 P2,k X2,k * 85 P3,k X3,k + 88 P1,k P3,k X1,k X3,k + 810 P2,k P3,k X2,k X3,k}

(Alt) In}]:=
K =0;
Yo[-1, k_] := Evaluate[h,,. s,k X1,k X2,] 5
v1[-1, k_] := Evaluate[h, . X3,k P1,k P2,r];
Ya2[-1, k_] := Evaluate[Plus[
sumlh,,. Xv,k Pv,es {V5 3}1,
sumlh, . Xy1,k Pyvi,k Xv2,k Pva,ks {V1s 2}, {v2, v1, 3}]
115
{¥el-1, k1, wo[-1, k1, ¥42[-1, k1}
(Alt) Outf]=
{hl P3,k X1,k X2,k N1 P3,k X1,k X2,k5 N3 P1,k X1,k + he Pi,k Xi,k +hg Py Xo, K+

2 2
h7 P,k P2,k X1,k X2,k + Mo P31 X5 i + N5 P3,k X3,k + Ng P1,k P3,k X1,k X3,k + N16 P2,k P3,k X2,k X3,k }

Reidemeister 3b

(Alt) Inf ]:=
Timing[{Le-FtR3b} -
CasesU-F[i, i, k1 < £ /@ (Xi,5[1] Xi+,k [1] X4+, [1]) d{VSi, VSj, VS, VSi+, VSj+, VSi+},
E[& ] » &, oo]]
(Alt) Outf]=
{0.609375,
{6597‘195 {T% P1,2¢1 71,1 = (=1 + T1) T p1,2.5 71,1 + (1= T1) P24k 71,4 + T1P1,245 71,5 + (1= T1) P1,24k 71,5 + P1,24k T2,k +
(as+ag Tz—ag T2) Ng,1 7 ~14Ty) (@p+ 7,4 T
T2P2,2.1 72,1 = (-1 + T2) TaPaa.g 72,1 + (1 - T2) Pa,aek 72,1 + o DB : Bprpaign (S € a";‘\n” SBA10B1
Ay 71,5 72,5 713,k A6 71,k 72,5 713,k (aa+ag Ti-ag TF) 71,1 712,k 713,k a4 71,5 T2,k 713,k 2 ag 711,k T2,k 73,k +ay by T{ T3+a7 b, T T3 }}}
+ + + 9 +
B B B B B TG
Full expression not available (original memory size: 13.9 MB) @
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(Alt) Inf]:=
Timing[{RightRBb} =

Cases[Jf[i, Js k1 ©L£/@ (X4, [1] Xi,i* [1] Xi+, 4+ [1]) d{VSi, VS4, VSk, VSj+, VS, VSi+},

E[S ] » &, oo]_;]

(Alt) Outf]=
{0.296875, Null}

(Alt) Inf]:=
Short[eqn = CF[LeftR3b[1] - RightR3b[1]]]
cvs = UnioneCases[eqn, p | 7w , =]
vars = UnioneCases[rg[1, i, j], a_, =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[eqns, vars]

(Alt) OutF]//Short=
ag (-1+Ty) <I>> moq. T3k

<«<40>> +
B

(Alt) Outf]=

{7T,45 711,95 TWa,ks 7T2,is 702,55 7T2,ks 713,15 713,9s 713,k }
(Alt) Outf]=

{a1, @, a3, a4, as, as, a7, ag}

(Alt) Outf]//Short=

@ a3 a3 as QA a; & a1 a as ag a1 Ty aaTiT, a3Ti T,
{—+———+——— — + + -— - + - + <<39>> + - -
B B B B B B B T% BT, BT; BT,y BT, B B B
2 2 2 2 2 22
dsg Tl T2 dg Tl T2 ds Tl Tz ay Tl Tz as T2 as Tl TZ ay T]_ TZ azy Tl T2
+ + - - + - + =
B B B B B B B B ’
dg dg

<«<1>> =0, 22>, «<l>»> =0, - — + ——— = 0}

B B <«<1>> <<1>

.-+ Solve: Equations may not give solutions for all "solve" variables.

(Alt) Outf]=

a (1-To-Ty T+ Ty T3) ag (1-T1Ty)
{{a1—>— yay > -az (-1+Ty),a3 > - —m——
T1 T, T1T>
A (-1+Ty) (-1+T1Ty) a; (1-Ty) A (-1+T1 Ty)
asﬁ ,36%*7‘,a7%*—,38%e}}
(—1+T1)T1T2 —1+T1 (—1+T1) TlTZ
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(Alt) Inf]:=
sol /. (v._»val_) = (v=CF[val]);
I"0[1,‘ i.v J]
(Alt) Outf]=
A (-1+Ty) (m1+T1Ty) Xg,1X,iX3,4 A (-1+T2) (-1+T1Ty) Xg,5X2,i X3,i

- + +
T:1 T, (=1+T1) T1 T,
A (-1+T1Ty) Xq,1 X2,9%X3,1 A2 (-1+T1T) Xq,5X2,§ X3,1
T1 T, (-1+T1) T1 T,
Az (-1+Ty) X1,5X2,1 X3,
Az (-1+Ty) Xq,1 Xp,1 X3,5 + +34 X1,1 X2,5 X3,
—1+T1

(Alt) Inf]:=
Short[eqn = CF[Coefficient|

LeftR3b[[2] - RightR3b[[2] /. v: (x| p) = puv,
3

H
115 5]
cvs = UnioneCases[eqn, p | 7, =]
vars = UnioneCases[r;[1, i, j1, b , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[eqgns, vars]
(Alt) Outf]//Short=

Bby (-1+Tq1) P1,2+5 P2,24i P3,2¢i Bby (=1+T1) P1 2.k P2,2+i P3,2+4
- + <<35>> +
T1 T1

B (b1 +by+bs+by+bs+bg+by+bg) (-1+Ty) (-1+Ty) (=1+T1T2) P1,2:k P2,24k P3,2+k

T1 T
(Alt) Outf]=
{P1,2+is P1,2455 P1,24k> P2,24i5 P2,2+55 P2,2+ks P3,2+is P3,2435 P3,24k}

(Alt) Outf]=
{by, by, bz, bs, bs, bg, by, bg}

(Alt) Out[]//Short=

B <«<1>>
{Bbl—BblTsz =0, -Bb; +Bb; T; T, =0, <«<22>,Bby+ «<43> + — =0,
<«<1>> <«<1>
Bb; Bb, Bb; Bbs; Bbg Bbg Bby
+ + + + + +

T1 T1 T1 T1 Ty T1 T1

+ <<57> +Bby T{ T +
Bb2T1T2+Bb3T1T2+Bb4T1T2+BbsTlTZ+Bb6T1T2+Bb7T1T2+Bb8T1T2 ::0}

.-+ Solve: Equations may not give solutions for all "solve" variables.

(Alt) Outf]=

by Ty (-1+T3) T2 by (-1+T1) T1 Ty
{{blﬁe, b3%* ,b44)*b2 (1*T2>, b5%*
*1+T1T2 *1+T1T2
b, (T1T2*T§T2*T1T§+Ti1—§)
bsﬁsz(lf-rl), b74>* ,bg%*bz (*1+T1+T2*T1T2)}}
—1+T1T2
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(Alt) Inf]:=

sol /. (v._»val_) = (v=CF[val]);

I"1[1,‘ i.v J]
(Alt) Outf]=
by (-1+Tq) TeTapa,§P2,iP3,1 baTa (-1+Ty) Tapa,iP2,jPs,i

—1+T1T2 —1+T1T2
by (=1 +T1) T1 (-1+T3) T2p1,jP2,jPs,i
—1+T1 T2

by (=1+T3) P1,i P2,jP3,5+b2 (=1+T1) (=1+T3) pa,j P2, P3,j

+byP1,i P2,i P3,5+b2 (=1 +T1) p1,§P2,iP3,j+

(Alt) Inf]:=
Short[eqn = CF[LeftR3b[2] - RightR3b[2]], 5]
cvs = UnioneCases[eqn, p | m _, =]
vars = UnioneCases[rg;[1, i, j], ¢ , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqns, vars]]

(Alt) Outf]//Short=
~T3 (-asby - 2Cy3 -2 Cag ~ Cap — Ca3 -~ 2Cs6 — Cs7 — Csg — 2 C7y — Cgy +2C13 Ty +2Cag Ty +

CapT1+Ca3 T +2Cs6 Ty +Cs7 Ty +Csg Ty +2Cy1 Ty + Cgy Ty + @5 by Ty) P1,2+5 7T1,i —
(-1+T1) (<<1>) p1,2:k 71,1

+2Cy (-1+T1) T3 P1,oei Pr,2.§ 71,5 + <4765 +

*1 + T1 TZ
<«<1> (=1+Ty) (-Co5+Cs5 Ty Tr +Cep T1 To) <<1>> <<1>> g T3,k
- +
<«<1>> <«<1> T,
(=1+Ty) (~Cs5+Cs55 Ty To+ Cep T2 T2) P2,249 P3,24k 712,k 713,k

T1

(Alt) Outf]=
{P1,2+15 P1,2+35 P1,24ks P2,2+i5 P2,2+95 P2,2+ks P3,2+i5
P3,2+35 P3,2+ks 7T1,is 711,35 7T1,ks 7T2,is 712,55 7T2,ks 713,is 773,75 73,k }

(Alt) Outf]=
{cl: Cz, C3, C4, Cs5, Cg, C7, Cg, Co, C1p5 C115 C125 C13, Ci14, Cis, Ci1g, C17, Ci8s C195 Coo,
C215 C225 €23, C24, C255 Cp65 C27,5 C28s5 C29,5 C30, C31, C32, C33, C34, C35, C36, C37, C38, C39,
Cs05 Ca15 Ca2, C43, Casa, C45, Ca6,5 Ca7, Cags Cags Csps Cs1, Csp, Cs53, Csg, Cs5, Cse, Cs7,
Csg, C59, Ceps Co1s Ce25 C635 Ceas Co55 Ce6s C675 Ce8s Ce9s C70s C715 C725 C73, C74, Cys,

C765 C775 C78, C79, Cge» Cg1, Cg2, Cs3s Cga, Cgs, Cges C87, Csss Cgos Cops Co1, Coz, Co3}

(Alt) Outf]//Short=

{_cll Ti - Cs1 Ti + Cq1 Ti + Cg1 Ti =0, C11 Ti + Cg1 Ti -C11 T;l_ - Cs1 T;l_ =0, <<315>,

as by C13 Cis C73 C7s Csgo as by Ci3 C15 C73 C7s Cgg 9}
- - - - - - + + + + + + ==

TOTTOTTOTETOTIT TG ML, T, T, T, T, Tl
-+« Solve: Equations may not give solutions for all "solve" variables.

(Alt) Outf]//Short=

{{Cl -0, € >0, <«<58>>, Cg; » «<1>,

—agby+ <<1>> + <«<1>> -2a,b, T T
Cop > -Cg3T1 Tr - Cgs T1 To - }}
*1+T1
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(Alt) Inf]:=
sol /. (v._»val_) = (v=CF[val]);

(Alt) Inf]:=
Short [CF[rs[1, 1, j1], 20]
(Alt) Outf]//Short=
Co3 + Cg1 P1,i X1,i + Cg4 P1,j X1,i + (Ce + C21) P1,i P1,5 Xi,i +
1 g by (-1+Ty) p1,i Xa,j

2 L2
— (*1+T1) (2C6+2CZ]_+C16T1+C31T1+C46T1+C61T1) pl,j X1,i+ +
2 —1+T1

2 212
(Cg] + Cgq + Ay b2 Tl —234 bz Tl Tz—Cgl T]_ Tz— Cga T] T2 - dg bz Tl T2+a4 b2 Tl T2> pl,j Xl,j
+
Tl (*1+T1T2)

(C16 + C31 + Cg6 + Ce1) P1,i P1,§ X1,1 X1,5 +
1 2
E (-2Ce—C16—2Co1 —C31— Cag— Co1 — C16 T2 — C31 T1 — Cag T1 — Ce1 T1) P75 Xa,i X1,j + Cs2 P2,i X2,i +

(=1+T1) (C7-C17+C17T2) P1,jP2,i X1,i X2,i
+C7 P1,i P2, X1,1 X2,i + <«<40>> +

Cgs5 P2,5 X2,i + 1.7
“1+T,

(34 by -asby Ty -asby To+2asby Ty Ty + Ca3 Ty Ty + Cgg Ty Ty — Cg3 T2 Ty — Cgg T2 Tz) P3,5 X3,
+

—1+T1

Ty (aaby - cg+CgT1) Topa,jP3,5 X1,1 X3,5
+

Ci1g P1,i P3,5j X1,i X3, +

-1+T1 T,
Aagby Ty (=1 +Ty) Tap1,iP3,iX1,5X3,5 @abaTy (-1+T2) Tap1,5P3,iX1,5 X3, j
(-1+T1) (-1+T1Ty) : -1+T1 T, )
agby (-1+Ty) p1,iP3,j X1,5 X3, 5

—agby (-1+T3) p1,jP3,jX1,j X3,5 + C20 P2,i P3,j X2,i X3,§ +

—1+T1
1

(*Cza ~Cos+CopT1+CosT1 +CopTo—Ag by Ta Ty + Cos T1 Ty ~Cpp T2 T, -
(-1+T1) (-1+T1Ty)
ag by T1 Ty pa,i P3,i X2, X3, 5

*1+T1T2

+

2 2 2 2 12
Cos Tl Tz + dg b2 Tl T2 - Coo T]_ TZ + Cop Tl TZ) pZ,j p3,j XZ,i Xg’j +

Aagby Ty (-1 +Ty) Ty P2, P3,i X2, X3,5

*1+T1T2

—as by pa,i P3,§ X2,5 X3,5 —Aa bz (-1+T3) Pa,jP3,j X2, X3, j

(Alt) Inf]:=
CF[LeftR3b - RightR3b]

(Alt) Outf]=
eSeries[9, 0]

Reidemeister 2b

i++ /‘ J++

Territory: (x | p)i > Xijj-
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(Alt) Inf]:=

Timing[ Short[Le-Ftsz - (ff[i, 1« £ /@ (Xs,5[1] Xg+,5- [-1]) d{VS;, VS5, VS;-, vsj+}) 1]

/]

(Alt) Outf]=
. dg 7T1,j 7T2,j 7T3,j <«<1>
{9.125, eSeries P1,2+i 7T1,i + P1,2+5 7T1,5 + <«<14>> +

B + <«<111>> } }
B <«<1>>
(Alt) Inf ]:=
RightR2b = eSeries[p;, . 71,i + P1,245 1,5 + P2,2+i 2,1 + P2,24§ T2,5 + P3,2+i 73,1 + P3,244 73,45 O]
(Alt) Outf]=

€Series [P1,2.i 71,1 + P1,24§ 71,5 + P2,2+1 72,1 + P2,2+5 2,5 + P3,2+1 73,1 + P3,247 73,5 0]

(Alt) Inf]:=
Short[eqn = CF[LeftR2b[[1] - RightR2b[[1]]]
cvs = UnioneCases[eqn, p | 7w , =]
vars = UnioneCases[rg[-1, i, j], d , o]
Short [eqns = CoefficientRules[eqn, cvs] /. (_—>c_) = (c ==0), 3]
{sol} = Solve[eqgns, vars]
(Alt) Outf]//Short=

(a4 -dy + <«<38> +dg T% T% - dg T% T%) <<2>> T -
- +

BT, T,

<<1>> <«<1l>>  dg <<1> <<1>> <<1> 73 120 wc1on
+ <<b6>> + +
<<1>> B B

(Alt) Outl]=
{7T,1s 711,45 72,15 72,55 773,15 713,75}
(Alt) Outf]=

{dy, da, d3, d4, ds, dg, dy, dg}

(Alt) Outf]//Short=

{a4 d dy dy di ds dg dy A ds  dg  dy  d

—+— - - F— - — +— +— + + - - + +
B B B B B B B B BT, BT, BTy BTy BT,
d4 <<1>> <«<1> d3 d4 d7 dg dg d7 dg dg TZ
- + _ - + - + - - +
B B B <«<1>> BTZ BT2 BTZ BTl T2 BT]_ TZ BT]_ Tz B
d6 T2 dg T2 d2 Tl TZ d4 T]_ Tz d5 Tl T2 dg Tl TZ <«<1>>
- + - - + =0, <b>, = 0}
B B B B B B B
(Alt) Outf]=
33 (-1+Ty) (-1+TaTy) 2 (-1+Ty) 2-2,T1T; 2
{{dlﬁ ) dZQ_i: d3%_7, 4%_7)
LER P! T T, Ty Ty
dg (—1+T2> (—1+T1T2) dg (—1+T2) dg (—1+T1T2)
dsﬁ y Ug =& — ,d7% ,dg%@}}
(-1+T1) Ty (-1+Tq) Ty -1+T,
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(Alt) Inf]:=
sol /. (v._»val_) = (v=CF[val]);

I"0['13 i: J]

(Alt) Outp]=

A (-1+Ty) (m1+T1Ty) Xq,4X0,i X3,5 A4 (=1+T3) (-1+T1T2) Xq,5X2,1 X3,1

T1 Ty ' (=1+Ty) T '
A (-1+T1Ty) Xg,1 X2,9%X3,1 A2 (-1+T1T) Xq,5X2,§ X3,1
T, : -1+T, -
A (-1+Ty) Xq,i Xp,i X3,5 A4 (=1+Tp) Xq,5X2,i X3,5 Qs Xz,i X2, X3,j
T i (-1+T1) T, _ T

(Alt) Inf ]:=

Short[eqn = CF[LeftR2b[[2] - RightR2b[2]]]

cvs = UnioneCases[eqn, p | m , =]

vars = UnioneCases[r;[-1, i, j] +rs[-1, i, jl, e | f , ]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqgns, vars]]

(Alt) Outf]//Short=
Ay €1 + <<348>>

+ <<123>>
(=1+T1) Te T2 (-1+ Ty Ty)

(Alt) Outf]=
{P1,2+1s P1,2435 P2,24i5 P2,2455 P3,2+i5 P3,2495 7T1,is 711,45 712,15 712,55 713,15 /73,5
(Alt) Outf]=
{el: €, €3, €4, €5, €, €7, €3, -Fl.v -FZJ 'F3: -F4J -FSJ 'F6: 'F7: 'FS) 'FQ) 'Fle; -Fll.’ 'F12) -F13J 'F14: 'Fls: 'F16)
-F17) -F181 -F19) -FZG) -F21) 'F22; 'F23; 'F24, 'F251 -F26) 'F27, 'F28; -F29) -FSB) -F311 -F32) -F33) -F34) -F351 'F35,
-F37) f38) 'F39) f40) f41) 'F42) -F435 f44) 'F451 -F46: 'F47, f48) -F49: fSO) fSl) 'F52; -FSB) f54) 'FSEJ
f56) f57) 'F58: f59) fse: 'F61: 'FGZ; f63) 'F64J -F65: -F66) f67) -F68: f69) f70) 'F71: -F72) f73) 'F74:

f75) f76) F77: f78) f79) FS@: 'F81) fSZJ FBB) f:841 fSS) fSG) f:87.v f88) f89) F90: 'F91) f92) F93}

(Alt) Outf]//Short=
{<1>1}

.-+ Solve: Equations may not give solutions for all "solve" variables.

(Alt) Outf]//Short=
{{e1 - 0, e, - *bz T1 Tz, <<84>>, 'F93 4 *C93}}

(Alt) Inf]:=
sol /. (v.-»val_) = (v=CF[val]);
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(Alt) Inf]:=
I"1['1) i: J]
Short[CF[rs;[-1, i, j11, 5]

(Alt) Outf]=
by (-1+Ty) Tapa,jP2,iP3,1i baTa (-1+T2) pa,iP2,jPs,i
+ _
—1+T1T2 —1+T1T2
by (=1 +T1) (=1+T3) pa,jP2,jPs3,i

-by Ty Topa,iPa,iP3,j+ba (-1+Tq) Topa,jP2,iP3,j+
-1+ T1 T2

by Ty (=1 +T3) P1,i P2,jP3,5-b2 (=1+T1) (=1+T3) p1,jP2,5 P3,j

(Alt) Out[]//Short=

agby (-1+Ty) pa,jPs3,iXa,qXs,j
—Cg3 — Cg1 p]_,i Xl,i + <<72> + -
*1+T1 T2

as by Ty pa,i P3,X2,9X3,5+@aby (-1 +T2) Ppa,jP3, X2, X3, j

(Alt) Inf]:=

CF [LeftR2b - RightR2b]
(Alt) Outf]=

eSeries [0, 0]

Reidemeister 2¢
. .—+_'_
it )t
N\ j
o
* Yy,
S .
1

(Alt) Inf]:=
Timing[ Short[{LeftRZc} = Cases[

jf[ix 1« L£/@ (Xir1,5[1] X4,5.2[-1] C4,2[1]) A {VSi, VS, VSi+, VSj+, VSj2}, E[S ] = 5]

/]

(Alt) Outf]=
{0.234375,

{eSeries[p1,2.1 71,1 + P1,3+3 71,5 + P2,2+1 72,1 + <<19>> +P3,2,1 73,1 + P3,3.5 /13,9, 8182 + <<67>>1]1}}
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(Alt) Inf]:=
Timing[ Short [ {RightR2c} =

Cases[Jf[i, jl <L /@ (C;[0] C;,1[0] C5[0] Cj,1[1] C4,2[0]) dA{VSi, VS, VSi+, VSj+, VSj.a},

E[& ] 5]

/]

(Alt) Outf]=
{0., {eSer‘ies{

<«<1>
P1,2+i 7T1,i + P1,343 11,5 + P2,2+i 72,1 t P2, «15 7Tl + 7B +P3,241 73,1+ P3,3+9 713,55 <<1> ] }}

(Alt) Inf ]:=
Short[eqn = CF[LeftR2c[1] - RightR2c[1]]]
cvs = UnioneCases[eqn, p | m _, o]
vars = UnioneCases[v¥o[1, k], g , ]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[eqgns, vars]

(Alt) Outf]//Short=

2
81 (=1+T1) (-1+T2) P3 cc1ss w1 TT1,i 72, <«<1>> <1>>  ag81 <<1>> Mg T
- + <<11> + -

BT, T, B <«<1>> <«<1>> B2 T,

(Alt) Outf]=
{P3,3+55 7T1,is 711,55 72,is 712,51}

(Alt) Outf]=

{81}
(Alt) Outf]//Short=
81 81 81 81 81 81 81 81 a4 81
{—————+ =0, - — + =0, - — + =0, <«<5>, - =0,
B BT, BT, BT, T, B BT, B BT, B2 T,
a8 s 81 23481 a8 s 81 }
— - + =0, — ==
B2 (1-T;) B*(1-T;) T2 B*(1-T; T, B2 (1-T,) B>(1-T, T,
(Alt) Outf]=
{{81~>0}}

(Alt) Inf]:=
sol /. (v_ »val_) =» (v=CF[val]);

Yol1, k]
(Alt) Outf]=
0
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(Alt) Inf]:=
Short[eqn = CF[LeftR2c[[2] - RightR2c[2]]]
cvs = UnioneCases[eqn, p |7 , ]
vars = Union@Cases [y1[1, K] +¥a2[1, k], g , ]
Short [eqns = CoefficientRules[eqgn, cvs] /. (_—>c_) = (c = 0), 3]
Short[{sol} = Solve[eqgns, vars]]

(Alt) Outf]//Short=
(C16 +C31 + Cap + Co1 ~ 83~ 4 86 — 87 — 88) <<2>> 7T 1.

T1

+ <<42>>

(Alt) Outf]=

{P1,3+95 P2,3+455 P3,3+55 71,15 711,55 7(2,is 72,95 713,is 713,75}

(Alt) Outf]=

{82, 83, 84, 85, 86> 87, 88> 8o, B1o}

(Alt) Outf]//Short=

8 28 28 g7 87 g7
{g6+*2*7==9,*286+ =0,8-—-—+ =0,
T1 T4 T, T T, T1T,
g7
-87+ ? =0, <22>>, -85-83-810+85 11 T2+83T1 T2 +8106T1 T2 = 0,
1
18 a8 TiT, a1 g TiT; ° a8 g TiT, 0}
_ + _ - - -
1-T4 1-T, 1-T4 1.1, 1-T4

(Alt) Outf]//Short=
{{82~>90, 83 > C16 + C31 + Cys + Co1,
84 > C19 +C34+Cqo + Cosa, 85 >0, 86 >0, 87 >0, 83 >0, 89 >0, 8190 > 0} }

(Alt) Inf ]:=
sol /. (v._—>»val_) = (v=CF[val]);
(Alt) Inf ]:=
¥1[1, k]
Short [CF [¥4,[1, k]], 5]
(Alt) Outf]=
0
(Alt) Outf]//Short=
(C16 + C31 + Cg6 + Co1) P1,k X1,k + (C19 + C34 + Ca9 + Cea) P2,k X2,k

(Alt) Inf ]:=

CF [LeftR2c - RightR2c]
(Alt) Outf]=

eSeries[0, 0]
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Ci[1] and C,[-1] are inverses

(Alt) Inf]:=
Timing[ Shor‘t[{Le-FtCC} = Cases[{jf[k] £/@ (C[1] Crua[-11) d{VSk, vsk*}}, E[& ] = 5]

/]

(Alt) Outf]=
hl P1ss <<1> 712,k

{9- s {eSer‘ies {P1,2+k 71,k + P2,24k T2,k + 5 +P3,2.4k 713,k

Ci6 + <<24>> + (h1 h2 + hle) <<3>> Mg } }}

(Alt) Inf]:=
Timing[ Shor‘t[{RightCC} - Cases[{ff[k] £ /@ (Cx[0] Ciua [0]) d{VSi, vsk+}}, E[& ] o a]

/]

(Alt) Outf]=
{@., {eSeries[pi, ok 7T1,k + P2,2+k T2,k + P3,24k 73,k 0]} }

(Alt) Inf]:=
Short[eqn = CF[LeftCC[1] - RightCC[1]1]
cvs = UnioneCases[eqn, p | 7w , =]
vars = UnioneCases[¥p[-1, k], h , ]
Short [eqns = CoefficientRules[eqn, cvs] /. (_—>c_) = (c ==0), 3]
{sol} = Solve[eqgns, vars]
(Alt) Outf]//Short=
h1 P32k 71,k 72,k

B

(Alt) Outf]=
{P3,2:ks 7T1,ks 712,k }

(Alt) Outf]=

{h1}
(Alt) Outf]//Short=
hy
e
(Alt) Outf]=
{{h1->0}}

(Alt) Inf]:=
sol /. (v_»val_) :» (v=CF[val]);
Yol[-1, k]

(Alt) Outf]=
%]
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(Alt) Inf]:=
Short[eqn = CF[LeftCC[[2] - RightCC[2]]]
cvs = UnioneCases[eqn, p |7 , ]
vars = Union@Cases [y1[-1, k] +¥42[-1, k], h_, ]
Short [eqns = CoefficientRules[eqgn, cvs] /. (_—>c_) = (c = 0), 3]
Short[{sol} = Solve[eqgns, vars]]
(Alt) Outf]//Short=
Cie + Cg + C31 + <<20>> + g P1, 24k P3, 24k 711,k 713,k + N1e P2, 2.k P3,24k 72,k 713,k
(Alt) Outf]=
{P1,2:ks P2,24ks P3,24ks 7T1,ks 7T2,ks 713,k }

(Alt) Outf]=

{ha, h3, hg, hs, hg, hy, hg, hg, hip}
(Alt) Outf]//Short=

{hg ==0, h; =0, Bh, ==0, hg == 0, Cyg+C37 + C46+ Cg1 +h3 +4hg+hy+hg =0,

hg == 0, hyg == 0, C19 + C34 + C49 + Cea + hg + hy + 4 hg + h1g == 0, hs + hg + hyg == 0,

Cq6 + C19 + C31 + C34 + Cgg + C49 + Cg1 + Cea + h3 +hg + hs + 2 hg + hy + hg + 2 hg + hig == 0}
(Alt) Outf]//Short=

{{h2 =8, h3 > —C16 ~ C31 ~ C46 — Ce1,

hy - —C19 - C34 - C49 - Cga, hs >0, hg >0, h; >0, hg >0, hg >0, hjg >0}}

(Alt) Inf ]:=

sol /. (v_»val_) =» (v=CF[val]);
(Alt) Inf ]:=

¥1[-1, k]

Short [CF[v¥4[-1, k]1, 5]
(Alt) Outf]=

0

(Alt) Outf]//Short=

(=C16 — C31 — Ca6 — Ce1) P1,k X1,k + (~C19 — C34 — C49 — Ce4) P2,k X2,k

(Alt) In[]:=
CF [LeftCC - RightCC]

(Alt) Outf]=
eSeries[0, 0]

Invariance Under R1l

Z'-H-
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(AIt) InF ]:=
{LeftR1l} = Cases[{jﬂ-‘[i] £/@ (Xi42,5[1] Ci,1[1]) d{Vss, VSi-, vsi,,z}}, E[& ] =&, oo]

(Alt) Outf]=
{e€Series[p1,3.i /t1,i + P2,3+i 72,i + P3,3+i 713,i» ~3a by + Co3 + a2 by Tp]}

(Alt) InF ]:=
(RightR11} = Cases[{J“’r"[i] £/@ (C;[0] Ci,1[0] Ci.2[@]) A{VSi, VS, vsi,,z}}, E[& ] &, oo]

(Alt) Outf]=

{eSeries[pi,3.i T1,i + P2,3+i T2, + P3,3+1 73,1, 0]}
(Alt) Inf]:=

LeftR11[1] = RightR11[1]

(Alt) Outf]=
True

(Alt) Inf]:=
Short[eqn = CF[LeftR11[2] - RightR11[2]]]
cvs = UnioneCases[eqn, p | m _, =]
vars = UnioneCases[eqn, (c|d|e|f|g|h) , =]
Short[eqns = If[cvs === {},

{eqn == 0},
CoefficientRules[eqn, cvs] /. (_ > c_) = (c == 0)
1, 3]

{sol} = Solve[egns, vars]
(Alt) Outf]//Short=
—agby+Coz3+agby Ty
(Alt) Outf]=
{}
(Alt) Outf]=
{Co3}
(Alt) Outf]//Short=
{-aa by + Co3+as by Ty = 0}

(Alt) Outf]=
{{coz > azby-aszb, Ty}}

(Alt) Inf]:=
sol /. (v_-»val_) = (v=CF[val]);

(Alt) Inf]:=
CF[LeftR1l - RightR11]

(Alt) Outf]=
e€Series[0, 0]

Invariance Under R1r
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Rlr

(Alt) Inf]:=
{LeftR1r} = Cases[{j?‘[i] L£/@ (Xi,1,2[1] C1,1[-1]) d{Vss, VSi-, vsi+2}}, E[& ] &, co]

(Alt) Outf]=

1

{eSer‘ies {P1,3+i 71,1+ P2,344 72,1 + P3,3.1 713,45
(*1+T1) T1T2 (*1+T1T2)

2 2

(-caaTyi-CasTy+CaaTi+Cos Ty~ Ca1 To-Caa To+2Ce1 T1 To+ Coa T1 To+ Caz Ty T+ Caa Ty To +
2 2 2 2 3 3 2 2
a4b2T1T2—c81T1T2—c33T1T2+c35T1T2—c32T1T2—c85T1T2+a4b2T1T2+c31T1T2+

TiT3-3a,by T3T5-2Ca1 ToT5 —Cop Ti T3 - 2Ca3 T3 T3~ Coa Ti T3~ Cas T2 T3 TS

Cgq 11 13 az by 1y 1 Cgr1 Iy I -Ce2lg 1 Cg3 Iy 13— Caa g 13 -Cge g Ip+Co1ly I+t

c82T§T§+2c83TiT§+c86TiT§+a4b2TiT§+c83TiT§+c86TiT§—c83T‘1‘T§—csGT‘l‘Tz)H

(Alt) Inf ]:=
(RightR1r} = Cases[{f?[i] £ /@ (C;[0] Ci,1[0] Ci,2[0]) A{VSi, VSi+s vsi,,z}}, E[& ] &, oo]

(Alt) Outf]=
{eSeries[pi,s.i T1,i + P2,3+i 7T2,i + P3,3+1 73,i, 0]}

(Alt) Inf]:=
LeftR1r[1] == RightR1r[1]

(Alt) Outf]=
True

(Alt) Inf]:=
Short[eqn = CF[LeftR1r[2] - RightR1r[2]]]

cvs = Union@Cases[eqn, p__ | 7T, o]

vars = UnioneCases[eqn, (c|d|e|f|g]|h) , =]

Short [eqns = CoefficientRules[eqgn, cvs] /. (_—>c_) = (c =0), 3]
{sol} = Solve[eqgns, vars]

(Alt) Outf]//Short=
—Cgy T1 - Cgs T1 + <<46>>

(=1+Ty) T1 T2 (-1+T1 )
(Alt) Outf]=

{1
(Alt) Outf]=

{Cs1, Cs2, Cg3, Cga, Css, Cge )

(Alt) Outf]//Short=
{ - Cgo Tl - Cgs Tl + Cg2 T% + <<39>> + Cgs Ti T; + Cgp Ti Tg - Cg3 T‘]‘_ Tg - Cgp T:‘t Tg }

(*1+T1> T1 T2 (*1+T1 T2>

-+« Solve: Equations may not give solutions for all "solve" variables.
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(Alt) Outf]=

[fow -

( T1 T2 1 Ty )
Cgs - - +
(-14Tq) (-1+T1 Ty) (-1+T1) (-1+T; T) (-1+T1) Tp (-1+T1 T5) (-14T1) Tp (-1+T1 Ty)

T, T T2T
112 4 172 +
(-14T1) (-1+T1 Ty) (-14T1) (-1+T1 T5)

LER T

(-1+4T1) (-14T1 Ty) - (-1+Ty) (-1+T1 Ty)

( 1 1 T, T, )
Cgq - + -
(-1+T1) (-1+T1 Ty) (-1+T1) T (-1+T1 Ty) (=1+4Tq) (-1+T1 Ty) (-1+T1) (-1+T1 Ty)
_ T, T, . T, . T2 72 B T3 T2
(-1+4Tq) (-1+T1 Ty) (=14Tq) (-1+T1 Ty) (-1+T1) (-14T1 Ty) (-1+Tq) (-1+T1 Ty)
2 1 T,
Cg1 - +
(*1+T1) (*1+T1T2) (*1+T1) T]_ (*1+T1T2) (*1+T1) (*1+T1T2)
T, 2T, T, T, /
- +
(*1+T1) (*1+T1T2) <*1+T1) (*1+T1T2) (*1+T1) (*1+T1T2>
T1 T2 T3, T3 T3
— + + —
(—1+T1) (—1+T1T2) (—1+T1) (—1+T1T2> (—1+T1> <—1+T1T2)
T
(-1+T1) (-1+T1Ty)
1 T? 1
C82 - - +
(*1+T1) (*1+T1T2) (*1+T1) (*1+T1T2) (*1+T1> Tz (*1+T1T2)
T1 T T2 3T, /
- +
(—1+T1) T2 (—1+T1T2> (—1+T1> (—1+T1T2) (—1+T1) (—1+T1T2)
T T, . 3T, . T3 T3
(-1+T1) (-1+T1Ty) (-1+Tq) (-12+T1Ty) (-1+Tq) (-1+T1Ty)
T

(*1+T1) (*1+T1T2)

a, b, Ty a b, T, 3as b, Ty T, az b, T2 72
(-1+T1) (-14T1 Ty) (-14Tq) (-1+Ty Ty) (-14Tq) (-1+Ty Ty) (-14T1) (-1+T1 Ty)
B T To . TiT2 . TS B T
(-14T1) (-1+Ty Ty) (-1+T1) (-14Ty Ty) (-14Ty) (-1+Ty Ty) (-1+4T1) (-1+Ty Ty)
1 T, 2T, T,
Cg3 +
(—1+T1) (—1+T1T2) (—1+T1) (—1+T1T2) (—1+T1> (—1+T1T2)
27271, T273 T /
+
(*1+T1) (*1+T1T2) <*1+T1) (*1+T1T2) (*1+T1) <*1+T1T2>
T T, T, T273
_ 4 + _
(-1+T1) (-1+T1Ty) (-1+Tq) (-1+T1Ty) (-1+Tq) (-1+T1Ty)

LERE

J)

(*1+T1) (*1+T1T2)
(Alt) Inf]:=
sol /. (v._.»val_) = (v=CF[val]);
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(Alt) Inf]:=
CF[LeftR1lr - RightR1r]

(Alt) Outf]=
eSeries[0, 0]

Invariance Under Sw

N

Swt )

(Alt) Inf]:=
Timing[ Short [ {Leftsw) =Cases[{J1r[i,j] £/@ (Xiy1,401[1] €5 [-1] C5[-1] Ci,2[1] C5,2[1])

d {vs;, VSj, VSi+y VSj+, VSji,, VSj+2}}, E[& ] » &, oo]

/]

(Alt) Outf]=
{0.946875,
g 11,3 712,5 713, 5

{GSer‘ieS [Tl P1,3+i 7T1,i + (1 -T1) P1,3+5 7T1,i *+ <«<16>> +
B

, Az by + «<121>> ] }}
(Alt) Inf]:=

Timing[Short[{RightSw} =Cases[{J}F[i,j1 £ /@ (Xi.1,4.1[1] C1[@] C5[0] C1.2[0] C5,2[0])

d {vs;, VS5, VSj+, VSj+, VSi,2, VSj+2}}, E[& ] » &, 00]

/]

(Alt) Outf]=
Qg 7T1,i 72,5 713,35

{9.03125, {eSeries[T1p13+i7q,i+ (1-T1) P1,3ej s+ <1655 + , a4b2+.<<121>>]}}

B
(Alt) Inf]:=
LeftSw == RightSw
(Alt) Outf]=
True
The Solution
(Alt) Inf]:=

UnioneCases[L@X;,;[1], (a|b|c|d|e|f]|g|h) , =]
(Alt) Outf]=
{@4, by, Ce, C7, Cg, Co, Ci65 C17, Cig, C195 Coo5 C215 C24»

C25, €31, C34, C365 C39, Ca65 C49, Ce1s Ceas Cg1, Cg2, Cg3, Cgay Cgs )
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Some Knots

(Alt) Inf]:=
tabl = Last /@Table[K = Knot[n, 1];

Echo@Timing[K - JL[K] d vs [K] ] 5

{n, 3, 10}|;

{1.75,

Knot[3, 1] » - ( (1 TS TSE[eSeries[@, (-2cgT1-2Cas Ty +6Ca T2 +6Cas T2 ~10Cap Ty - 10 Cgs T3 + 10 ¢, T7 +
10Cgs T -6 Cgr T ~6Cas T2 +2Cgn To +2Cas To —2Cg1 To—2Caa To + 7 Cor Ty To +5Cgp Ty T +
5CaaTiTo+3Ces TiTo+2asby ToTy 4 CigToTo+Cay ToTo+Cag ToTo+ Cor ToTo - 11 €y T2 T, -
12Cg TiT - 6Caa T3 T, -6Ces TiT -4a, b, T3 T, -3C6T3To-3C3 T3 To -3¢ T3 To -
3¢ ToTo+10Ce ToTo+16Ce ToTo+4Cas ToTo+6Cas ToTo+6a,b, TIT,+5C5Ti T, +
5C3 T3 To+5CuTiTo+5Ca Ty To-5C TiT-10Ce T3 T, - Coa T3 To-4as by T3 To - 5¢46T; To -
5C3ToTo-5CaToTo-5C1 TaTa+Car ToTo-6Ces ToTo+2asby ToTo+2C1sToTo+2C3 To Ty +
2Cu To Ty +2Cer To Ty +4Ce TS Ty +6Cgs To Ty -3 Cgo To Ty -3 Cas T To+4Car T2 +4Caa Th +
2a5by Ty T3+ CroTyTo+Caa T1 T+ CaoT1 T+ Coa TaT5 - 11 Cay Ty T3 -6 Cgy Ta T3 -7 Cag Ty T5 -
3cesT1T3-10a, by T2T5-2C16ToT3-3C1oTaT3-2Ca TaT2-3Caa T2 T3 - 24 TH TS -
3CaoT2T3-2Ce1 T2T2-3CoaToT2+12Ca ToTa+11Cap ToTo+5Caa ToTo+5Cas T2 T3 +
158, b, To T2+ 4 TaT2+5C0TaTo+4C ToTo+5C, ToTo+4CueToT2+5C T3 T2+
4Ce T3T2+5CeToToa-6Cu ToT2-10Ce ToTa—Caa ToT2 -4 cCgs ToT2-17 a4 b, TH T2 -
AcigTyT5-5C1oT T3 -4C TiT5-5C3aTiT5-4CaTiTo-5CaT3T5-4Ce T3 T3 -5Ce Ty T5 -
2Cg TyT5—CoaTiT5-2Ces Ty T5+8a,by T3T5+3C10T; T3 +3C3aTyT5+3CTT5+3CeaTyTs+
12Ce T3To-Caa T3 T2+6Ces TaTa-3a2by TS T2 +6C16T5Ta—CroToTo+6C3 To Ta-Cag TS T3 +
6Cas To T2~ Cao TS TE+6Ce1 TSTE —Caa ToT2a+2Ca ToT2a-10Car TS Ta + Caa To T2 4 Cgs TS T2 -
by T T2 —4cC T T2 -4cCu T To-4CTiTo-4caTiTa-Can ToTo+4Cg T2 T2+ Cgs T1 T2 +
CorToT2 4 Cags ToT2 -6 Ca1 To-6CaaTo-4asbyTiTa-2C10TiTa-2C3u T1Ta-2CoT1 T3 -
2CeaTiTo+15Ce T1To+4Ce T1To+9Ce TaTo+ Cas Ty Ta +15a, b, T2 T2 + 3 Cyp T2 T +
4C1oTiTo+3Cu TiTo+4C3uTiTa+3CeTiTo+4CuoTiTi+3can ToTo+4CeToT) -
14Ca T2T3-5CeToTo-5CaToT3-20a,b, ToT3-5C16TaTa-4CoTaTo-5¢C3 T3 Ts -
4Cy T -5 T Ta-4CT T -5ca T To-4cauTTa+4cu T To-CauTaTo—4cgs T2 Ts +
218, b, T T+ 5 THTo+5C To T +5CuTiTo+5Ca TaTo+7Cr TiTo + 12 ¢, TH TS +
6CauTiTE+10Ces TiTo-9as b, ToTo—Cie T Ta+4Cio T Ta - o T+ 4Caa To Ta - Cag T3 To +
4T T T +4CauToTo-11cy ToT2-18Ce T3 To -5 Caa To T 12 Cgs T3 T3 +
Basby TSTs-4cieToTo-4CioToTa-4Cay ToTa-4CauToTs - 4CagTSTE -4 CaoTSTE -4y TSTS -
4Cea TSTa+10Ca TSTo +12 e TS T +5Caa TSTo +8Cas TS Ta+ag b 11 Ta—2C6 T2 T +
2C1oTITe-2Cu TiTo+2CuTiTo - 2Cas Ty To+2Cao T, Ta-2C1 T Ta+2Cea To T -8y T2 To -
4ce T]To-3CaaTiTa-3CesToTo+4CeToTo+4CToTa+4CuToTo+4Can ToTo+3Cg To TS -
CorT3T3+4Ce T3 +4Caa Ty +6a30,T1T3+3C1oT1 Ty +3C3aT1T3+3CTiTy+3CeTiTs-
5o TaTs ~CooTiTy ~CaaTi Ty -17 a3 b TIT5 - 2C16 T3 T3 -5C1o T T5 - 2€C3 T3 T3 - 5C30 T T3 -
24 T3 T3 -5CTiT5-2Ce1 T3 T3 -5CauTiTy - 6Car T3 T3 -7 Coa T3 T3 +21 a5 b, T T3 +
5C1oToT3+5C3uToTs+5CTaTe+5CuTaTr+18cCa ToTs+7CeaTaTo+11cCaa T Ts +
3Cgs T3 T3 -18a,by T1 T3 +4C16Ti Ty ~CroTi T3 +4C3 T Ty —CaaTi Ty + 4 Cag Ty Ty — Cag T3 T3 +
Acg TiT; —CeaTiT; -23Cor Ty Ty - 18 Cor Ty Ty ~12Ca T3 T5 ~8Cgs Ty Ty +4ag by T3 T; -
9C1eTyTs-Cio Ty T3 -9C T3 T3 -CaaTyT5-9Cas T3 T3 - CaoT3T3-9Ce1 T3 T3~ Caa T3 T3 +
19Ca T3 T3 +24Cop T3 T3+ 7 Caa T3 T3 +12Cas T3 T3 +3 a4 by To T3 +9Cie T3 T — C1o TS T +
9y TS T - CaaTs T3 +9Ca Ty~ Cao T3 T3 +9Ce1 Ty T3~ Coa TS T3 - 12 Cey T5 T3 - 18 Cp TS T3 -
5Caa T3 T3 -10Cas T3 T3 - 65, T7T5+3CiT T3 +2C1oTy T3 +3C3 Ty T3 +2C3T]Ts+
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3CaTiT3+2Ca T3 +3C1TaTo+2CoaTaTe+6Ce1 TaTa+7CoaTaTr+Caa Ty Ta+4Cgs T, T+
3asb T8T -3 ToT - 2CoToTs -3 Ca To Ty - 2Can T8 T0 -3 Cus TETH -2 Cuo T TS -

3Ca ToTr-2CaToTa+Car ToTh+2Caa ToTo - 2Ci e ToTo-2C ToTa -2 Cue ToTa - 2Cu To To -
20 ToTr-Cor ToTy —Cas ToTa - 2Ca1 To-2Can Ty —4agbya Ty T3 -2C1oT1 T3 -2C3a T4 Tg -
2C49T1T3-2CoaTaT3+CarToT5 - Caa TaT5+8asbo T2T5+Cig TaT5 +Car TAT5 + Cag T2 T +
CorToT3+6Ce T2T-Coa TaT3+5Caa TaTs —Cas TaTo - 9asbo T2 T+ Cig Ta T3 +4Cio T2 T5 +
T T +4CuT T +Ca T +4C T+ T To+4Ce ToTo-12Cy T To -4 ¢Cgo T3 T -
7CauToT-Cos ToTo+4asby T3 To—ClTaT3-9C1o Ta T - Co  To T3 -9 € TH T3 - Cug T3 T —
9CaoTiT3-CerT3T3-9CeaTaT3+19¢Ca T3 T3 +12Ce T3 T3+ 12Cea T3 T3 +4Cas T3 T3 +
6asbaT5T3-Cle T3 T +7CioTaTo-CanTaTo+7CuTiTo-Cag T3 To+7Cao T3 To - Ce1 T3 T3 +
7CoaTiT5-23¢CaT3T5-18Cey T3 T3 -11cCea T3 T3 -6Cg5 T3 T3 -15a5b, To T3+ 6y TS TS -
CroTo T +6Ca To T - Caa TS T + 6 Cag TS TS —Cao ToT5 +6Cor ToTo —Coa To T +18Cay TS T +
12Ce ToTy+7CaaToT+2Ces To T +14a, b, TIT5-12¢C16To T - Cro Ta T3 -12C3, T2 T -
CuaTiT3-12Ca T T -CaoTaT3-12Ce1 Ta T3 - Con T2 T3 —6Co1 T2 To + Caa T, To + 4 Cgs T2 T -
8as by TTS 4+ 2Cie T T 4 Cio T T+ 2C To T+ Caa To T3+ 2Cag To Ty + Cao To T3 + 2 Coy To T3 +
CoaToT5-5Ce1 To T3 -5Ce, ToT5-4Caa ToT5 -5Cas ToT3+4C16ToT5+CroTaTo+4cy ToTs+
CauTiT+4CuTe T+ CaoToTo+4Cai ToTs +Caa TaTo+4Ca ToTo +4Cea ToTo+3Cas T3 To +
2a,by TaTo +3Car TaTo +3CaaTyiTo—3asba T2TS+4cCioT2TS+4csu T2TS+4cy T2 TS+
AceTITS - 8Ca TiTo+CouTaTs - 5CaaTiTo+4ab, T3T5 - 2C16 T3 T5 - 6C1o T3 T5 - 2¢3 T3 T3 -
6CuTaTo - 2CuTaTo-6CuTaTo-2C TaTo - 6Ceu ToTo +10Cg ToTo + 4 Cg To TS +
5CaaToTo+3Ces ToTo+3asb, ToTo 42 TaTo 44 CioTiTo +2Cy TITo +4Cay T3 TS +

2Ca Ty TS +4CaT T +2Ce1 T3TS +4Cea T1To ~11Cay T3 TS - 10 Cap T3 T5 -6 Ca T1 TS -

6Ces T T5-15a,b, T3 TS ~Cig T3 T5 +4CiaTo 15~ Can T3 TS +4C3a T3 TS~ Cag T3 T + 4 Cug T3 T -
CorToTo+4CauToTo+7Ca TaTo+12Cem ToTo+Can To To +6Cas To To +28a, by TS TS — ¢y TS TS -
8Cio To TS — o TS TS - 8o TS TS - Cas T TS - 8o To TS - Cor ToTo -8 Can TS TS + 4y TS TS -
2Ce To TS +5Ca To TS - 23a, by 10 TS 4 g T, To + 4 Cio T, To + Can T TS + 4 Caa T TS + Cag T TS +
B4 CaTiTS v Cor ToTo +4CoaTiTo —14Cay T2 To 10 Caa T2 To 9 Caa T2 TS — 6 Cgs T4 T +

1284 by TETS + 7 Cie T3 To + 7 Car T3 T3+ 7 Cag T3 To + 7 Car Ty To + 15 Cay Ty T + 11 Cap T3 T +
6CaaToT +6Ces ToTo —6CeToTo—2CoToTo-6C ToTo—2C3ToTo-6CaToTo-2Cae To TS -
6Ce1ToTo-2ConaToTo-6Ce ToTo-6Ce ToTo-3Cas ToTo—asby T2T)—Cgy T2T) —Coa T2 TS +
by T3 T, —4Cio T3 Ty - 4C ToTs -4 CuoToTy-4Cea ToT)+2Cq ToT5-3CaaToT)+Caa T2 TS -
6asby TiT, +2CieTTo+9CoTiTo+2C T3To+9C3uTaTs+2CaTaT+9Cae T3 T+
2Ce1TiT+9¢CeaTiT+4Ce TaT) +CaaTaTs-2Cas TaTo+14a,b, T3 T5 —4cCig T3 Th -
11c19T3T)-4C3y T3T5-11C3aT3T) -4 CaeT3T5-11Cao T3 Ty -4 Cer T3 Ty -11Cea T3 T) +
CaaToT)+6Ce TaT5-23a4b, TS T +4Cig TS T, +5C0 TS T, +4Ca TST, +5C3, TS TS +

4 ToTy +5CuToTs+4C ToT)+5CeaToTs-6Ce ToT;-10Ca ToT)-5Caa T Tg -

10Cgs ToT)+18a,bo T2 T3 +3C1oTa T3 +3C3aTa T3 +3CaoTa T, +3CenaTo T4 +12Cgy T2 T) +
16Ceo TI T +7Caa T T +10Cas Ta Ty -9as by T T -6 C16 To T -5C10 To T4 -6C3y To T) -
5C3aT3T) - 6CagT3T)-5Ca0 T3 T3 -6Ce1 T3 T5-5CeaT3Ts-11C T3 T5-12¢Ca T3 T3 -
AcgaT3T) - 6Ces T3 T +4Cie T3 T, +3CoT3T)+4C T35 +3C3TT)+4CTT)+
3CaoToT)+4Ce1TaT5+3CeaTaT+4Ce T3 T, +5Ce TaTs+2Ces TaTo+3asby THTs+

21T T3 +2C3uTyT5 +2CaTi T3 +2Cea Ty + Car Ty T5 +2Ce T3 T3+ Coa T3 T3 ~8ag by T3 T -
CleT3T5 - 6C1oTiTa-CoTi T3 -6Cu Ty T ~Cag Ty Ty -6CagTr T3~ Cor Ty T~ 6Cea T3 T5 -

5 Ca ToTe 6 Cem To T A ToTo+12a, b, To TS + 3 g To TS + 10 o TETE + 33, TS TS +
10C3 To TS +3Ca ToTo+10Cu o ToTo +3Cor To TS +10Caa TS T5 +10 Cay TS TS + 10 cgp TS TS +
6CaaToTe-9as b, T T8 - 56T, To —10CroTi To -5C31 T, T5 - 10 Caa T3 To ~ 5 a6 T4 To -

10Ca o TI T - 5ce TITo -10Cea Ti To - 11 Car T, To - 18 Cey T To —5Caa T, To v 4@, by TS TS +

5 C1e To T +6C1oTo T +5Ca To T +6Ca To T +5Ca To TS +6Cao To TS +5Coy To TS +

6Con ToTS + 7 e ToTS 6 ToTo 4+ 2 ToTo -2 ToTo - 2Co ToTE - 25y T TS -

2C34T2Tg*2C46T?T§*2C49T2T§*2C61T?T§*2C64T2Tg*2C81T?T§*2C32T2Tg)/
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((1+T) T (1-Te+T3)° T (-1+TaTy) (1-To+T2)° (1-T1 T+ T3T3))]]) /

((1-To+T]) (1-Tp+T3) (1-TyT,+TiT3))) }

{2.70313,

Knot[4, 1] - (T§ T3 E[eSeries [0, - ((2cg Ti+2Ces T1 - 8Cgr T3 -8 Cas T3 +8Cgo T3 + 8 Cs T3 - 2Cp Ty -

2CgsT1 +2Ca1 T +2Caa Ty~ CreTa Ty~ CroTa T~ Caa Ta Ty ~C3a Ta Ty~ Cag T1 To — Cag T1 Ty -
Co1TaTo - CeaTiTo-7CoTiTy-5Ce TiTo-5CeaTiTy-3Cas TaTo-2aaby TITo+ Cig T Ty +
ACioTiTo+Ca ToTo+4CaToTy+CagTaTy+4CaTaTy+Cor TaTo+4Cea TiTo+8Ca TiTo+

15Cg TiTo +3CaaTiTo+7Cos TiTo +6as by T3 To 4 Cig T3 To-4C1o T3 To+ € T3 Tp -4 C3y Ty Ty +
CasTiTo-4CaTi T+ Cr T3 T -4CeaTiTo-3Ca T3 To+8Ces T3 To-2a4 by Ty To - Cyg Ty To +
CloTiTo-Car Ty To+Caa Ty o~ Cag Ti To+ Cag T1 To - Cor T3 T+ Coa T3 To ~ 15 Co T3 T, -

17 Cas To Ty +5Cqa To Ty +5Cgs To Ty -6 Cgy T —6Caa To-2a4 by Ty T3 +3Ce Ty To+3Cyy Ty T+
3CasT1T5+3Ce1T1T3+16Ca T1T5+3CaT1T3+10Cgq Ty T5+10asby TET5 + e T2 TS +
4CioTiTo+Ca ToTo+4CsToTo+CagTaTo+4CaTaTo+Cer TiTo+4Cea ToTo - 11y T3 T3 -
4Cg TiTo—CaaToTo+3Cas ToTa-15a,b, T3 T2-7CieTaT2-16C1oToTo -7 C3y T2 T2 -
16C3aToT2 -7 CapToT2-16CaoToT2 -7 Cor To T2 -16Coa ToTa+ Cay To T2 - 17 Cgo T2 T2 -

9Cgs T3 T3 -4asby T3T5 —Cop T T2 +16Cio T3 T3~ €3y T3 T3+ 16 C3a T3 T3~ Cag T3 T3 + 16 Cag T3 T3 -
CorTiT2+16CeaTiT2-3Cau TaT2+17CaoTaT2-3CaaTiT2+3 a4 b, To T2+ 4 €y T T -
ACioTTo+4C3 T3To-4C3T3T5+4CTiT5-4CaoT3T5+4Ce1 T3 T3-4CoaT3 T2 +3Cey T3 T35+
4Cg T3T5+9Ces T3Ta-3Car ToTo-3Cas ToTo+2Ca To+2CaTa+6a,b,TiT3-CogTaTh+
CroT1To-CarTaTo+CaaTeTo—Cao T1To+Cao T1 To—Cor Ta To + Coa Te To +8Car Ty Ta + 18 Cgg Ty T —
158, b, T2 T3 -11C1e T2 T -4C1oTe T -11C ToTa -4 Cau ToTo 11 Cue T2 Ta -4 Cuo T2 T3 -

11 T2 T -4CauT2T3-28Cay T2T2-18Caa T2Ta +3Cas ToTa +12 a4 by T2 T2 +9Cys T2 To +

9 To T2 +9CuToTo+9C TaTo+18Ce ToTo-9Ces TaTo+3asb, TITa + 15 Cyg TH TS +
15C1TiT3+15¢C3 T3 Ta+15C33 T3 T3 +15Cag TI T3 +15Cao T3 T3 + 15Cy T3 T3 + 15 Coa T3 T3 +
CorTiTo+CaaTaTo - 8CieTo T3 -16C1o T3 T3 -8Ca T3 To-16C3a T3 T3 -8Cag T3 Ta - 16 Cao T3 T3 -
8Co1ToTo-16CeuToTo+4Ce ToTo+5CeToTo+9Ces TaTo-4CgToTo+4C1oTSTo —4cy TSTS +
4CuToTs -4 T T+ 4C T T -4 To T +4CaToTo-5Cs ToTo-3Ces ToTo-2asby Ty Th -
5CarT1Ty - 5CeaTiTy - 4a,b, TIT5 +4CieTiT; - 4C1oTaTy+4C3 TiTy - 4CuTiTy+4CTiTs -
AchTiTy+4cCa TiT - 4CeaTiTs +4Ca TiT;-3Ce TaTy ~CaaTiT5+3a,b, T3 T3 +8Ci6 T3 T3 +
16C1oTiT3+8C3 ToT3+16C3s ToT3+8CasToT3+16CaoTo T3 +8Cor To T3 +16Coa T3 Ts +

Car T3 T3 +4Cer T3 T3 - 5Ces T3 T3 +12a5 b, T3 T3 - 15¢C46 Ty T3 - 15 €39 Ty T5 - 15 €3, T3 T3 -

15C34 T3 T3 ~15Cag Ty T ~15Cag Ty T3 ~ 15 Coy T3 T3 ~ 15 Coq T3 T3 + 18 Caq T3 T3 + 17 Cgp Ty T +

18 Caa T1 T3 + 17 Cos Ty T3 + 22, by T3 T3 -9 Ci6 T3 T3 ~9C31 T3 T3 ~9Cag T3 T3 - 9Cer T3 T -

28Ca T3 T3 -17Cap T3 T3 - 10Coa T3 T3 - 8Cas T3 T3 - 54 by TS T3 + 11 i To T3 + 4 Co T3 T5 +

11C To T3 +4C3aTo Ty + 11 Cap T3 T3 + 4 Cag T3 T3 + 11 Cey TS T5 + 4 Coa T3 T3 + 8 o T T3 -

Acg ToT; - 2CeaToT5 ~7Cos Tg Ty + Cag T T3~ C1o Ty T3 + C31 T{ T3 — C3a T T3 + Cag T1 T —

Cao T T3 +Car T Ty ~Caa Ty T5+2Ce T T3 +3Cap Ty Ty +3Ces T T3 +3a2by TT5 + 3¢ T T3+
3CaaTiT-4CuTiT5+4CoT3T3-4CnTiT5+4CT T3 -4CTiT3+4CTiT5 -4ce T3T;5+
A4ceaTiT; -3CoTiTo+5C TaT3+2a,b, Ty T+ CieTy Ty -16C1oTiT5 + o T3 T5 ~16Ca T T5 +
CagT1T3-16Cao Ty T3+ Cor T3 T3 - 16 Coa TT T3 + Car T3 T5 - 15 Cap T1 T3 + Caa Ty T3 + 2 Cas T T5 -
24a,0,T3T3+7C16T3T53+16C10T3T3+7C31 T3 T5+16C3a T3 T3 +7Cap T3 T3+16Cao T3 T +
7C1T3T3+16CeaTiT3-11Car T3T5-10Ces T3 T5 -8Cas T3 T5+11azby TS T e TS T -
4CioTST - T T -4 CauTo T - Cag To T -4 Cao TST —Cer TS T5 —4Ca ToT5 + 16 Coy TS TS +
15Ce ToT+6CaaToT3+8Ces ToT3-3C16TaT3-3Ca1TaT3-3CagTaT5-3Cor T T5-6Cgy T2 T -
5CeTiT3-2CesToT3-5asby ToTS 4 CigTiTo —Clo Ta TS + Can TH TS — Caa T TS + Cug T TS -

Cao T TS +Cor TI TS —Caa T3 TS -3 Car TaTo - 2Cao TaTo -3 Caa Ti To+ 1l as by T3 To —Cig T3 To +
ACioTyTS - T3TS +4CauT T —CagToTo+4CaTaTo-Cor T To +4Ca T3 TS +8Ca T3 TS +

8Ce ToTo+5CaTaTo-4asby TSTS - i TS TS 4 cio TS TS —Cay To TS — 4 caa TE TS - Cag TS TS -
4T TS — o T TS -4 caa To TS - 7o To TS -8 ToTo - 2o To TS + Cag TI TS + Cyo T] TS +
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Car T TS +Caa T TS+ Cag Ty T+ Cao Ty TS + Cor T TS + Coa T T3 +2Car Ty T3+ 2 € T1 T5) /
(((1+T) Te (1-3T0+T3) T ((1+TaTy) (1-3T,+T3) (1-3TaT+T173)))]])/
((1-3Ty+T3) (1-3T,+T3) (1-3T,TL+T373))}

(Alt) Outf]=
$Aborted

in[-]:= tabl[1]
(Alt) Inf]:=
K = Knot ["K11n34"]; Conway = ~I‘L[K] d vs [K]

-=+/ KnotTheory: Loading precomputed data in DTCode4KnotsTo11".

+++' KnotTheory: The GaussCode to PD conversion was written by Siddarth Sankaran at the University of Toronto in the summer of

2005.
(Alt) Outf]=
-1
. 1 3 3 3 3 3 3 3 3
]E[eSer‘les[@, ? 2 <C19 T1+C34T1+C49 T1+C64T1—2C19 T1 T2—2C34T1 Ty -2 Cyg Tl T2—2C64T1 Ty +
T1T2
312 312 312 312 3 3 3 3 3
C19T1T2+C34T1T2+C49T1T2+C64T1T2+C16T2+C31T2+C46T2+C51T2*2C15T1T2*
2C31T1T3—2C46T1T;—2C61T1Tg+C16T%T3+C31T%T;+C46T§T;+C61T%T3+C16T;‘_T;+
4 +3 4 +3 4 +3 53 53 53 53 6 T3
C31T1T2+C46T1T2+C61T1T2*2C16T1T2*2C31T1T2*2C46T1T2*2C61T1T2+C16T1T2+
6 13 6 3 6 13 314 314 314 314 3 45
C31T1T2+C46T1T2+C51T1T2+C19T1T2+C34T1T2+C49T1T2+C64T1T2—2C19T1T2—

20T - 2Cu TiTE-2Ca T T3+ Clo T3 TS+ Coa T3 TS+ Can T3 TS + Caa T2 TS ||

(Alt) In[]:=
K = Knot ["K11n42"]; KT = J.L[K] d vs [K]

(Alt) Outf]=
~iTITS
s 1 3 3 3 3 3 3 3 3
]E[eSer‘les[@, i 2 <C19 T1+C34T1+C49 T1+C64T1*2C19 Tl T2*2C34T1 T2*2C49 Tl T2*2C64T1 T2+
T1T2
312 3 32 312 312 3 3 3 3 3
C19T1T2+C34T1T2+C49T1T2+C64T1T2+C16T2+C31T2+C46T2+C61T2—2C16T1T2—
2C31T1T;—2C46T1T2—2C61T1T§+ClGT%Tg+C31TiT;+C46TiT2+C61TiTg+C16TiT3+
€31 TiT5 +CaTiTo+Cor T3 T3 -2Ca6 T3 T3 -2C31 T35 ~2Cas T3 T3 -2Ce1 T3 T5 + C16 T3 T3 +
6 13 6 13 6 13 3 14 3 14 3 14 3 14 3 15
C31T1T2+C46T1T2+C61T1T2+C19T1T2+C34T1T2+C49T1T2+C64T1T2—2C19T1T2—

2C34TiT3—2C49TiT;—2C64TiT§+ClgTiTg+C34TiTg+C49TiTg+C64TiTg>]}

(Alt) Inf]:=

i Conway == i T;? T, KT
(Alt) Outf]=

True
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