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Pensieve header: Finding the A2 $d=1$ invariant using undetermined coefficients.

Searching for Q + pxx + €(ppx + 1 + px + ppxx) solutions.

Initialization

mm[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];
<< FormalGaussianIntegration.m;

+

'i._ :=i+1;

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Projects/HigherRank to compute rotation numbers.
in[-]:= Features[Knot[8, 17]]

KnotTheory: Loading precomputed data in PD4Knots'.

Out[e]=
Features[18,

Ce[-1] Cig[-1] Xq,7[1] X3,0[-1] Xs5,13[-1] Xg,16 [1] X10,4[-1] X12,18[1] X15,2[-1] Xg7,11[1]]

In[-]:= T3 =Ty Ty
S={x_,p_};
als_, i_, j_]1 :=Sum|

Xy,i (Pv,i* = Pv,i) +Xy,5 (Pv,j* = Pv,5) + (T‘s, = 1) Xy,i (Pv,i* = Pv,j5) s
{v, 3}];
L[X; ,5 [s_11:

TiE[qls, i, j1+B™'re[s, i, j1 +€Bry[s, i, jl +era[s, i, j]1 +0[e]?];

(xv1[0_,K_]:=0(3/2-Xq,kP1,k—X2,kP2,k—X3,kP3,k) 5 *)
L[C, [0]1] := E[Sum[X,,. (Py,r* = Pv,k)s {vs 3}] +0[e]?];
LICk [#.1] :=

T E[Sum[X,,. (Py,r = Pv,k) s (Vs 3}]1 +B ™ yo[0, k] +€By1[0, k] +€va2[0, k] +0[e]®];
ps; :=Sequence[py i, P2,is P3,i];
Xs; := Sequence[Xqy i, X2,i, X3,i]3
vs; := Sequence[ps;, Xs;];
Flis___1 :=E[Sum[m, ipy,i, {i, {is}}, {v, 3}11];
L[K_ ] :=CF[L£ /@Features[K][2]1];
VS[K_] := UnioneeTable[{vs;}, {i, Features[K][1]}]

In[-]:= VSj

Out[e]=

Sequence [p1,i, P2,i» P3,is X1,i» X2,is X3,i]
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The Various Terms (ry)

The pxx Terms (rg)

In[-]:= K =03

re[l, 1_, j_] := Evaluate[Sum[
Asex P3,Kk3 X1,k1 X2,Kk25
{k1, {i, 7}}, {k2, {i, j}}, {k3, {1, J}}
115

re[l, i, jl

Oout[-]=
a1 P3,i X1,i X2,i +32P3,5 X1,i X2,i + a5 P3,i X1, X2,i + de P3,j X1,5 X2,i +
a3 P3,i X1,i X2, + 34 P3,j X1,i X2,5 + a7 P3,i X1,§ X2,5 + ag P3,j X1,5 X2,5
In[-]:= K =@
re[-1, i_, j_] := Evaluate[Sum[
d..x P3,k3 X1,k1 X2,k25
{k1, {i, 7}}, {k2, {1, j}}, {k3, {1, J}}
115
f‘e[—l: i) J]
Out[-]=
di P3,i X1,i X2,1 + d2 P3,§ X1,1 X2,1 + 05 P3,i X1,5 X2,1 + dg P3,§ X1,§ X2,1 +
d3 P3,i X1,i X2,§ + da P3,j X1,1 X2,5 + d7 P3,i X1,§ X2,§ + dg P3,j X1,§ X2,
The ppx Terms (r;)
In[-]:= K =@
ri[1, i_, j_] := Evaluate[Sum[
b..x X3,k3 P1,k1 P2,k2s
{k1, {i, j}}, {k2, {1, j}}, {k3, {1, J}}
115
r‘1[-1-3 i) J]
Out[]=
b1 P1,i P2,i X3,1 + b5 P1,§ P2,i X3,1 + b3 P1,i P2,5 X3,1 + b7 P1,§ P2, X3,1 +
by P1,i P2,i X3, + s P1,§ P2,i X3,5 + ba P1,i P2,j X3, + bg P1,§ P2, X3, 5
In[-]:= K =@
ri[-1, 1 , j ] := Evaluate[Sum[
€,4x X3,k3 P1,k1 P2,k2»
{k1, {i, 7}, {k2, {i, J}}, {k3, {i, J}}
115
ri[-1, i, j]
out[-]=

€1 P1,i P2,i X3,i + €5 P1,5 P2,i X3,i + €3 P1,i P2, X3,i + €7 P1,5 P2,j X3,i +

€2 P1,i P2,i X3,5 + €6 P1,5 P2,i X3,5 + €4 P1,i P2,5 X3, + €8 P1,j P2,5 X3,5
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The ppxx Terms (r4,)

In[-]:= K =@
Short[rs[1, i, j_ ] = Evaluate[Plus|
Sum [

Chax Xv1,k1 Pvi,k2 Xv2,k3 Pv2,ka»s
{k1, {i, j}}, {k2, {i, 3}}, {k3, {i, j}}, {k4, {i, }}, {v1, 2}, {v2, v1, 3}
1
Sum[
Ciax Xy, k1 Pv,k2s
{k1, {i, j}}, {k2, {i, j}}, {v, 3}
1,
Civx
111

Out[-]//Short=
Co3 + Cg1 P1,i X1,i + <<90>> + Cgp P2,5 P3,5 X2,5 X3,

In[-]:= K =03
Short[rs;[-1, i_, j_ ] = Evaluate[Plus[
Sum [

foix Xvi,k1 Pvi,k2 Xv2,k3 Pv2,kas
{k1, {i, j}}, {k2, {i, j}}, {k3, {i, j}}, {k4, {i, j}}, {v1, 2}, {v2, v1, 3}
1s
sum[
frix Xy, k1 Pv,k2s
{k1, {i, j}}, {k2, {i, j}}, {v, 3}
1
L
111

Out[-]//Short=
fo3 + fg1 P1,1 X1,1 + <<90>> + fgg Py, P3,5 X2,5 X3, 5

The y Terms (yo, V1, Va2)

In[-]:= K =@
Yo [1) k_] := Evaluate [g++x P3,kr X1,k XZ,k] H
¥1[1, R_] := Evaluate[g,.,x X3,k P1,r P2,r];

Ya2[1, R_] := Evaluate[Plus[
SUM[8,.xc Xy, Pv,rs {Vs 3}1,
SUM[8,.x Xv1,k Pvi,k Xv2,k Pv2,rs {V1, 2}, {Vv2, v1, 3}]
115
{vell, k1, voll, k1, ¥a2[1, k]}
out[-]=
{gl P3,k X1,k X2,ks 81 P3,k X1,k X2,k> 83 P1,k X1,k *+ 86 P%,k Xi,k + 84 P2,k X2,k +

2 2
87 P1,k P2,k X1,k X2,k + 89 P2,k X2,k t+ 85 P3,k X3,k + 88 P1,k P3,k X1,k X3,k + 810 P2,k P3,k X2,k X3,k}
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In[-]:= K =@
Yol[-1, k_] := Evaluate[h,,, ps,kr X1,r X2,,]
¥1[-1, k_] := Evaluate[h, . X3,k P1,k P2,r];
Ya2[-1, k_] := Evaluate[Plus[
sumfh,,, Xy,k Pv,ks {Vs 3}1,
sumlh, . X1,k Pva,k Xv2,k Pv2,es {v1, 2}, {v2, v1, 3}]
115
{¥el-1, k1, wo[-1, k1, ¥42[-1, k1}
Out[-]=
{hl P3,k X1,k X2,k N1 P3,k X1,k X2,k5 N3 P1,k X1,k + he Pi,k Xi,k +ha Py Xo, K +

2 L2
h7 P1,k P2,k X1,k X2,k + o P3 i X3, + N5 P3,k X3,k + Ng P1,k P3,k X1,k X3,k + D16 P2,k P3,k X2,k X3,k}

Reidemeister 3b
In[-]:= Timing[{LeftR3b} =

Cases [Jf[l) i, kl<L/e (xi,j [1] Xi",k[l] Xj*,k“ [11) d{vsi, VS5, VSks VSj+y VSj+, VSk+},

E[& ] » &, oo]]

Out[]=

{19.5156, {eSeries|

2
TiP1,2¢1 7,1 — (=1 +T1) T1P1,2.9 71,1 + (1= T1) P12k 71,1 + T2 P1,249 71,5 + (1= T1) P1,24k 11,5 + P1,24k 71,k + +
2 12
T1T3P3,2.4 73,1 — T1 T2 (=1 + T1T3) P3,2.9 73,1 + (1 = T1 T2) P3,2.k 73,1 + T1 T2 P3,2.9 73,9 + (1 = T1 T2) P3,2.k 73,5 + P3,2.4k 713,k»
3 (albl+azb2+agb3+a4b4+a5b5+a5b5+a7b7+a8b8+ +C89+C81+C82+C83+C99+C91+C92+c93) +
+ 11}
Full expression not available (original memory size: 3.8 MB)) @

In[-]:= Timing[{RightR3b} =

Cases[j?‘[i, J> k] x£/@ (X4, [1] Xi,k+ [1] Xs+, 45+ [1]) d{VSi, VS4, VSk, VSi+, VSj+, VSi+},

E[& ] > &, oo];]

Out[e]=

{10.7344, Null}
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in[-]:= Short[eqn = CF[LeftR3b[1] - RightR3b[1]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Unione@Cases[rg[1, i, jl, a_, =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[egns, vars]

Out[-]//Short=
TiTy (<1>) <<1> mq,i7m,1 <<1> a7 <<5>> 4.
- + <<32>> 4 ———mm———————

B B B

out[e]=
{P3,2+is P3,2435 P3,24ks 711,15 711,55 711,ks 72,15 772,95 7T2,k}

out[e]=
{ai1, a3, a3, a4, as, A, a7, ag}

Out[~]//Short=

{ a3 T2T3 a3 12713 a3 T2T, a3 T3T3
—_— + == - ==
B B B B ’
a; ag a;T, agT, a;TyT, a; Ty T2
<<22>>, - — - — + + + - = 0}
B B B B B B

Solve: Equations may not give solutions for all "solve" variables.

Out[«]=
ar a4T2
{{31%0, 33%9, 35%@, dg > —— — —, 37%0, agﬁe}}
Ta T1

inf-1:= sol /. (v_ -»val_) = (v=CF[val]);
re[l, i, j]
out[e]=
(a2 +34T2) P3,j X1,j X2,1

ds P3,5 X1,i X2,i - T + a4 P3,j X1,i X2,j
1
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ii-J:= Short[eqn = CF[Coefficient|

LeftR3b[2] - RightR3b[2] /. v: (7w |p) = uv,
3

u
11> 5]

cvs = UnioneCases[eqn, p_ | 7, =]

vars = UnioneCases[r;[1, i, j1, b , =]

Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]

{sol} = Solve[egns, vars]

Out[~]//Short=
Bby (-1+Ty) T1 T3 P1,245 P2,2:1 73, —Bby (-1+T1) T T3 P1,2:k P2,2+i 73,1 + <<31>> +

B (-1+T1) Ty (=by-ba+byTy) p1,2:1 P2,24k 73,k =B (=1 +Ty) Ty (=by—ba+byTa) P1,2.9 P2,2:4k 73,k
out[e]=
{P1,2+15 P1,2435 P1,24k> P2,24i5 P2,2+55 P2,2+ks 713,is 713,45 713,k }

out[e]=
{bl: bZJ bS) b4) bS) b6) b7) b8}

Out[~]//Short=
[-Bby TiT3+Bby T3T3 =0, Bb, T1 T, -Bby T; 75 = 0, <<1>> =0, <195, «<1> =0,

Bby+ <<47>> =@, -Bbg Ty -Bbg Ty -Bbs T, -Bbg T, +Bby Ty T + <<11>> +Bb, T3 T3 = 0}

Solve: Equations may not give solutions for all "solve" variables.

out[e]=
{{b1%0, bz%e, b4%0, b64)0, b7%*b3*b5, bg%@}}
m[-1:= sol /. (v_ > val_) » (v=CF[val]);
ri[1, i, jl
Out[«]=

bs p1,5 P2,i X3,i + b3 P1,i P2, X3,1 + (-b3 - bs) p1,5 P2, X3,1
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in[-]:= Short[eqn = CF[LeftR3b[2] - RightR3b[2]], 5]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Union@Cases[rg;[1, i, j], ¢ , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqgns, vars]]
Out[~]//Short=
- ( (2C11 +2Caq + Cap + Ca3+ 2 Csp + Cs7 + Csg + 2 Cy1 + Cgz) (-1 +Tq) T3 P1,2+j 7T1,i) -
(-1+Ty) (AC1+Cr+C3+2Cg+Cq6+Cq7+Ceg+ <<49>>) Py 2.k 7Ty, + <<I> +
<<473>> + (-1+T3) Ta (~Cs5 — Cep + C55 T1 T2) P2 cclos 2 «clss «cls> P3,24k 712,k 713,k —
(=1+Ty) To (~Cs5 ~ Cep + Cs5 T1 T2) P2,2+5 P3,24k 712,k 713,k
Out[e]=
{P1,2+is P1,2455 P1,24k> P2,2+i5 P2,2+55 P2,2+ks P3,2+i>
P3,2+55 P3,2+ks 711,15 7T1,9s TT1,ks 7T2,is 712,55 7T2,ks 773,15 713,9s 713,k }
Out[]=
{c1, €2, C3, C4q, Cs, Cg, C7, Cg, Co, Ci10, C11, C125 C135 C14, C15, Ci65 C17, Ci18s C19, Coo,
Co1, C22, €23, Coa, Co5,5 C26, C27, C28, C29, C30, C31, C32, C33, C34, C35, C36, C37, C38, C39,
Ca0s Ca1, Ca2, C43, Cas, Css5, Caps Ca7, Cags Ca9, Cspy Cs1, Cs2, Cs3, C5g, Cs5, Csey Cs7,
Csg, Cs9, Ceos Co1s Ce25 C635 Ce4as Co55 Ce6s Co675 Co85 C69s C705 C715 C725, C73, C74, C7s,
C765 C775 C78, C79, Cgos Cg1, Cg2, Cg3, Csgas Cgs, Cgss Cg7, Cggs C89s Cops Co1, Co2, Co3}
Out[-]//Short=
{7C11 T‘l1 -Cx T‘l1 +Cnp Ti +Cp Ti =0, <1> =20,
<<315>>, C13 Ty Ty +Cis Ty Ty +C73 Ty To +C5 Ty Tp + Cgg T1 T —
<15 - Cs T3 T5-Cr3 TiTo - Cys Ta 15— Cgo T3 T5 == 0}

Solve: Equations may not give solutions for all "solve" variables.

Out[~]//Short=

Cgs Cooes <<8>> + <«<1>>
{{Clﬁa, <<60>>, Cgy > — - - }}
T, T, <«<1l> <«<1> «<1> T% <«<1>> (-1+ <<1>)

mn[-]:= sol /. (v_ -»val_) =» (v=CF[val]);
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in[-]:= Short [CF[rs[1, 1, j1]1, 20]
Out[~]//Short=
2
Co3 + Cg1 P1,i X1,i + Cga P1,j X1,i + (Ce + C21) P1,i P1,5 X7,; +

1
5 (=1+T1) (2Ce+2Cy1 +CggT1+C31 Ty +Ca6 T1+Co1T1) Pi,j X35 -
(Cg1 + Csa) P1,5 Xa,j

T1

+ (C16 + C31 + Ca6 + Ce1) P1,i P1,§ X1,1 X1,5 +

2
(-2Cg—C16—2Co1 —C31-Cap— Co1 — C1g T2~ C31 T1 — Cag T1 — Ce1 T1) P15 X1,1 X,5 + <<33>> +

N

1
(*34 b5 - Cy5 + Cps T1+a4 b3 TZ + dg b5 Tz*a4 b3 T]_ T2+ Cos Tl Tszz_r, Ti Tz)

(-1+Tq) (-1+Ty)
1

P2,5 P3,j X2,5 X3,i — 2
T1T2 (*1+T1T2)

(—a2b5—a2b3T1+a4b3T1—c83T1—cgsTl—a4b5T2—a4b3T1T2+a4b5T1T2+c83TiT2+c86T%T2)

(agbs —agbs - Cg+ Coz + Cg Ty +Asbs Ty - Co3 T1 To) P1,i P3,j X1,i X3,

p3).x3)._
I (c14Ty) (-1+T4 Ty)

((magbs+cg+aybsTi-azbs3Ty-cgTy-asbsTy-CgTr+2a3b3TyTr+CgT1Ta) P1,jP3, X1,i X3,5) /
-1+Ty) (-1+T1Ty)) -
2b3-Clo Ty +Cos Ty +asb3 Ty -asb3Ti Ty +Cip Ty Ty - Cos5 T% Tz) P2,i P3,5 X2, X3,j) /

(

a

Ti (-1+T2) (-1+T1T)) -
cleTl—cleT%+a2b5T2—a2b5T1T2+a4b5T1T2—c19T1T2+c1@T§T2+a4b5T§—2a4b5T1T§)

(
(
((
(
((

P2,3 P3,3 X2,1X3,5) / ((-1+T1) Ty (-1+T1Ty))
in[-]:= CF[LeftR3b - RightR3b]

Out[e]=
eSeries[0, 0]

Reidemeister 2b

[++ /‘ J++

- Territory: (X | p)i; i+s Xifj-
R2b aw lj

Y

Inf- ] Timing[ Short[Leftkzb = Uff[i, 1« £ /@ (Xi,5[1] Xs-,4-[-1]) A{VS;, VSj, VSs-, vsj+}) 1]

/]

{9.671875, cSeries [p1,2+i T,i + P1,245 71,5 + <«<12> + P3,2+3 773,55 <1>>1]}

Out[e]=

in[-]:= RightR2b = eSeries [Pi,2.i 71,i + P1,2+j 771,j + P2,2+1 72,1 + P2,2+j 72,5 + P3,24i 713,i + P3,24j 73,5, 0]

out[e]=
e€Series [py,o.i 7, + P1,2+5 71,5 + P2,2+1 72,1 + P2,2+5 72,5 + P3,241 73,1 + P3,2:5 713,55 O]
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in[-]:= Short[eqn = CF[LeftR2b[1] - RightR2b[1]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Unione@Cases[ro[-1, i, j], d , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[egns, vars]

Out[~]//Short=

(dy7 + <<11> +d7T1 Ty) <<1l> <<1> <<1>> 1. <«<1>
+ <<T> + —
BT, T, B «<1>T,
Out[e]=
{P3,2+1s P3,2435 71,15 711,55 72,is 772,75}
Out[e]=

{dy, da, d3, ds, ds, dg, dy, dg}

Out[=]//Short=

di d3 ds dy ds dy ds dy d;
{—————4—*4— - + - + =0,

B B B B BT, BT, BT, BT, BT;T,

ds dy dy d; ds dy

_— - + =0, «<5>, — +— - =0

BT, BT, BT;T, B B BT, T,

Out[«]=
az—a4T1+a4T2 dg —az—a4T2
—,d3->0,d;>-—,ds 50, dg > -——

{{dl - 0, dz - -
2T, T: T, T

mf-]:= sol /. (v_ -»val_) = (v=CF[val]);
re[-1, i, j]
out[e]=

(ma2+34T1-a2T2) P3,§X1,i X2,i (32 +34T2) P3,jX1,§X2,i A4 P3,j X1,i X2, j
+ _

2T, T, T, T,
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in[-]:= Short[eqn = CF[LeftR2b[2] - RightR2b[2]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Union@Cases[r;[-1, i, j] +rs[-1, i, jl, e |f , ]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqgns, vars]]

Out[~]//Short=
<1>> <<1>>
<«<107>> + +
«<1l> T; <1>

Out[e]=

{P1,2+1s P1,2435 P2,2+i5 P2,2+55 P3,2+i5 P3,2+95 7T1,is 711,45 712,15 712,55 713,15 773,57}
Out[e]=

{e1, ez, €3, ey, €5, €, €7, €8, T1, Tp, F3, fa, Fs5, fe, F7, fs, fo, f10, 11, F12, F13, F1a, Fus, 16,

f17) f18) FlQ: fZO) f21) FZZ: 'F23) f241 f25; f:261 f27) f28) f:29.v fBO) f31) FBZ: f33) f34) F35: 'F36)

'F37) 'F38J F391 'F4e,- 'F41J 'F42: 'F43: -F44J 'F45) 'F461 'F47) 'F48J 'F491 'FSO) 'F51J 'FSZJ 'F53) 'F54J 'FSSJ

'FSG) 'F57J FSSJ 'F59) 'FGGJ 'F611 'F62: 'F63.v 'F64) 'F651 'F66) 'F67J 'F681 'F69) 'F70J F71: 'F72) 'F73J 'F74J

'F75.v -F76) -F77J -F78) -F79) -FSOJ 'F81: 'FSZ) 'F83J -F84J 'FSS) 'F86) -F87J 'FSS) -F89) -F90J -F91) -F92) 'F93}
Out[-]//Short=

fs1 fuu fa 2fs

{'Flf'Fllf'F41+'F51+7+7+ - = 0, <<85>>,
TZ T, Ti T

+ + <<336>> + ==

(1-T1) (1-T2) (1-Ty) (1-Tp) (1-T1) (1-Tz)

2 dg b3 Ci6 -F93 Tl T2 }

Solve: Equations may not give solutions for all "solve" variables.

Out[-]//Short=
{{e1 >0, e, >0, «<84>, fg3 > -Co3}}

inf-]:= sol /. (v_ -»val_) = (v=CF[val]);

inf-1:= re[-1, i, 31
Short [CF[rg,[-1, i, j]1, 5]
Out[]=

bsp1,9P2,i X3,5 b3 P1,iP2,jX3,1 (b3 Ty +bsTy) pa1,jP2,qXs,i
- - +

T1 T, T1 T,

Out[-]//Short=
(<<1>>) <<3>> X 1.0
—Co3 — Cg1 P1,i X1,i + <<53>> + +
T (-1+ «<1>») («<1>)

2
((a2b3-CroT1+Cos Ty +@sb3 Ty~ asbs Ty Ty + Cao Ta To = Cos T3 Ta) Pa,i P3 wc1os <10 X2,1 X3,5) /
(<<1>>) P2,5 P3,j X2,i X3,5

(—1+T1) T1T2 (—1+T1 T2)

(Te (1+T3) (-1+TyT3)) +

in[-]:- CF[LeftR2b - RightR2b]

Out[«]=
eSeries [0, 9]

Reidemeister 2¢
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In[+]:= Timing[ Short[{LeftRZc} = Cases[

2024-06-12 12:03:52

Jf[i: Jl1xL£/@ (Xi1,5[1] X4, 4+2[-1] C4,2[1]) dA{VSi, VSj, VSi+s VSj+, VSj2}, E[S ] = 5]

/]

Out[e]=

{0.71875, {€Series[pi,s.i M1,i+ P1,3+§ 711, + <<9>> + P3,3.§ 73,4, 81 82 + <<49>> + «<1>1}}

In[]:= Timing[ Short[{RightR2c} =

Cases[jﬂ-‘[i, jl < L£/@(C;[0] C4,1[0] C5[0] Cy,1[1] C5,2[@]) dA{VSsi, VS, VSi+, VSj+, VSj,2},

E[& ] = 5]

/]

Out[]=

{0.015625, {eSeries[pi,.i T1,i + P1,349 7T1,§ + <<4>> + P3,3, 73,9, 81 82 + <<16>> + «<1>>]1}}

in[-]:= Short[eqn = CF [LeftR2c[[1] - RightR2c[1]]]
cvs = UnioneCases[eqn, p | 7, =]
vars = Union@Cases[ye[1, k], g , ]

Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]

{sol} = Solve[egns, vars]

Out[-]//Short=

Out[«]=

Out[«]=

Out[-]//Short=

81 (14 T1) <<1l>» «<1> «<1> 7 1. w1 7o <<1>> g1 <<3>> «<1>>
BT, T, B «<1>> «<1>> BT,
{P3,3:95 71,15 711,55 7T2,is 72,5}
{81}
g1 g1 g1 81 g1 g1 g1 g1
{—7777+ =0, - — + =0, - — + == }
B BT, BT, BT;T, B BT, B BT,

Out[]=

{{g1—>0}}
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in[-]:= sol /. (v_ > val_) = (v=CF[vall);
Yol[l, k]

Out[«]=

in[-]:= Short[eqn = CF[LeftR2c[2] - RightR2c[2]]]
cvs = UnioneCases[eqn, p |7 , =]
vars = Union@Cases [y1[1, K] +¥42[1, k], g , ]
Short [eqns = CoefficientRules[eqn, cvs] /. (_—>c_) = (c ==0), 3]
Short[{sol} = Solve[egns, vars]]

Out[~]//Short=

(C1 + €31 + <<10>>) <<1>> <<1>> <<1>> T3 (10 1o
+ <<25>>

T1
out[e]=
{P1,3495 P2,3455 P3,3+55 71,15 711,55 72,is 72,95 713,is 713,75}

Out[«]=
{82, 83, 84, 855 865> 87, 88> 89, 810}

Out[~]//Short=

8 286 286 84 87 48 8
{g6+f—7::0, -28g + =0, <13>, Cig+C34 +Cgo+ <17> + — + — + +— =0,
T T T, T, T, T, T,

2a, b3 dg b3
+ + <<50>> = }

(1-Ty) (1-Tp)  (1-Tq9) T2 (1-Ty)

Out[~]//Short=
{{82—->0, 83 > C16+C31 + Cyg + Ce1, <<5>>, 89 > 0, 819 > 0O} }

mnf-]:= sol /. (v_ -»val_) = (v=CF[val]);

1= ¥1[1, ki
Short [CF[¥42[1, k11, 5]

out[e]=
%]

Out[~]//Short=
(C16 + C31 + Ca6 + Co1) P1,k X1,k + (C19 + C34 + Ch9 + Ceq) P2,k X2,k +
(=b3+bs+b3 Ty -bsTy) (maz+a,Ti-a3T1-a3T,+2a3T1Ty) P3,k X3,k

(=1+Tq1) T1 (-1+Ty) (-1+T1Ty)

in[-]:= CF[LeftR2c - RightR2c]
Out[e]=
eSeries [0, 0]
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Ci[1] and C,[-1] are inverses

In-]:= Timing[ Shor‘t[{LeftCC} = Cases[{Jf[k] £/@ (Ce[1] Croa[-11) dA{VSk, vsk«}}, E[& ] 5]

/]

{9.9625, {eSer‘ies [p1)2+k T,k + P2,2+k 72,k +

Out[]=
<«<1> <«<1>
+ P3,2+k 7T3,k»

+ <<8>> + <<1>>]}}
<1>>

Il ]:= Timing[ Shor‘t[{RightCC} - Cases[{fr[k] £ /@ (C[0] C,a1[0]) d{VSy, vsk+}}, E[& ] 5]

/]

{@., {eSeries[pi,z.k T1,k + P2,2+k 7T2,k + P3,2+k 73,k 0]} }

Out[e]=

in[-1:= Short[eqn = CF [LeftCC[1] - RightCC[1]]]
cvs = UnioneCases[eqn, p | 7w , =]
vars = Union@Cases[yp[-1, k], h , ]
Short[eqns = CoefficientRules[eqn, cvs] /. (_~>c_) = (c =0), 3]
{sol} = Solve[egns, vars]
Out[-]//Short=
N1 P31 2 w1 1 TTactss T2k

B

Out[-]=

{P3,2:k> 7T1,ks 72,k }
Out[-]=

{h1}
out[-]//Short=

h;

{5 -9
Out[-]=

{{h1~>0}}

m[-1:= sol /. (v_ > val_) » (v=CF[val]);
Yol[-1, k]
Out[«]=
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in[-]:= Short[eqn = CF[LeftCC[2] - RightCC[2]]]

cvs = UnioneCases[eqn, p_ | 7, =]
vars = Union@Cases [y1[-1, K] + ¥42[-1, k], h , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqgns, vars]]

Out[-]//Short=
<«<1>>

Out[-]=
{P1,2:ks P2,24k> P3,24ks 7T1,ks 7T2,ks 713,k }

Out[-]=
{h2, h3, hyg, hs, hg, hy, hg, hg, hig}

Out[-]//Short=
{h6 =0, h =0, Bh, =0, hg =0, <«<1> =0, <«<1>,

hig == @, Cq9 + C34 + C4g + Cga + hg + hy + 4 hg + hig = 0, <<1> ==0,

2 a2 b3 a4 b3 <<1>>
- - + <<165>> = 0}
(1-Ty1) (1-T3) (1-T1Tp) (1-Ty) (1-T) (1-T1T3) <<1>»

Out[~]//Short=
{{hy >0, h3 > —C16 - C31 - Ca6 — Co1, <<5>>, hg 50, hjp > 0}}

in[-]:= sol /. (v_ -»val_) » (v=CF[val]);

1= y1[-1, k]
Short [CF [¥42[-1, k], 5]
Out[-]=
0

Out[~]//Short=
(=C16 — C31 — C46 — Ce1) P1,k X1,k + (= C19 — C34 — Ca9 — Coa) P2,k X2,k —
(b3 +bs+b3 Ty -bsTy) (may+ayTi-asT1-a3Tr+2a4T1Ty) P3,i X3,k

(*1+T1) T]_ <*1+T2) (*1+T1 T2)
in[-]:= CF[LeftCC - RightCC]

Out[e]=
eSeries[0, 0]

Invariance Under R1l

Z‘4—|-
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inf-1- {LeftR1l} = Cases[{jﬂ-‘[i] £/@ (Xi,2,1[1] C1,1[1]) d{Vsi, VS;-, vsi,,z}}, E[& ] =&, co]

Out[e]=
{eSeries[pi,s.i T1,i + P2,3+i 7T2,i + P3,3+1 73,i, Co3]}

inf-1- {RightR1l} = Cases[{j?—“[i] £/@ (C;[0] Ci,1[0] Ci,2[@]) A{VSi, VSi+s vsi+2}}, E[5 ] &, oo]

Out[]=
{eSeries[pi,3.i 71,1 + P2,3+1 T2, + P3,3+1 73,1, 0]}

in[-]:= LeftR11[1] == RightR11[1]

out[e]=
True

in(-]:- Short[eqn = CF[LeftR11[2] - RightR11[2]]]
cvs = UnioneCases[eqn, p__ | 7, =]
vars = UnioneCases[eqn, (c|d|e|f|g|h) , =]
Short[eqns = If[cvs === {},

{eqn = 0},
CoefficientRules[eqn, cvs] /. (_—->c_) = (c = 0)
1, 3]

{sol} = Solve[egns, vars]
Out[~]//Short=

Co3

Out[«]=

{}

Out[]=

{1

Out[-]//Short=

{Co3 = 0}
Out[e]=

{{Co3 > 0}}

mnf-1:= sol /. (v_>»val_) » (v=CF[val]);

in[-]1:= CF[LeftR1l - RightR11]

Out[e]=
eSeries[0, 0]

Invariance Under R1r

(

Rlr
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ini-1- {LeftRlr} = Cases[{jﬂ-‘[i] L£/@ (Xi,1,2[1] Ciua[-1]) d{VSs, VSir, vsi,,z}}, E[5 ] &, oo]
Out[e]=
{eSer‘ies {P1,3+i 70,1+ P2,341 7T2,1 + P3,341 713,15

1

<azb5+azb3T1—a4b3T1+C33T1+C36T1+C32T§+C35Ti+a4b5T2+
T2T, (-1+ Ty 1)

agb3 Ty Ty~ asbs TaTy+ o TiTo+Coa T Ty~ Cor T3 Ty ~Car TaT, ~2Cg3 To T, -

Cge Ti TZ - Cg2 Ti T2 - Cgs Ti Tz - Cg1 Ti T% - Cga Ti T% + Cg1 Ti T% + Cg2 Ti T% + Cg3 Ti T%) ]}

ini-1- {RightR1lr} = Cases[{J“’r"[i] £/@ (C;[@] Ci,1[@] Ci.a[0]) d{VS;, VSi-, vsi,,z}}, E[& ] &, oo]

Out[]=
{eSeries[py,3.i /11,i + P2,3+i 12,1 + P3,3+i /13,i» O]}

in[-1-= LeftR1r[1] == RightR1ir[1]
out[e]=
True

in[-1:= Short[eqn = CF [LeftR1r[2] - RightR1r[2]]]
cvs = UnioneCases[eqn, p | w , =]
vars = Union@Cases[eqn, (cl|dle|f|g]|h), oo]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[egns, vars]
Out[-]//Short=
a; b + <<31>> + Cg3 Ti T%

T2T, (-1+T1Ty)
Out[«]=

{}

Out[«]=
{Cs1, Cg2, Cg3, Cgas Cgs, Cge}

Out[-]//Short=
3712 372 3712
dr b5 + dy b3 T1-2as b3 T1 + <«<26>> + Cgq Tl TZ + Cg2 Tl TZ + Cg3 T1 T2
- e}

{ TZT, (-1+T1 Ty)

Solve: Equations may not give solutions for all "solve" variables.
Out[«]=
{{Css = —Cgs T1-CaaTp—Cg3 (1-T1Ty) —Cga (T1 =Ty T3) -

—azb_r,—azb3T1+a4b3T1—a4b5Tz—a4b3T1T2+a4b5T1T2}}

Cg1 (T2 -T1T3) - T 1+TiTy)
1 (—1+ 1112

m[-1:= sol /. (v_ > val_) » (v=CF[val]);

in[-]:= CF[LeftR1lr - RightR1r]

Out[«]=
eSeries [0, 9]
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Invariance Under Sw

Swt )

Il 1= Timing[ Shor‘t[{Le-FtSw} - Cases[{j?—'[i, 31 % £ /@ (Xis1,501[1] €3 [-1] C5[-1] Cs,2[1] Cyu2[1])

d{vs;i, VSj, VSi+, VSj+, VSj,o, VSj+2}}, E[&S ] = &, 00]

Out[e]=

<«<1> <«<1>
{0.0625, {eSer‘ies [Tl P1,3+1i 7T1,i + <<11>> +p3 3.9 713,5, ——— + <<56>> + ] }}
<«<1>> <«<1>>

Il 1= Timing[ Short[{RightSw} - Cases[{Jf[i, 1« £ /@ (Xis1,5.1[1] C1[@] C5[O] C1,2[0] C5.2[0])

d {vs;, VSj, VSi+, VSj+, VSj,o, VSj+2}}, E[& ] » &, 00]

Out[e]=

<«<1>> <«<1>>
{0.28125, {eSer‘ies {Tl P1,3+i 7T1,i + <<11>> +Pp3 3.9713,5, ——— + <<56>> + } }}
<«<1>> <«<1>
in[-]:= LeftSw == RightSw
Out[«]=
True

The Solution

mi-1- UnioneCases[Le@X; j[1], (a|b|c|d|e|f|g|h) , =]
Out[e]=
{az, a4, bz, bs, Cg, C7, Cg, Co, C1o, C165 C19, C215 C22, C23,

C24, C25, €31, €345 C36, C39, Ca6s Ca9, Ce1> Coas Cs81s C82, C83, Cgas Cas}

in[-]:= LeafCount@CF [L@X; j[1] /. {Ci6|19|31|34|46|49|61|64|81|82|84|85 = O, D35 > 1, a4, »1, B>1} //.
{C21 > —Cg, C22 » -Cy, Cqg > -Cg, C7 > -1/ T3, Cgj10|23|25/83 > O} ]

Out[]=
1310

in[-]:= LeafCount@CF[L@X;,j[1] /. {C16|19|31|34|46|49|61|64|81|82|8a|85 2> @, D3j5 > 1, @34 >1, B> 1} //.
{€21 > -Cg, C2p > —Cy, €4 > -Cg, C7 > O, Cgj10|23|25|83 > O} ]

Out[e]=

1205
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in[-]:= CF[L@X;,[1] /. {Ci6|19|31|34|46|49|61|64|81|82|84|85 = @, D35 > 1, a3 »1, B>1} //.
{€21 » -Cg, C2 » -C7, Czq = -Cg, C7 > O, Cg|109|23|25(83 = O} ]
out[e]=
T1 T E [eSer‘ies [—P1,i X1,i + T1P1,14 X1,i + (L =T1) P1,145 X1,i — P1,j X1,5 + P1,145 X1, — P2,i X2,i +
(1+T2) p3,j X1,j Xa,1

T2 P2,1+1 X2,1 + (1= T2) P2,1.5 X2,i + P3,5 X1,i X2,i — T = P2,j X2,5 + P2,145 X2,5 +
1

P3,j X1,i X2,5 — P3,i X3,i + T1 T2 P3,1.1 X3,i + (1 = T1 T2) P3,1.5 X3,i — P3,j X3,5 + P3,1+5 X3,

(-1-To+TaTo-T3) P1,y P25 X1, X280 (Te-Tp) (~1-To+TiTy) 1,y Pai Xa,5 Xa,i

*1+T1T2 <*1+T1) Tl <*1+T2) (*1+T1T2>
(1+T2) p1,j P2, X1,§ X2,1 (T1 - T2) T2p1,i P2,j X1,i X2,j P1,§ P2,§ X1,1 X2,j
- + +
(*1+T1) Tl (*1+T1) (*1+T2) (*1+T1T2) *1+T2

(1+7T3) P3,§X3,1
P1,j P2,i X3,i + P1,i P2,5 X3,1 — 2 P1,§ P2,5 X3,i + -
Ty (-1+T1Ty)

(1 -2 T1 T2 +T%> pl,j p3,j Xl,i X3,i (—Tl + TZ - 2T1 T2 + ZT% T2 +T% - T1 T%) pl,j p3)i Xl,j X3)i

-1+T, ' (-1+Tq) T (-2+Ty) (-1+T1Ty) '
(L+T2) p1,i P3,§ X1,5%X3,1  (1+Tp) (1-2T1+T1T2) P1,jP3,5 X1,5 X3,1
Ty (-1+Ty) ' (-1+T1) Ty (-1+Tp) '
(1-Ty+2To - 2Ty T+ TE T+ T3 -2 T1 T3) Po,j P3,5 X2,1 X3,4
(-1+T1) Tq :
(-1+Ty T+ T T+ T5-2T1 T5) pa,j P3,i Xa2,j X3,1
(-1+Tq) T (-2+Ty) (-1+T1Ty) )
P2,i P3,j X2,5X3,i (1 -2To+T1T3) pa,jP3,jX2,jX3,i
-1+T, ) (-1+Ty) (-1+Ty) )
T2 P1,i P3,5 X1,i X3, (-1-T+2T1T2) P1,jP3,j X1,i X3,
(-1+Tq) (-2+T,Ty) ) (-1+Ty) (-1+T1Ty) '
(-1-To+T1T2) P2,i P3,§ X2,1 X3,5 T2 (-1-Ta+2T1T3) p2,5P3,jX2,i X3,5
Ty (-1+Ty) (-1+T1Ty) : (-1+T1) Ty (-1+T1Ty) }]

in[-]:= CF[L@X;,y[-1] /. {C16|19|31|34|46|49 61 64|81|82(84|85 = O, b3js > 1, a4 >1, B->1}//.

{C€21 » -Cg, C22 > —C7, €4 » -Cg, C7 > 0, Cg|10|23|25/83 = O} ]

Out[e]=
1
— E
T1 T
. P1,1+4 X1,1 (=1 +T1) P1,1.5 X1,1 P2,1+1 X2,i
eSeries [—P1,i X1,i+ + —P1,5 X1, + P1,1+5 X1,5 ~P2,i X2,i + ——_——— +
T1 T1 T,
(=1+T3) P21+ X2,i (=1+T1-T2) p3,5X1,1 X2, (1 +T2) P35 X1,5 X2,
+ + - P2,5 X2, + P2,1+9 X2,5 —
N ,j X, , ,
T, T T2 T, T,
P3,§ X1,1 X2, P3,1+i X3,i (-1 +T1T2) P3,1.5 X3,
——————— —P3,i X3,i + + = P3,j X3,j + P3,1+5 X3,3»
T1 T1 T T1T>
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(T1-T2) (=1-Ta+T1T3) P1,P2,iX1,i X2,i  (T1-T2) P1,i P2,5 X1,i X2,i
. _

T2 (-1+Ty) (-1+T1Ty) (-1+Tq) (=1+T1Ty)

(1-Ty+2Tp =Ty T+ 2TiTo+ T5 - 2Ty T5) pa1,j P2,j X1,i Xa,1

+

T2T, (-1+T1Ty)
(Te=T2) (=1-Ta+T1T2) P1,jP2,i X1,§ X2,1
(-1+T1) Ty (-1+Ty) (-1+T1Ty)

(1 ST142T, - 2T T+ TiT+T5-2T, T%) P1,j P2,j X1,5 X2, (T =T2) Tapa,iP2,jX1,i X2,5

+ _
(—1+T1) T]_Tz (—1+T1T2) (—1+T1) (—1+T2> <—1+T1T2)
(*1+2T1 T, *Tﬁ) P1,5 P2,5 X1,i X2,5  P1,P2,i X3, P1,i P2,9%X3,i (T1+T2) P1,5P2,§X3,i
- - + +
Ty (-1+Ty) (-1+T1Ty) T, T, T, T,

(-1-To+TaTo-T5) p3,5Xs,1  (-Te+To=2TyTo+2 T8 Ty + T3 - Ty T5) p1,j P3,i X1,1 X3,1

TiTy (m1+T1Ty) T2 (-1+T,) (-1+T1Ty)
(1-Ty+Ta-2TyTo+ 2T T - T1T3) P1,iP3,j X1,1 X34

+

(-1+T1) T2 (-1+Ty) Ty
(1-2T1 +T,-3T1T,+4TiT,-T, Tg) P1,5 P3,j X1, X3,1

T2 (-1+Ty) T,

(-Ti+T2-2Ta T+ 2T T+ T3 -TaT3) P1,5 P31 X1,9 X3,4 (1+7T2) P11 P3,j Xa,5 X3,1

(-1+T)) Ty (-1+Ty) (-1+T1Ty) ) T1 (-1+T5) T, :
(1-2Ty+T3+To-3Ty T+ 3TiTo - Ty T5) P1,j P3,5 X1,j X3,1
(14T T3 (-14Ty) T, 7
(-1+TaTo+ TiTo+ T3 -2T1T5) Pa,j P3,i Xa2,i X3,
(14T TyTy (14T, Ty) -
(-Te+ T+ TE T+ T3 -2T1T3) P2,i P3,j Xo,1 X3,4
(-1+T1) T2 (-1+T,) T, :
(-T1+2To+ TiTo+2T5-4T1 T3) pa,j P3,j X2,1 X3,1
(-1+Ty) T273 )
(-1+Ty T+ TiTo+T3-2T1T3) Pa,§ P31 X2,5 X3, Pa,i P3,i Xa,j X3,1
(~1+T) Ty (-1+Ty) (-1+T1Ty) : (-1+T) Ty
(F1-Ty+Ti+2Ta T+ TiTo+T3-3T1T3) Po,iP3,X2,5 X3,0 T P1,i Pa,j X1,1 X3,
(-1+T1) T2 (-1+Ty) T, : (-1+Ty) (-1+T,Ty) :

(-1 +2T1To - T%) P1,5P3,5X1,i X3,5  (-1-Ty+T1T2) Pa,i P3,j X2,i X3,
- +

Tl (*1+T2) (*1+T1T2) Tl (*1+T2> (*1+T1T2)

(1-Ty+2T2- 2Ty Tp+ T T+ T5 - 2Ty T5) Pa,j P3,5 X2,1 X3, 3

(—1+T1) T]_Tz (—1+T1T2) }]
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in[-]:= MatrixForm@CF [ {
{r‘e[l, i: J]) r'1[1) i: ]]})
{r'e[-l: i: J], r‘1[_1) i: J]]’)
{(-a2+a;Ty1-a3T1-a3T2+2a3 Ty T2), (-bs+bs+b3Ty-bsTy)}
} /. {b350, a;-50, bs >Ty, a > T1}]
Out[~]//MatrixForm=

T1P3,§ X1,i X2,i = P3,j X1, X2,i T1P1,5P2,i X3,i — T1 P1,5 P2,j X3,1

P3,5 X1,i X2,i P3,j X1,j X2,i
- T, + T, =P1,j P2,i X3,i + P1,j P2,j X3,i

(-1+T1) Ty -T1 (-1+Ty)

in[-]:= MatrixForm@CF [ {
{rell, i, j1, ra[1, i, j1},
{rel-1, i, j1, ra[-1, i, 31},
{(-a+@;T1-a3T1-3a3T2+2a3T1T2), (-b3+bs+b3Ty-bsTy)}
}/.{b3»0,a;,-0, bs>1, a, »1}]
Out[-]//MatrixForm=

P3,j X1,5 X2,i

P3,j X1,i X2,i — P1,5 P2,i X3,i — P1,5j P2,5 X3,i

T1
_ P3,j X1,i X2,i P3,j X1,j X2,i _ P1,j P2,i X3,i + P1,5 P2,j X3,i
T, T T, T: T
-1+ Tl 1- Tz

In[-]:= Matr‘ixFor‘m@CF[{

{rell, i, j1, ra[1, i, 31},

{rel-1, i, j1, ra[-1, i, 31},

{(-a+@3T1-a3T1-3a3T2+2a3T1T2), (-b3+bs+b3Ty-bsT;)}
Y /. {b3—>T;/2, bs » —Ti/z, a4->T}/2, a; - - '\/T_sz}]

Out[+]//MatrixForm=

- \/T71 T2 P3, 5 X1,i X2,i + \/?1 P3,j X1,i X2, - \/-Tl P1,5 P2,i X3,i + \/-Tz P1,i P2,j X3,i + (N/-T - \/-Tz) P1,5 P2

P3,X1,1 X2,i P3,jX1,1 X2, P1,j P2,i X3,i  P1,iP2,jX3,i + ( V1 - ﬁ) P1,5 P2,j X3,1
VT T, T N N VT AT

T2 (-1+T,) (VT2 + AT2) -1+ 4Ty T2)

in[-]:= MatrixForm@CF [ {
{rell, i, j1, r.[1, i, j1},
{re[-1, i, j1, r1[-1, i, j1},
{(-a2+a;T1-a3T1-a3T2+23a4 T3 T2), (-b3+bs+b3Ty-bsTy)}
} /. {a»-Tyag, bs» -b3T1} /. {b3>T; -1, az » 1}]
out[-]//MatrixForm=

~TyP3,§ X1,i X2,1 + P3,§ X1,1 X2,5 — ((=1+T1) Tep1,P2,i X3,1) + (~1+T1) pr,iP2,jXs,i+ (-1+T1)%pg,5]

P3,j X1,i X2,i P3,j X1,i X2,5 1 (=1+T1) P1,i P2, X3,1 (=1+T1) (-1+T2) p1,j P2,5 X3,i
_ ~-1+T7T . s X3 5 — _
T T, T ( 1) pl,j p2,1 3,i T, T,
Tl (*1+T2) (*1+T1> (*1+T1T2)
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il-]= MatrixForm@CF[{

{rell, i, j1, r1[1, i, 1},

{rel-1, i, j1, r1[-1, i, j1},

{(-az+a3T1-a3T1-a3T2+2a4T1T2), (-by+bs+b3Ty-bsTy)}
} /. {az> -Tyas, bs > -b3 Ty} /. {b3>1, a3 > 1-T;'}]

Out[-]//MatrixForm=

(-1+T1) T2 P3,j X1,i X2,1 + (-1+T1) P3,5 X1,i X2,5

n = ~T1P1,jP2,i X3,i +P1,i P2,5 X3,i + (=1 +T1) P1,jP2,5X3,1
(=1+T1) p3,j X1,i X2,1 _ (=1+T1) P3,j X1, X2, P1iPaiXsi- P1,i P2,5 X3,1 (=1+T2) P1,j P2,5 X3,1
2T, T2 1,3 F2,1 73,1 T, T,
(*1+T1> (*1+T2) *1+T1T2

{b3 - Ti/z b3, b5 - Tilz bs}, {b3 - Tz, b5 - _Tl) dy = Tl —Tz, dg = 1}
in[-1:= L[C[1]]
Out[«]=
T1 TZIE[eSer‘ies[ (=P1,k + P1,1:k) X1,k + (=P2,k + P2,1+k) X2,k + (=P3,k + P3,1:+k) X3,k»

(C16 + C31 + Ca6 + Co1) P1,k X1,k + (C19 + C34 + C49 + Cp4) P2,k X2,k +
(b3 +bs +b3Ty -bsTy) (may+a;Ti-a3T1-a3To+2a5T1T2) P,k X3,k

(=1+T1) T2 (-1+T2) (-1+T1Ty) H

(-b3+bs+b3 Ty -bsTy) (ma+a;T1-a3T1-a3Ta+2a,T1Ta) p3 i X3,k
In[+]:= Factor‘[

(—1+T1) Tl (—1+T2) (—1+T1T2)
{22 -Ty a4, bs > =b3 T} /. {b3 > T1-1, a4 » 1}]

Out[«]=

P3,k X3,k

inf-]:= LIC[1]] /. C16)19|31|34|46]4961|64|81|82|84|85 > O /. T > 1

1
Power: Infinite expression — encountered.
0

Out[e]=

Ty E[eSeries[ (-p1,k + P1,1+k) X1,k + (= P2,k + P2,1:k) X2,k + (=P3,k + P3,1:k) X3,k» ComplexInfinity]]

n[-1:= L[C[-1]]
Out[«]=
1

71_ . E{eSer‘ies[(—pl,k +P1,14k) X1,k + (=P2,k + P2,14k) X2,k + (=P3,k + P3,1+k) X3,k»
1T

(~C16 — C31 — Ca6 — Ce1) P1,k X1,k + (~C19 — C34 — C49 — Cea) P2,k X2,k —
(-b3+bs+b3Ty-bsTy) (—az+ayTi-asTi-asTr+2a,3T1Ty) P3,k X3,k

(—1+T1)T1 (—1+T2) (—1+T1T2) ]}
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Some Knots

in[-]:= tabl = Last /@ Table[K = Knot[n, 1];
Echo@Timing [K - JL[K] d vs [K] ] R
{n, 3, 10}|;

n[-]:= tabl[1]
Out[«]=

Knot[3, 1] —»

- ((L T3 T3 E[eSeries |8, — ((-Cs1—Csa—Caa—Cos + Coe Ty + C31 T1 + Cag T1 + Co1 T+ 5Co1 Ty + 4 Cgp Ty +
ACguTy+8CgsT1-3C16T2-3C31T2-3CaeTi-3Ce1To-10Cgy T2 -8Cgp T2 -
6Cea T3 -8Cgs T1+5C16T3 +5C31 T3 +5C6 T3 +5Ce T3 +11Cgy T3 +10Cgy T3 +
5CgqT3+10Cas T3 - 5C16 Ty ~5C31 T3 - 5Cag Ty ~5Ce1 T3 -7 Car Ty -8 Cgp Tg -
2Cg T3 -8Ces T3 +2C16T3+2C31 T3 +2Cag T +2Ce1 T +2Cay T3 +4Cgp T3 + 4 Cgs T3 -
Car TS —Cas TS —a b3 Ty +aybs Ty + CroTy+Caa Ty + Cao Ty +Coa To+4Car Ty +5Ce Ty +
Acga To+4cCgs To+4a,b3 Ty To-asbsTiTo-3a,bs Ty Ty +asbs Ty T -3¢C16T1 Ty -
3C10T1T2-3C31T1T2-3C32T1T2-3CaT1Ta-3CaoT1T2-3Ce1T1To-3CeaT1Ta-
17Ce T1To-17Cey Ta Ty -13Caa Ty To - 13 Cgs T Ty -8a, b3 T2 T, +3a, b T2 T, +
5a,bsTiTo-2asbs TiTo+7CieTaTo+5C10TaTy+7C ToTo+5C3, ToT,+
7CaeToTy+5Ca0ToTo+7CorToTo+5Cea TaTy+28Cay ToTo+28Cgy TaTy+15Caa T2 To +
20Cgs TaT,+10a,bs T3 Ty -5a,bs T3 Ty -5a,bs T3 To+3a,bs T3 T, -9Ci6Ta Ty -
5C10ToTo-9C3 ToT2-5C3TaTo-9CuTaTy-5C0ToTa-9Ce T3T2-5Ce T3 T, -
23Cg ToT2-26Cg ToT,-8Cea T3To-16Cgs Ta T, -8a,bs Ti Ty +5a,bs THT, +
3a,bsTiTo-2asbs Ty To+5C16T3 T2 +3C10T3 Ty +5C3 Ty Ta+3Ca T T, +
5CaT3To+3CaoTiTo+5C1 TiTo+3CeaTiTo+7Car T3 To+10Ce, TI Ty —Caa T3 T, +
2Cgs Ty To+4a,b3 T3 To-3a,b3 T3 To—a,bs T3 To+asbs T3 To+4C16T; To-Cro T3 Ty +
ACy TiTy-CaaT3To+4CuTiTo-CaoT3 Ty +4Ce1 T3 To-Coa T3 To+4Cay T3 Ty +
ACg T3Ty+3CeaT3To+8CesTaTo—a,bsToTo+agbsTSTo-4CisToT,-4cs TST, -
BACuToTy-dCer ToTo-3Ca TSTo-7CaaToT,-8Cas T5To+3CaTiTo+3Cas Ty T+
2a,b3T5—azb3Ti-3a,bsT5+azbsT5-3C10T5-3C34T5-3CaoT5-3CoaTs—
8Cg1T3-10Cg T5-8CaaTo-6Cgs To—7a, b3 Ty To+7a,bs Ty T5+8a,bs Ty T5 -
7a4bsTaT2+5C16T1T3+7C10T1Ta+5C TaT5+7CaTaTo+5C4T1Ta+7CaoTy T+
5Co1 T T5+7CoaT1T2+28Cgy Ty T5+28Caa Ty T2 +20Cgq Ty T5+15Cgs Ty T3 +
11a,b3T2T2-16a4b3 TiTa-11a,bs TaT3+12a,bs T2 T2-9C16 T2 Ta-9Cyo T2 T -
9C T2T2-9C3 T2T2-9Ca T2 T3 -9CaoT2T2-9¢Ce1 ToT2-9Cea T2 T3 - 34y T2T2 -
34 Cg T2T5-14Cga TiT5 - 14 Cgs TAT5-8a, b3 T3 T3 +21agbs T3 T3+ 7@, bs T3 T3 -
142a,bsT3T5+9C16T3To+5C10T3T5+9¢C3 T3 T5+5C3 T3 T3+9C T3 T+
5CaTaT5+9Ce TaT2+5CeT3To+11Cgy T3 T5+12Cg T3 T3 -3 Cga T3 T5 -
ACgsTo3To—a, by TiT5-15a, b3 TiT2+6a,bs T3 T2 -Cie T3 Ta+CroT3Ta—C3y T T+
C3aT1T5 — Cag T1To +Cag T3 T5 ~ Cor Ty Ta + Coa T3 T5 + 17 Cgq Ty T3 + 24 Cgp T1 T3 +
14Cga T3 T3 +26Cgs Ty T3 +7a, b3 T3 T3 +4agbs T3 T3 -3a,bs T3 T3 —agbs T3 T3 -
10C16T3T5-3C10ToT2-10C3; T3 T2 -3Cau T3 T5-10Cag T3 T2 -3 Cao T3 T3 -
10Ce1 T3T5-3Coa T3 T5-22Cg1 T3 T5-36Cgo T3 T5 -8 Cga T3 T3 — 28 Cgs T3 T5 —
6ar by TS T2+2a,b3ToT2+2a,bs ToT3-2a,bs ToT5+2C6T5To+2Co TS TS+
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20 T o +2CToTa+2CasToTa+2Ca0ToTo+2Cer1 ToTo+2Cea ToTo+7 Can TS T3 +
22 Car TSTo—Caa TS To+ 14 Cgs To T3 +2a, b3 T3 T3 -2a, b3 1] T3 +4Ci6 T, T+

ACy TITo+4CaeT]To+4Ce TiTo+Car T1To-4Cgy T]T5—Cas T, T5-2Caa To T3 -
2cgs ToT5-3a,bsT3+2a,b3 T3 +5a,bs T3 -3a,bs T3 +5C10T3+5C3Ta+5C40Ts+
5CosTo+10Ca T3 +11Cgy T3 +10Cga T3 +5Cgs Ta+9a, by Ty T3 -12a,b3 Ty T3 -
11a,bs Ty T3 +16a3bs Ty T2 -5C16TiTo-9C10T1Ta-5C3 T3 Ta-9C34 Ty To -
5CagT1T3-9CaoT1Ta-5C1T1Ta-9Cea T T3 -26Cgy T1T3-23Cg T2 T3 -

16Cg T1T5 -8Cas T3 T3-11a, by T2 T3 +22a, b3 Ti T3 +11a, bs T3 T3 -22a,bs T3 T3 +
5C16TiT3+9C1oTTa+5C TaT3+9¢CsToT3+5CaToT3+9CaoTiTo+5C6 T2 TS+
9CeaTiT3+12Ce TaT3+11Cey TiT3 -4 Cea TiT3 -3 Cas ToT3+2a, b3 T3 T3 -

19a,bs 3T +a,bs T3 T3+18asbs T3 Ta-CieToTa-CroToTa—C1 T3 Ta —Ca T3 T -
CasT3Ta—CaoTaTo—Cer ToTa-Coa T3T5+30Cay T3 T3 +30Cgy T3 T3 + 26 Cgg To To +
26Cgs ToTa+13a, b3 TI T3 -2a, b3 TI T3 -13a, bs Ti T3 +5a,bs T3 T3 -8cy6 Ty Ta -
5C1oToTo-8Cy TiTo-5C3 T3 T -8CagTiTo-5Cs0TiTo-8Ce1 T3 Ta-5Cen T3 Ts -
54Cg T3 T3 -66Cg Ty T5—28Caa T3 T3 -40Cgs Ty T3 -192a, b3 T3 T3 +20a, b T3 T3 +
13a,bs T3 T3 -11asbs T3 T3 +13¢C16 T3 T3 +3C10 T3 To+13 3 T3 T3 +3Caa T3 To +
13C46T3T3+3CaoT3T3+13Ce1 T3 To+3Coa T3 T3 +36Ce T3 T3 +54C, T3 T +
8CaToT3+26Cgs T3 Ta+13a,b3 TS T3-19a,bsTo T3 -6a,bs TS T3 +10a, bs TS T3 +
5C16ToTa+5CH ToTa+5CaToTa+5Ce1 ToTa-4Ce ToTa-17Ce, TSTa +4Caa TS Ts -
3ces TST3-4a,bsT]T3+8a,bsT T3 -7C16T3T3-2C10T]T3-7¢C3 T, T35 -
2C3TIT3-7Cae T Ta-2CaoT, T3 -7Ce1 TaT3-2CoaTi T3 -4y T] T3 -7 €y T, T3 -
8CesT1T5-2C16ToT3-2C ToT3-2CasT3To-2Co1 ToT3+7Caa To T3 +5Cgs T3 T3 +
2a,b3T5-3asb3T5-5a,bs T3 +5a,bsT5—5C10T5-5C35T5-5Ca0T3—-5Ces T -
8Cg1 T3 -7CsaTy-8CaaTy-2CgsTa—3a,bsTyTa+14a,bsTyTo+7a,bs Ty Ts—
21a4bs Ty T3 +3C16TaT5+5C10T1 T3 +3Ca1 TyT3+5C3TaTy+3CaeT1Ty+5CaTyTs+
3Ce1TaTy+5CeaTiTy+10Ce TaT5+7Cop Ty Ty +2Cea Ty Ty CosTa Ty -5a,by T3 TS -
182, b3 Ti T3+ @ bs TI T3 +19a,bs T3 T3+ C1g Ti T3 - C1o Ti T3 + €31 T3 T3 — €32 T T +
CagTITy ~Cag T T3+ Car Ti Ty ~Caa T3 T3 +24 Coy TIT5 +17 Cop T3 T3 + 26 Cga T3 T3 +

14 cags T3 T3 +24a, b3 T3 Ty +agby T3 T3 -21a, bs T3 T3 —agbs T3 T3 -5¢16 T3 T -
8CioT3T5-5C3 T3T5-8C3aT3T3-5CaT; T3 -8CaoT3 T3 -5Ce1 T3 T3-8Caa T3 T5 -
66 Cg1 T3 T3 54 Car T3 T5 ~ 40 Cog T3 T ~28Cgs T T; ~41a by T1 T3 +34a, b3 T T; +
33a,bs Ty T;-37a4bs T T3 +8Ci6 T T3 +8Cio T3 T3 +8C3y Ty T +8C3 T1 T3 +

8Cus TITa+8CaTi Ty +8Cer ToTa+8Cen Ty Ta+66Cgy Ts Tg+66Cg, Ty Ta+26Cgq To T +
26 Cas T T5+39a, b3 T3 T3 -52a,b3 T3 T3 - 258, bs T3 T3 +35a,bs T3 T3 -3 Ci6 T3 T -
3¢5 T3T3-3CasTiT5-3CaTyTy-24Ce ToT5-30Ce Ty T5+2Ce Ty Ty - 4Ces T T3~
22a,b3 T3 T3 +38a4b3 TS T5+10a, bs T3 T3 - 2284 bs TS T5 - 15 Ci6 T3 T3 -3 C1o TS T3 -
15¢3 T3 T3 -3 €34 T3 T3 -15Cae To T3 -3 Cao T3 T5 - 15Ca1 T3 T3 -3 Cea T5 T3 -

10Cg T3T; - 11Cgr To Ty -8 Caa To Ty ~ 14 Cos T5 Ty +6a, b3 T1 Ty ~14aa by T, T; +
5C16T Ty +3C10TiT3+5C3 T T3+3CaaTiT5+5C6T]T3+3Ca0T]Ty+5Ce1TT5+
3CesT]Ty3+8Ca1 T T5+23Ce T3 T3+15Ces T, Ty +6C1ToT3+CroToT3+6C3 ToTy+
C3aTi T3 +6Cas T3 T5 + Cag TE T3 + 6 Cor T3 Ty + Ca Ty T~ 11 Cgp T3 Ty — 6 Cgs T3 T —
a;b3T;+2a3b3T5+3a,bsT5-5a5bsT3+2C10T;+2C3To+2Ca0T5+2Cea s+
ACg T5+2CgpT5+4CgaT3-6asb3TyT3+15absTyT3-CogTiTo+4C1oTTs -
Ca1TiTy+4C3aTaT5 - Cas T1T3+4CaoTi Ty —Cor T1 T +4Cea T1 T3 +4Cey T T +

Acgy TyT5+8CeaT1T5+3Ces T1T;+8a,bsT2T;-5a,bsTiT;-13a,bs T3 TS +
2a,bsT2T5-3C6T3T5-10C10TaT3-3C3 TiT3-10C3a TAT5 -3 Cue T2 T, -
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10Cu o T2T5-3Ce1 ToT5-10Coa T2 T3 -36Coy ToT5 - 22Cg T2 T3 - 28 Cgs T2 T5 -

8Cgs ToT5-22a,b;T3T5+37a,b3T3T5+33a,bs ToT3-34a,bs T2T3+3C6ToTH+
13¢c10T3T5+3C5 T3 T53+13C3 T3T5+3Ca6T3T5+13Cao T3 T5+3Ce1 T3 T5 +

13¢Ceu T3T5+54Ce1 T3 T5+36Ce T3T5+26Ce T3 T5+8Ces TaT5+32a,b3 Ty T5 -
74a,b3TiT5-40a,bs TiT5+74a,bs T3 T5-3C10T3T5-3C3aTiT5-3Cao T3 T5 -
3CeaTiT5-30Ca1 TiT5-24Cg TTT5 -4CaaTiT5+2CesT7T5-28a,b3 T3 75 +
79a,b3T3T5+27a,bs T3 T5-57a,bs T3 T5-7Ci6TaT3-7CoT3T5-7Cay T3 T5 -
7CuT3T5-7CasT3T5-7CaoT3T3-7Co1T3T5-7CoaT3T5-12Cg T3 T -

12cg T3T5-16Cea T3 T5-16Cas T3 T5 +15a, b3 TS T5 -492a, b TS T5-10a, bs TS T3 +
308, bs TST5+13CeToT5+5C0T5To+13C3 ToT5+5C3 ToT3+13Cae TS TS +
5CaoTST5+13Cer ToT3+5Cea TST5 +26Car ToT5 +34Ce, TST; +10Caa T T +

20Cgs TST5 -4a,bsTIT5+16a,b3TiT5+5C6 T To-CroToT5+5¢5 Ta T -
Ca3aT]T5+5CaTiT5-CaoTiT5+5Ce1 T T -CoaTiT5-10Cgy T]T5-28¢Cg TL T5 -
13Cgs TIT5-10C6ToT3-3C1oToT5-10C3 ToT5 -3 Caa ToT53-10Cag TH T5 -
3CaToT5-10Ce1 ToT3-3Coa T3T5+10Caa To T3 +4Cgs T3 T3 —as b3 T —a, bs TS +
3asbsTo —Car To—Caa To+2a,bs Ty TS +asbs T3 TS -3a,bs Ty TS —4a,bs T, TS -
AC1oTi TS -4Cs TiTS—4cuTaTo-4CeaTiTo-7Car TeTS-3cCe TaTo-8Caa Ty Th-
8a, by T2TS+11a,bs T2TS+13a,bs T2TS - 20a,bs T2 TS +2 ¢ T2 TS +2Cyo T2 TS +
2C Tt 2Caa T2TS + 2 Cue T2TS+2Cao TS +2Ce1 TATo +2Cea T2 TS +22 gy T2 TS +
7Ce TITS +14Caa ToTS —Cas TI TS +16a, b3 T3 TS - 35a, b3 T3 T5 - 25a, bs T3 T5 +
52a,bs T3 TS +5C1oT3To+5Ca T3 To+5CaTaTo+5Cea T3To-17Cey T3 TS -

A, TITS -3cCaa T3 To+4Ces T3 T5-20a, b3 Ty TS +57 a4 b3 T T5 +27 a, bs TT TS -
79a,bs TH TS -3 Ci6 T3 To - 15C1o T3 To -3 Ca T3 T - 15Ca TI TS — 3 Cye TH TS -

15Ca TITs - 3Cor TiTo - 15Ce, T3 To 11 Cay Ti To - 10 Cg Ty To — 14 Cgy T3 TS -

8Cgs T1To+16a,b3 T T5 —55a,b3 T3 TS —17a,bs T3 T +55a4 bs T3 TS + 5 €6 T3 T5 +
13C1o T3 To+5C TaTo+13C3 T3 TS +5Ca T3 To + 13 Cao T3 TS + 5 Co1 T3 T +

13Cea T3TS +34Ce To T +26Car T3 TS +20 € T3 T5 + 10 Cas T3 TS -8, by TS TS +
32a,b3 TS TS +6a,bs TS TS —26a, bs TS TS —Cag To To —Cao To T —Can To TS —Cag TS TS -
Cas TS TS —Cao TS TS —Cor To TS — Caa TS TS - 28 Cay TS TS5 - 28 Cop TS TS -8 gy TS TS -
8Cgs TSTS +2a, b3 T, TS -10a, by T, TS -13CyeTITo-5C10 T, TS -13¢C3y T; T5 -

5C3 T To - 13 CasTITo-5Ca0 T, T -13Cor T2 To-5Cea TI To+8Cgy T, To +

17 Cor T TS + 4 Cas T, To +10Cre To TS +5C1o To TS + 10 C3y To TS +5C3, TS TS +

10 Cag To TS +5CaoTo TS +10 o1 To TS + 5 Caa To TS -5 Car To TS —Ces To TS —as bs T) +
2ab3TyT)+2a,bs Ty T)-2abs Ty T)+3Ce1 Ty Ty +3CaaTyT5-10asbs T2 T) -
6abs T2T;+19a,bs T2T)+4C10TiTs+4C TaT,+4CaoTaT,+4Cea T2 T) -

ACg T2T) +CouTiT)—CaaTaTo+22a,b3 T3 T, +10a, bs T3 T, -38a5bs T3 T -
2C16T3T)-7C1oTaTs-2C ToT,-7CaaTaT)-2CaeToT) -7 CaoToTh-2Ce1 T2 TS -
7CoaT3Ts-7CarTaT, —4cCgy ToT;-8Cea T3T5-30a,bs T3 T, -10a, bs T T) +
493, bs T3 T, +3CieTiT5+5C10TITo+3C3 T3 T, +5C35 T3 T)+3CagT3Th+
5CaoTiT)+3Ce1TITo+5CeaTiT,+23Ca1 T3 Ty +8Cer Ty To+15¢Ce T3 T+
26a,b3T3T;+6a,bsT3T5-32a,bs T3 T, -Cie T3 T +5C10T3T5-C31 T3 15+

5C3 T3 T, -Cas T3 T3 +5Ca0T3T)-Cor TaT5+5Cea T3 T5-28Ce1 T3T5-10Cga T3 T) -
13cg T3 To-14a,bs TS T, -2, bs TS T + 14, bs TS T - 516 TS TS - 13 €0 TS T) -
5c3 TST)-13C3a ToT)-5CagToT)-13CaoToT)-5Ce1 T3 T3 -13Coa TS TS +

17 Cor TS T +8Caa To T, +4Caa ToT)+4as by T] T +11CieTaTo+11Cyo T, T +
11C3 T To+11C3a TI T +11Cag T, To+11Cao T T3 +11Cor T, To+11Cea T3 T) -
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A T]T)-4cCg, TiT,-6C16ToT)-5C10ToT,-6C3 ToTs-5C3,ToT,-6C4uToT) -
5Cao ToTs - 6Ce ToT,-5Cea ToT)+Coa ToTo+2a,bs Ty To ~8a,bs T2T5 -

2Ce TITS —2CaaTaT3 +14asbs T3 T3 -2 Co T3 To - 2Caa T3 T5 2 Cho T3 TS -
2CeuTaTo+7Car T3To+5Ce T3To - 16a5bs T3 To+Cre T3 To+6C10 T3 To+Cap Ty To +
6CTITo+CagTITo+6Cao T3 To+Cor Ty To+6Coa T To—11Cey Ty To -6 Caa T3 T +
10a,bs o T8 - 3cC16 T To-10C1o T3 To-3Ca To T -10C3 T3 To —3Cye T5 T -

10Cu T3 To - 3Ca ToTo-10Ce, T3 T5+10Cay T3 To + 4 Caa T3 To —4as bs TO TS +

5C1e TS TS +10Co To T +5Ca TSTo +10Caa To T3 +5Cap T T+ 10 Cao TS TS +

SCor ToTo+10Caa TS TS —5Ca To T —Caa ToT5 - 5C16T] To -6 Cio T, To —5¢3, T4 T -
6C3a T, o -5CaTiTo-6CaTiTo-5Ce1T]To-6CeaTiTo+Car TITo+2C6 T3 TS+
2c19T§T§+2c31T§T§+2c34T§T§+2c46T§T§+2c49T§T§+2c61T‘1‘T§+2c64T§T§)/

2 2
(14T (1-Te+T3)" (-1+Ty) (-1+TiTy) (1-To+T3)° (1-T1 T+ T573)) ) ]]) /
((1-Te+T3) (1-To+T3) (1-Ty T+ T3735)))

Factor[Cases[tabl, eSeries[0, & ] = &, ©] /. Ci6|19|31|34|46|49|61|64|81|82|84|85 = O]

In[«]:=
(—b3+b5+b3T1—b5T2) (—az+azT1—a4T1—a4T2+2a4T1T2)

Out[e]=
{ T (14T =T+ T =TT+ 2T T, - T3 - Ty T3+ T3 T3 -2 T3 T3+ 2Ty T3 -2 T{ T3 + 2 T3 T3)
(-1+Tq) (1-Ty+T3) (-1+Ty) (-1+TyTy) (1-Tp+T3) (1-TyTo+T7T5)
1+T1T2

(-1+Ty) Ty (-1+T3) (1-3Ty T+ T3 T3 ’
(T2 (T =T T - T+ T =TT+ 2T T - T3 - 2 T T3 4+ 2 T3 T3 - Ty 1o+ T3 T3 - 3T5 T3+ T3 +
2TiT - 2T i+ 2T T3 T T3+ 4T T3 - T3 - Ty T3 - T3 T3 -2T3 T3+ 277 T3 -2T3 T3 +
TT 4T T+ 2Ty T+ TeT5+2T3T5 - 2Ty 15+ 2T T5 - TS T5 + 4TI T5 -3 T3 75 -
T T+ T T - T TS+ T TS AT TS+ 4T3 T] - ATIT)+ 4TI T, - 4TI TS+ 4T T])) /
((-1+T1) (1-Te+T3-T3+T]) (-1+T2) (-1+T1Ty) (1-Tp+T5-T3+T5)
(1-T T+ TIT3-TT5+T1735) ) ),
~((-7+17T - 7T +17T,- 44T, T, +26T5 T, -3 T3 T, - 7T5+26 11 T5-24 T3 15 - 14T, T3 +
OTITI-3T T3 -14TiT3+56 T, T3-23 T T3 +9T3 T3 -23 T3 T3 +9T1T3) / ((-2+Tq) (-1+Tq)
Ty (m142Ty) (-2+4T) (-1+T3) (-1+2Tp) (-2+TyTy) (-1+T1Ty) (-1+2T1Ty)) ),
(T (T =T T =T+ T - T+ T =Ty T+ 2T T - T3 - 2 T3 T35+ 2 T3 T3 - 2 T3 T3+ 2 T3 T3 -
T T T T - 3T T+ T3+ 2T T -2 T T3+ 2T T3 - T T3+ 4T T3 - T3 -2TaT5 -3 T3 T +
3T T -TsT3+2T T3 -3 3T+ 3T - 5T T3+ T3+ 2 T3 T3+3 T3 T5-3T3T53+2T,T; -
2T AT T - T TS+ 6T T - T - Ty T -T2 T -2 T3 TS - T3 TS -3 T3 TS+ 378 75 -
2T TS+ 2T TS AT TS+ T T - 6T 15+ 2T T3+ T2 T3+ 2 T3 T3+ 2 T3 15+ 2T Th -
2T T 2T T -2 T AT T, - T T+ 6T T, -3 T2 TS - T3 TS -3 T TS - 275 T8 +
2T TS 2T T+ 2 T T AT T T T -6 T TS AT T+ TI T + 4T T - 4TS TS +
AT]T - 4T3 T +4T T -TP T +6T T3 -5 T T2 -3 T+ T T3P - T T2+ T TR0 - T 132 +
TPTY 6T T +6TiTy - 6T5Ty +6T T3 -6T T3 + 6T T3 -6 TP T3+ 6T T3Y) ) /
((-1+Ty) (1-Ty+Ti-T3+T3-T3+T5) (-1+Tp) (-1+TyTy) (1-To+To-T3+T5-T5+7T5)
(1-T T - T -T T3+ T T5) ) ),
- ((-18+407T,-187T7+40T,-111T; T, +99T; T, - 23 T3 T, - 18 T3+ 99 T; T5 - 132 T3 75 -
27T3T5+36TT5-23T,T5-27T5T3+183 T3 T, -86 T T5+36T 75 -86T; T3 +36T1 T3) /
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((-1+Ty) Ty (3-7T1+3T]) (-1+T3) (-1+T1Ty) (3-7T,+37T3) (3-7T1T,+3T373))),
(T2 (~ 1+ T =TT - T e T - T+ T - T+ T - T3 T+ 2T T, - T3 -2 T3 T3+ 2T T5 - 2T T3 +

2T - 2 T 2T T - T T T T - 3T T+ T+ 2 T2 T -2 T8 T3 4 2T T3 - T20 T3
AT Ty -T5-2TiT;-3TiT5+3 T, T -3ToT5+3T T3 -ToT3+2T3T5 - 3T 2 T3+ 11 T5 -
ST Ty +T5+2T2T53+3TiT5-3T8T5+2T3T5 -2 T2 T3 +4 T T35 -T2 T5+6 T T, - TS -
3 e i S - T G S I I S SR PR S Pl S ol S ol
T T T+ 2T T+ 3T T+ 4TS T, AT T+ 2T, T3 - 3T T+ 4T T, -2 T2 5 +
BT T, - T T+ 8T T, - Ty - Ty Ty - TaT5 - 2T T8 - Ty T5 - 3T T3 -T5 T3 -4T] TS +
ATt 2T T 3T AT T 2T T e T T T TS 8T TS 2 Ty T+ T2 TS +
2T3 T+ 2T T+ 2T T+ 3T T+ 2T 15 -2 T3 T3+ 2T T5 -3 T2 T + 4T T -2 T3 15 +
6T T -T T +8T T -3 T2 T3 1,2 -3 1312 -2 T3 13 -3 T8 132 -3 7/ 122 +
37872 -3 T T2 3T Tl AT TP+ 2T T2 -6 TP TR0+ T T2 -8 TP T3 + 4T3 Tt +
T T 4T T 2T T AT T 4T T AT T - 4T Ty + 4T T -2 T2 TO +
BT T -T T + 8T T -5 T T2 - T T3 -5 TS T3 -2 Ta T2 + 2 To T2 - 2 TS T3 +
2T TR - 2T T+ 2T T -6 TP T + T T - 8T T2 + 6 T3 T + To T22 + 6 T, T -
6T+ 6T T3 6T T+ 6T T - 6T Ty + 6T T - T T +8T° T3 -7 T8 T3 -
T T+ T T - T+ T T T T TP T - TP T+ T T -8 TP T3 + 8 T, T3 -
BTITY +8TITyY - 8T T + 8T 17 -8 T2 T + 8T 17 -8 T1* 177 + 8 T1° 15°) ) /

((-1+T1) (1-Te+T5) (1-T3+T3) (-1+Ty) (-1+T1Ty) (1-T,+T3)
(1-TiTp+TiT3) (1-T3+T5) (1-T3T3+T5T8))),

-((2(-14+29T;-14T;+29T,-102T; T, +132T; T, -43 T3 T, - 1475+ 132 T, T3 - 210 T T5 -

12T3T5+50T1T5-43 T, T3 - 12T T3 +222 T3 T3 - 115 T3 T3+ 50 T3 T3 - 115 T; T3+ 50 T3 T3) ) /

((-1+T1) Ty (4-9T1+4T) (-1+Ty) (-1+T1Ty) (4-9T,+4T5) (4—9T1T2+4T§T§)))}

in[-1:= K = Knot["K11n34"]; Conway = jL[K] d vs [K]

KnotTheory: Loading precomputed data in DTCode4KnotsTo11".

KnotTheory: The GaussCode to PD conversion was written by Siddarth Sankaran at the University of Toronto in the summer of

2005.
Out[-]=
-1
E[eSeries [0, - ((azb3 T -a;bsTi -4a, by T3 +agbs T3 +3a,bs T3 —asbs T3 + 62, b3 T) -3 a4 by T] -
3a,bsT]+2asbsT; -4a,bsT; +3a,b3T;+abs T3 —azbs T3 +a, by TS —a, by TS -
28,b3T Ty +2abs Ty Ty + 6@ b3 TiTo~as b3 Ti T, - 33, bs Ti Ty +asbs T T, -6a, by T3 T, -
agbsTiTo-abs T3 Ty +3a,bs T3 To+2a, by T3 Ty +7a,b3 TiTo+32a,bs TIT, - 7a,bs T T, +
2a,b3 T3 T,-7asbsT3To-3a,bs T3 To+3a,bs T3 To-6a,b3ToT,+4a,bs TOT, +
4a,bsTST,-2a,bs TS T, +6a,b3TI Ty —4agbs Ty Ty -2a,bs T3 Ty +2asbs T1 T, -
2a,b3T8T,+2a,b3 T8 Ty+a,b3To—a,bs Ta—agbs Ty To-3a,bs Ty T3 +agbs Ty Ta -
5a,b3TiT5+9a,bsTiT5+8a,bs TiT5-9a,bs TiTo+6a,b3 T3 To-14a,b;3 T3 T5 -
Ba,bsT3To+4a,bsT3T5-4a, by TiTE+6a,b3TiT2+2a,bs TiT2+5a,bs T3 T2 +
Aa,bsT5T3-2a,bs T3 T2 -4a,bs TS T2 -6a,bs To T2 -2a,bs TS T2+ 8a,bs TS T2+
6a,bsT]T3+8aszbsT]T5-2a,bs T] T3 -4azbsT; T3 -5a,bs T8 T3 +a,bs TS T3 -
2a,bs T8 T3 —asbs T3 To+a,bs T3 Ta—asbs T3 Ta+a, b3 Ti0To —a,bs T12T2-2a, by T3 +
agb3T3+3a,bsTs—azbsTa+4a,bsTyTs-3a,bsTyTs-a,bsTyTs+azbs Ty T -
2a,b3T2T3-4a,b;T2T3-4a,bs T2T3+14a,bs TiT3+10as b3 T3 T3 +2a, bs T3 T3 -
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10a,bs T2To+a,bsTi T2 -6a,bsTi T2 -3a,bs T3 To+2a,bs T3 Ta—a,bs ToTa+7a,bs T3 T3+
2a,bs T3 T3 -5a,bs T3 Ta-a by ToT3-6a,bsToTa—a,bs TET3-5a,bs To T3 +a, by T T3 +
7asbsTIT3+4a,bs TIT3-4asbs TIT3+2C0T,T5+2C3aTiT3+2Ca0T,T3+2Ces T, T3 -
9a, by TE T3 —a,bs T T3 +5a,bs To T3 - 2CoTo T3 - 2C3s T3 T3 —2Cao T3 T3 —2Con To T3 -
2a,b3TiTo+asbsTiTo+abs ToTa+3asbs T3 T3+4a,bs 12T -2a,bs T12T5 +

2a4b5 71913 -2, b3 T Ta+2a,bs Ti Ta+a, by T —2a, b3 T3 -3a,bs T3 + 3 a4 bs Ts -
2a,b3 Ty T5+7asbs Ty Ts+3a,bs Ty Ty -7 asbs Ty Ts—as by T2T5-5a,bs T2 T5 +

2a,bs TIT;-6a5bs TiT;+5a,b3 T3 T3 -2a,b3 T3 T3-3a,bs T3 T;+6a,bs T3 T5 -
2a,b3TiT5+4a,bsTiTy-4a,bs T3 Ty -3a,bs T3 T3 —asbs T3 T3 +2a,bs T3 T5 +

BAasbs T3 Ty +4a,bs TS Ty -3a,bs TS T3 -3a,bs To T3 +asbs TS T3 -3a,bs 77 T3 +

BasbsT Ty +a,bs T Ty +4a,bsT;T5-6C10T]T3-6C3T,T5-6CaoT,T5-6CeaTsTs-
2a,b3 T8 TS —asbs T8T5+3a,bs ToTs-4asbs ToTy+4C1oToTa+4C3u,ToTy+4CaToTs+
Ao, T8T)+5a,b3ToT5-5a,b3T3T3-4a,bs T3 T5+2a5bs T3 T3+2C10TaTy+2C3ToTo+
2C4 ToTo+2CeaT3Ta-a,bsT12Ts+8a, b3 T2 T +a,bs T10Ta - 6a,bs T2 T3 -2a, by TIH TS -
3asby T Ty +a,bs Tt Ty —as bs T1 T3 + @, b3 T12 Ty —az by T12 T3 +az by T + a, bs T -
3agbsT5+2a,b3TyT5-3ab3TaT5-3a,bs Ty T3 +7a,bs TaT3-4a,bsT2T5+2a,bs T2 T; +
3a,b3 T3T5+5a5b3T3T5+2a,bs T3 T5-7asbsT3T5-2a,bs Ty T -4a,bs T TS+

2a,bs TiT;+asbsT7T;-3a,b3 T3 T5-5a,b3 T3 T;+2a,bs T3 T;+5a,bs T3 T5 +
Aa,bsTST5+2a,bs TS T3 +2a,bs TS T3 +4a,b3 T2 T3 -5a,b3 T3 T3 -5a,bs T2 T3 +

9asbs TIT5+6C1oT,T5+6C3TiT5+6C0TIT5+6CeaTTo-3a,b3T3T5+3a,b3T5T5 -
Aa,bsTST5 +5a,bs TS T3 -2a,b3 T3 T3 +9a, b3 T3 T5+3a,bs T3 T5-9a,bs T3 T -
6C1oT3T5-6C3T3T5-6Ca0oT3T5-6CeaTeT5+3a,b3Ti2T5-4a,bsT1%T5-a,bs TPT; +
3a4bs 11T -4a, by T 15 —asbs TIN T3 + @ bs T T + as bs T1H T3 + 2@, by T12 T5 + ag bs TS -
2a,b3 Ty TS+2a,bs Ty TS +4a,bs Ty TS -4a,bs Ty TS +2a, by TETS -8a, by T2 TS -

2a,bs 2T +6a,bs T2TS+2a,bs T2 TS +5a,bs T3TS—a,bs T2 TS +6a,bs T3 TS -
asbsTiTS-3a,bs T3 TS +3a,bs T3 TS +2C1eTiTo+2C TaTo+2Cae T3 TS +2Cer TH T -
8a,bs T3 To+2a,bs T3 T5-2asbs T3 T9-6C16T3To-6C31 T3 To-6Cag T3 To-6Cor T3 T5 +
228, by TSTS +2a,bs TS TS 16, bs TS TS - 2a, bs TS TS + 6 Cie To TS+ 6 €3 TS TS +

6Cas TSTS +6Cer ToTS —32a,b3 T2 TS +20a,bs T2 TS +20a, bs T TS - 27 a4 bs T, TS -

2016 T TS -2C1oTT5-2C TiT5-2C3a Ty T5-2Cas T1T5 ~2Cao T{ TS -2y T1 T5 -

2Ce Ti TS +22a, b3 T3 T3 - 233, by T5 TS ~5a, bs T3 TS ~agbs T3 TS + 26 T Tg ~ 4 Cig T3 Tg +
2C T TS - A, T TS v 2 Cus T TS — Ao TE TS+ 2o TO TS 4 ca TOTS - 8a, by TS TS +
3a,bsTiTS+abs ToTS+5a,bs ToTS-6C1g T3 To+6C1oTaTo-6C ToTo+6C3, T3 To -
6CasTITS +6CaTiTo—6Co1 TaTo+6Cea TeTo+2a,b3 TP TS +4a,bs T10TS —a,bs TP TS +
6C16T10To +6Ca T10 TS +6Cag T2 TS +6Cer TI2TS+2a,bs T1 TS -8a, by T1H TS -

2a,bs TI TS +6a,bs T1 TS - 2 e TaE TS - 2oy T TS -2 Cag T To -2 oy T TS +

2a,b3 T2 TS +4a, by T2 TS - 2a,bs TI2To+2a,bs T12 To —2a, by T3 TS+ 28, by T2 TS -
2a,b3TyT)-2a,bs Ty T)+4a,bs Ty Tj+2a, by TiT)+4a,bsTiT)-2a,bs T2T) -

8asbs T2T)-4a,bs T3 T, +4azbsT3T)+4a,bs T3 T5-7azbs T3 T5+3a,bsT5T) -

BAasby Ty To+a,bs Ty To—4asbs Ty Ts -2 Cig T T, -2C31 T3 T -2Cap T3 Ty -2 Cor Ty Th -
2a,b3T3T)-9asbsT3T)-5a,bsT3T+5a,bsT3T)+4C1sTaTo+4CTaT,+4CaTyTs+
4Ce;T3T)-3a,b3ToT)+27a5b3T5T)+20a,bs TST)-20a,bs TSTo+4a,bs T] 1) -
52a,b3T]T)-16a,bs T, To+52a,bs T2 T, —~4Ci6TiT5+2CoT, To—4cC3y TaTh+

2C3Ti T, -4Cag T To+2CaTiT)-4Ce T T3 +2Cea T T +4a,b3T3T)+38a,by T3 TS+
2a,bs T8T)-9a,bs T8T)-3a,b3TiT;-10as b3 ToTs-3a,bs ToTs+4a,bs To Th +
BACieTIT)-2CoTyTo+4C3 3T, -2C3aT3T)+4CagTyTs—2CaoT3To+4Ce T3 T) -
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2CeaTaT-2a,b3T1%T,+3a,b3T10T5 —a;,bs T2 T +3a,bs T12T5 +3a, by TAH TS +

3a,bs T TS - 2a,bs TIE TS -8asbs TH T —4cCie T To —4Cay TIN T 4 Che T1E Th -

Acg TIN T, -4a,bsTi2T)+4a,bsT1° T, +4a,bs T2 T -8asbs T12Th +2Cye T2 Th +

203 T2 T, +2Cae 112 Th+2Ce1 T3 To+2a: b3 T2 T —6a,bs T1°T) - 22, bs Ty To +

Ay by TZTS+2a, by TiTS +a,bs T2T5 - 2a, b3 T3 T5 - 5a,bs T3 To—a,bs T3 T5+9a, bs T3 TS -
A by T 8+ 4a,b;TiT8+3a,bs Ti TS +a,bs T TS +5a,b3 T3 To-5a,b; ToTo-4a,bs T5 T -
3abs T3 T+ 2C16TaTo+2C TaTo+2Cae T To+2Ce ToTo-2a,bs TSTS va,bs TS TS -
S5a,bs TSTS+23a,bs TS TS —6C16TSTo -6C3 ToT3-6Cas T5To-6Cer ToTo -3a,bs T T5 +
9as b3 Ti T8 +2a,bsTIT5-38a,bs TIT5+6C16T]To-6C1oT,To+6C3 TiTo-6C3,T) To+
6Cas T To—6CaTiTo+6C TITo-6Cea T, To+4a,bsToTo+2a,b3T5T5+2a,bs TS TS -
2a,bs T8 T8 2y T TS 4o T8T - 2o T TS + 4o TE TS 2 e TO TS + 4 Cuo TS TS -
2Ce1 ToTS +4cea T8T8 —3a,bs 1o To —5a,bs T3 To+2a,bs T3 To —7asbs To To + 2y Ty To +
2C1o T T 2C ToTo+ 2o ToTo +2CueToTo+2Cao T3 To+2Ce ToTo+2Cea To TS -
2a,b3 TP T8 —4a,bsT10T8 + 22, bs T2 T8 -6 Cie T2 T -6 Cay T10 TS — 6 Chg T10 TS -

6Cer TP T3 +5a,b3T1  To +asbs T3 T3 +2asbs T1 TS + 6 Cip T3 To + 6 C33 T2 To +

6CasT1 To+6Cer Ti  To—a, b3 T12 To—4a,bs T1° To -3 a, by T2 T5 + 10 as bs T2 T5 -

2C1e T2 TS -2 T TS - 2Cae TP T - 21 T12To — 2@, bs T2 TS +5a, b3 T TS +

A bs T T8 —abs TP T+ ay by 14 T8 —as by T1 T8+ as b3 T2 T +a, bs T2 T + a4 bs T2 T -
2a,b3T3T9-3a,b3T3T+abs ToTo—asbs T3 To+4a,bsTiTo-2a,bs T T5 -
4a,bsTITy+5a,bs T3 T3 -2a,b3T5T5+9a,b3T3T5+3a,bsT3T5-9asbs T3 T -
S5asbsToTy+a,bs TS Ty -3a,bs TS Ty +a, b3 TiTy-4asbsTiTy-3a,bs T 15+

10asbs T T +6C1oTiT5+6C34TiTy+6Ca0T,To+6CeaTiTo-a,bsToTy+7a,bsTHT) +
2a,bs T8T+5a,bs 0T —a, b3 T3 To-5a,b3TiTo+5a,bsT3T9-6C10T3To-6C3,ToT, -
6CaoTiTy-6CeaTiTo+a,bsTi0T-2a,b3T1%T5-3a,bs T12T5+3a,bs TP T +

8as by Til Ty +2a,bs TI To-4a,bs T1 To-2a, b3 T12 T3 -3as by TI2 T +3a,bs T12 Th -
S5asbsTI2Ty+4a,bs T2 T -5a,b3 TP To-3a,bs T2 To+5a,bs T2 To-2a, by 1415 +
Basbs T8 Ty +asbs TiT2 —2a,bs T3 T3 -2a, bs T3 T32 +a, by T3 132 + 6 a5 by Ty T32 +

A bs T3 T3 - 8asbs TH T2 -3 a, by T3 Ta2 —a, bs T3 T32 +4a, bs T3 T22 -5 a, by TS T30 +

agbs TST2 +4a,bs TS T3 - 22, bs TS 122 +6a, b3 TI T2 —3a, by T, T3 —a, bs T2 T5° -
3asbs TI T3 —2CoTi T2 —2Ca T T2 -2 Cao T T3 - 2Cea T TR0 -4 2, b TE T30 +

2a,bs T30 v 4a,bs T8 T2 4 c1oTo T3 -4 cau T T30 — 4 Cuo TE TR0 — 4 e, TETO +
Aa,byTiT32 - 3a,bsTiTa2-3a,bs T5T22+2asbs ToT32 +6CioTo T30+ 6Cay Ty T30 +
6CaoTiT 4 6Cea TaTal - 4a,bsT12T22 +4a, b3 712722+ 2a,bs TI2 T3 - 42, bs TP T32 +
6a,bs TI T32 - 2a, by T1 132 -4 a,bs T1 T32 + 6@, bs T3 T;2 - 5a, by T2 152 +

2a,b3 T2 T3 —a,bs T2 T2 + as bs T12 T2 +5a, b3 T2 T30 + 3@, bs T2 T30 -9 a, bs T12 T3 +
as by T1 T30 - 5a,bs T3 132 - 2a, bs T3 Ta  +as by Th T3 + a2, bs Ty Tal + 3 a4 bs T3 T3 -

asbs T3 Ty +a,bs T3 T3 +asbs T3 1o -2, by To T3 —6a, by TS T3 - 2@, bs TS T3 +

8asbs ToT +6a,bsTI T3  +8asbs T/ Ta —2a,bs T2 T3t -3 a,bs T, T -6a, by TS T3 -
2a, b3 T8 Ty —asbs T T3 + 2o To T3 + 2 Can T T3 4+ 2 Cao TE T3 + 2 Co T3 TS +

2a,b3Ti T +4asbs Ty T3 +2a,bs T3 T3  —8asbs To Tt —2Cio T3 Ty —2Ca T3 T3 —

204 ToTa = 2Ca T3 T3 +2a, b3 T12 T3 -6 a5 by TI? T3  —4 a2, bs T12 T3 + 22, bs T2 T3 -
6a, by Ti T2 +10a, by T1 T3 +8a, bs TI T3  —10a, bs 12 T3 + 6 @, by T2 Tt -

132, b3 T2 T3 -3a,bs T2 T +5a,bs T2 T3 —2a,bs T2 Tat + 3 a5 by T2 Tat —a, bs T2 T3 +
7asbs T Ta 428, b T1P T3 v asbs T3 Ta2 - 2a, b3 TS T32 -2, bs TS T32 4 @, bs TS T2 +
8asbsTITi2+4a,bsTITa> —4asbs T/ T2 +a,bs TS T3 -10a, b3 TS 722 -3 a, bs TE T32 +
4a,bsToT3 —4a,byTiTa2 +5a,b3To T3 +3a,bs T3 Ta2 +3asbs T3 T2 + 6@, by T2 152 -
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as b3 TI0 T 2, bs 110132 - 28, bs T12 T3 -4 a, by TI T22 - 5a, by TP 722 - 3@, bs T1H T3 +
13a,bs TI T3 +a, by T2 T2 +9a, by T2 Ta2 + 28, bs T12 Ta2 -9 as bs T12 To2 — 4 as by T12 T3 -
2a,bs TP T3 —2a,bs TS T2 +6asbs TI T2 +az by To T3> + @, bs TS T3> — S a, bs T8 T5° -
Sasbs T3 T —3a,bs T3 T3 +5a,bs T3 T3> +9a, by T12 732 +3a, bs T12 T3> — 5 a4 bs T12 T2 -
7asbs TI T3> —asbs TIN T3> -3 a4 bs T1 132 + 2 a5 by T12 T3> + 4 a, bs T12 T3 + ag bs TS T2% -
4asbs TI Ty +5a,bs T T3* - 22, bs TTHT3%) / ((-1+Tq) T7 (-1+T) TS (-1+T1Ty) ) ) | |

in[-]:= K = Knot ["K11n42"]; KT = J-L[K] d vs [K]

Out[-]=

-1

E[eSeries[@, (azbsTi-aybsTy-aybsTi+asbsTi-asbsTi-a, by T3 +abs T} ~asbs T3 +a, by T] -
asb3T] -2C10T]-2C34T7 -2Ca0T7 -2Coa T3 +2C19T; +2C34 T3 +2CaoT; +2Coa Ts +
a2b3T2—a2b5T2—4a2b3T1T2+2a4b3T1T2+4a2b5T1T2—2a4b5T1T2+3a2b3T§T2—
5asb3TiTo+4aabsTi Ty~ agby T3 T, -a,bs T3 To+5a,bs T3 To+32a, b3 TiTo+22a,b3 T T, -
3a,bs Ty To+2a4bsTi Ty +6C1oT T +6C3 Ty To+6Cao T3 T +6Cea T3 To-4a, b3 Ty T, +
3asb3 T3 To+asbs T3 To—asbs T3 To-4C1o T3 To-4C3 T3 Ty-4CaoT3To-4CoaTs To+
A b3 TS Ty —as by TS T, - 2C1oTo Ty - 2C3a ToTo -2 Cao TS T2 -2 Coa TS Ty + @ b3 T + @, by T3 -
agbsT2-4a,bs Ty T2-4asbs Ty T2+5a,bs Ty To+7a,b3T2To+3absT2T5-4a,bs T2 TS -
3asbs T2T2-4a,b; ToT2+4a,bsToT5-8a,bs ToTa-4a,bsTiTa+3a,bsT3Ta+7a,bs Ty Ts -
9asbs Ti T2 -6C1oTIT5-6C3a T3 T -6CuoTiTo-6Ces Ty To+7a,b3T;Ta-11a,bs T3 T3
4a,bs Ty To+5a,bs T3 T5-4a,bs TSTo+5a,bs TS To+a,bs TSTo—azbs TS T3 +6Ci0 TS T3 +
6CaTeTI+6CaToTo+6CeT5To+a,bsT]To—asbsT]To+asbsTi+a,bsTi-2a,bsTyTs -
Sasb3TiTy-asbs Ty To+asbsTiT3-2C16TaT3-2C3T1T3-2CasTiTo-2Ce1 To T5 +
6a,b3TaT3+8a,b3T2T3-4a,bs T2T3+6C16ToTa+6C3 ToTa+6CasTaTs+6Ce, T2Ts -
6a,b3T3T3-4asbsToT3+2a,bs ToT3+4absT3T3-6C16T3To-6C31T3Ts-6CaTsTo-
6Ce1ToTo+4a,bsTiT3-6a,bsTiT3-6a,bs TiTo+13a,bsTiTa+2CTiTo+2C1o T To+
203 TIT+2CuTyT3+2CTiT3+2CaTiT3+2Ce TiTo+2CeaTiT5 -6a,by T3 T3 +
13a,b3T;T5+7a,bs T3 5 -11a,bs T3 T3 -2C16 T3 T3 +4C0T3T3-2C3 T3 T3 +4C3a T3 Ts -
2046 TiT+4CuTTa-2Ce1 T3 To+4Cea T3 T3+6a,b3ToT3-11a,bs TST3-3a,bs TS TS +
5a,bs TST3+6C16TSTs-6C10ToT3+6C ToTo-6CToT3+6CToT3-6CaToTs+
6Ce1ToTa-6CoaToTa-2a,bsTITo+4a,bsT]Ta-6C16T,To-6C3TiTs-6C4Ts To-
6Cer T T +2C6TaTo+2C TaTy+2CTaTy+2Ce TaTy+agbs T +a,by Ty T -2a,by Ty T; -
3a,bs Ty T5-2a4bs Ty T3 +2Ci Ty T3 +2C3 T T3 +2CagTi T3 +2Ce T1 T3 42, b3 T1 T3 +
9as by TIT3+7a,bs TITy ~3asbs TITy ~4CigTiTy - 4C TiT; - 4Cae T3 T -4Ca TaT5 +
7a,b3T3T3-13a,b3 T3 T3 -6a,bs T3 T3+ 6a,bs T3 T3 -4a, b3 T1T3+10a, by T T3 +
2a,bs T{T5-10a,bs Ty T3 +4Cie T3 T3 -2C1o T3 T3 +4 €3 T T5 - 2C3a T{ T3 + 4 Cag Ty T5 -
24T Ty +4Ce Ty Ty -2Cea TiT3-42a,b3 T3 T3 -8a,b3 T3 T3 +11a,bs Ty T3 + 7@, by TS T3 +
6asbs T{Ty - a,bs To T3 -6asbsTo T3 -4Ci6 T3 T3 +2C10 T T5 -4y T3T5+2C3 T3 T5 -
AcaeTiT3+2CaoToTs - ACa T T5 +2CeaToTy ~4a, by T{ Ty —asby T{ T3 +a bs T{ T3 -
asbsT{T3+a,b3T3T5 —asbs T3 T3 +4CieTi T3 +4C3 T3 T3 +4Ca T3 Ty +4Cey T3 Ty - 2C16 Ty T3 -
203 T9T5-2Ca T3 T5-2Ce T3 T3 +aa b3 Ty T3 + @, bs Ty T3 -3a,bs Ty T3 + @, by T T; -
5a4b3TiT5-4a,bs TiT5+11a,bsTiT;-2C16TiT5-2C31 T3 T -2Cae TiT5 -2Ce T2 TS -
4a,by3T3T5+11a,b3 T3 T3+7a,bsTaT5-13a,bs ToT5+6C16ToT5+6C3 TaT5+6C4T3T5+
6Ce1T3To+3a,bsTiTo-11a,bsTiT5+8a,bsTiT5-6C16TiT5+6C1oT3To-6C3 T3 T5 +
6C3aTyT;3-6CaT1T5+6CaTiT5-6Ce1TiT5+6CeuTyT5-4a,b3T3T5-4a,bs T3 T3+
BasbsToT5+2C6ToT3-4CoTiTo+2C3 T3 5 -4CuTaT3+2CaTiTo-4Cu T T+
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261 T3T5-4CeaT3T5+3a,b3ToT5+11abs ToT;-azbs ToT5-2C16TST-2C0 TS TS -
203 T8T5 - 2CauToT - 2Cue ToT5 - 2Cao TS T5 - 2Cer To T3 -2Cea ToTo -4 a, b3 T] T -
BasbsTiT5+2a,bsTIT5+6C6TIT5+6CT,To+6CauTiT5+6Ce TiT5+a,bsT5T;+

a3 b3 To T -6C1eToT;-6C3 ToT5-6CasToT5-6Ce1 ToT3+2C16T3T3+2C5 TaTo+2CaToTs +
21 ToTo+agbs TaTo+asbs TaTo +a, bs TA TS —~Sa,bs TITs -5a,bs T3 Ts-3a,bs T3 Ts +
1la,bs T3TS +a,bs Ti TS +6a,bs T3 TS —a,bs T5 TS - 6a,bs T3 TS -6 Cio T3 To -6 C3 T3 TS -
6CaoTi TS —6CaaTiTo—a,bs T3 To+asbs T3 To—1lasbs T5 TS —a, b3 TS TS +3a, by TS TS +
Ba,bsTSTS —3asbs TSTS +6C1oToTo+6Ca TSTS +6CaToTo+6Ce ToTo+as by T TS -
8asbsTi TS —asbs T/ TS +asbs T, To +2a, by TS TS +asbs T3 T, —~dagbs T3 T, +az by T T +
A, bsTiT)+asbs TIT) +2Cio Ty T)+2C3a Ty T3 +2Cao T3 T3 +2Cea T3 T3 - 224 b3 T3 T3 +
4asbsTiT)+4CoTiT)+4C3a T3 T, +4Cao Ty TS +4Cea T T)—aabs T3 T) - a3 bs TS TS +
8agbsToT) - 6C1oTeTs -~ 6C3ToTs-6Cu0TeTs-6CeToTo+2a,byT{ Ty -2a,bs T Ty +
A bs T TS —aybs T T - 2Cio T T - 2Cau T T - 2Cao T3 To —2Caa T3 To - 204 bs TS TS +

2C1o Ty TS +2Cu T5T3+2CaTeT5+2C T3T5) / ((m1+Ty) T3 (-1+T2) T3 (-1+T1Ty) ) ||

inf-]:= CKT = Factor‘[(—1+T1) (-1+T;) (-1+T,T,)

(Cases[{Conway, KT}, eSeries[@, & ] > &, ] /. Ci6|19|31|34|46]49|61|64|81|82|84|85 = O) ]

(—b3+b5+b3T1—b5T2) (—az+azT1—a4T1—a4T2+Za4T1T2)

Out[e]=
1

T

(T3 - 2T+ T - 2T T4 2T T+ 2T T, - 2T5 T+ 15+ 2 Ty T3 - 2 T3 T3 - 2 T4 15 - 215 15+ 2T7 T3 +
T T - 2T+ Ty T+ 3T - 2T T3+ T3 -2 Ta Ty + T3 T+ 2T T+ 2T T+ T1 T5 -2 T3 T5 + T2 T3 +
2T T+ T - 4T T - AT T+ T T+ 2T P T - 2 Ty TS -2 T2 TS+ 2Ty TS -4 T TS + 22 TS 75 -
AT TS+ 2181 -2 TP TS - 2 T TS+ 2 T3 T+ T T - 4TS T, 4TI T, + T3 T5 +
X Pl AN o A il LG o DR o D o S o S 1 Eah S Pl LI s
T T +T T - 2T T+ T T3+ 2T T3 - 278132 - 278 132 - 2710 120 2 T3 132 +
TP T - 2T T3+ 2T T3+ 2T T3 - 2 T T+ T 132 - 2T 132+ 110 132,

1

e (Te T3+ Ta- 2T T - 2T T - 2T T+ Ti T+ T3 - 2Ty T3+ 2T T3+ 2 T3 T3 -
1°2

2T 1o+ T3 - 2Ty T3+ 2T T3+ 2T T3 - 2T T3+ Ty T3 -2T3 T3 +2T3 T3 +
2T‘1‘T‘2‘-2T§T‘2‘+T§T‘2‘+T§T§—2TiT§—2T‘1‘T§—2TiT§+T§T§+T‘1‘T§+T§T§)}

in[-]:= Factor[CKT /. T; » 1]

Out[e]=
2 (-1+Ty)2 (1+T3) 2 (-1+Ty)% (1+7T3)

{ : )
E E

in[-]:- Factor[CKT /. T, » 1]
Out[«]=
2 (-1+T)? (1+TF) 2 (-1+Ty)% (1+7T7)
{ : )
T T
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(CKT /. {T1 > T3, T2 » T1})

In[«]:= Factor[ ]
CKT

Out[«]=
T1 T
s
T, T,

i1 ntabl = Factor[(-1+T1) (-14T) (-1+T1Ty)

(Cases[tabl, eSeries[@, & ] > &, ®] /. C16|19|31|34|46|49|61|64|81|82|84|85 = O) ]

(—b3+b5+b3T1—b5T2) (—az+azT1—a4T1—a4T2+za4T1T2)
Out[«]=
T (-1+T-T3+ T -Ti T+ 2 T3 T - T - Ty T3+ T3 T5-2T3 T3+ 2T T3 - 2T{ T3+ 2 T3 T3)

{7 (1-Ty+T2) (1-Tp+T2) (1-Ty T+ T2T2) ’
(c1+T4Ty) (1+T4Ty)

Ty (1-3T, T+ T3 73)
(T2 (~ 1+ T =T 4T - T T - T T+ 2T T, - T3 - 2T T3+ 2 T3 T3 - T§ T3+ T3 T3 - 3T 15+ T3 +
21T - 2T T+ 2T Ty - Ti T+ AT T3 -T5 - Ty T3 -T2 T3 - 2T T3+ 213 T3 -2 T3 T3 +
T, AT T3+ 2T T+ To T3+ 2T3T5 - 2Ti T3+ 21315 - T3 T+ 4T, T3 - 37515 -
TiT§+T‘1‘T§—TiT§+T§T§—4TZT§+4T§T§—4T‘{T§+4T§T§—4T§T§+4T{T§))/
((1-Te+T3-T3+T1) (1-To+T5-T3+T3) (1-Ty T+ TiT5-T3 T3+ T3 73) ) ),
~((-7+17T - 7T +17 T, - 44T, T, + 26 T3 T, -3 T3 T, - 7T5+26 T, T5-24T5 T5 -
14T T5+9TiT5-3T T3 -14T3T3+56 T, T3-23 T T3 +9T3 15 -23 T3 T3+ 911 13) /
((-2+Tq) Ty (-1+2Ty) (-2+Tp) (-1+2Ty) (-2+T1Tp) (-1+2T,T3))),
(T (T =T e T T+ T - T+ T - T T+ 2T T, - T3 - 2 T3 15+ 2 T3 15 - 2T T3+ 2 T3 T5 -
TeTo+T T - 3T T3+ T3 +2T5T5 -2 TS T3+ 2T T3 - T3 T3 + 4Ty T3 -T5 -2 T3 75 -3T1 Ty +
31,1, -Te T3+ 2T Ty -3 T3 T3+ T3 T, -5T° T3+ T3+ 2T T3+ 3 T3 15 -3T3 T3+ 2T, T; -
2T T+ AT TS T 5+ 6T T, - To - Ty To - T3TS - 2T3 T8 - T1T5-3T3T5+3T5T5 -
2T T+ 2T TS AT T+ T TS 6Ty T3+ 2Ty T+ ToTo + 2T T3 + 2 T3 T3+ 2 T3 T -
2T T+ 2T T, - 2T Ty + AT T, -T2 T+ 6T T, -3TiTs - T3 15 -3T1T5 - 2T; T5 +
2T T - 2T T+ 2T T AT T+ T T3 - 6T T3+ 4T T+ T T+ 4T, TS - 4TS TS +
AT T - 4T3 T+ 4T Ty -T2 T+ 6T 15 -5 T T2 - T T2 + TS TR - T TR+ TS T30 - T3 T3° +
TPTP 6T TP+ 6 i1y 6T Ty +6T T3 6T T3+ 6T T3 -6 TP T3+ 6T TSY) ) /
((1-Te+T3-T3+T3-T3+T5) (1-To+To-T3+T3-T5+T5)
(1T T T+ T, -Ti T3+ T T3) ) ),
- ((-18+40T;-18T;+40T,-111T; T, +99Ti T, - 23 T3 T, - 18 T3+ 99T, T3 - 132 T3 T3 -
27T3T5+36T1T5-23T,T5-27T5T5+183 T3 T,-86T; T5+36T1T5-86T; T3 +36T1 T3) /
(T1 (3-7T1+37T3) (3-7T,+3T3) (3-7T1T,+3T573))),
(T (~ T =TT - T T - T+ T - T+ T - T3 T+ 2T T, - T3 -2 T3 T3+ 2 T3 T3 -2 T3 To +
2T T -2 TS T+ 2T T -T T+ T T3 -3 TP T3+ T3+ 2Ta T3 -2 T3 T3+ 2T T3 -T2 T3 +
AT TS -T5 - 2TiT5 - 3T TS+ 3T, 15 - 3Ts T3+ 3T, T5 - T3 T +2T3 T3 - 3T T3+ T34 T3 -
ST Ty +T5+2T2T5+3TiT5 -3 T8 T5+2T3T5 -2 TP T3 +4 T T3 -T2 T5+6 T T, - T5 -
I S i S - R S S S S O SR P I e R o S ol
7T TS T+ 2 T T+ 3Ty T+ 4T T, —4To T +2T9T,) -3 T2 T +4T1 T, -2T1°T) +
6T T, - T T+ 8T T - Ts Ty Ty - TiTs - 2T3 T -T3T5 - 3T, T8 - T5T5 - 4T Ts+
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AT TS 2T TS+ 3T T AT TS+ 2 T2 TS -6 T TS+ T TS -8 TP TS+ 2 Ty T+ T3 15 +
2T+ 2T T+ 2T TS+ 3 T8 T+ 2T T -2 T8 TS+ 2 TS T3 -3 T 1o + 4T T -2 T2 T +
6T T -T T +8 TP T -3T2 T - T3 1732 -373 1.2 -2 T3 152 -3 78122 -3 7/ 13% +
37T 3T T 3T Tl AT TR 2T T -6 TP T2+ T T2 -8 TP TR+ 4T T3 +
T+ aT T+ 2 8T a4 T a3 T a1 - ATt ATt TR 2 T2 T
6T T -T T + 8T T3 -5 T 132 - Ta T3 -5 TS T3 -2 T3 T2 + 2 TS T2 -2 T3 T52 +
2T T - 2T T+ 2T T -6 TP T + T T - 8T T + 6 T T + TS T3 + 6 T4 Ty -
6TT+6T3 T3 -6T12 32 +6T1 T3 -6T1° T3 +6 T Ta - T T2 + 8T T3> -7 15 T3 -
T T - T T T T T TP - TP T+ T T -8 TP T + 8T T3 -
BT Ty +8TI Ty - 8T T + 8T T -8 T2 T + 8T T -8 T1* 17+ 8 T1° T5°) ) /
((1-Te+T7) (1-T3+T5) (1-To+T3) (1-TyTo+TiT3) (1-T3+T5) (1-T3T5+T575)) ),
-((2(-14+29T,-147]+297,-102T; T, + 132 T3 T, -43T; T, - 14 T3 + 132 T, T3 - 210 T3 T3 -
127T375+50T1T5-43T; T3 - 12T T3+ 222 T3 T3 - 115 T T3+ 50 T3 T3 - 115 T3 T3 + 50 T3 T3) ) /
(T1 (4-9T1+4T3) (4-9T,+4T3) (4—9T1T2+4TfT§>))}

(ntabl /. {Ty > Ty, T, » T1})

In[]:= Factor[ ]
ntabl

Out[e]=
Ty T4 Ty Ty T1 T1 T3 Ty

{ 3 B B 3 3 El El }
T, T T T T T T T,
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