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Pensieve header: Finding the A2 $d=1$ invariant using undetermined coefficients.

Searching for Q + pxx + €(ppx + 1 + px + ppxx) solutions.

Initialization

mm[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];
<< FormalGaussianIntegration.m;

+

'i._ :=i+1;

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Projects/HigherRank to compute rotation numbers.
in[-]:= Features[Knot[8, 17]]

KnotTheory: Loading precomputed data in PD4Knots'.

Out[e]=
Features[18,

Ce[-1] Cig[-1] Xq,7[1] X3,0[-1] Xs5,13[-1] Xg,16 [1] X10,4[-1] X12,18[1] X15,2[-1] Xg7,11[1]]

In[-]:= T3 =Ty Ty
S={x_,p_};
als_, i_, j_]1 :=Sum|

Xy,i (Pv,i* = Pv,i) +Xy,5 (Pv,j* = Pv,5) + (T‘s, = 1) Xy,i (Pv,i* = Pv,j5) s
{v, 3}];
L[X; ,5 [s_11:

TiE[qls, i, j1+B™'re[s, i, j1 +€Bry[s, i, jl +era[s, i, j]1 +0[e]?];

(xv1[0_,K_]:=0(3/2-Xq,kP1,k—X2,kP2,k—X3,kP3,k) 5 *)
L[C, [0]1] := E[Sum[X,,. (Py,r* = Pv,k)s {vs 3}] +0[e]?];
LICk [#.1] :=

T E[Sum[X,,. (Py,r = Pv,k) s (Vs 3}]1 +B ™ yo[0, k] +€By1[0, k] +€va2[0, k] +0[e]®];
ps; :=Sequence[ps,i, P2,is P3,il;
XS; :=Sequence[Xi i, Xz,is X3,i];
vs; :=Sequence[ps;, XS;];
Flis___]1 :=E[Sum[n, ;py,i, {i, {is}}, {v, 3}1];
LK ] := (2 ) FeatureslI ¢y £ /@ Features [K][2]1];
VS[K_] := UnioneeTable[{vs;}, {i, Features[K][1]}]

In[-]:= VSj

Out[e]=

Sequence [p1,i, P2,i» P3,is X1,i» X2,is X3,i]
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The Various Terms (ry)

The pxx Terms (rg)

In[-]:= K =03

re[l, 1_, j_] := Evaluate[Sum[
Asex P3,Kk3 X1,k1 X2,Kk25
{k1, {i, 7}}, {k2, {i, j}}, {k3, {1, J}}
115

re[l, i, jl

Oout[-]=
a1 P3,i X1,i X2,i +32P3,5 X1,i X2,i + a5 P3,i X1, X2,i + de P3,j X1,5 X2,i +
a3 P3,i X1,i X2, + 34 P3,j X1,i X2,5 + a7 P3,i X1,§ X2,5 + ag P3,j X1,5 X2,5
In[-]:= K =@
re[-1, i_, j_] := Evaluate[Sum[
d..x P3,k3 X1,k1 X2,k25
{k1, {i, 7}}, {k2, {1, j}}, {k3, {1, J}}
115
f‘e[—l: i) J]
Out[-]=
di P3,i X1,i X2,1 + d2 P3,§ X1,1 X2,1 + 05 P3,i X1,5 X2,1 + dg P3,§ X1,§ X2,1 +
d3 P3,i X1,i X2,§ + da P3,j X1,1 X2,5 + d7 P3,i X1,§ X2,§ + dg P3,j X1,§ X2,
The ppx Terms (r;)
In[-]:= K =@
ri[1, i_, j_] := Evaluate[Sum[
b..x X3,k3 P1,k1 P2,k2s
{k1, {i, j}}, {k2, {1, j}}, {k3, {1, J}}
115
r‘1[-1-3 i) J]
Out[]=
b1 P1,i P2,i X3,1 + b5 P1,§ P2,i X3,1 + b3 P1,i P2,5 X3,1 + b7 P1,§ P2, X3,1 +
by P1,i P2,i X3, + s P1,§ P2,i X3,5 + ba P1,i P2,j X3, + bg P1,§ P2, X3, 5
In[-]:= K =@
ri[-1, 1 , j ] := Evaluate[Sum[
€,4x X3,k3 P1,k1 P2,k2»
{k1, {i, 7}, {k2, {i, J}}, {k3, {i, J}}
115
ri[-1, i, j]
out[-]=

€1 P1,i P2,i X3,i + €5 P1,5 P2,i X3,i + €3 P1,i P2, X3,i + €7 P1,5 P2,j X3,i +

€2 P1,i P2,i X3,5 + €6 P1,5 P2,i X3,5 + €4 P1,i P2,5 X3, + €8 P1,j P2,5 X3,5
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The ppxx Terms (r4,)

In[-]:= K =@
Short[rs[1, i, j_ ] = Evaluate[Plus|
Sum [

Chax Xv1,k1 Pvi,k2 Xv2,k3 Pv2,ka»s

{k1, {i, j}}, {k2, {i, 3}}, {k3, {i, j}}, {k4, {i, 3}}, {vl, 2}, {v2, v1+1, 3}
1
Sum[

Ciax Xy, k1 Pv,k2s

{k1, {i, j}}, {k2, {i, j}}, {v, 3}
1,

c++K

111

Out[-]//Short=
Ce1 + Ca9 P1,i X1,i + <<58>> + C4a8 P2,5 P3,5 X2,5 X3,

In[-]:= K =03
Short[rs;[-1, i_, j_ ] = Evaluate[Plus[
Sum [

foix Xvi,k1 Pvi,k2 Xv2,k3 Pv2,kas
{k1, {i, j}}, {k2, {i, j}}, {k3, {i, j}}, {k4, {i, }}, {v1, 2}, {v2, vi+1, 3}
1s
sum[
frix Xy, k1 Pv,k2s
{k1, {i, j}}, {k2, {i, j}}, {v, 3}
1
L
111

Out[-]//Short=
fo1 + Tao P1,1 Xa,1 + <<58>> + fug P2, P3,j X2,5 X3,5

The y Terms (yo, V1, Va2)

In[-]:= K =@
Yo [1) k_] := Evaluate [g++x P3,kr X1,k XZ,k] H
¥1[1, R_] := Evaluate[g,.,x X3,k P1,r P2,r];

Ya2[1, R_] := Evaluate[Plus[
SUM[8,.xc Xy, Pv,rs {Vs 3}1,
SUM[8,.x Xv1,k Pvi,k Xv2,k Pv2,ks {V1, 2}, {v2, vl+1, 3}]
115

{vell, k], ¥ol[1, k1, ¥va2[1, k]}

out[-]=
{81 P3,k X1,k X2,ks 81 P3,k X1,k X2,k>
83 P1,k X1,k + 84 P2,k X2,k + 86 P1,k P2,k X1,k X2,k + 85 P3,k X3,k + 87 P1,k P3,k X1,k X3,k + 88 P2,k P3,k X2,k X3,k }
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In[-]:= K =@

Yo[-1, k_] := Evaluate[h,,. s,k X1,r X2,] 5

¥1[-1, k_] := Evaluate[h, . X3,k P1,k P2,r];

Ya2[-1, k_] := Evaluate[Plus[
sumfh,,, Xy,k Pv,ks {Vs 3}1,
sumlh, . X1,k Pva,k Xv2,k Pv2,es {v1, 2}, {v2, v1+1, 3}]
115

{¥el-1, k1, wol-1, k1, va2[-1, k]}

Out[-]=

{h1 P3, K X1,k X2,k h1 P3,k X1,k X2,k

h3 Py, X1,k + ha P2,k X2,k + N6 P1,k P2,k X1,k X2,k + D5 P3, K X3,k + h7 P1,k P3,Kk X1,k X3,k + Ng P2,k P3,k X2,k X3,k }

Reidemeister 3b
In[-]:= Timing[{LeftRSb} =

Cases[Jf[i, Js K] % £ /@ (X5,5[1] Xie,i [1] Xgo - [1]) d{VS1, VS5 VS5 VSiy VSses VSie}s
E[& ] &, oo]]
Out[e]=

{2.28125, {eseries|

2
TiP1,2¢1 7,1 = (=1 + T1) T1P1,2.9 71,1 + (1= T1) P12k 11,1 + T1 P1,249 71,9 + (1= T1) P1,24k 7T1,5 + P1,24k 71,k + +

T2T2p3,0.00 73,1 - TaTy (-1 + Ty Ty) P3,ag7a,s + (1 - T1T2) P3,owk 73,1 + T1 Ta P3,2.5 73,5 + (1 - TaTo) P3,aik 73,9 + P3,2+k 713,k»
3 (a1b1+a2b2+a3b3+a4b4+a5b5+a6b5+a7b7+agbg+c1+

+ 11}

+ Ca47 + Cag + Cag + Csp + Cs1 + Csg + Csg + Cep + Co1) +

Full expression not available (original memory size: 3.6 MB) @

Inf-]:= Timing[{RightRBb} -

Cases[JF[i, J> k] £ /@ (X4,k[1] Xi,k [1] Xi+, 4+ [1]) A{VSi, VS5, VS, VSi+, VSj+, VSi+},

E[& ] =&, oo];]
Out[«]=
(2.40625, Null}
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in[-]:= Short[eqn = CF[LeftR3b[1] - RightR3b[1]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Unione@Cases[rg[1, i, jl, a_, =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[egns, vars]

Out[-]//Short=
TiTy (<1>) <<1> mq,i7m,1 <<1> a7 <<5>> 4.
- + <<32>> 4 ———mm———————

B B B

out[e]=
{P3,2+is P3,2435 P3,24ks 711,15 711,55 711,ks 72,15 772,95 7T2,k}

out[e]=
{ai1, a3, a3, a4, as, A, a7, ag}

Out[~]//Short=

{ a3 T2T3 a3 12713 a3 T2T, a3 T3T3
—_— + == - ==
B B B B ’
a; ag a;T, agT, a;TyT, a; Ty T2
<<22>>, - — - — + + + - = 0}
B B B B B B

Solve: Equations may not give solutions for all "solve" variables.

Out[«]=
ar a4T2
{{31%0, 33%9, 35%@, dg > —— — —, 37%0, agﬁe}}
Ta T1

inf-1:= sol /. (v_ -»val_) = (v=CF[val]);
re[l, i, j]
out[e]=
(a2 +34T2) P3,j X1,j X2,1

ds P3,5 X1,i X2,i - T + a4 P3,j X1,i X2,j
1
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ii-J:= Short[eqn = CF[Coefficient|

LeftR3b[2] - RightR3b[2] /. v: (7w |p) = uv,
3

u
11> 5]

cvs = UnioneCases[eqn, p_ | 7, =]

vars = UnioneCases[r;[1, i, j1, b , =]

Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]

{sol} = Solve[egns, vars]

Out[~]//Short=
Bby (-1+Ty) T1 T3 P1,245 P2,2:1 73, —Bby (-1+T1) T T3 P1,2:k P2,2+i 73,1 + <<31>> +

B (-1+T1) Ty (=by-ba+byTy) p1,2:1 P2,24k 73,k =B (=1 +Ty) Ty (=by—ba+byTa) P1,2.9 P2,2:4k 73,k
out[e]=
{P1,2+15 P1,2435 P1,24k> P2,24i5 P2,2+55 P2,2+ks 713,is 713,45 713,k }

out[e]=
{bl: bZJ bS) b4) bS) b6) b7) b8}

Out[~]//Short=
[-Bby TiT3+Bby T3T3 =0, Bb, T1 T, -Bby T; 75 = 0, <<1>> =0, <195, «<1> =0,

Bby+ <<47>> =@, -Bbg Ty -Bbg Ty -Bbs T, -Bbg T, +Bby Ty T + <<11>> +Bb, T3 T3 = 0}

Solve: Equations may not give solutions for all "solve" variables.

out[e]=
{{b1%0, bz%e, b4%0, b64)0, b7%*b3*b5, bg%@}}
m[-1:= sol /. (v_ > val_) » (v=CF[val]);
ri[1, i, jl
Out[«]=

bs p1,5 P2,i X3,i + b3 P1,i P2, X3,1 + (-b3 - bs) p1,5 P2, X3,1
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in[-]:= Short[eqn = CF[LeftR3b[2] - RightR3b[2]], 5]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Union@Cases[rg;[1, i, j], ¢ , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqgns, vars]]
Out[~]//Short=
~ ((Cas+ C6 + C3a + C35 + Cs5) (-1 +Ty) T3 p1,245 i) -
(-1+Ty) (cl +Cy+Cg+Cqq +Cq3+Cqq+Cop+Co3+Cgg+Csp+ <<5> +C35Tq +
Cag T2+ Caz T1 + Cos Ty + Csg Ty — Co5 T3 — C26 T3 — €34 T2 — €35 T3 - Css Ti) P1, «1s 7T1,i +
<<374>> + <<1>> - (-1+Ty) Ty (-C33 - C36 +C33 T1 T2) P2,2+5 P3,24k 712,k 713,k
Out[«]=
{P1,2+1s P1,2435 P1,24k> P2,2+i5 P2,2+95 P2,2+ks P3,2:i5
P3,2+9s P3,24ks 7T1,i5 711,55 TT1,ks 72,is 712,95 T2,ks 713,is 713,55 713,k }
out[e]=
{c1, €2, C3, C4, Cs5, Cp, C7, Cg,y Co, C1os C115 C125 C135 C14s C15, Ci6s C175 C18s Ci19s C20s C215 C22,
C23, Coa, C25, C26, C275 C285 C29,5 C305 C31, C32, C33, C34, C35, C36, C37, C38, C39, Cap, Ca1, Ca2,

Ca3, Caq, C4s, Caes Ca7, Cags Caos Csey Cs1, Csp, Cs3, Csay Css, Csg, Cs7, Csg, Csg, Cees Cerl)

Out[-]//Short=
(-7 TiT3+ ¢ T3T3 =08, <«<250>>, CgTiTy+CoTiTo+Cag Ty To+

Cys Tl T2+C57 T1 Tz— Cg Ti T%—Cg T% Tg_c44 T% Tg_c45 Ti T%—C57 Ti T% = @}

Solve: Equations may not give solutions for all "solve" variables.

Out[-]//Short=

Cs1 Cc2s <«<8>> + «<1>
{{C1—>0, <<46>>, Cgp > - _ _ }}
Ti1T, <1 «<1>»> «<1> Ti <<1>> (-1+ <<1>)

in[-]:= sol /. (v_ >»>val_) = (v=CF[val]);
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in[-]:= Short [CF[rs[1, 1, j1]1, 20]
Out[~]//Short=

(Ca9 + Cs52) P1,5 X1,5
Ce1 + Cag P1,i X1,i + C52 P1,§ X1,i — T + Csg P2,i X2,i +
1

Cs3 P2,j X2,i + €13 P1,§ P2,i X1,i X2,i + C4 P1,i P2, X1,1 X2,i + <<25>> +
1

(—34 b5—C15+C15 T1+a4 b3 T2+a4 b5 T2—a4 b3 T]_ T2+C15 Tl TZ_CIS Ti Tz)
(-1+Tq) (-1+Ty)

1

P2,5 P3,j X2,§ X3,i — z
T1T2 (—1+T1T2)

(—azbs—a2b3T1+a4b3T1—c51T1—c54T1—a4b5T2—a4b3T1T2+a4b5T1T2+c51TiT2+c54T§T2)
(aybs —asbs - €5+ Cig+C5 Ty + A4 bs Ty — C1a T2 To) P1,i P3,j X1,i X3,
P3,j X3,5 _
(*1+T1) (*1+T1T2)
((magbs+Cs+aybsTi-azbs3Ty-CsTy-asbsTy-CsTr+2a3b3TyTr+C5T1Ta) P1,jPs, X1, X3,5) /
((=1+T2) (-1+T1T3)) -
(

(

(

ayby - ceTi+CisTy+agbs Ty —agbs Ty Ty +CeTy Ty - €5 T3 T2> P2,i P3,5§ X2,i X3,j)/

T1 (-1+T3) (-1+T1T2)) -
C6T1—C6T§+azb5T2—azb5T1T2+a4b5T1T2—C6T1T2+C6TiT2+a4b5T§—2a4b5T1T§>

P2, P3,j X2, X3,5) / ((=1+T1) Ty (-1+T1Ty))

Reidemeister 2b

Territory: (x | p)g) jy+> Xij-

Inf-]= Timing[ Shor‘t[Le-FtRZb - (ff[i, 1« £ /@ (Xi,5[1] Xg+,5- [-1]) d{VSsi, VS5, VSi-, vsj+}) 1]

/]

{0.265625, eSeries[py,z.i T1,i + P1,24+9 7T1,j + <<12>> + P3,2,§ 73,5, <<1>1]}

Out[e]=

in[-]:= RightR2b = eSeries [p1,s,i 71,1 + P1,2+j 71,4 + P2,2+i 72,1 + P2,249 72, + P3,24i 73,1 + P3,245 73,55 0]
Out[«]=

€Series [pi,2.i /11,i + P1,2+5 711, + P2,2+1 72,1 + P2,2+5 7T2,5 + P3,2+i /13,1 + P3,2+j 73,55 @]
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in[-]:= Short[eqn = CF[LeftR2b[1] - RightR2b[1]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Unione@Cases[ro[-1, i, j], d , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[egns, vars]

Out[~]//Short=

(dy7 + <<11> +d7T1 Ty) <<1l> <<1> <<1>> 1. <«<1>
+ <<T> + —
BT, T, B «<1>T,
Out[e]=
{P3,2+1s P3,2435 71,15 711,55 72,is 772,75}
Out[e]=

{dy, da, d3, ds, ds, dg, dy, dg}

Out[=]//Short=

di d3 ds dy ds dy ds dy d;
{—————4—*4— - + - + =0,

B B B B BT, BT, BT, BT, BT;T,

ds dy dy d; ds dy

_— - + =0, «<5>, — +— - =0

BT, BT, BT;T, B B BT, T,

Out[«]=
az—a4T1+a4T2 dg —az—a4T2
—,d3->0,d;>-—,ds 50, dg > -——

{{dl - 0, dz - -
2T, T: T, T

mf-]:= sol /. (v_ -»val_) = (v=CF[val]);
re[-1, i, j]
out[e]=

(ma2+34T1-a2T2) P3,§X1,i X2,i (32 +34T2) P3,jX1,§X2,i A4 P3,j X1,i X2, j
+ _

2T, T, T, T,
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in[-]:= Short[eqn = CF[LeftR2b[2] - RightR2b[2]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Union@Cases[r;[-1, i, j] +rs[-1, i, jl, e |f , ]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqgns, vars]]

Out[~]//Short=

<«<1>> <«<1>>
<<85>> + +
<1l> T; «<1>

Out[e]=
{P1,2+i5 P1,2435 P2,2+i5 P2,2435 P3,2+i5 P3,2495 71,15 711,35 712,15 712,55 713,is 73,5}
Out[e]=
{e1, ez, €3, ey, €5, €, €7, €8, T1, T3, F3, fa, F5, fe, F7, f5, o, f10,
fll) le) F13: f14) flS) F16: 'F17) 'F18_v FlQJ f:201 fZl) f22) f:23.v f24) fZS) F26: f27)
'FZS) 'F29J F391 'F31) 'F32J 'F33) 'F34: -F351 'F36) -F37J 'F38) 'F39J 'F401 'F41) 'F42J F43: 'F44)
'F45) 'F46J F47J 'F48) 'F49J 'FSOJ 'F51J -FSZJ 'F53) -F54J 'FSS) 'F56J -F57J 'FSS) 'FSQJ F60: 'F61}

Out[~]//Short=

fs f31 7 fy f3 f; <1 f_,
{f1*f7*f25+f31+7*7+f77+ ::0,*7 + = =9,
Ty T, T T, T1T, T, <1 «<1>> <<1>
2a, b3 2 Cy9 'F61 T T,
<«<66>>, + + <<216>> + == }
(1-T1) (1-T2) (1-Tq) (1-Tpy) (1-T1) (1-Ty)

Out[-]//Short=
{{e1 >0, e; >0, <«<66>, fg1 > -Ce1}}

in[-]:= sol /. (v_ >val_) = (v=CF[vall);

In[]:= rl[—l) i) J]
Short[CF[rs[-1, i, 11, 5]

Out[«]=
bsp1,9P2,i X3,i b3 P1,iP2,jX3,i (b3 Ty +bsTy) p1,jP2,iXs,i
- - +
Tl T2 T1 T2
Out[-]//Short=
(—C49 = C53 + Cy9 T%) P1,5 X1,i <«<1>> <«<1>
—Ce1 — Ca9 P1,i X1,i + + <«<41> + + +
T% <1> T1 (-1+ <<1>) (-1+T1Ty)

((a2bs-CeTr+CisTr+asbs Ty —asbs Ty To+ € To Ty - €15 T3 To) Pa,i P3,5 X2,1 X3,5) /
(<<1>>) P2,5 P3,j X2,i X3,5

(=1+Tq) Te Ty (-1+T1Ty)

(Ty (=14 T3) (-1+T1Ty)) +

Reidemeister 2¢
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In[+]:= Timing[ Short[{LeftRZc} = Cases[

2024-06-11 09:07:44

Jf[i: Jl1xL£/@ (Xi1,5[1] X4, 4+2[-1] C4,2[1]) dA{VSi, VSj, VSi+s VSj+, VSj2}, E[S ] = 5]

/]

Out[e]=

{0.15625, {eSeries[pi,s.i M1,i+ P1,3+§ 711, + <<9>> + P3,3.§ 73,4, 81 82 + <<41l>> + «<1>1}})

In[]:= Timing[ Short[{RightR2c} =

Cases[jﬂ-‘[i, jl < L£/@(C;[0] C4,1[0] C5[0] Cy,1[1] C5,2[@]) dA{VSsi, VS, VSi+, VSj+, VSj,2},

E[& ] = 5]

/]

Out[]=

{0.015625, {eSeries[pi,o.i T1,i + P1,349 7T1,§ + <<4>> + P3,3,9 73,9, 81 82 + <<12>> + «<1>>]1}}

in[-]:= Short[eqn = CF [LeftR2c[[1] - RightR2c[1]]]
cvs = UnioneCases[eqn, p | 7, =]
vars = Union@Cases[ye[1, k], g , ]

Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]

{sol} = Solve[egns, vars]

Out[-]//Short=

Out[«]=

Out[«]=

Out[-]//Short=

81 (14 T1) <<1l>» «<1> «<1> 7 1. w1 7o <<1>> g1 <<3>> «<1>>
BT, T, B «<1>> «<1>> BT,
{P3,3:95 71,15 711,55 7T2,is 72,5}
{81}
g1 g1 g1 81 g1 g1 g1 g1
{—7777+ =0, - — + =0, - — + == }
B BT, BT, BT;T, B BT, B BT,

Out[]=

{{g1—>0}}
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in[-]:= sol /. (v_ > val_) = (v=CF[vall);
Yol[l, k]
Out[«]=
0

in[-]:= Short[eqn = CF[LeftR2c[2] - RightR2c[2]]]
cvs = UnioneCases[eqn, p |7 , =]
vars = Union@Cases [y1[1, K] +¥42[1, k], g , ]
Short [eqns = CoefficientRules[eqn, cvs] /. (_—>c_) = (c ==0), 3]
Short[{sol} = Solve[egns, vars]]

Out[~]//Short=
(83+86+87) (-1+ <1>») «<l1>m,; <<1>
- - + <<18>>
T <«<1>>

out[e]=

{P1,3+55 P2,3+35 P3,3+3» 71,15 711,45 7T2,is 712,55 713,15 13,5}

Out[«]=
{82, 83, 84, 85, 86, 875 88}
Out[~]//Short=
8¢ 8 3282 g6 a9 82 8
{gs————+ + =0, -8¢+ +— =0, <1> =0, 7>, -gg+ <1> =20,
T1 T, T1T, T1T, LET Ty
g g 8s 2a,bs as bs
_g4_g6_g8+74+76+7:0, : + : +<<50>>::9}
T, T, T (1-T1) (1-Ty) (1-Ty) T} (1-Ty)

Out[-]//Short=

<«<1>>
{{gzﬁe; 830,890, 8 > -—

<«<1>

)gsﬁe: g7901 g8%0}}

inf-]:= sol /. (v_ -»val_) =» (v=CF[val]);

inl-1:= ¥1[1, K]
Short [CF [¥42[1, k]], 5]

Out[«]=
0

Out[-]//Short=
(b3 +bs +b3 Ty -bsTy) (may+ayTi-asT1-asTr+2asT1Ty) P,k X3,k

(*1+T1) Tl (*1+T2> (*1+T1T2)

Ci[1] and Cy[-1] are inverses
Il )= Timing[ Short[{Le-FtCC} - Cases[{j?‘[k] £/@ (C[1] Crua[-1]) d{VSk, vsk+}}, E[S ] » 5]

/]

{0.915625, {eSeries [pl,M Tk + P2,k ok +

Out[]=
<<1>> <«<1>
+ P3,2+k 73,k»

+<<b>> + <1>> ] }}
<«<1>
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Inf- = Timing[ Shor‘t[{RightCC} - Cases[{jr[k] £ /@ (Cc[0] Ciua[0]) d{VSi, vsk+}}, E[5 ] » 5]

/]

(0., {eSeries[pi,a.k T1,k + P2,2+k 72,k + P3,2+k 73,k 0]} }

Out[«]=

in[-1-= Short[eqn = CF[LeftCC[1] - RightCC[1]]]
cvs = UnioneCases[eqn, p | m , =]
vars = Union@Cases[yp[-1, k], h , ]
Short [eqns = CoefficientRules[eqn, cvs] /. (_—>c_) = (c ==0), 3]
{sol} = Solve[egns, vars]

Out[~]//Short=
hl P3 <155 2 «<155 «<1s Tl 7T2,k

B

Out[«]=
{P3,24ks 7T1,ks 712,k }

Out[«]=

{hy}

Out[-]//Short=

Out[]=
{{h1~>0}}

m[-1:= sol /. (v_ > val_) » (v=CF[val]);
Yol-1, k]

Out[e]=
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in[-]:= Short[eqn = CF[LeftCC[2] - RightCC[2]]]

cvs = UnioneCases[eqn, p_ | 7, =]
vars = Union@Cases [y1[-1, K] + ¥42[-1, k], h , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqgns, vars]]

Out[-]//Short=
<«<1>>

Out[-]=
{P1,2:ks P2,24k> P3,24ks 7T1,ks 7T2,ks 713,k }

Out[-]=
{h2, h3, hg, hs, hg, hy, hg}

Out[-]//Short=
{he —-9,Bh, =0, h, =0, hy+hg+h, =0, hg = 0, hy + hg + hg - 0,

2a;bs as bs «<1> «<1l>» «<1>
- - + <<48>> =0,
(1-Tq) (1-Ty) (1-T1Ty) (1-T1) (1-<«<1>) (1-T1Ty) <<1>>
<«<1>> == 0}

Out[~]//Short=
<«<1>>

{{h2—>0,h3+0,h4+0,h59— ,hsee,h7+0,h390}}

<«<1>>
m[-1:= sol /. (v_ > val_) » (v=CF[val]);

inl-]:= ¥1[-1, k]
Short[CF[¥42[-1, k11, 5]
Out[e]=

%]

Out[-]//Short=
(-b3+bs+b3 Ty —bsTy) (maz+a, Ty -a3T1-a3T,+2a4T1Ty) P3,k X3,k

(=1+Tq1) T1 (-1+Ty) (-1+T1Ty)

Invariance Under R1l

7;4—!—

i1~ {LeftR1l} = Cases[{ji—‘[i] £/@ (Xi42,5[1] Ci,1[1]) d{VSs, VSi-, vsi,,z}}, E[&5 ] &, oo]

Out[«]=
{eSeries[pi,s.i T1,i + P2,3+i 7T2,i + P3,3+i 713,i» Ce1]}
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In[-]:= Cgp = ©

Out[]=

Invariance Under R1r

Rir

i1~ {LeFtR1r} = Cases[{jﬂ-‘[i] £/@ (Xi,1,2[1] C1,1[-1]) A{vss, VSi-, vsi,,z}}, E[S ]2 &, oo]
Out[e]=
{eSer‘ies {Pl,sq T01,i + P2,34i 2,1 + P3,3+41 713,15

1

(azb5+azb3T1—a4b3T1+C51T1+C54T1+C5QT%+C53T§+a4b5T2+
T2T, (-1+ Ty 1)

agb3 Ty Ty~ asbs Ti Ty + CaoTiTo+Csa Ta Ty~ Cao T3 Ty ~Csp Ta Ty - 2C5y To Ty —

Csg Ti T2 — Csp Ti TZ - Cs3 Ti T2 - Cy9 Ti T% - Cs2 Ti T% + Cy9 Ti T% + Csp Ti T% + Cs1 Ti T%) ] }

-1~ {RightR1r} = Cases[{fﬂil £ /@ (C;[0] C;,1[0] C5.,2[0]) d{vss, Vsit, Vsiz}}, ELE ] &, o

Out[]=
{eSeries[pi,s.i T1,i + P2,3+i 7T2,i + P3,3+1 7T3,i, 0]}

in[-1-= LeftR1r[1] == RightR1ir[1]

out[e]=
True
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in[-]:= Short[eqn = CF[LeftR1r[2] - RightR1r[2]]]
cvs = UnioneCases[eqn, p_ | 7, =]
vars = Union@Cases[eqn, (cld|e|f|g]|h), oo]
Short [eqns = CoefficientRules[eqn, cvs] /. (_—>c_) = (c =0), 3]
{sol} = Solve[egns, vars]
Out[=]//Short=
A, b + <<31> + C5q Ti T%

T2T, (-1+ Ty Ty)
out[e]=
{}
Out[«]=
{Ca9, Csps Cs1, Cs2, Cs53, Csg)

Out[~]//Short=
{az b5 + ap b3 T1 - dg b3 T1 + <<26>> + Cyo Ti T% + Cgp Ti T% + Cs1 Ti T% }

TIT, (-1+Ty Ty)
Solve: Equations may not give solutions for all "solve" variables.
Out[«]=
{{C54 = —Cs3T1-CsnTr—Csg (1-T1Ty) —Cso (T2 -T1 T2) -

*azbsfazb3T1+a4b3T1*a4b5T2*a4b3T1T2+a4b5T1T2
Cao (T2 =Ty Ty) - }}

T (-1+T1T)

in[-]:= sol /. (v_>»val_) » (v=CF[val]);

Invariance Under Sw

__\
SwT B

In[e]:= Timing[ Short[{LeftSw} = Cases[
{fﬂi, 31 % £ /@ (Xs41,3,1[1] G [-11 G5[-1] €2 [1] C5,2[1]) A{Vss, VS, VSie, VS5, VSsa} ),

E[& ] » &, oo]

Out[«]=

<«<1>> <«<1>>
{0.109375, {eSer‘ies [Tl P1,241 7T1,i + <<20>> + P3 3.4 X3,244, ——— + <<48> + H}
<«<1>> <<1>>
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Inf]:= Timing[ Short[{RightSw} = Cases[

2024-06-11 09:07:44

{jf[i: jl»£/@ (Xi1,542[1] C5[0] C5[0] C4,2[0] C4,2[@]) d{Vsi, VS5, VSj+, VSj+, V5j+2}}:

E[& ] » &, oo]

/]

Out[e]=
<«<1l>>
{9.125, {eSer‘ies [Tl P1,2+i 7T1,i + <<20>> + P3,3:1 X3,2415
<<1>>
in[-]:= LeftSW[1] == RightSw[1]
out[e]=
True
in[-1-= Short[eqn = CF[LeftSw[2] - RightSw[2]]]
cvs = UnioneCases[eqn, p | 7w , =]
vars = Union@Cases[eqn, (c|d]e|f|g]|h), oo]
Out[-]//Short=
(-b3 +bs + b3y <<1>> -bsTy) (<1>) <«<1>> <«<1>>
- - +
(-1+T1) T1 (<1>) (-1+T1Ty) <<1>> <<1>>
Out[«]=
{P3,2+is 73,1}
Out[«]=

{1

in[-]:= Factor[eqn]

out[e]=

- (((-b3+bs+b3Ty-bsTy) (~ay+a,Ti-asTi-asTo+2a,T1Ty)

<<1>> ] }}

<<1>>

(1+T1T2P3,201 73,1 = P3,241 X3,241) ) / ((=1+T1) T1 (-1+T3) (-1+T1T2)))
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