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Pensieve header: Finding the A2 $d=1$ invariant using undetermined coefficients.

Searching for Q + pxx + €(ppx + 1 + px + ppxx) solutions.

Initialization

m[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory ; << Rot.m];
<< FormalGaussianIntegration.m;

+

1" :=1+1;

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Projects/HigherRank to compute rotation numbers.

in[-]:= Features[Knot[8, 17]]

KnotTheory: Loading precomputed data in PD4Knots'.

Out[e]=
Features[18,

Ce[-1] Cig[-1] Xq,7[1] X3,0[-1] Xs5,13[-1] Xg,16 [1] X10,4[-1] X12,18[1] X15,2[-1] Xg7,11[1]]

In[-]:= Tz =Ty Ty;
S={x_,pP_1};
qls_, i_, j_] :=Sum|
Xy,i (Pv,i* = Pv,i) +Xv,5 (Pv,5* = Pv,5) + (Ty = 1) Xy,i (Pv,i* = Pv,j*) 5
{v, 3}];
L[Xi ,5 [s_11:
TE[q[s, i, j1 +B ™ ro[s, i, j] +eBri[s, i, jl +ersls, i, j] +0[e]?*];

(xv1[0_,K_]:=0(3/2-Xq,kP1,k—X2,kP2,k—X3,kP3,k) 5 *)
L[C, [@]] :=E[Sum[X,,x (Py,r = Pv,r) > {v5> 3}] +0[e]®];
L[C: [¢_ 1] :=
T E[Sum[X, . (Py,r = Pv,k) s (Vs 3}]1 +B o[, k] +€By1[v, k] +€va2[2, k] +0[e]®];
ps; :=Sequence[pi,i, Pa,is P3,il;
XS; :=Sequence[Xi i, Xz,is X3,i];
vs; :=Sequence[ps;, Xs;];
Flis___1 :=E[Sum[m, ;ip,,is {1, {i5}}, {v, 3}11];
LK ] := (27)FeatureslI ¢y £ /@ Features [K][2]];
VS[K_ ] := UnioneeTable[{vs;}, {i, Features[K][1]}]

In[-]:= VSj

Out[e]=
Sequence [p1,i, P2,i» P3,is X1,i» X2,is X3,i]
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The Various Terms (ry)

The pxx Terms (rg)

In[-]:= K =03

re[l, i_, j_] := Evaluate[Sum[
Asex P3,k3 X1,k1 X2,Kk25
{k1, {i, 7}}, {k2, {i, j}}, {k3, {1, J}}
115

re[l, i, jl

Oout[-]=
a1 P3,i X1,i X2,i +32P3,5 X1,i X2,i + a5 P3,i X1, X2,i + de P3,j X1,5 X2,i +
a3 P3,i X1,i X2, + 34 P3,j X1,i X2,5 + a7 P3,i X1,§ X2,5 + ag P3,j X1,5 X2,5
In[-]:= K =@
re[-1, i1_, j_] := Evaluate[Sum[
d..x P3,k3 X1,k1 X2,k25
{k1, {i, j}}, {k2, {1, j}}, {k3, {1, J}}
115
"e[—l: i) J]
Out[-]=
di P3,i X1,i X2,1 + d2 P3,§ X1,1 X2,1 + 05 P3,i X1,5 X2,1 + dg P3,§ X1,§ X2,1 +
d3 p3,i X1,i X2, + da P3,§ X1,i X2,5 + d7 P3,1 Xa,j X2,5 + dg P3,§ X1, X2, 5
The ppx Terms (r;)
In[-]:= K =@
ri[1, i_, j_] := Evaluate[Sum[
b..x X3,k3 P1,k1 P2,k25
{k1, {i, j}}, {k2, {i, j}}, {k3, {1, J}}
115
r'1[-1-3 i) J]
Out[]=
b1 P1,i P2,i X3,1 + b5 P1,§ P2,i X3,1 + b3 P1,i P2,5 X3,1 + b7 P1,§ P2, X3,1 +
by P1,i P2,i X3, + s P1,§ P2,i X3,5 + ba P1,i P2,j X3, + bg P1,§ P2, X3, 5
In[-]:= K =@
ri[-1, 1 , j ] := Evaluate[Sum[
€4k X3,k3 P1,k1 P2,k2>
{k1, {i, 7}, {k2, {i, J}}, {k3, {i, J}}
115
ri[-1, i, j]
out[-]=

€1 P1,i P2,i X3,i + €5 P1,5 P2,i X3,i + €3 P1,i P2, X3,i + €7 P1,5 P2,j X3,i +

€2 P1,i P2,i X3,5 + €6 P1,5 P2,i X3,5 + €4 P1,i P2,5 X3, + €8 P1,j P2,5 X3,5
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The ppxx Terms (r4,)

In[-]:= K =@
Short[rs[1, 1, j_ ] = Evaluate[Plus|
Sum [

Cisx Xva,k1 Pvi,k2 Xv2,k3 Pv2,ka»
{k1, {i, j}}, {k2, {i, j}}, {k3, {i, }}, (k4, {i, 1}, {v1, 2}, {v2, v1+1, 3}
1
Sum[
Ciix Xy, k1 Pv, k2
{k1, {i, j}}, {k2, {i, j}}, {v, 3}
1
111
Out[-]//Short=

C49 P1,i X1,i + C52 P1,§ X1,i + Cs5 P1,i X1,§ + <<54>> +

Cas5 P2, P3,i X2,5 X3,5 + C36 P2,i P3,j X2,5 X3,5 + Cag P2,5 P3,5 X2,5 X3,5

In[-]:= K =@
Short[rs[-1, 1, j ] = Evaluate[Plus[
Sum [

Foix Xv1,k1 Pva, k2 Xv2,k3 Pv2,kas
{k1, {i, j}}, {k2, {i, j}}, {k3, {i, }}, (k4, {i, 1}, {v1, 2}, {v2, v1+1, 3}
1
Sum[
Frix Xy, k1 Py, k25
{k1, {i, j}}, {k2, {i, j}}, {v, 3}
1
111
Out[-]//Short=
fao P1,i X1,i + fs, P1,5 X1,i + fss P1,i X1,§ + <<54>> +

fas P2,j P3,i X2,5 X3, + T36 P2,i P3,§ X2,5 X3,5 + Tag P2,§ P3,5 X2, X3, j

The y Terms (yo, V1, Va2)

In[-]:= K =@
Yol[l, R_] := Evaluate[g,., P3,r X1,k X2,£] 5
¥1[1, R_] := Evaluate[g,,, X3,r P1,r P2,r];

Ya2[1, k_] := Evaluate[Plus[
Sum [g++1< Xv,k pv,k.’ {VJ 3} ] k]
sum[g, .. Xy1,k Pvi,k Xv2,k Pv2,ks {V1, 2}, {v2, v1+1, 3}]
115

{¥el[1, k1, ¥ol1, k1, va2[1, k]}
Out[«]=

{81 P3,k X1,k X2,k»> 81 P3,k X1,k X2,k»

83 P1,k X1,k + 84 P2,k X2,k + 86 P1,k P2,k X1,k X2,k + 85 P3,k X3,k + 87 P1,k P3,k X1,k X3,k + 88 P2,k P3,k X2,k X3,k }
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In[-]:= K =@

Yol[-1, k_] := Evaluate[h,,, s,k X1,r X2,,]

¥1[-1, k_] := Evaluate[h, . X3,k P1,k P2,r];

Ya2[-1, k_] := Evaluate[Plus[
sumfh,,, Xy,k Pv,ks {Vs 3}1,
sumlh, . Xy1,k Pva,k Xv2,k Pv2,es {v1, 2}, {v2, v1+1, 3}]

115
{¥el-1, k1, wo[-1, k1, wa2[-1, k1}
Out[-]=
{h1 P3, K X1,k X2,k h1 P3,k X1,k X2,k

h3 Py, X1,k + ha P2,k X2,k + N6 P1,k P2,k X1,k X2,k + D5 P3, K X3,k + h7 P1,k P3,Kk X1,k X3,k + Ng P2,k P3,k X2,k X3,k }

Reidemeister 3b
In[]:= Timing[{LeftR3b} =

Cases[Jf[i, Js k1 £/@ (Xi,5[1] X+, [1] Xj+,* [1]) A {VSsi, VS, VSi, VSi+, VSj+, VSi+},

E[& ] &, oo]]

Out[e]=

{3.23438,

{eSer‘ies {Tf P1,2+1 71,4 = (=1 + T1) Tepa,2.§ 71,1 + (1 - T1) P1,24k 71,1 + T2 P1,245 71,5 + (1= T1) P1,24k 7T1,§ + P1,24k 1,k +

33 T1 T2 P3,2.5 71,5 T2,k
o o Bl T B
B
(-a3-ag+a3 T1 T2) P3,2.k 71,5 72,k a7 Ty T2 P3,2.4 7T,k 72,k a7 T1 T2 P3,2.5 71,k 72,k 2 (-ay-ag+ay T1 T2) P3,2.k 71,k 712,k T2 T2
5 i 5 i 3 - 3 + 17153 P3,241 73,1 —

T2P2,2.1 72,1 = (-1 + T2) TaPaa.y 72,1 + (1 - T2) Pa,aek 72,1 +

TaTy (=1 +T1Ty) p3,2.5713,1 + (1= T1T2) P3,2.k 73,1 + T1 T2 P3,2.5 73,5 + (1 = T1 T2) P3,2.k 73,5 + P3,2:k 73,k»
3 (a; by +a,by, +asbs +asbs +asbs + agbg + a;b; +agbg + €1 + € + C3 + Cqg + C11 + C1p +
C37 + C3g + C39 + Cgg + Cq7 + C4g + Cag + Cs9 + C51 + Csg + Cs9 + Cgp) + +

(2a3b2+2a4b2+a7b2+a3b2+2a3b4+2a4b4+a7b4+agb4+3a7b5+3agb5+3a7b8+3agb8+2c33+ +

arbyT2T, +a;by 3T, #2830, Ty T3+ a;by Ty T3+ 327 b6 Ty T3 + 2C33 Ty T3 - a7 by T2 T3) P22k P32k 7o,k n3,k} H

Full expression not available (original memory size: 3.6 MB) @

Inf]:= Timing[{RightRBb} =

Cases[jﬁr[i, Js k] £/@ (X4,k[1] Xy, [1] Xy+,5+[1]) A{VSi, VSj, VSk, VSi+, VSj+, VSi+},

E[& ] » &, oo];]

out[e]=
(1.98438, Null}
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in[-]:= Short[eqn = CF[LeftR3b[1] - RightR3b[1]]]
cvs = Union@Cases[eqn, p__ | 7T, o]
vars = UnioneCases[rg[1, i, jl, a_, =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]

{sol} = Solve[egns, vars]

Out[-]//Short=
T:1 T (*31 Ty + <<20>> +a; T3 T%) P3,245 7T1,i 72,1 <<1>>
- +
B B
ag <<5>> 4.0 <«<1>> a;T1 Ty (m1+T1Ty) P3,2+5 7M1,k 772,k
- + <<29>> +
B B B

Out[]=
{P3,2:15 P3,2435 P3,24ks 711,15 711,55 711,k 72,15 772,95 7T2,k}

Out[e]=
{al.v dy, a3, da, as, dg, dy, a8}

Out[-]//Short=
{ a3TiT3 a3TiT) a3TiT, a;TiT3
— + == - ==
B B B B ’
asTiT3 as T3 T3 a; 373 a, 313 ayTiT3 a3 )
— + == y - + + — == >
B B B B B B
a; ag a;Ty agTy a;TiT, a,TiT,
<«<18>>, - — - — + + + - =0,
B B B B B B
ay T2 dg Tz ay T% dag T% ay Tl T% ay T]_ Tg
+ - - - + =0,
B B B B B B
a; ag a;T, agT, a;T;T, a;Ty T3
—_—— - — 3 + + - == @}
B B B B B B

Solve: Equations may not give solutions for all "solve" variables.

out[e]=
a T,
{{a1—>0, a3 > 0,a3->0,ag>-—-—, 370, agee}}
T, T,
inf-1:= sol /. (v_>»val_) » (v=CF[val]l);
r‘e[l.; i) J]
out[e]=
(a2 + 34 T2) P3,j X1,§ X2,
dz P3,j X1,i X2,i — T +da P3,j X1,i X2,5
1
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i1 Short[eqn = CF[Coefficient|

LeftR3b[2] - RightR3b[2] /. v: (7w |p) = uv,
3

u
11> 5]
cvs = UnioneCases[eqn, p | 7 , =]
vars = UnioneCases[r;[1, i, j1, b , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[egns, vars]
out[-]//Short=
Bby (-1+Ty) T1T3P1,2§ P2,2:i 73,1 -
Bby (-1+Ty) TaT5pP1,2.kP2,2:473,i +Bb1 T2 (-1 +7T2) Tap1,ois P2,2+j 73,1 —
BTiTy (-byTy-byTp+2by Ty To-by Ty To+ by T3 T5) Pa,2uj Pa,2eg /13,1 + <<23>> +
BbyT{ (-1+Ty) T P1,24i P22+ 73,k ~B by (=1 +T1) Ty (=1 +T2) Ty P1,2.9P2,245 73,k -
B (-by -bg+by T1) (=1+T3) TaP1,2.k P2,245 73,k +
B (-1+Tq) Ty (-=by-bs+byTy) P1,24i P2,2:k 73,k =B (=1 +T1) Ty (=by —bsa+by Ty) p1,2:5 P2,2:k 73,k
Out[-]=
{P1,2+1is P1,2435 P1,24k> P2,24i5 P2,2+55 P2,2+ks 713,is 713,45 713,k }
Oout[-]=
{b1, by, b3, bs, bs, bg, by, bg}
out[-]//Short=
[-Bby TiT3+Bb, T3T3 =0, Bb, T1 T, -Bb, T3 T3 == 0, <225,
“BbgT; -BbgT; -BbsTy, - BbgT,+Bby Ty Ty +2BbsTyTy+2BbgTyTy+
2Bbg Ty To-Bby T3 T, -Bbs T3 T, -Bby Ty T3 -Bbg Ty T5 + Bb, T3 T3 == 0}

Solve: Equations may not give solutions for all "solve" variables.

Out[e]=
{{bleO, bz%@, b4%0, bsﬁe, b7%—b3—b5, bg%@}}

in[-]:= sol /. (v_ -»val_) = (v=CF[val]);
ri[1, i, j]
Out[-]=
bs p1,j P2,i X3,i + b3 P1,i P2,§ X3,i + (=b3 - bs) P15 P2,jX3,1
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in[-]:= Short[eqn = CF[LeftR3b[2] - RightR3b[2]], 5]
cvs = UnioneCases[eqn, p | 7, =]
vars = Unione@Cases[ry;[1, i, j], ¢ , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqns, vars]]
Out[~]//Short=
- ( (Cas + Co6 + C34 + C35 + Cs5) (-1 +Tq) T3 P1,2+j 7T1,i) -
(-1+Ty) <C1+C2+C19+C11+C13+C14+C22+C23+C49+C52+C25T1+C26T1+c34T1+C35T1+C37T1+
C3g T1+ Cag T1+ Caz7 Ty + Cos Ty + Csg Tq — Co5 T3 — Co6 T3 — €34 T2 - C35 T3 — Css Ti) P1,24k 7T1,i +
<<374> + (-1+T3) Ty (-C33 - C36 +C33 T1 T2) P2,2.1 P3,2/k 712,k 713,k ~
(=1+Ty) Ta (-C33-C36 +C33 T1 T2) P2,245 P3,24k 712,k 713,k
out[e]=
{P1,2+1s P1,2435 P1,24k> P2,2+i5 P2,2+95 P2,2+ks P3,2+i5
P3,2+3s P3,24ks 7T1,i5 711,55 TW1,ks 7(2,is 72,95 T2,ks 713,is 713,55 713,k }
Out[e]=
{€1, €2, C3, C4q, Cs5, Cg, C7, Cg, Co, Ci1p5 C11, C12, C135 C145 C1s5, Ci6, C17, Ci8s C19, C205 C215 C22,
C23, Coa, C25, C26, C27,5 C28, C29, C39, C31, C32, €33, C34, C35, C36, C37, C38, C39, Csp, Ca1,
Ca2, €435 Ca4, Cas, Cags Ca7, Cag, Ca9, Cses Cs1, Csy, Cs3, Csqy Css, Csg, Csz7, Csgy Csg, Cep )
Out[~]//Short=
(- i1+ TiT3 =0, o TiT,-¢; T3 T5 = 0,
<<249>>, cg Ty Ty +CogTyTy+Caq Ty Top+Ca5 Ty Ty +C57T1 Ty -
Cs Ti T% -Gy Ti T% —Cas Ti T% - Cs5 T% T% - Cs7 Ti T% == 9}

Solve: Equations may not give solutions for all "solve" variables.

Out[-]//Short=

Cse  Cs3
{{clae, Cr >0, C3 >0, <42>, Cgg > —<<1> - «<1>>, Cgg > —— - —,

T. T,
Csq Csg —ajp bs*az b3 T1+a4 b3 T1*a4 <<l> <«<1> <<1> - adg b3 T1 T2+a4 b5 T1 T2
ar )
T, T;T, T2T, (-1+T1Ty)
mf-1:= sol /. (v_-»val_) = (v=CF[val]);
in[-1:= Short [CF[ra[1, 1, j11, 20]
Out[-]//Short=
(Ca9 + Cs52) P1,§ X1,5
Ca9 P1,i X1,i + Cs52 P1,5§ X1,i — T + Cse P2,i X2,i +
1
1
Cs3 P2,j X2,i + €13 P1,j P2,i X1,i X2,i + C4a P1,i P2,j X1,i Xo,i + —
-1+T1 T,
<a2b3+c4+c13—c4T1+a4b3T2+a2b_r,Tz—a4b5T2—c13T2—a4b3T1T2—c4T1T2—c13T1T2+
1

CaTiTy+asbs T+ i3 Ty T%) P1,i P2,5 X1,i X2,i +
(*1+T1) Tl (*1+T2) (*1+T1T2)

(—azb3+azb5+azb3T1+C4T1—C13T1—C4T%—a4b3T2—azb5T2+a4b5T2+2a4b3T1T2—
agbs Ty Ty+Ci3TiTo-aabs T3 To-CaTiTo+ i3 Ti T+ Ca T3 To—ag bs T3 + a4 bs Ty T3 - €33 T T3)
(a2 bs — €13 Ty + a4 bs Ty + €13 T1 Ta) P1,j P2, X1,5 X2,1

P1,5 P2,i X1,5 X2,i — _
<—1 + T1> Tl
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(Cse + Cs53) Pa2,j X2,5 1

T, (-1+T1) (-1+Ty) (-1+T1Ty)
(-azbs+asbs+aybs-asbs+cp-Cr3+abyTi-asbsTy-cuTi-asbsTo-a;bsTy+2a,bs Ty +
Ci3Ty+agbsTyiTy-caTaTy+Ci3TaTy+CaTaTy—asbs T5-Cy3 Ty Ti) P1,i P2,§ X1,i X2,j +

(ag bz + €4 - Ca T1) P1,j P2,j X1,i X2, bs (a2 + a4 T2) P1,i P3,j X1,j X3,1

+Cs51 P3,i X3,i + <<5>> + -
*1+T2 Tl (*1+T2)

1

(-1+T1) Ty (-1+Ty)
(-azbs+a;bsTy+a,bs Ty +CiuTy-asbsTo+asbs Ty To-aybs Ty To +

asbs Ty Ty~ Ca Ty To - Coa T3 To —ag bs Ty T3 + C1q T3 Tg) P1,§ P3,j X1,§ X3,1 +
C15 P2,5 P3,i X2,i X3,i + Cg P2,i P3,j X2,i X3,i — ;

(-1+T1) Ty
(-azbs+azbsTi-CeTi-CisTi+CeTi+Cis Ty —asbs Ty-a,bs To+2asb3 Ty Ty + @ bs Ty Ty -
asbs Ty Ty +CeTiTy-asbs Ty Ty - CeTaTo+ Cas T3 T - Cus T3 T - ag bs T3 + 2 a4 bs Ty T3)

1

P2,5 P3,j X2,i X3,i +
(-1+T1) Ty (-2+Ty) (-1+T,T5)

(—azb_:,—a2b3T1+a4b3T1+a2b5T1—a4b5T1+c6T1—C15T1+a2b3T%—a4b3Ti—c6Ti+c15Ti+
azb5T2—a4b5T2—a4b3T1T2—a2b5T1T2+3a4b5T1T2—C6T1T2+a4b3TiT2+c6TiT2+
a3 bs pa,i P3,j X2,9 X3,1

C1s TiTz—C15TiT2+a4b5T§—234b5T1T§) P2,5 P3,1 X2,§ X3,i — 1.1 +
14Ty

2
(—34 bs - Cis+Cis Ta+aabsTo+asbs Ty —as b3 T1 To+Ci5s T1 To - €5 T3 Tz) P2,5 P3,§ X2,§ X3,1i

(*1+T1) (*1+T2)
1

T3T, (-1+T1Ty)
<—azb5—az b3T1+a4b3T1—C51T1—C54T1—a4b5T2—a4b3T1T2+a4b5T1T2+C51TiT2+C54TiT2
(agbs —a4b5 - C5 +Caa +C5 Ty +A4 b5 Ty - C14a T2 Ty) Pa,i P3,5 X1,i X3,

P3,j X3, — -
o (-1+T1) (-1+TyT)

(—agbs+Cs+aybsTy-agbsTy-CsTy-asbsTo-CsTr+2a3b3 Ty Ty +C5 Ty Ty) P15 P3,j X1,1 X3, 5

(*1+T2) (*1+T1T2)

(az by~ Ce Ty +Cis Ta+agbs Ty —asb3 Ty Ty +Ce Ty Ty — Cy5 T2 Tz) P2,i P3,j X2,i X3,

Tl (*1+T2) (*1+T1T2)
1

(*1+T1) Tl (*1+T1T2)
(csTl—csTi+a2b5T2—a2b5T1T2+a4b5T1T2—C6T1T2+CGTiT2+a4b5T§—2a4b5T1T§>

P2,5 P3,j X2,i X3,5

Reidemeister 2b
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[++ / Jt++

Territory: (X | P)g)jy» Xijj-

Y

Il ]:= Timing[ Shor‘t[Le-FtRZb - (j?‘[i, j1 £ /@ (Xi,511] Xs-,4 [-1]) A{VS;, VSj, VSs-, VS5 } | [1]

{0-234375, eSeries {P1,2+i 71,4+ P1,243 701,5 + P2,244 72,1 + <<10>> + P3 2.5 73,1 + P3,245 713,55

Out[e]=

+ + <<74>> + +

<<220>> + fgq Ti T% <<1>> <<1>> (<<1>>) <<3>> 7T 1. ] }
(-1+T) T2 (-1+Ty) T, <<1> «<1> T, T3

in[-]:= RightR2b = eSeries [Py z.i 71,i + P1,24j 71,5 + P2,2+i 72,i + P2,24j 72,5 + P3,24i 73,i + P3,2.5 73,55 0]
Out[]=
€Series P12, 71,1 + P1,24§ 71,5 + P2,2+1 72,1 + P2,2+5 2,5 + P3,2+1 73,1 + P3,247 73,4, 0]
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in[-]:= Short[eqn = CF[LeftR2b[1] - RightR2b[1]]]
cvs = UnioneCases[eqn, p | 7, =]
vars = UnioneCases[ro[-1, i, j], d , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[egns, vars]

Out[-]//Short=
<d7 + d3 T1 - d7 Tl + d5 T2 - d7 Tz + dl T1 T2 - d3 T1 Tz - d5 Tl TZ + d7 T] Tz) <<2>> Tl el
+
BT, T,
(<l>>) «<2>»> «<1>> <«<1>  (=d7+d; Ty To+dg Ty Ty) <<2>> 7Tq.
+ <<5>> + +
B T1 T2 <<1> B Tl T2
Out[«]=
{P3,2:15 P3,2495 711,15 711,55 72,is 7T2,5}
Out[«]=
{d1, dj, d3, dg, ds, dg, dy, dg}
Out[-]//Short=
di d3 ds d; ds dy ds dy ds ds ds dy
{—————4——4— - + - + =0, — - + =0,
B B B B BT, BT, BT, BT, BT, T, BT, BT, BT, T,
ds d; dz dy a; d; ds d7T1 T, dgT1 T,
- _ + =0, =0, — - — + — + <<32> + + =0,
BT, BT, BT, T, BT, T, B B B B B
ag dy dg d3Ty dyTy dyTy dgTy  ds dz d;
— +— +— + + - - - + - =0,
B B B B B B B BT, BT, BT;T,
d; dg & ds d; dz dsT, dgT, dyTo, dgTr, asT,
— ¢ — - — - + - + + - - - =0,
B B BT, BT, BT, BT,;T, B B B B BT,
d; dg d;
—_— 4+ — - = 0}
B B BT, T,
Out[«]=
a,-—agTy+as T, dg —a,-as T,
{{dlae, dQg-—-—+"—,d3>50,dy>-—,ds>0,dg > -——, d; >0, dg%@}}
T, T, T,
(1= sol /. (v_>»val_) » (v=CF[val]l);
re['l) i: J]
out[e]=

(maz+a3T1-34T3) P3,jX1,iX2,i (@2+34T2) P3,5X1,5X2,i Q4 P3,q X1,i X2,
+ _

T, T. T T,
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in[-]:= Short[eqn = CF[LeftR2b[2] - RightR2b[2]]]
cvs = UnioneCases[eqn, p | 7, =]
vars = Union@Cases[r;[-1, i, j] +rs[-1, i, jl, e |f , ]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqns, vars]]
Out[-]//Short=

«<1> <F33 + <<16>> + f43 Ty T%) <<3>> Mg
<<85>> + +
<1>> T, T%

out[e]=
{P1,241s P1,2435 P2,2415 P2,2+55 P3,2+i5 P3,2+95 7T1,is 711,45 72,15 712,55 713,15 773,57}
out[e]=
{e1, e, €3, ey, €5, €, €7, €8, T1, T2, F3, fa, F5, f6, F7, f5, fo, Ti0,
-F11) 'F12, -F13) -F14) flS) 'F16J 'F17, f181 'F19) -F20: -F211 f22) -F23: f24) fZS) -F26)
f27) f28) -F29: -FBO) f31) 'F32: -F331 f34) 'F35) 'F36; -F37) f38) -F39: f40) f41) -F42: -F43)
f44) f45) F46: 'F47) f48) F49: 'FSBJ fSl) FSZ) 'F531 f54) f55) f:56.v f57) f58) FSQ: 'FGO}
Out[~]//Short=

f1-f7-fos+fyp+— - — + - + =0
T1 T1 T, T, T1Tp

{ f:25 -F31 E E F31

3

7 fa f31
— - — +

=0, «<1l> =0, «<63>, 1> =0, 1> =20,
T, T, TiT,

23, b3 2 Cy 2 Cso Cs2 Cs3
+ + + + -
(1-T1) (1-Tp) (1-T1) (1-Tz) (1-T1) (1-T2) (1-Ty1) (1-T2) (1-T1) (1-Ty)
Csq a0 T1 Ty fsoT1 Ty
+ <<194>> + + +
(1-T1) (1-Tpy) (1-T1) (1-T2) (1-T1) (1-Ty)
fo1T1 Ty s T1 T) fsoT1 Ty feo T1 T2
) . . o]
(1-T1) (1-Tz) (1-T1) (1-T2) (1-Ty1) (1-T2) (1-T1) (1-Tp)

Out[~]//Short=
bs bs
{{e1—>0, e, >0,e3>5-—,e,-50,65>-—, >0, <«<56>, f55 >0, f56 >0, f57 >0,
T, T1

—Cg9 — Cs3 —Cgsp9 — Cs53 ads b_r, + ap b3 T, -a4 b3 T, + <<10>>
T T LI - 1
T1 TZ Tsz (—1+T1T2>

in[-]:= sol /. (v_ >val_) = (v=CF[vall);
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inl-1:= re[-1, i, ]
Short[CF[rs;[-1, i, 11, 5]
Out[«]=

bsp1,9P2,i X3,i b3 P1,iP2,jX3,i (b3 Ty+bsTy) pa,jP2,iXs,i
- - +

T1 T, T:1 T

Out[=]//Short=

2
(-Cag - Csa + Cag TZ) Pa,j Xa,1
+ <<43>> +

—Ca9 P1,i X1,i +
T2
1

(az by~ Ce Ty +Cis Ta+asbsTy—asb3 Ty Ty +Ce Ty Ty~ Cy5 T2 Tz) P2,i P3,j X2,i X3,
+

Tl (*1+T2) (*1+T1T2)
((azb3—azb3T1+C15T1—c15T§+a4b3T2+azb5T2—2a4b3T1T2—a2b5T1T2+a4b5T1T2+a4b3T§T2—

CisTiTy+Cis T3 Ty +agbs T3 -2a4bs Ty T%) P2,5 P3, X2,i X3,j) / ((-1+T1) T1To (-1+T1T2))

Reidemeister 2¢

. '—i_‘_
it )t

N\ j
ToET
A AN
S .

1

Inf-]= Timing[Short[{LeftRZc} =Cases[

jf[ix 1 £/@ (Xi1,5[1] Xi,5.2[-1] C5,2[1]) A {VSi, VS, VSi+,y VSj+, VS4.2}, E[S ] = 5]

/]

Out[«]=

{0.171875, {<<1>>}}

Il ]:= Timing[ Short[{RightRZc} =
Cases[jf[i, jl £ /@ (Ci[0] C4,1[0] C5[0] Cj,1[1] C4,2[0]) dA{VSi, VSj, VSi+, VSj+, VSj.a},
E[S ] » 5]

out[e]=

{0.015625,

. 81 P3,3+j 711,35 712,73
{eSer‘les [P1,2+i 71,1+ P1,3+5 /11,3 + P2,2+i 7T2,i + P2,345 72,5 + B +P3,2+1 713,i + P3,3+5 713,35,

8182+ <<12>> + (81 82+ 88) P2,3+3 P3 <15 «1> 12,5 7T3,j} }}
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in[-]:= Short[eqn = CF[LeftR2c[1] - RightR2c[1]]]
cvs = UnioneCases[eqn, p | 7, =]
vars = Unione@Cases[vye[1, k], g , »]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
{sol} = Solve[egns, vars]

Out[~]//Short=
81 (-1+T1) (-1+T2) P3,3.5711,i 72,1 81 (=1 +T2) P3, cc1s 711,772,481 (=1 +T1) P3,3.5 /11,1 72,5

BT, T, BT, BT,

Out[e]=

{P3,3:95 71,15 711,55 72,15 72,5}

Out[e]=

{81}
Out[=]//Short=
g1 g1 g1 g1 g1 g1 g1 g1
{—7777+ =0, - — + =0, - — + = }
B BT, BT, BT, T, B BT, B BT,
Out[e]=
{{g1—>0}}

in[-]:= sol /. (v_ >val_) = (v=CF[vall);
Yol1, K]

Out[«]=
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in[-]:= Short[eqn = CF[LeftR2c[2] - RightR2c[2]]]
cvs = UnioneCases[eqn, p | 7, =]
vars = Union@Cases [y1[1, K] + ¥a2[1, k], g , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqns, vars]]

Out[~]//Short=
(83+86+87) (-1+T1) P1,3.5711,1 (Ba+86+8s) (<<1>) <«<1> 7y 5
_ - + <<18>>
T1 T2
Out[~]=
{P1,3495 P2,3455 P3,3435 71,15 711,55 T2,is 72,95 713,is 713,75}
Out[~]=
{gz; 835 84, 85, 865 87> g8}
Out[=]//Short=
8¢ 8¢ A28 g6 <«<1> <«<1>> g6
{gs————+ + =0, —gg+—— + — =0, <9, <1l> =20,
T, T, T,T, T1T, T, T,
234 b3 dg b3 ar b5 dg b5
+ + - -
(1-T1) (1-Ty) (1-Ty) TF(1-Ty) (1-Ty) T (1-Tp) (1-Tq) T§ (1-Ty)
3a4bs a bs gs T aybs T,
- + <<33>> + + _
(1-Ty1) T1 (1-T2) (1-T1) T4 (1-Ty) (1-T1) (1-T2) (1-Ty) T3 (1-Ty)
2a,bs5 T, g5 T1 T g, 11T 8sT1 T 3 0}
(1-Ty) T4 (1-T2) (1-Ty) (1-Tp) (1-T1) (1-T) (1-T1) (1-Ty)

Out[~]//Short=
—a;bsy+a;bs+ <«<22> +2a,bs5Ty T%

{{e2>0, 8550, 8.0, 85> - .80, 8 >0, g 0

(*1+T1) Tl (*1+T2> (*1+T1T2)
in[-]:= sol /. (v_ -»val_) = (v=CF[val]);

inf-1= ¥1[1, k]
Short [CF [¥4,[1, k]], 5]
Out[]=

%]

Out[-]//Short=
(b3 +bs +b3Ty -bsTy) (may+ayTi-a3T1-a4Tr+2a5T1T2) P,k X3,k

(*1+T1) T1 (*1+T2> (*1+T1T2)

Ci[1] and Cy[-1] are inverses

Il )= Timing[ Shor‘t[{Le-FtCC} - Cases[{j?‘[k] £/@ (C[1] Cua[-1]) d{VSk, vsk+}}, E[s ] = 5]

/]

{9- s {eSer‘ies {P1,2+k T,k + P2,24k T2,k +

Out[]=
h1 P3, 2.k 711,k 712,k

B

+ P304k 73,k <<1> ] }}
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In[+]:= Timing[ Short[{RightCC} = Cases[{-J.ﬂ-‘[k] L/@ (Cc[0] C,.1[0]) d{vsk, vsk+}}, E[& ] » 5]

/]

(0., {eSeries[pi,a.k T1,k + P2,2+k 72,k + P3,2+k 73,k 0]} }

Out[«]=

in[-1:= Short[eqn = CF [LeftCC[1] - RightCC[1]]]
cvs = Unione@Cases[eqn, p | 7, =]
vars = Union@Cases[yp[-1, k], h , =]

Short[eqns = CoefficientRules[eqn, cvs] /. (_—>c_) = (c =0), 3]

{sol} = Solve[eqgns, vars]

Out[~]//Short=
h1 P32k 711,k 712,k

B

Out[«]=
{P3,24ks 7T1,ks 712,k }

Out[«]=

{hy}

Out[-]//Short=

Out[]=
{{h1~>0}}

in[-]:= sol /. (v_ >val_) = (v=CF[vall);
Yol-1, k]

Out[e]=
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in[-]:= Short[eqn = CF[LeftCC[2] - RightCC[2]]]
cvs = UnioneCases[eqn, p | 7, =]
vars = Unione@Cases [y1[-1, K] +¥42[-1, k], h , =]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—»c_) = (c =0), 3]
Short[{sol} = Solve[eqns, vars]]

Out[-]//Short=
azb3*azb5*232b3T1+a4b3T1+ <«<70>> +h6TiT%+h7TiT§+h8TiT§

+

(-1+T1) T1 (-12+Ty) (-1+T1Ty)
<<6>> + hg Py 2.k P3,24k 72,k 73,k

Out[-]=

{P1,2:ks P2,24ks P3,24ks 7T1,ks 7T2,ks 713,k }
Oout[-]=

{ha, h3, hg, hs, he, hy, hg}
Out[-]//Short=

{hé—, =0, «<b6>,

Zaz b3 dg b3 dj b5
- - +
(1-T1) (1-T2) (1-T1Tp) (1-T1) (1-Tp) (1-T1Ta) (1-T1) (1-Tz) (1-T1Ty)
ay bs hs hy
+ + + <<72>> = 0}
(1-T1) (1-Tp) (21-TyTz) (1-Ty) (1-Tz) (1-T1T2) <<1>
Out[-]//Short=
{{hz—)@, h3%e, h4%0,
<<1>>
hsﬁ— ,h5%@,h7%9,hg—>@}}
1 T1 <1>> T2 <«<1>>
- - <<I> + <1 + —— - ——
(1-T1) (<<1>>) (1-T; <1>>) <«<1>> <<1>> <«<1>>

mnf-]:= sol /. (v_ -»val_) = (v=CF[val]);

inl-1:= ¥1[-1, k]
Short [CF [¥4[-1, k]], 5]

Out[«]=
0

Out[~]//Short=
(b3 +bs+b3 Ty -bsTy) (-ay+ayTi-asT1-a3Tr+2a4T1Ty) P3,i X3,k

(*1+T1) T]_ (*1+T2) (*1+T1 T2)
Invariance Under R1l

Z'-H-
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i1~ {LeftR1l} = Cases[{jﬂ-‘[i] £/@ (Xi,2,1[1] C1,1[1]) d{vsi, VS;-, vsi,,z}}, E[5 ] &, oo]

Out[e]=
{eSeries[pi,3.i M1,i + P2,3+1 7T2,i + P3,3:+1 713,15 0]}
Invariance Under R1r
Rlr
inf)- {LeftR1r} = Cases[{jﬂ-‘[i] L£/@ (X4,1,2[1] C1,1[-1]) d{VSs, VSi-, vsi,,z}}, E[& ]2 &, oo]
Out[«]=

{eSeries[pi,s.i T1,i + P2,3+i 7T2,i + P3,3+i 713,i, 0]}

i1~ {RightR1r} = CaseS[{JF[i] £/@ (€1[0] C1,1[0] C1,2[@]) d{Vss, VSir, VSi2} ), E[6.] 5 &, o]

out[e]=
{eSeries[pi,s.i 7T1,i + P2,3+i T2, + P3,3+1 73,1, 0]}

in[-]:= LeftR1lr == RightR1r
Out[e]=
True

Invariance Under Sw

N

Swt )

In[-]:= Timing[ Short[{LeftSw} = Cases[
{jf[i: 1 £/@ (Xii1,542[1] Ci[-1] C5[-1] C4,2[1] C4,2[1]) d{VSi, VSj, VSji+, VSj+, V5j+2}}:

E[& ] > &, oo]

Out[e]=

<«<1> <«<1>
{0.03125, {eSeries {Tl D121 TT1,i + <<205> + P3,3.4 X3,201) ——— + <485 + H}
<«<1> <«<1>>
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Inf]:= Timing[ Short[{RightSw} = Cases[
{jf[i, j1 £/@ (Xi41,4+1[1] C;[0] C45[0] C;,,[0] C4,2[0]) d{vss, VS4, VSj+, VS, VSj+z}},

E[& ] » &, oo]

/]

{6.078125, {eSer‘ies [Tl P1,2+i 7T1,i + <<20>> + P3,3+i X3,24i5

Out[e]=
<«<1> <<1l>»> <«<1>

+ <<48>> + <<1>>}}}
<«<1>>

in[-]:= LeftSw[1] == RightSw[1]

out[e]=
True

in[-1:= Short[eqn = CF [LeftSw[2] - RightSw[2]]]
cvs = Unione@Cases[eqn, p |7, =]
vars = UnioneCases[eqn, (c|d|e|f|g|h) , o]
Short[eqns = CoefficientRules[eqn, cvs] /. (_—>c_) = (c =0), 3]
Short[{sol} = Solve[eqns, vars]]

Out[~]//Short=
(-b3 +bs + b3y <<1>> -bsTy) (<1>) <«<1>>
- - <<1> +
(=1+T1) T1 (<1>) (-1+T,Ty) <<1>>

Out[e]=
{P3,2+is 713,i}

Out[e]=

{}
Out[~]//Short=
{<1>}
agTy+asT,-2a4T1 T, -b3 + bs + b3 Ty
Set: Lists {sol} and {{a,> - } {T; - } {b3 >0, bs > O}} are not the same shape.
-1+ T4 bs

Out[-]//Short=

g Ti+a <1> -2a,T1 T, <<1>>
{{32% }:{2%7}; {bs >0, bsﬁe}}
*1+T1

<«<1>>

in[-]:= Factor[eqn]

out[e]=
~(((-b3+bs+b3Ty-bsTy) (~az+a;T1-a3T1-a2T2+2a,T1Ty)
(L+T1T2p3,241 73,1 — P3,241 X3,241) ) / ((=1+T1) Ty (-1+T3) (-1+T1T3)))
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