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Pensieve header: Proof of invariance of $\rho_2$ using integration techniques.

Initialization

in[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];
<< FormalGaussianIntegration.m;

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/AP/Projects/HigherRank to compute rotation numbers.

mi-1-  T2z[p_] :=Module[{q = Expand[p], n, c},
If[q===0, 0, c = Coefficient[q, T, n = Exponent[q, T]1];
cz?"+T2z[q-c (TY2-T2)?"]]];

in[-]:= Features[Knot[8, 17]]

KnotTheory: Loading precomputed data in PD4Knots".

Out[]=
Features[18,

C7[-1] Cys[-1] Xq,7[1] X3,0[-1] Xs5,13[-1] Xg,16 [1] X10,4[-1] X12,18[1] X15,2[-1] Xg7,11[1]]

The p, Integrand

Adopted from pensieve://Talks//Oaxaca-2210/Rho.nb.
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nl-l= S={X_, P_};
als_s 15 F_1 3= X (Pisa = Pi) + X5 (Pjua=P5) + (T° = 1) Xi (Pisa-Pjua) s
rafs_, i_, j_1 ==§ (i (Pi-py) ((T°-1) xips+2 (1-p;x;)) -1);
rpf1, 1 , 7 ] :=
(-6piXi +6p;X; -3 (-1+3T) p;p; X2 +3 (-1+3T) p2x+4 (-1+T) pp;x} -
2(-1+T) (5+T) p;p3x3+2 (-1+T) (3+T) p3x3 +18p; p; X; X; - 18 p% x; X; -
Gp%pjxﬁxj+6(2+T) pipﬁxij—6(1+T) pzx%xj—Gpip§x1x§.+6p§-xix§.)/12;
rp[-1,1 , 7 ] :=
(-6T*pix; +6T2p;X; +3 (=3+T) Tpip;x;-3(-3+T)Tpixi-4(-1+T) Tpip;x;+
2(-1+T) (1+5T) p;pix3-2(-1+T) (1+3T) p3x3+18T p;p;x; X; -
18 T2 p2x; X; -6 T2pip; X2 x;+6T (1+2T) p; p2 xF X; -
6T (1+T) p3xix;-6T2p; p2x; x5 +6 T2 plx; x3) / (127%);
Yilo s R.1 =90 (1/2-Xepr);

200 s R_1 i= -0? ppXp / 2;

L[X: 5 [5_1]1 :=T'2E[q[s, i, j] +eri[s, i, jl1 +e’ry[s, i, j] +0[e]’];
LIC, [¢_11 1= T2 E[-Xk (P - Pra1) + € ¥1[0, k] + €2 ¥2[0, k] +0[e]’];
LK ] := (27)FeatureslI ¢y £ /@ Features [K][2]1];

VS[K ] := Unionee Table[{pi, Xi}, {i, Features[K][1]}]

in[-]:= Features[Knot[3, 1]]

Out[e]=

Features[7, C4[-1] Xp,6[-1] Xs,1[-1] X7,3[-1]]
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1= L[Knot[3, 1]]

Out[«]=
1
128 7’ T2
. P3Xa (-1+T) psX; (=1+T) p2Xs
]E[eSer‘leS[—plxl+p2X1—p2X2+ + —P3X3+PaX3—PgXg+PsXy+—""""T -
T T T
Pe Xs (=1+T) paxy Ps X7 (-1+T) p2pe X3
PsXs + —— ~PeXe +P7Xe + ————————— ~-PrXg+———, 1l-prXag+PeXpgt ———————— -
T T 2T
(-1+T) pZx3 X (-1+T) p2x2  (-1+T) pypsx?
—_ tPaXg+P1Xs - PsXs - Py Xy Xs + Py Ps Xg X5 - + +
2T 2T 2T
. X (-1+T) p3x3  (-1+T) p3ps X
P2 Ps X2 X = Pg X2 Xe + P3 X7 — P7 X7 — P3 X3 X7 + P3 P7 X3 X7 — +
2T 2T
1 PeXa (-3+T)papeX5 (-3+T)pgx5 (-1+T) p3psx;
*7p2X2+ + - - +
2 2 4T 4T 3T
(-1+T) (1+5T) papex; (-1+T) (1+3T)pgx3 paXs P1Xs PsXs 3
- - + - —*p1X1X5+
6T 6T 2 2 2 2
3 1., 1, (-3+T)p2x2  (-3+T)pipsx2 (1+T)p3xyx2
— P1Ps X1 X5 + — P71 X1 X5 = — Py Ps5 Xg X5 — + - +
2 2 2 47 47 2T
(1+2T) p2psxgx2 1 s, (F14T) (1+3T)pixa  (-1+T) (1+5T) pjpsxz
= — P1Ps X1 X5 — + -
2T 2 6 T2 6T
(-1+T) p1pixi 3 3, 1, ., (1+2T) py p2 X3 xe
—+*P2P6X2X6**p6X2X6**p2P5X2X6+ -
3T 2 2 2 2T
(1+T)pixixe 1 , o, 1 . p3xs prxg 3, 3 s
—*7p2p6X2X5+7p6X2X5+7* **P3X3X7+*p3p7X3X7+*P3X3X7*
2T 2 2 2 2 2 2 2
1, (=3+T)p3x5  (=3+T)papsx5  (1+T)p3xaxs (1+2T) pipsxsXj
— P3 P7 X3 X7 - + - + -
2 4T 4T 2T 2T
1 , 5, (F14T) (1+3T)p3x3  (-1+T) (1+5T)pip;x5  (-1+T) psp?x;
— P3P7 X3 X7 - + - ]]
2 6T 6T 3T
in[-]:= vs[Knot[3, 1]]
Out[«]=

{P1s P25 P35> Pas Pss Pes P75 X1, X2, X3, Xa, X5, Xg, X7}

1= K = Knot[3, 1]; JL[K] d (vseK)

out[e]=
. T]E[ Series {0 (-1+T)2 (14T7) T2 (1-4T24T4) } }
i € -
7 (a-Ter2)? 2 (1-T+12)*
1-T+T?

nig= T2Z[T2 (1-4T24T%) ]

Out[«]=
—2+4z7%+ 7%
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in[-1:= K =Knot[5, 2]; JL[K] d (vseK)

KnotTheory: Loading precomputed data in PD4Knots'.

Out[«]=

(-1+T)% (5-4T+5T%) 1474117244 T3+76 T*-44 T5411 T5-4 77+ T8 ] }

i T]E[eSer‘ies {9
’ (2-374272)2 2 (2-3T4272)*

2-3T+2T?

mil- T2z[(1-4T+11T2-44T3 476 T4 - 44 T2+ 11T° - 4T + T%) / T7]

Out[«]=
4-2022+72%+42%4+28

in[-]:= K=Knot[8, 19]; IL[K] d (vseK)

Out[«]=

1 (-1+T)2 (1+T%) (3+4T2+37°)

T°E {eSeries [0, -

1-T+T-T°+T8 (1-T+T2)% (1-72,74)°

2024-05-22 11:00:09

-((T*(4-7T-2127%+62T°-100T*+95T° - 60 T° - 42T’ + 208 T° - 366 T° + 208 T'° - 42 T** -

60 T2+ 95T - 100 T + 62T - 1276 - 77+ 4T ) /(2 (1-T+T2)* (1-T2+74)%)) |]

n[-1:= K=Knot[3, 1]; Features[K]
out[e]=
Features[7, C4[-1] X3,6[-1] X5,1[-1] X7,3[-1]]

m[-1:= {L} = Cases[L[K], eSeries[Q _,

Out[]=

120, o]

paxa (-1+T) psX
{—p1X1+p2X1—p2X2+ T + T = P3 X3+ PaX3~-PgXg+

(=1+T) p2Xs Pe Xs (=1+T) paxs

PsXg+ ————————— - PsXs+ ——— - PeXe +P7Xe + ———————————— —P7 X7+

T T T

In[«]:= jE[L+ex4 p1+0[e]2] d (vs@K)

Out[«]=
128 i i/ T2 E[eSeries [0, T]]

1-T+T?

Infe]:= j]E[L+ex4 p2 +0[e]?] d (vsekK)

Out[]=
128 i 7’ T*E[eSeries [0, T]]

1-T+T2
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In[-]:= j]E[L+ex4 p5+0[e]2] d (vseK)

Out[e]=

2
1281 U/ T3 E [eSer‘ies [0, % } ]

1-T+T2

Infe]:= j]E[L+ex4 p7+0[e]2] d (vse@K)

out[e]=

2
128 i 7/ TP E [eSeries [0, fn ¢ } ]
1-T+T

1-T+T2

In-]:= jE[L+ex4 ps +0[e]?] d (vsek)

Out[]=

128 1 7/ T* E [eSeries [0, 0] ]
1-T+T?

Inf-]:= jE[L+ex1 py+0[e]?] d (vsekK)

Out[e]=
128 i i/ TP E[eSeries[0, 1] ]

1-T+T?

Info]:= j]E[L+ex1 p2 +0[e]?] d (vsekK)

out[e]=
128 i 7/ T*E [eSeries [0, 0] ]

1-T+T?

Invariance Under Reidemeister 3b

in[-]:= 1hs = J(E [7t: pi + 705 P5 + 7 Pkl £/@ (Xi,5[1] Xisa,k[1] Xj41,k42[1]))
dl{pi) pj) Pks Pi+1s pj+1) Pr+1s Xis Xjs Xks Xir1s Xj:+1s X1}

rhs = J(E[ni Pi + 715 P3 + e Pl £ /@ (X, [1] Xi k1 [1] Xi1,502 [11))

dl{pi: pj: Pks Pi+1s pj+1: Pr+1s Xis Xjs Xk Xis1s Xje1s Xk+1} 5

1lhs == rhs
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out[e]=
647T6T3/21E[€Ser‘ieS[T2 P2.i 7T = T Poug (=7ta + Tty = 715) + Poek (s = Tty + 715 = Tty + 7))
31, 3.2
-+ = TP Pa T (—7ta + Tt = 2713) = — T2 py, g7 (=7t + Tty - 2715) +
2 2 2
Tpag (T -715) —ETp;k (s +73) (=g + Ty -y + Torg - 2m) +
1, 1
ET P2+i Pavk 7t (=71 + Tty = 2715 + 2T 5 = 270¢) + Park (T - 75 + 2T 715 = 2 71k ) —ETqu‘ P2k
2 2 122 2 2 2
<7Ti—2T7Ti+T A2ty 4Tty + 2T ﬂiJTj+7Tj—T7Tj+27TiJTk—2T7riiTk+27Tj7Tk),
15, 1,
ZT p2+j7Ti (737Ti+5T7T171@7Tj) 7ZT P2+iP2+j7Ti (77Ti+3T7Ti767Tj) -
T 45,2 2 -
6T P3.i P2+j 75 (=7ty + Ty = 3715) - szz+j (T -7ty) +
1., 2 2 2 2 2 2
= T P2.i P35 7T <7Ti—5T7Ti+4T ﬂi+37riﬂj—12T7Ti7rj+37rj) -
7T4p3+j7ri (ﬂ§—4T7T§+3T27T§+37Ti7Tj—9T7T17Tj+37'(§>—
1.,
- T P2+i P24k 7Ti (77Ti+3T7Ti*67Tj+10T7Tj*107'(’k) -
4
1., 2
=T P2.i P2k 7T (—7Ti+T7Ti—37Tj+3T7Tj—37Tk) + — P2k (—T7Ti+7Tj—4T7Tj+47Tk) +
2
- 2 2 2 2 2
T P32k (—37Ti+5T7Ti—10Hi7Tj+14T7T17Tj—77rj+9TJTj—147TiJTk—187Tj7Tk)+
4
1 2 2 2 2 2 2 2
— T P2y Pa:k (ﬂi—6T7ri+5T 7+ 6ty 20Ty 15 + 14T 7T17Tj+57Tj—7T7Tj+107717Tk—
1. 2 2 2 _2
14T7T17Tk+147Tj7Tk> +ET P2:i P2+5 P2+k 7Ti <57Ti—10T7Ti+5T 7Ti+157TiJTj—
2 2 2 1,
27 Ty iy +12T 7T17Tj+127Tj—12T]Tj+127Ti]'l'k—12T7Ti7Tk+187Tj7Tk> _ET P25 P2k
(-3 +6Tm}-9T*m +4T 3 -3md iy + 18 T s 71y - 24 T2 nd iy + 9 T2 7§ 1y = 3my 15 + 15 Tomy 715 -
12T27T17T§—7T_.3]+T7T_.3j—37T%7Tk+12T7T§7Tk—9T27T§7Tk—67T17Tj7Tk+18T7Ti7Tj7Tk—37T§7Tk>+
1
7T2p2+ip§+kﬁi <7T§—5T7T§+4T271§+37T17Tj—15T7Ti7rj+12T27(i7Tj+37T§—
6
12T7T§+9T27T§+37T17Tk—12T7Tiﬂk+6ﬂj7rk—18T7Tj7rk+37TE)—
pr;k (714 + 715) (7‘(%—4T7T§+3T27T%+27T17Tj—8T7Ti7Tj+6T27Ti7Tj+7T§—
4T7T§+3T27r§+37rink—9T7T17rk+37Tj7Tk—9T7Tj7Tk+37Tﬁ)—
1
nghjp;k(—ﬂi+6T7T§—9T27Ti+4T37Ti—37T§7Tj+18T7T§7Tj—27T271§7Tj+12T37T§7Tj—37riﬂ§+
18Ty s - 24Ty 75 + 9Tty 71 = 73 + 5 T3 -4 T2 - 371 e + 15 T nf e - 12 7% 1 oy -
67Ti7rj7rk+BOTJTiJijrk—18T27riJTj7rk—37T§7Tk+12T7T§7Tk—37ri7rﬁ+BTHiHﬁ—Bﬂjﬂﬁ)H
Out[«]=

True
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Scattering by the crossings

1
Infe]:= {—2 JE[Ni pi +7tjpj+0[€el] £[Xi,5[2]1]1 d{Xi,s Xj5 Pis> Pj}s
4
1
— |ElmiPs+7m5p5+0[e]] L1Xs,3[-111 d{Xi, X3, Pis Pj}}
4
Out[e]=
E [eSer‘ies [ PLLZL 4 (’M)Tp” = 4 p1g ﬂj”

{VT Eleseries (Tpism + (1-T) prjm +prg sl ],

-~ )

Invariance Under Reidemeister 2b

j++ /‘ J++

Territory: (X | P)g)jy» Xijj-

R2b

Y

in[-1:= 1lhs = fE[ni Pi+75P5] £/@ (Xi,5[1] Xiva,5.1[-11) d{Xis Xj5 Pis> Pjs Xie1s Xj+1s Pis1s Pjs+1}

rhs = JE[ﬂi pi+75p5] £L/@ (Ci[0] Ci,1[0] C5[0] C4,1[0]) A {Xis Xj5 Pis Pjs Xis1s Xji1s Pis1s Pje1l}s

lhs == rhs
Out[e]=
16 7" E [eSeries [py,i /i + P2.j 7Ty, 0, 0] ]

Out[e]=
True

Invariance Under R2¢c

. '-’—*-
it )t
e
AN
S .
1
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in[-]:= lhs = J-]E["i pi + 75 P51 £/@ (Xi41,§[1] Xi,5.2[-11 C4,2[1])
A {Xis Xj5 Pis Pjs Xis1s Xju1s Pisls Pje1s Xju25 Pje2}
rhs = J.]E [7; pi + 75 pj] L /@ (Ci[0] Ci,1[0] Cj [0] cj+1[1] cj+2 [e]1)

d{Xis Xj5 Pis Pjs Xis1s Xju1s Pisr1s Pje1s Xju2s Pje2}s
1lhs == rhs

Out[«]=
. s . 1 1
-32170 T ]E[GSEF‘IES[p2+i7Ti+p3+j7Tj, —E—p3+jﬂj, £p3+j ﬁj]]

Out[«]=
True

Invariance Under R1l

Z'H

)

in-1:= 1hs = J.]E["i Pil £/@ (Xiu2,i[1] Ci,1[1]) A{Xis Pis Xis1s Pis1s Xis2s Pis2}

rhs = J-]E[ﬂi pi]l £L/@ (C;[0] Ci,1[0] Ci,2[0]) d{Xis Pis Xi+1s Pisls Xiv2s Pis2l}s

1lhs == rhs

Out[e]=
-8 1 E[eSeries[ps.i i, 0, 0] ]

Out[e]=
True

Invariance Under R1r

(

Rir
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inf-1:= 1hs = jE[ﬂi Pil £/@ (Xi,3+2[1] Ci,a[-11) A{Xis Pis Xis1s Pis1s Xis2s Pis2}

rhs = J-]E[ﬂi pi]l £L/@ (C;[0] Ci,1[0] Ci,2[0]) Ad{Xis Pis> Xi+1s Pisls Xiv2s Pis2l}s

lhs == rhs
out[e]=
-8 1 E[eSeries[ps.i i, 0, 0] ]

Out[«]=
True

Invariance Under Sw

__\
SwT N

in[-]:= 1hs = JE[ﬂi Pi + 75 Pj] £/@ (Xiu1,4+1[11 C3[-1] C5[-1] C4,2[1] C5,2[1])
A {Xis Xj5 Pis Pjs Xi+1s Xjs15 Pis1s Pjs1s Xis2s Pis2s Xj:25 Pjs2}
rhs = JE[ﬂi pi + 7 P51 £/@ (Xi,1,5.2[1] C1[0] C5[0] C1,,[0] C4.2[0])

d{Xis Xj5 Pis Pjs Xi+1s Xjs1s Pis1s Pje1s Xis2s Pis2s Xj:25 Pjs2l}s

lhs == rhs
Out[~]=
64 ° \/?E[eSer‘ies[T P3.i 7T + Pa.j (71y = Ty +715) ,
1 1 )
- + = TP3.i P3j 7t (-7t + Ty - 2715) *ETP3+J- 7 (=7t + Tty = 2715) + p3eg (Tt - 715),
ZTp§+j7Ti(_37Ti+5T7Ti_197Tj>_ZTp3+ip3+jT(i (—7Ti+3T7Ti—67Tj)—
2.2 2 1
— T°p3,4 P3.5 7§ (—JTi+T7Ti—37Tj) +£ P3.5 (=Trg +715) +
1
— Tps.i P37 (M5 -5Trd+ 4T mf + 3y my - 12 Ty 71y + 375) -
6
1
. (H%—4TH§+3T27T§+37T17T]-79T7T17Tj+37T§>H
Out[~]=
True
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