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Pensieve header: An false implementation of nilpotent integration (still using exp).

Initialization

in[-]:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/icbs24 to compute rotation numbers.

m[-]:= CCF[&_] := ExpandDenominator@ExpandNumerator@Together[&];
CCF[& ] := Factor[&];
CF[&_ E] :=CF /@ &;

CF[& List] :=CF /e &;

CF[sd_SeriesData] := MapAt[CF, sd, 3];

CF[&. ] := Module[{vs = Cases[&, (x|Pp) , o] U{x, p}, ps, c},
Total[CoefficientRules [Expand[£], vs] /. (ps_-c_) » CCF[c] (Timeseevs™)] |;

Integration

ml-1= E/:E[A_]*E[B_] :=E[A+B]

in[-]= Unprotect[Integrate];
jm_. E[L_]d(vs_List) := Module[{n, Q, G, V, s, t, k, a, b},

n = Lengthevs;

Q = -Table[ (Oysag,vsppy L) /. Thread[vs -» @], {a, n}, {b, n}];
G = Inverse[Q] / 2;

V=L+vs.Q.vs/2;

s=t=V; k=0;

While[e =1=t,

S +=

- (t = CF@Sum[G[[a: b]] ((avslla]],vsﬂb]]t) + (avs[[a]]t) (avsllb]]t)).v {aJ n}’ {b: n}])];
(++k) !

PowerExpand@Factor [« (Det[Q] (2 n)")'llz] E[CF@s /. Thread[vs - 0] ]

E

Protect [Integrate];
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Infe]:= j]E[iAxi/Z] d{x;}

Out[e]=

(-nY*E(0]

V27T \/X
Infe]:= jE[-iAxi/z] d{x;}

Out[]=
(-1)**E[0]

Var A

i b
Inf]:= le[E {X1, X2}. (Z c)-{X1: Xz}] d{x1, X2}

Out[e]=
E[0Q]

2+b%-acr

Inf-]:= ~[I*E[—)in/z] d{x.}

Out[e]=
E[0]

V2 A3

Inl- ]:= le[—X§/2+§X1] d{x1}

Out[-]=
E é
2

V2

)
[E—

1 b
o B[ o xay (§ 2] v e ¢ (0 &3 0, 2] @00, )

Out[]=
[ cg-2b& &radd ]
IE —_— e
2 (7b2+a c)

2+-b%+acnr

1 b
o 1= [E [~ oas ) (§ o) 00 )+ (6, €00 x| 0

Out[«]=
E[,M L a +M]
2a 2a a

Va V2r
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In[-]:= jIl d{x;}

Out[e]=
[ cg-2bé& &radd ]
]E 2
2 (—b +ac)

2+-b*+acn

1 b
e (B[t vad (§ 2] s vad ¢ s mad- s, 23 @03, v

Out[]=
[cnibem np+a n%]
IE 2
2 (-b’+ac)

2+-b%*+acr

1 b
- 1= [ o v (§ o) 0 vad + s mad v, vy )

Out[]=

E [ b>ys-acyj-2by,m+ni+2ay,m ]
2a

Va 2 r

In[«]:= jIl d{y,}

Out[«]=
[acnifZabm nz+a2U§]
IE 2
2a (-b*+ac)

2+-b%*+ac

Inf-]:= JIE[§X+ny+z (x-y) +x2]d1{x, z}

Out[]=
1TE[y (y+n+&)]

27

The p; Integrand

Adopted from pensieve://Projects/APAl/PerturbedGaussianintegration.nb.
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mir= qls_y i, 3_1 =% ((1-T%) pisa+ (T°-1) Pyaa) s
rifs_,1i_,3_] :=
s (-1+2pixi-2p;x;+ (T°-1) pip; X3+ (1-T°) p2xd - 2p; pj X X5+ 2p% x; X;) / 2;
Yile >, R.1 i= €@ (1/2-X:pe) ;5
pli[s_, i_, j_1:=T**E[-q[s, 1, j] +eri[s, i, j] +0[e]?];
Plify_, k] i= T2 E[-Xx (Pr - Pre1) +¥1[¥s k] +0[€]?];
pli[End, k_] := E[-X.pe+0[e]?];
pli[K ] := Module[{Cs, ¢, n, c, k, &},
{Cs, ©} =Rot[K]; n = Length[Cs];
&=pli[End, 2n+1];
Do[& %= plieec, {c, Cs}];
Do[& *= pli[e[k], k1, {k, 2n}];
CFe&e
13

plvs[K_] := Unionee Table[{xi, pi}, {i, 2Crossings[K] +1}]
in[-]:= p1li[Knot[3, 1]]

KnotTheory: Loading precomputed data in PD4Knots".

out[e]=

) (=1+T) (p3-Ps) X2 (=1+T) (p2-Ps) Xa
T]E[ - ((P1-P2) X1) - (P2 -P3) X2 - T - (P3 - Pa) X3+ - -
(=1+T) (pa-pP7) Xe
(Pa = Ps) Xa = (Ps — Ps) X5 + T - (Ps - P7) Xe = P7 X7| +
1 1 ) 1 s 1 )
(—£+p4x4+£ (1+2p1X4—2p4X4—2p1X1X4+2P1P4X1X4—(1—_}JD1X4—(—1+;)P1P4X4 +
1 1 2 1, 2
5 1-2py; X +2ps5 Xz - —1+; P2 Ps X5 - 1—j|_ P5 X5 + 2 P2 Ps Xa X5 — 2 p5 Xp X5 | +
1 2 2.2 1 2 2
5 1+2p3Xe-2pPeXe—2P3X3Xp+2P3Pe X3 X - 1—} p3 Xg - —1+_*r P3 Ps Xg €+0[€}}

in[-]:= plvs[Knot[3, 1]]

Out[«]=
{P1s P25 P35 Pas Pss Pes P75 X1, X25 X35 Xa, X5, Xg, X7}

Integration of e-Series

Using Picard Iteration!
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mn[-]1:=  Unprotect[Integrate];
Integrate::sing = "How dare you ask me to integrate a singular Gaussian!";

jw_. E[L_SeriesData] d (vs_List) := Module[{n, m, €, LO, Q, A, G, Z, e, A, a, b},

e =L[1]; m=L[5];
n = Length@vs; L0 = NormaleL /. € » 0;

Q= Table[ (-Oyspag,vspy LO) /. Thread[vs - 0] /. (p | X) -0, {a, n}, {b, n}];
If[ (A = CFeDet[Q]) == @, Message[Integrate::sing]; Return[]];
Z=L+vs.Q.vs/2; G=Inverse[Q];

While[

1 n n
e= Nor‘mal@CF[(aAZ) - - ZZ((avs[a]],vsllb]] Z) + (Oysgag Z) (Ouspuy Z2) +°[€]m)]3
a=1b=1

A
0=!=¢e, Z—=jed1)t
(]

s

PowerExpand@Factor [« (A (27)") /2] “E[CF[Z /. 2> 1 /. Thread[vs - @]]]

|

Protect [Integrate];

Inl-]:= jE[—xz/2+6x3/6+0[6]2°] d{x}

Out[]=
552 5&% 11855° 5656°  828256%  196755'2 12820315255 80727925 6% . 1683480621875 5%° +0[6] 20

E [ + = + + + + +
24 16 1152 128 3072 96 688128 4096 7077888

Va2

Inf-]:= jE[—¢2/2+e¢4/24+0[e]16] d{¢}

Out[]=
1 e €2 113 17¢€* 619¢® 709€® 858437¢7

]E{f+—+ + + + + +
N2

8 12 96 72 960 324 96768
54193 ¢c® 18639247¢c° 2197187 ¢'® 33152545703 ¢! 1169890097 2

+ + + + +
1296 82944 1620 3649536 17 496
41657327595361e%® 31722037141 6944870083473751 1
+ + +0[€]
77635584 6804 159252480

In[e]:= ~J.I‘E[px+<—:ap2x+0[e]5] d{p, x}

Out[e]=
2 2
i]E{ls% +405a4e4+0[e]5]

27T
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Inl-]:= j]E[px+eap2X+ebpx2+0[e]5] d{p, x}

Out[~]=
iE[Z (a+b)?e?+405 (a+b)*e+0[c)®]
- 27T
JE[px+p2X+0[€]5] d{p, x}
Out[~]=

m{%ez +4@564+0[e]5}

27T

Inl-]:= le[xl p1+ex;p;+0[e]?] d{xs, p1}

Out[e]=
iE[-5040€ +0[e]?]

27T

Inf-]:= j]E[Xl p2+exjp;+0[e]?] d{xs, p2}

out[e]=
iE[p]x;e+0[e]?]

27

In[]:= jIE:[xl P2 +3Xyp1+ep;x; +0[e]’] d{x1, Xz, P15 P2}

out[e]=
E[-120€+0[e]?]

12 2

In[e]:= jIE[X1 P2 + X2 P3 + X3 P1 + € X3 p§+0[e]2] d{X1, X2, X3, P15 P25 P3}

out[e]=
iE[-120€ +0[e]?]

8 i’
In[]:= Matr‘ixFor‘m@Table[
j]E [X1 P2 +XaP3+ X3Py + & Xy +75p5+0[€]] d{X1, X2, X3, P15 P25 P3},

{i, 3}, (3, 3}]

Out[+]//MatrixForm=

iE[0[e]?] 1E[-m £+0[e]?] iE[0[e]?]
- 83 - 803 B 83
iE[0[e]?] iE[0[e]?] 1E[-7m; £+0[€]]
- 83 - 83 - 83
1E[-m £+0[e]] iE[0[e]?] iE[0[e]?]
B 8 - 8 B 8
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in[-]:= K =Knot[5, 2];
jpli[K] d (plvsek)
Out[«]=

(-1+T)% (5-4T+5T%) €
(2-37+272)?

1'LT7]E[ +0[e}2}

2048 ! (2_3T+2T2)

mn[-]:= K=Knot[8, 19];
~[pli@Kdl(plvs@K)
out[e]=

(-1+T)2 (14T%) (344 T3437%) €
(1-T+T2)2 (1-T2.7%)2

iE|[- 0fe)?]

131072 7Y T° (1 ~T+T3-T° +T5)

Invariance Under Reidemeister 3b

)= lhsi = pli[1, i, §] ~p1li[1l, i+1, k] ~pli[1, j+1, k+1]
plif[e, j+1]

pli[@, j] < pli[@, k] < p1i[0, i+1]

lhs = flhsidl{xi+11 Xj+1: Xk+1s Pis1s pj+1) pk+1}

Out[e]=
1

N 8 7T3 T3/2

olif[@, k +17;

2024-06-06 03:36:16

iE“—PiXi+T2P2+iXi— (=1+T) Tpa,jgXi+ (1 =T) pouk Xi = P§j X5 + T P2yj X5+ (1 =T) pak X5 -

1

kak+P2+ka) + —£+pixi+T2p2+iXi—iji+ (=2+T) TpgXi -

1 2 1 2,2 1 3 2
(-1+T) TPz+kXi+£ (-1+T) PinXi+£ (1-T) Pin+£ (=1+T) T7 p2si Pe Xj -

(-1+T) T*pE x? -

NIRr NI R
N R

2 1 2 1 2 2
(-1+T) Tp2+kxixj+£ (=1+T) Tpaj p2+kxj—£ (-1+T) Tp2+kxj -
Pk Xk — P2k Xk — T2 Pavi Pk Xi Xk + TPp Xi X + (=1 +T) T pa.jPaok Xq Xg +
(-1+T) TPk pPak Xi Xc - (-1 +T) Tp3,, Xi Xk = T P2,j P2k X5 Xk+Tp§+ka Xk

inf-]:= rhsi = p1i[1, j, k] < p1i[1, i, k+1] < pli[1, i+1, j+1]
pli[0@, j+1]

pli[@, j] «p1i[@, k] ¥ pli[0, i +1]

rhs = thSid{xi+1J Xj+15 Xk+1s Pi+1s Pjs+1s Pk+1}3
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(-1+T)?T(1+T) paej P2k X -

N

olif[@, k +17;

(-1+T)? T’ pr o X5 +
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in[-]:= 1hs == rhs

Out[]=
True

Invariance Under Reidemeister 2b
i - 1hsi = pli[1, i, j] ~pli[-1, i+1, j+1] ~pli[@, i] ~ p1i[@, j] - p1li[@, i +1] ~ pli[@, j+1];
lhs = J-lhsj-dl{xi+1) Xj+1s Pi+1s Pj+1]’
Out[]=
1

; E[(—pi Xi + P2si Xi = Pj X5 + P2+j X§) +
JTU

e R 2.2, 1 R
plxl_pjxl_Tp2+JX1+2<_1+T) P1PJX1+2(1—T) Pin+2(1—T) P2+i P2+j X5 +

2 2 2 2 2
(=1+T) P25 X5 + P2+ Xj = Pi Pj Xi Xj + Pj Xi X5 + P2.i P2+j Xi X§ = P2, Xi X5| € + 0[€] ]

N R

1 2 1 2,2 1 2
Infe]:= CF[ PiXi-Pin-TPz+in+; (-1+T) PinXi+; (1-T) Pin+E (1 -T) P2.i P2sj Xi +

> (-1+T) P§+j X} + Paug Xj = Pi Pj Xi Xy + P§ Xi X§ + P2+i P2+j Xi X5 - Pi,,j X Xj) /e Pr_+2 > Pk]

Out[«]=
PiXi+ (=1-T) pjXi+PjXy

inf-]:- 1hsi = p1li[1, i, j] ~p1i[-1, i+1, j+1] ~p1i[@, i] ~ p1i[O, j] ~ p1i[O@, i +1] ~ p1li[O, j +1];

lhs = J‘]E["i pi + 75 P31 1hsid{Xi, X4, Pis Pjs> Xis1s Xj+15 Pis1s Pje1l}

Out[-]=
]E[ (P2+i 73 + P2+§ 7T§) +0[€]2]
16
in[-1:= lhs =
f]E[ni pi+ 75 ps+ L1, i, J1+ L[-1, i+1, J+1] +0[e]®] d{Xis X5, Pis Pis Xis1s Xju1s Pis1s Pier}
Out[-]=

E | (P21 7 + P2,y 71y) +0[e]?]

16 7*

in[-1:= rhs = J-]E[ﬂi pi + 7 pj+L[0, i1 + £[0, i+1] + L[0, j] + L[O, j+1] +O[e]2]

d{Xis Xj5 Pis Pjs Xis1s Xj415 Pis1s Pjs1l}
Out[e]=
E | (P21 7 + P2,y 71y) +0[e]?]

16 7*
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in[-]:= 1hs == rhs

Out[]=
True

Invariance Under R2¢

in[-1:= lhs = J-]E[ﬂ'i pi+7mipj+L[-1, i, j+11+L[1, i+1, j] +¥v1[-1, j+1] +0[G]2]

d{Xis Xj5 Pis Pjs Xis1s Xj415 Pis1s Pjs1l}
Out[«]=
€ 2
E [ (Pawi i + Pasj 713) + 5 +0l€] ]

16 7%

in[-]:= rhs = J]E[ﬂi pi + 75 py+ L[O, i] + £[0, i+1] + L[O, ] + £[-1, j+1] +0[e]2]

A {Xis Xj5 Pis Pjs Xis1s Xju1s Pis1s Pjs1}
Out[«]=
E [ (Pavi i + P2.j 715) +§ +0[e]?]

16 n*

in[-]:= 1hs == rhs
out[e]=
True

Invariance Under R1l

in[-]:= lhs = JE [7ri pi+L[1, 1+2, i] +L£[1, i+1] +0[€]2] d{Xi, Xis1s Xii2s Pis> Pis1s Pis2}

e 0 0 1 -1 (4]
e 0o (<] 0 1 -1
o 0 0 0 -1+T7 1
1 o (4] (] (4 0
-1 1 -1+T © 0 0
0 -1 1 (4 0 (]

Out[«]=
1 E[ps.imy+0[e]?]

83T
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In[-]:= rhs = J.]E [7ri p; + £[0, 1] + £[0, 1 +1] + L£[0, i+2] "‘0[6]2] A {Xis Xi+1s Xis2s Pis Pis1s Pis2}

6 0 01 -1 o
e 0 060 1 -1
e 0 006 0 1
1 © 060 0 0
-1 1 060 0 0
6 -110 0 o

Out[e]=
i E[ps.im +0[e]?]

8 °

in[-1:= 1hs == rhs
Out[e]=

1UE[Pz,+17Ti+0[€]2] JUE[P3+17T1+0[€]2}

83T 8 ri°
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