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Pensieve header: A first implementation of nilpotent integration.

Initialization

in[-]:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/icbs24 to compute rotation numbers.

mm[-]:= CCF[&_] := ExpandDenominator@ExpandNumerator@Together[£];
CCF[& ] := Factor[&];
CF[& List] :=CF /e &;
CF[sd_SeriesData] := MapAt[CF, sd, 3];
CF[&. ] := Module[{vs = Cases[&, (x|p) , o] U{x, p}, ps, c},
Total[CoefficientRules [Expand[£], vs] /. (ps_-c_) » CCF[c] (Timeseevs™)] |;

Integration

im[-1:= Unprotect[Integrate];
.[w_. E[L_]d(vs_List) := Module[{n, Q, G, V, s, t, k, a, b},

Lengthevs;

-Table[ (Ovsgap,vsmpp L) /. Thread[vs » @], {a, n}, {b, n}];
Inverse[Q] / 2;

L+vs.Q.vs / 2;

t=V; k=0;

While[e =!l=t,

nw < 6 ©O© S
1]

S +=

- (t = CF@Sum[G[[a, b]] ((avslla]],vsﬂb]]t) + (avs[[a]]t) (avsllb]]t)),‘ {aJ n}: {b: n}])].;
(++k) !

PowerExpand@Factor [« (Det[Q] (2 n)")'llz] E[CF@s /. Thread[vs - 0] ]

E

Protect[Integrate];

Infe]:= J]E[:uxi/z] d{x;}

Out[«]=
(-1 E[0]

V2 A3
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Inl-]:= ﬁE[-fmxi/z] d {x}

Out[e]=

(-1)**E[0]

V2 Ax

In[«]:= IIE[—J: {X1, X2}. (z :) . {X1, xz}] d{x1, X3}

Out[«]=
E[0]

24b%*-ac

Inf-]:= j]E[—)in/z] d{X;}

out[e]=
E[Q]

V2 A3

In[]:= JE[-xi/2+§x1] d {X1}

Out[«]=
2
]E[i
2

Van

[—

1 b
il - ﬁE[_E O xad (o ) s xad + (60, €} 00, 30} ] 00, %)

Out[e]=
[ cEl-2b& E4a 8 ]
IE —_— 2= 2f e
2 (—b2+a c)

2+4-b%>+ac

1 b
i-j- T2 = ﬁE[—; 0 ad (o ) s dad + {60, €2} 00, 3} | d0x0)

Out[]=

E[_M+§+M]
2a 2a a

Va N2n

In[«]:= jIl dl{Xz}

Out[«]=
[ cg-2bé& radd ]
]E 2
2 (-b?+ac)

2+-b%*+acr
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1 b
- 1 le[—; s vad (¢ )Y ¥ad + 00, mad- v, va} ] @03, V)

Out[«]=
2 2
cni-2bngmp+an; ]

E [ 2 (-b?+ac)

2+-b%>+ac

1 b
mier= 11 = ﬁE[—; s Vado (¢ ) a0 Yab + 000, M} (92, v2} | ddya)

Out[«]=

E [ b’yj-acyj-2by, m+ni+2ay,m ]
2a

Va V2r

In[«]:= JIl d{y,}

out[e]=
[acn%—Zabnlnﬁazn%]
E 2
2a (-b*+ac)

2+-b%>+acr

In[«]:= j]E[§x+r7y+z (X-y) +x2]d1{x, z}

Out[«]=
TE[y (y+n+&)]

27

The p; Integrand

Adopted from pensieve://Projects/APAl/PerturbedGaussianintegration.nb.

1= qIs_, 1_, J_1 :=X; (Pi “T piaa+ (TS -1) Pj+1) + X5 (Pj - Pj«1) 5
rifs_,1i_,3_1] :=
s (-1+2pix;-2p;x;+ (-1+T°) pipyxi+ (1-T°) p2 xZ - 2p; pjxi X5 +2p2 x: X5) / 25
LIs_,1_,J_1:=-q[s, i, j] +ers[s, i, jl;
Yilo > k.1 =€ ¢ (1/2-X:Pr) ;5
LIy 5 R_] = =Xp (Pr = Prs1) +¥1[2,5 R1;
pli[K_] :=Module[{Cs, ¢, n, s, i, j, k, vs, L},
{Cs, ©} =Rot[K]; n = Length[Cs];
L = =Xzn41 P2ns13
Cases[Cs, {S , 1 , 7 }» (L+=L[s, 1, J1)1;
L += e Sum[y1 [¢[kl, k], {k, 2n}];
CFe (L+0[e]?)
]

plvs[K_] := Unionee Table[{xi, pi}, {i, 2Crossings[K] +1}]
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in[-]:= p1li[Knot[3, 1]]

Out[]=

paxa (=1+T) pg Xz
—P1 X1+ Pz Xy —p2Xy+ + = P3 X3+ Pg X3+
T T
(-1+T) p2xs Ps X4 (-1+T) paXe P7 Xe
——————— —PaXg+ -~ Ps X5 + Pg Xs + ———————— — Pg Xg + -p7X7| +
T T T
(-1+T) papsx; (-1+T) pix; )
1-pyXa+psXp+ - + P1 X4 = P71 X1 Xg + P1 Pa X1 Xg -
2T 2T
(-1+T)pix; (-1+T)pipax] 2
+ + P2 Ps X2 X5 = P5 X3 X5 + P3 X — P X6 —
2T 2T
1+T) p2x2 1+7T 2
5 (-=1+T) p3xg (-1+T) p3PsXs 2
P3 X3 X6 + P3 P X3 Xg — + e +0[e]
2T 2T

in[-]:= plvs[Knot[3, 1]]

Out[e]=
{pl.v P25 P35 Pas Pss Pes P75 X1, X2, X3, Xg, X5, Xg, X7}

Integration of e-Series

im[-1:= Unprotect [Integrate];
.[w_. E[L_SeriesData] d (vs_List) := Module[{n, Le, Q, A, G, V, s, t, k, a, b},

n = Length@vs; L0 = NormaleL /. € » 0;
Q= —Table[(avsua]],‘,s[[b]] L) /. Thread[vs - @] /. (p|Xx) -0, {a, n}, {b, n}];
If[ (2 = CF@Det[Q]) == O,
Return["How dare you ask me to integrate a singular Gaussian!"]];
Echo@MatrixFormeQ;
G = Inverse[Q] / 2;
V=L+vs.Q.vs/2;
s=t=V; k=60;
While[e =!= Normalet,

S +=

- (t = CF@Sum[G[[a, b]] ((avsﬂa]],vsﬂb]]t) + (avs[[a]]t) (avsﬂb]]t))x {a, n}, {b: n}])];
(++k) !

PowerExpand@Factor [« (A (2 n)")'llz] E[CF@s /. Thread[vs » 0] ]

[E

Protect [Integrate];

Inl-]:= ﬁE[xl p1+ex;p;+0[e]?] d{xs, p1}

Out[e]=

iE[-5040¢€ +0[c]?]

27T
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Inf-]:= j]E[xl p2+exjp; +0[e]?] d{xs, p2}

Out[e]=
iE[p]x;e+0[e]?]

27

In[]:= jE[X1 p2+3X;p1+€D; xi+0[e]2] d{X1, X2, P1, P2}

Out[e]=
E[-120€+0[e]?]

12 2

Infe]:= jE[X1 P2 + Xz P3 + X3 P1 + € X; P§+0[€]2] d{X1, X2, X35 P1s P2, P3}

Out[e]=
iE[-120€ +0[e]?]

8 i3
In[]:= Matr‘ixFor‘m@Table[
jIE [X1 P2 + X2 P3 + X3 P1 + &i Xi + 715 P51 d{X1, X2, X3, P15 P25 P3}»

{i, 3}, {3, 3}]

Out[s]//MatrixForm=

iE[0] LE[-7 1] iE[0]

N 83 N 83 N 83
iE([0] iE[0] iE[-713 &)

B 8 N 8 - 8

iE[-7m &) iE[0] iE[0]

N 83 N 83 N 813
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mn[-]:= K =Knot[5, 2];
{plieK, plvseK}

ﬁE [pli@K] d (plvse@K)

Out[«]=
p3X2 (-1+T) pgXa (=1+T) p2Xq
{*Pllerszl*szz+ + “P3X3+PgXs+t————————— - PaXg+
T T T
Ps X4 p7Xs (-1+T) p1eXe (=1+T) paxsg
= Ps X5 + Pe X5 — Pe Xe + + —P7X7+Ps Xyt ——————————— -
T T T
Ps Xsg (-1+T) pe X1e P11 X1e
Pg Xg + —P9X9+P19X9+f—l91ex1e+ = P11 X11| +
(-1+T) papr X3 (-1+T)p7x; 2 (-1+T) pix
2 -py Xy +P7 Xy + - +P1Xg-P1 X1 Xg+P1PaXaXg - —————————
2T 2T 2T
(-1+T) p1paxs (-1+T)pepoXxg (-1+T)p5xs X
~ P6 Xg + P9 X + - + P2 P7 X2 X7 = P7 X3 X7 +
2T 2T 2T
" (-1+T)p3xg (-1+T) pspsxg
P3 Xg — Pg Xg — P3 X3 Xg + P3 Pg X3 Xg — + — P9 X9 + P P9 Xg X9 —
2T 2T
5 5 (-1+T)pixdy (-1+T) pspiexio "
Pg X6 X9 + Ps X1 — P5 X5 X109 + Ps P1g X5 X109 — + +0[e]”,
2T 2T
{pl.v P25 P3s Pas Pss Pes P75 Pss Pos P1es P11s X1, X2, X3, Xz, X5, Xe, X7, Xg, X9, X190, Xll}}
Out[«]=

(-1+T)% (5-4T+5T%) €
(2-37+272)2

1'1T4]E[ +0[eﬂ

2048 1t (2—3T+2T2)
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in[-]:= K=Knot[8, 19];
{plieK, plvseK}

ﬁE [pli@K] d (plvse@K)

Out[«]=
{(—P1X1+TP2X1+ (1-T) ps Xy -P2aXa+P3Xa-P3Xs+TpgXs+ (1-T) pg X3 -

PaXa+PsXq—PsXs+PsXs—PeXe+ TP7Xe+ (L-T) praXe+ (1-T) p3 X7 - p7 X7 +
T pg X7 — Pg Xg + P9 Xg — Po Xg + P1o Xo — P1o X10 + T P11 X190 + (1 = T) P16 X10 — P11 Xa1 +
P12 X11 + (1= T) Pe X12 - P12 X12 + T P13 X12 — P13 X13 + P1a X13 + (1 - T) P1e X4 -
P1a X14 + T P15 X14 = P15 X15 + P16 X15 + (1 = T) P12 X16 — P16 X16 + T P17 X16 = P17 X17) +
1 , 1 2.2 1 2
(—4+P1X1—P4X1+£ (=1+T) P1P4X1+£ (1-T) P4X1+P3X3—P8X3+£ (=1+T) p3ps X3+

1
(1-T) P§X§+P4X4*P1P4X1X4+PiX1X4+PsXs*P13Xs+£ (-1+T) ps P13 Xg +

2 2 2 1 2.0 1 2
(1—T)p13xs—p2x7+p7x7+p2x2x7—p2p7x2X7+£(l—T) p2X7+£(*1+T) P2 P7 X7 -

NIRr NP

1 1
P3 Pg X3 Xg + P X3 Xg + P16 X10 — P15 X10+£ (=1+T) pie P1s Xie‘*’; (1-T) pls Xip -

2 1 2.2 1 2
P5X12+P5X5X12—P5P12X5X12+E (1-T) p5x12+£ (=1+T) ps P12 X35 -

1
2 2 2,2
P6 P13 X6 X13 + P13 X X13 — P9 X14 + P14 X14 + Pg X9 X14 — Pg P14 X9 X14+£ (1-T) pg Xi4 +

2 2 2
(=1+T) po P14 X34 — P16 P15 X1e X15 + P15 X186 X15 — P11 X16 + P16 X16 + P11 X11 X16 —

N

1 2 2 1L 2 2
p11p16X11X16+£ (1-T) p11x16+£ (=1+T) p11pP1s X| € +0[€]",

{P1s P25 P35 Pas Pss Pes P75 Pss Pos Pies P115 P12 P13 P14y P1ss Piss P17
X1, X2, X3, X4, X5, Xg, X7, Xg, Xog,
X105 X115 X125 X135, X14, X15, X16), X17}}

Out[e]=

(-1+T)2 (1+T%) (344 T3+37°) €

iE|-
(1-T+T2)2 (1-72.7%)2

+O[e]2]

131072777 T (1-T+ T2 - T° + T8

Invariance Under Reidemeister 3b

in[-]:= 1hs = JE[ﬂipi+nj Pj+mc P+ L[1,1i, J1+L[1, i+1, k] +L[1,j+1, k+1] +0[e]2]

d{xi, Xj5 Xks Pis pj) Pis Xi+1s Xj+1s Xk+1s Pi+1s pj+1) Pks1}

Out[e]=

1 3e
E[(szzdﬂi*prj (=7ty + Tty = 715) + Pask (Hi*Tﬂi+7Tj*T7Tj+7Tk>> -— +0[€]2]

64 n° 2
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in[-]:= rhs = J-]E[ﬂi Pi+ 7 Pj+ P+ L[1, J, k1 + £[1, i, k+1] + £[1,i+1, j+1] +0[e]2]

dl{xi: Xj5 Xy Pis pj: Pks Xis1s X415 Xk+1s Pis1s pj+1: pk+1}
Out[«]=

]E[(sz2+i7Ti—Tp2+j (=7ty + Tty = 715) + Pask (7Ti—T7Ti+7Tj—T7Tj+7Tk)> —76 +0[€]2]

64 n®

in[-]-= 1hs == rhs

Out[]=
True
Invariance Under Reidemeister 3b - version 2
in[-]:= 1hs =

JE [L[l.v i, 31+ L£[1,i+1, k] +L[1, j+1, k+1] +0[€]2] d{Xis1» Xj415 Xk+1s Pi+1s Pj+1s Pke1}

0 0010 -1+T

0 0 001 0

0 0 0 0 0 1

1 © 0 0 0 0

0 100 0 0
-1+T 0610 0 0

Out[e]=

1

83

J'l]E“—PiXi+T2I92+iXi— (=1+T) Tpa,jgXi+ (1 =T) pauk Xi = P§j X§ + T P2sj X5+ (1= T) Pask X§ = Pk Xk +

1 1 1
Paik Xk) + (—5+piX1—Pin+£ (=3+T) TPkXi+£ (~1+T) pspj i +

(1-T) p3xd - s Pj Xg X5+ P3 X1 X5 - Pic Xic + T Pp X3 Xi

€+0[6]2]

N R
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in[-]:= rhs =

f}E[L[l, 3o k1 +L[1, i, k+1] +£[1, i+1, j+1] +0[€]®] A{X1:15 X5u1s Xis1s Pisis Pjes Piar}

900100
9000160
9 00001
1 0000 0
9100 090
90160090
Out[]=
1
8 i
JUE“*PiXiJrTZquXi*(*1+T)TP2+in+(1*T) P2ik Xi = P§ X5 + T P2.g X5+ (1 -T) Park X5 = Pk Xk +
3 1 )
Pz+ka)+(—5+£ (=1+T) pi Pavk Xi + Pj X§ — Pk X5 +
1 2 1 2.2 2 2
S FLETI P PG - (- T) PEXS - Py PicX; X+ PEX; X | € +OL€] }
in[-]:= 1hs == rhs
Out[e]=
True

Invariance Under R2c

in[-]:= 1lhs = jE[ni pi+7ypj+ L[-1, 1, J+1]1+ L[1, i+1, ] +¥1[-1, J+1] +0[e]2]

d{Xis Xj5 Pis Pjs Xis1s Xj415 Pis1s Pjs1l}
Out[e]=

E [ (P2.i 7Ti + P2sj 713) +§ +0[e]?]

16 7%

inl-1:= rhs = J]E[ﬂi pi + 7 pj+ L[0, i1 + L£[0, i+1] + £[O, j] +L[-1, J+1] +0[e]2]

d{Xis Xj5 Pis Pjs Xi+1s Xjs1s Pi+1s Pjs1l
Out[e]=

]E[ (P2+i 711 + P2+j 7T§) +§ +0[612}

16 7*

in[-]:= 1hs == rhs

Out[«]=
True

https://drorbn.net/AcademicPensieve/Projects/HigherRank/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: Archive: NilpotentIntegration-240508-2.nb 2024-06-06 03:36:12

Invariance Under R1l

in[-]:= 1hs = jE[ﬂi pi+L[1, i+2,i]+£[1, i+1] +0[€]?] d{Xis Xis15 Xis2s Pis Pis1s Pis2}

0 0 (4] 1 -1 0
0 0 (4] 0 1 -1
0 0 (<] 0 -1+T7 1
1 o (4] 0 0 0
-1 1 -1+T @ 0 (4]
o -1 1 0 0 0

Out[«]=
1E[ps.im +0[e]?]

83T

1= rhs = ﬁE[m Pi+L[0, i] +£[0, i+1] + L[0, 1 +2] +0[e]®] d{Xis X115 Xis2s Pis Pisis Pis2}

e 0 01 -1 o
e 0 060 1 -1
e 0 00 0 1
1 06 006 0 o
-1 1 00 0 0
0 -110 0 o

Out[]=
1E[ps,imi+0[e]?]

8 i

in[-1:= 1hs == rhs
Out[«]=
1 E[ps,:mi+0[e]?] 1E[ps;7m+0[e]?]

83T i 8 ri°
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