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Pensieve header: Proof of invariance of $\rho_2$ using integration techniques.

Initialization

in[-]:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];
<< FormalGaussianIntegration.m;

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/icbs24 to compute rotation numbers.

-] T2z[p_] :=Module[{q = Expand[p], n, c},
If[q===0, @, c = Coefficient[q, T, n = Exponent[q, T]1];
cz?"+T2z[q-c (TY2-T2)?"]]];

The p, Integrand
Adopted from pensieve://Talks//Oaxaca-2210/Rho.nb.
Variable convention:

Ci f/\f/’v—ycz 2 ~C /i\)

Q{ MM"\D\\Z ;J —
Vi vy Vit Vies

I 0

-+ | Y
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In[«]:= S = {X_; P,X, E_};

als_, i_, J_1 :=x; (p: _Bi+1) + X (pj—gj+1) +X; ((1—TS) P+ (T°-1) Ej+1);
rifs , 1,31 :=
s(-1+2pix;-2p;x;+ (T°-1) PipjX;+ (1-71°) p?x%—Zpipjxixj+2p§-xixj)/2;
rafl, i_, j_1 := (-6piX;+6p;X; -3 (-1+3T) pip;x:+3 (-1+3T) pixi+4 (-1+T) pip;x; -
2(-1+T) (5+T) pipix3+2 (-1+T) (3+T) p}x; +18p; p; X; X; - 18 p% x; X; -
6p;p;XiX;+6 (2+T) p; pixix;-6 (1+T) p3x; X;-6p; p3X; X5 +6p3x; x3) /125
rp[-1,1 , 7 ] :=
(-6T*pix; +6T2p;xX; +3 (=3+T) Tpip;x;-3 (-3+T) Tpixi-4(-1+T) Tpip;x;+
2(-1+T) (1+5T) p;pix3-2(-1+T) (1+3T) p3x3+18T p; pj X; X; -
18 T2p2 X X; -6 T2 pip; xix;+6T (1+2T) p; p3 X} x; -
6T (1+T) p3xix; -6T2p; p2x; x5 +6Tpix; x3) / (127%);
w(l/z-lkgk);
Y2lo , k.1 :=-0p, X, /2;
LIs_,i_, 3 1 :=T"2E[-q[s, i, j] +eri[s, i, jl +e*ra[s, i, j] +0[e]*];
Ly s k1 :=T2E[-x, (p, - Pr) +€¥1[0, k] +€* v2[0, k] +0[e]’];
LDot, i_] :=E[-x (pi—gid) +O[e]3];
L[End, k_1 :=E[-X, (P, - Pr) - Xc Pr +0[€]’];
LI[K_] :=Module[{Cs, o, n, c, k, &},
{Cs, ©} =Rot[K]; n = Length[Cs];
&= (27)*™2 £[End, 2n +1];
Do[& = L@@c, {c, C5}];
Do[& *= L[okT, k1, {k, 2n}];
CFes
5

vs;_ := Sequence[x,, P> Xi, pi]

Yile , R_1:

p2vs[K ] := Unionee Table[{vs;}, {i, 2Crossings[K] +1}]
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in[-]:= L[Knot[3, 1]]
KnotTheory: Loading precomputed data in PD4Knots".
out[e]=

1
— 16384 1t
T2
Xa (_Ez +TEz +Es>
.

T

E{eser‘ies[*mX1*P2X2*p3X3*P4X4*p5X5*P6X6*p7X7+X122+X3E4+

7
+ T +P1Xy - P, Xg +P2 Xy -

P, Xy +P3X3 - P X3+ PaXy—P, X+ PsXs— P X5+ Ps Xg — P X+ P7 X7~ P X7,

(-14T) papsx;  (-1+T) pix; 2
1-paXy+PpsXy+ - +P1Xq — PaXg - P71 X1 Xg+
2T 2T

(-1+T)pix; (-1+T)pipaxy 5
P1 Pa X1 X4 - + + P2 Ps X2 X5 — P5 X2 X5 + P3 Xg —
2T 2T
, (-1+T) p3x¢  (-1+T) p3pexZ
Pes X6 — P3 X3 Xg + P3 P X3 X6 — + + Py Xq,
2T 2T
1 PsXa (-3+T)papsxs (-3+T)pix3 (-1+T) p3psx;
—*p2X2+ + - — +
2 2 4T 4T 3T
(<1+T) (1+5T) pap2x3  (-1+T) (1+3T)p3x3 piXa PaXa 3
- + - -~ P1X1Xq+
6 T? 6 T? 2 2 2

3 1,, 1., (-3+T)pix; (-3+T) p1paxg
EP1P4X1X4+£p1X1X4—£F’1P4X1X4‘ + -

X2 (Py - P+ TPg) X6 (-p,+Tp,+P,)
XSEG+ T

4T 4T

(L+T)pixyx2 (L+2T)pipaxyxi 1 , 5, (F14T) (1+3T7) pix;
+ - — P1Pg X1 Xy - +
2T 2T 2 6 T?

(-1+T) (L+5T) pipaxs (-1+T)pipix; 3 2
- + = P2 Ps X2 X5 — — Pg Xz X5 —
6 T2 3T 2 2

1, o, (1+2T)papixgxs (1+Typexsxs 1, 1 .
~ P2 Ps X3 Xs + - 7 P2Ps5 X2 X5 + — P5 X3 X5 +
2T 2T 2 2

PsXe PsXs 3 3 1., 1, (-3+T) p3x2
- ~ 7 P3X3Xg+ — P3PsX3Xet+ — P3X3Xe ~ — P3Pe Xz Xe -+
2 2 2 2 2 2 4T
(-3+T) pspe Xt (1+T)pixsxt (1+2T)pipsxaxi 1 ,
- + -~ P3Pg X3 Xg -
4T 2T 2T 2

(-1+T) (1+3T)p3xz (-1+T) (1+5T)pipsxz (-1+T)pspixz 1 H

- - - =P, X,
6 T2 6 T2 3T -

N

In[-]:= p2vs [Knot[3, 1]]
Out[«]=
{pl: P25 P35 Pas Pss Pes P75 X1, X2, X3, Xz, X5,

Xs.- X7, Bl’ BZ’ 23) 24) BSJ 26’ 27) 51) 521 531 l4.v ls: ls: 57}
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1= K = Knot[3, 1]; JL[K] d (p2vseK)

Out[e]=
. (-1+T)% (14T%) T2 (1-4T24T4)
TIE[eSer‘les[O, =, - n ] }
(1-T+7%) 2 (1-T+T2)
1-T+T?

nig= T2z[T2 (1-4T124T%) ]
Out[e]=

—2+4z7%+ 7%

;i - Factore (2-4 22432 +42%4 zs)

Out[«]=
2-47%24+372%+42°%+ 28

imi-1- K = Knot[5, 2]; jL[K] d (p2vseK)

out[e]=

. (-1+T)% (5-4T+5T2) 1 4T+11T2-44T3+76 T*-44 T+ 11 T-4 T7+T8
TE [eSer‘les [0, ( - ) s : - = - ] ]
(2-3T+271%) 2 (2-37+27?)

2-3T+2T?

mig= T2z[(1-4T+11T2-44T2 476 T*-44T° +11T° -4 T 4+ T%) /T

Out[«]=
4-202°+72%+42%+ 78

in[-]:= K =Knot[8, 19]; J-L[K] d (p2vs@K)

out[e]=

1 (-1+T)% (1+T%) (3+4T>+3T7°)

T%E{eSer‘ies{@, -
1-T+T-T°+ T8 (1-T+72)2 (1-T24 742
-((T*(4-7T-127%+627°-100T*+95T° - 60 T° - 42T’ + 208 T° - 306 T° + 208 T'° - 42 T** -

60 T2+ 95T - 100 T + 62T - 1276 - 77+ 4T) ) /(2 (1-T+T2)* (1-T2+74)%)) |]

Concatenating edges

inf-1:= 1hs = SRBJ(IE [z gi] L[¢l, i] « L[Dot, i] « L[¢2, i+1]) d{vssi, X;,4, Bm}

rhs = (ZNJ‘]E [5121] Lol + @2, i] dl{ii) Bl}) /+ Pi = Pis1s

1lhs == rhs

Out[e]=

ol 2
-1T2"2 E[eseries{phi sy (<D1+<02)2P1+iliH

N R

(=01 -02) - (01 + @2) p1,i Ty,

N R

Out[e]=
True
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Invariance Under Reidemeister 3b

inf-1:= 1hs = j(lE[ni pi + 75 pj + e il £L[1, i, 31~ £[1, i+1, k] « £[1, j+1, k+1]
L[0, i+1] « L[0, j+1] « L[0, k+1]) d{Xis Xj5 Xks Pis Pjs Pks> VSi+1s VSjs1s VSki1}
rhs = f(lE[ni i+ 7t pj+ Pkl < £[1, 3, k1« £[1, i, k+1] «£[1, i+1, j+1] ~£[0, i+1]
L[0, J+1] <« L[0, k+1]) d{Xi, Xj5 Xk Pis> Pjs Pks> VSi+1s VSjs1s VSks1}s

1lhs == rhs

Out[e]=

1

512 7°

. 3/2 . 2 . T2 ) ) B ) ) B )
1T E [eSer‘les [T TPyt Tty Bz+j T 714 BZ+j + T 71y Ez+j +TE P, Ty Py 7P, T 7t Py ™

P.

1
2 3.2
Tk EZ+k’ E (_ 3+27 e EZ*J. -2T Hj EZ+j =T T4 BZ+i 2+3 * T ﬂl p2+1 p2+j -

273 T T P +T3’7T?p2 .—T47T2p2 .+2T37Ti7TjE§+j+2T7TiEZ+k—27TjBZ+k+

T2+1

p2+j
2

AT75Py =47 Py~ T ﬂp21p +T Hlp i Pa 72T2ﬂinj£z+132+k+

3 2 _2 3. 2
2T ﬁiﬂjg+.22+k—2T 73 T P, .Bz+k—T7TiRZ+jRZ+k+2T 73 P, .p2+k7T i P, ijkf
2T T JTJ p p2+k +4 T T 7TJ p p2+k 2 T3 T 7TJ B2+j B2+k 7T p2+J p2+k +T 7T§ p2+j E2+k -

ZTHiNkBZ+jEZ+k+2T Tt Tk P.

2_2 .2
2+3 E2+k -2 Tﬂ] Tk B j E2+k * Tﬁi B2+k -T 7T E2+k *

2T7ri7TjE;k—2T27T17rjE§+k+T7T§E§+ -T2 7T p +2T7Ti7TkB§+k+2T7Tj7TkB§+k ,

1
2 3_2 4 2
1—2 -6T HiBZ+j+6T7Tj22+j+3T JTiEbiEbj—QT ﬂiBZ+ip+'+18T 75T P,y s Pyt
27° 13 p2 p2+J—2T6 3P, pzﬂ+6T57T%7TjE§+iEZ+j—9T37T§B§+,+15T4 2p
3 4 2 5_3 2 6 3 2 2
30 T iy 71y p _+2T 7Ti P,.i Rz+j—10T TP, Ez+j+8T T3P, BZ+J-+6T 7r e p2+1 pzq’
5 4 2 2 4 3 3 5_3 .3 6
24T 7'(' 7yp,, p2+j+6T ”i”szuEzq—ZT 7Ti22+j+8T 7T132+j—6T ”iﬂzﬂ‘
6T47Ti7ij ,+18T 7T?7Tj22+j—6T47TiJT§B3 .—6Tﬂip +67Tj22+k—24T7TjEZ+k+
24mep, +3Tn5p, . p, -9Tnip, P, +18 T mimp, . p2+k 30T37T17Tj22+122+k+
30 T2 i 7 p, 22+k+2T e —2T57rip21p2+k+6T Rl P T
6 T° 13 5 p2, p2+k+6T47T§7TkB§+iE +3Trip,, P 18T nip,, Pt

15 T3 yri EZ+j Pyt 18 Tty 715 p.

2+.Ez+k—60T 7Ti7TjEZ+jp +42T3 73 7T P

+
243 I92+k

2 2 2
15Tnj22+j32+k721T 75 Py 5 Pak +30Trmmep, . P, —42T T TPy 5 Py

_2]

42T 715 7 p, ~22+k+19T37T$p p,.P,,-20T"5p, . p,.p,, +10T°ip, . p, .p

+
—2+3 +j =2 —2+1 =2+j =2+k

30T7T7ij 54T7T7TJp P,.iP,. +24T7T7T]p

+
2+1 p2+j E2+k 2+1 T2+3 2+ p2+j E2+k

247y 7T PyiPys Poy ™ 2474y 7TJ' PyiPy Pyt 24 T2 7 e PriPys Py ™

24T 7§ 7 PyiPy Py 36 T2 71y 715 7 PyiPyyPyy*2 T Ez+j P12 L E;j Py ®
18T E§+j P8 T EZ+j Py t© T 7if s E;j P, 36 T2 s E;j Po*

48 T4 113 115 E;j p,., - 18T nirmy B§+j P, +6T mngps Py 30 T3y 7} R§+j P, *
24Ty 75 B§+j P, +2 % 3 B§+j P, -2 T 73 E§+j p,, +6 T2 72 i p2+J P, -
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24 T3 7Tg Ttk p2 'BZ+k+18 T JT% Tl p;j 22+k+12 T2 T3 7Ty Tk p;j p, -36T? T3 70§ 7Tk pzﬂ Pyt
6T 5 mepy Py, ~ 9T /i Py + 15T ripy  ~30Tmymypy  +42 T mymrypy  ~21T 75 py | +
27 7% 75 p2. —42T7Ti7Tkp2 —54T7Tj7Tkp;+k+2T27Tgp pM-laT3 TP, P

8T47T P,. p2+k+6T 7( T3P, p2+k—3@T37TgJij p +24T JT 5P, p§+k+
6T mnip, ps 24T mndp, p2 +18Tmnip, p2 +6T rimp, p2 -

24 T3 7T. Tk P, p +12T 7T17Tj TP, p2+k 36 T3 T3 75 Tk P, p2 +6T ﬂiﬂﬁpz+ip§+k+
2Trip,, p —12T27r P, p +18T7r p,, p 8T rip, p +6T7r§7TjEZ+jR§+k,
36 T2 7T~7ij .p 54T n.njp .p —24T 5P, ,p +6T7T1 75p, Jp;k—

2

36 T2 7T17T P,. p +48T 7T1JT p,. Py Py

p2+k 18 T* T4 Jp p +2T7T p

10T23p N +8T3ﬂp p 6T mp,, 730T7r7rkp

p2+k jPoct

24T37T TP, p +12T7T1 7§ T P, p2+k—60T T3 Ty Tk Ez+j 22+k+36 T Ty 704 ﬂkpzﬂ. p;+k+

2 2 2 2 2
6T7T Tk P, p —24T 7T TP, p +6T7TiﬂkEZ+jEZ+k_6T 75 TPy 5 Po
2 3 3.3 3 2 3 2 2 3
6T7Tj7rk22+jpz+k—2T7Tipz+k+8T ﬂipz+k—6T ﬁipz+k—6T7Ti7rjpz+k+24T 7575 P
18T ringpl -6Tmripl +24T mngpl -18T mnjpl -2Txipl +

8 T2 3 —6T3 3

2 3 2 2 3 3
iP5 PPy 6 T rf i P 18 T° 75 i Py~ 12T 7y USTATY

36 Ty mcpl, -6 T mepl  +18 T2 mepl -6 Tmimepl -6 Ty mepl | ]

Out[e]=
True

Invariance Under Reidemeister 2b

s

Territory: (x | p)i > Xijj-

Y

o ths = (B Drps Pyl < £13, 5, 31 < LI-1, 41, 3+ 2] < L[0, 1+1] < £[9, F+11)

d{Xis Xj5 Pis> Pjs VSi+1s VSj.1}
Out[e]=

E [eSer‘ies [ﬂi Pys TG Py 0, 0] ]

64 7®
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In[e]:= r‘hs:J-(]E[nipi+7rj pJ] L[0, i+1] «L[O, j+1]) L£[Dot, i]
L[Dot, j] « L[Dot, i+1] » £[Dot, j+1] d{x;, Xjs Pis Pjs VSis1s V5j+1}
lhs == rhs
Out[e]=

E [eSer‘ies [JTi P, 7 Bz+j’ 0, 0] ]

64 7°

Out[]=
True

Invariance Under R2c

. .—+_'_
it )t
ot o
£, Y,
S .
7

Inf]:= 1hs=j(E[ﬂipi+njpj] L[-1,1i,F+1] ~£[1,i+1, §] ~£[@, i+1] ~L[1, j+1])

d{Xis Xj5 Pis> Pjs VSi+1s VSj.1}

Out[«]=

. 1 1
NT E[eSer‘les[ni Pyi 7Py 50 5 -1-274 Pyy)s 371 Rz+jH

64 7°

in[-1:= rhs = J-(lE[ﬂi pi + 715 p;] » £[Dot, i] » L[Dot, j] x L[Dot, i+1]

L[Dot, j+1] « L[@, i +1] x L[1, j+1]) d{Xi, Xj5 Pis Pjs> VSii1s VSj.1};
lhs == rhs

Out[]=
True

Invariance Under R1l

Z‘-H—

1
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inf-1:= 1hs = SFBJ(E["i p;l »£[1, i+1, i] « £[1, 1 +1]) d{Xi, Pis VSi.1}

rhs = (ZNJ-(IE [ri pi] » £[Dot, i]) d{x;, pl}) /. Ei+1 _)Ei+2‘;
lhs == rhs

out[e]=
-1 E[eSeries|m P, ;s @ o]

Out[e]=
True

Invariance Under R1r

(

Rir

in[-]:= 1hs = 8NBJ(E[Fi pi]l ©L[1, i, 1+1] «L[-1, 1 +1]) d{Xi, Pi, VSis}

rhs = (ZFJ(E[ﬂi pil « £L[Dot, i]) d{x;, Pi}) /.p, . =P

i+l —i+2;
1lhs == rhs

Out[~]=
-i E[eSeries [ P, s 0, o]

Out[]=
True

Invariance Under Sw

N

Swt )

CF/e{L[1, j1, £I[1, i, J1}
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inl-1:- 1hs=f(£[zigi+zjgj] L11, i, 31 < £[-1, i1 % £[1, i +1] % £[-1, 3] « £[1, §+1])
d]{VSiJ VS, Ei+1" Bj+1’ X;.19 lj...]_}
rhs = j(E[EiEi+£jRj] LI1, i, 31 < £[8, i] « £[@, i+1] « Z[@, 3] ~ [0, J+1])

dl{VSiJ Vsj: Ei+1" Bj+1" X;,109 £j+1}3
lhs == rhs

Out[«]=

1 .
— \/? E {eser‘les {T P1+i T + P15 <Ei -Trm+ lj) >
64 t°

1 1
*; +— Tp1.i P1:+5 7 (*EiJrTEi*ZEj) *ETpijEi <*li+Tli*2lj) + P1+j (Tliflj%v

1
—Tplym (-3m+5Tm - 10 y) " TP Py (-my +3Tm -615) -

1
_ -I-2 piri P1:j Ef (—Ei+TEi—3Ej> +£ P1+j <—Tﬂi+ﬂj) +

1

— Tprapl gy (m5-5Tn+4T2nf +3m g -12 Ty iy + 3715 -

1
ngi+jli (g§—4Tg§+3T21§+31i1j—9T515j+3£§)H

out[e]=
True
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