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Pensieve header: Proof of invariance of $\rho_1$ using integration techniques.

Initialization

in[-]:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << Rot.m];
<< NilpotentIntegration.m;
$7 = Normal[# +0[e]?] &;

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/icbs24 to compute rotation numbers.

The p; Integrand

Adopted from pensieve://Projects/APAl/PerturbedGaussianintegration.nb.

mil= qls_y iy 3.1 1= % ((1-T°) Piaa+ (T°-1) pjaa) s
rifs_,1_,7_1] :=
s (-1+2pixi-2p;x;+ (T°-1) pip;xi+ (1-T°) p2xZ - 2p; psx: X5 +2p3x; X;) / 25
Yilo >, k.1 t=€ 9 (1/2-X:Pr) ;5
plifs_, i_, j_1 :=T2E[-q[s, i, j1 +eri[s, i, jI1;
PLli[g_ , k1 := T2 E[-X; (Pr - Pre1) + 110, k115
Pli[End, R_] := E[-X Pr];
pli[K ] := Module[{Cs, ¢, n, c, k, &},
{Cs, ¢} =Rot[K]; n = Length[Cs];
&=pli[End, 2n+1];
Do[& %= plieec, {c, Cs}];
Do[& *= pli[e[k], k1, {k, 2n}];
CFes
15
plvs[K ] := Unionee Table[{x;i, pi}, {i, 2Crossings[K] +1}]
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in[-]:= p1li[Knot[3, 1]]

KnotTheory: Loading precomputed data in PD4Knots".
out[e]=
1

*Z]E €-P1X1+P2X1-P2Xa-€EP2Xy+
T

P3 X2 (=1+T) ps Xz
+EPs Xp+ —— +

T

(-1+T)epapsxs (-1+T) epixj

(=1+T) p2Xq
~P3X3+PgX3+€EPIXg+ ——— -

T

Ps X4 R (-1+T)epixs (-1+T)epipax;
Pa Xq + - €P] X1 Xg + € P1PaXqyXg - +

2T 2T
(-1+T) paXe
—— ~PeXe—€PsXp+

2T 2T

2
Ps X5 + Pg X5 + € P2 P5s Xa X5 — € P5 X3 X5 + € P3 Xg + T

P7 Xe ) (-1+T) ep3xg
— € P3 X3 Xg + € P3 Pe X3 X — +

2T 2T

(-1+T) €ps Ps X

- P7 X7

in[-]:= plvs[Knot[3, 1]]
Out[-]=

{P1s P25 P35 Pas Pss Pes P75 X1, X25 X3, Xa, X5, Xg5 X7}

mnf-1:= K =Knot[5, 2]; pli[K]
Out[]=

1

P3 X2 (-1+T)pgxa  (-1+T) epapr X3
;]E 2€—p1X1+p2X1—p2X2—€p2X2+ T + € p7 Xo + + -

T 2T
(=1+T) p2Xa Ps X4
*p3X3+P4X3+€P1X4+%*P4X4+

(-1+T) e p3x3

2
,T — € P1 X1 Xg4 + € Py Pa Xy Xy -

(-1+T)ep?xi (-1+T) €pypax’

+

P7 Xe
= Ps5 X5 + Pe X5 — P Xg — € Pg X +
2T 2T

+ € Pg Xg +

(-1+T) proXe (-1+T)epgpaxs (-1+T)epdxs
+

*P7X7+P8X7+€P2P7X2X7*€P$X2X7+
T 2T 2T

(-1+T) paxs Ps Xs R (-1+T) epixg
€P3X8+f—P8X8—€PsX8+ T ~EP3X3Xg+EP3PgXz3Xg -~ —————_————— +

2T

(-1+T) €p3ps X3

(=1+T) pe X10
2
— P9 Xg — € Pg Xg + P1g Xg + € Pg Pg X Xg — € Pg Xg Xg + € P5 X939 + —————————
2T T
P11 X1e ) (-1+T) epixip (-1+T) €pspieXio
Pie X10 + ——— — € P5 X5 X19 + € P5 P1e X5 X109 — + = P11 X11
T 2T 2T

m[-1-= K =Knot[5, 2]; jpli[K] d (plvseKk)

Out[]=

i T]E[ (-14T)? (5-4T+57T%) e }

(2-37+272)?

2048 't (2-3T+2T2)
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in[-]1:= K =Knot[8, 19]; jpli[K] d (plvse@K)

Out[e]=

(-1+T)2 (14T%) (344 T3+3T%) € }

iTE [7 2 5
(1-T+7%)% (1-T2+T%)

131072 %7 (1 i I S +T5)

Concatenating edges
in[-]:= lhs = f(E[ﬂi Pil »p1i[el, i] « p1i[@2, i +1]) d{Xi, Pis Xis1s Pis1}

rhs = f(E[ﬂi Pil ©p1li[@l + 92, i]) d{xi, pi}

Out[e]=
vl @2

T2 "2 E[J € (-01-02) + Py - € (91 +02) pyus 7]

4 2

Out[«]=
01 02

iT2"2 E[S € (-01-02) +p1,i7m-€ (01 +02) pr.g ]

27T
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In[«]:=

out[e]=

Out[«]=

Invariance Under Reidemeister 3b

lhs = J‘(]E[ﬂ'i Pi + 715 P§ + 7 px] ©pli[1, i, j] ©p2i[1, i+1, k] ~p1li[1, j+1, k+1]

oli[@, i] « pli[@, j] < p1i[0@, k] ©p1i[O@, 1+ 1] < pli[@, j+1] «~pli[0, k+1])

d{Xis Xj5 Xks Pis Pjs Pks> Xit1s Xj+1s Xksls Pis1s Pye1s Pks1l

rhs = J(E[ﬂi Pi + 715 P§ + 7 px] ©p1li[1, j, k] ©p2i[1, i, k+1] ~pli[1, i+1, j+1]

pli[@, i] « p1i[@, j] ©p1i[0@, k] < p1i[@, i+1] < pli[@, j+1] ©~pli[@, k+1])

d{Xis Xj5 Xks Pis Pjs Pks Xi+1s Xj+1s Xksls Pis1s Pye1s Prs1l}s

1lhs == rhs

1

64 7°

3e
Pl -

2

1
+ T paus i+ = T2 € Pous Paug 7y (—71 + Ty - 2713) _£T3€p§+jﬂi (=7 + Ty - 275) +

Tepag (Trg—75) =Tpayg (=7 + Ty - 71y) 75 T€p§+k (g +715) (=g + Ty =7y + Ty = 271) +

1

- T2€p2+ip2+k7Ti (*7T1+T7T172]Tj+2T7ij27Tk) +
2

1

€ Pa.k (Try—75+2T 75 = 27) + Pauk (714 = Ty + 715 = T oy + k) —ET€p2+j P2k

(H%—ZTH§+TZH§+27T17TJ-—4T7Ti7Tj+2T27T17Tj+7T§—T7T§+27T17Tk—2T7Ti7Tk+27rj7T|<>]

True

Invariance Under Reidemeister 2b

i++ / J++

R2b

Territory: (x | p)gj» Xi|j-
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in[-]:= 1lhs =

f(E[rripimjpj] pli[l, i, j] «pli[-1, i+1, j+1] «pli[@, i] ~ p1i[@, j] ~ p1i[0, i+1]

P1i[0@, Jj+11) d{Xi, X5, Pis Pjs> Xis1s Xjs1s Pis1s Pje}

rhs = [ (B0m ps 7y ps] < p1L10, 11 < p1L0, 31 1410, 11] < pLi[0, I +1])

d{Xis Xj5 Pis Pjs Xi+1s Xj+1s Pis1s Pje1l}s

lhs == rhs
Out[e]=
E[p2.i 7T + P24+ 715 ]
16
Out[e]=
True
Invariance Under Reidemeister 2b (no source terms)
Territory: (X | P)g)jy» Xijj-
in[-1:= lhs =
f(pliu, i, 31 < pli[-1, i+1, j+1] «pli[@, i] «pli[@, j] «p1i[0, i+1]  pli[@, j+1])
d]{xi+1) Xj+1.’ Pi+1s pj+1}
Out[«]=
1 1 ,
— E[*Pixi+€PiXi+Pz+iX1*€Pin*TGPz+in+* (-1+T) epipjXj+
4 72 2
1 1 1

E (1-T) ep§x§+£ (1-T) ep2+ip2+jx§+£ (-1+T) ep§+jx§—pjxj+

2 2
P2.j Xj + € P2+j Xj = € Pi Pj Xi X5 + € Pj X1 Xj + € P2.i P2+5 Xi Xj = € P35 Xi X3

ml-]:= CF[lhs /. {pi > (1+€) Pis2-€ (1+T) Pji2, Pj > (1+€) Pji2}] /. €~ >0

Out[«]=
E[0]

4 12

in[-]:= rhs = f(pli[a, i] «p1i[@, j] xp1i[O@, 1 +1] »xpli[0@, j+1]) dA{Xii1s Xji1s Pis1s P}

Out[e]=
E[-Pi Xi +P2:i Xi = Pj X5 + P2+j X5]

472
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in[-]:= CF[rhs /. {pi = Pis2s Pj = Pjs2}]

Out[«]=
E[Q]

4 52

i 1= Coefficient[ (4 n®1hs)[1], €, @] == Coefficient[ (4 n* rhs)[1], €, @]
Out[]=
True

i 1= diff = CF[Coefficient[ (4 n® 1hs)[1], €, 0] +
e (Coefficient[ (4 n* 1hs) [1], e, 1] - Coefficient[ (4 n” rhs) [1], €, 1])]

Out[«]=

1
*PiXi+€PiXi+P2+iXi*€Pin*T€P2+in+£ (-1+T) €pspjxi+

1 1 1

E (1-T) ep§x§+£ (1-T) ep2+ip2+jx§+£ (-1+T) ep§+jx§—pjxj+

2 2
P2:j Xj + € P2+j Xj = € Pi Pj Xi Xj + € Pj Xi Xj + € P2.i P2+ Xi Xj = € P35 Xi X5

Infe]:= j]E[diff“'"i Pi + 75 P51 d{Xis Xj,5 Pis P§}

Out[«]=
E [p2+i Ty + p2+j JTJ]

4 7%

Invariance Under R2c

F+
. 1
]-l—
R
* Yy,
S- .

1

in[-1:= 1lhs =

J-(E[ﬂi Pi + 75 Pj] »p1i[-1, i, J+1] «pli[1, i+1, J] ~pli[0@, i] < pli[@, J] < pli[0, 1+1]

Pli[1, j+1]) d{x;, Xjs Pis Pjs Xis1s Xj+15 Pis1s Pye1l
Out[«]=

\/?]E[—g +P24i 7T+ P24j 7T — € P2yj 7Tj]

16 n*
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inl-]= rhs = J-(IEI[n'i pi + 75 p5] ~ pli[@, i] ~ pli[@, j] ~ pli[@, i+1] «pli[l, j+1])

d{Xis Xj5 Pis Pjs Xis1s Xju1s Pis1s Pje1}s
1lhs == rhs

Out[e]=
True

Invariance Under R1l

i—i—i—

?

inf-]:= 1hs = J(E [7ips] ©p1i[1, i+1, i] xp1i[@, i] xpLli[1, i +1]) d{Xi, Pis Xi1s Pis«1}

Out[«]=
E[p2.i 7]

4 2

inf-]:= rhs = J(E[ﬂi pil ©p1i[@, i] « p1i[@, 1 +1]) A{Xi, Pis Xis1s Pis1}s

1lhs == rhs

Out[«]=
True

Invariance Under R1r

Rlr

in[-]:= 1hs = J(E [7; pi] xp1i[1, i, i+1] «xpli[@, 1] ¥ pli[-1, i +1]) d{Xi, Pis» Xi+1s Pis1}

out[e]=
E[p2.i 7]

4 2

inf-]:= rhs = J(E[ﬂi pil ©p1i[@, i] « p1i[@, 1 +1]) A{Xi, Pis Xis1s Pis1}s

1lhs == rhs

out[e]=
True
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Invariance Under Sw

in[-]:= CF /@ {pli[1, j], p1i[1, i, j1}
Out[e]=
€
{’\/?]E{E—ijj—Eijj+p1+ij N
€ 1 2
«/?E{—Tepixiw—lm PrsXs—€pyXys (1-T) PryXi+ — (~1+T) €Ppspyi+

(1-T) €P§X§*€P1ijixj+€P§X1Xj”

N

in[-]:= 1hs = J-(lE [7t5 Pi + 705 P§ + € i1 Pis + € T4pq Pis1 + Sivt Xisa + E441 X442] ¥ P1i[1, i, J] ©p1i[-1, i]

pli[1l, i+1] xpli[-1, j] xp1i[1, j+1]) d{x;, Xjs Pis Pjs» Xis1s Xj+15 Pis1s Pje1l

Out[]=

1 1
—_— \EE{TP2+17T1+* TepoiPagmi (=g + T —27m5) -
16 7* 2

—Tepsjm (- + T -275) +Parg (= Tog +713) + Ty Eqps + 713 Enag -

1
Trg 10 +715 €145 + E € P2.i (2 T - TS 1.4 + T 2 €109 - 2T 1y 714 §1+j> +

1
£€P2+j (2T - 27m5+ 27,5 - Torf €y + T2 €00y — 2Tty 713 E10g + 2T 71§ 1y -

1
27} E1. + 4T 1y 714 §1+j> +£€ (‘1+27T1+i 101+ 2Ty 145 - 2715 €149 + 27145 €145 —

T €1t E1eg + T2 €10t E10y - 2T a7ty €1y E1ag + TG £33 -T2 s €55 +2 Ty 715 £3.5) ]

in[-]:= rhs = j(E [703 Pi + 705 Pj + € i1 Pis1 + € a1 Pjet + Sivt Xiwa + §541 X542] ¥ p1i[1, i, j] x pli[0, i]

pli[@, i+ 1] xpli[@, j] xpli[0, j+1]) d{x;, Xjs Pis Pjs Xis1s Xju1s Pis1s Pje1}s
lhs == rhs

Out[]=
True
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