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Pensieve header: Mathematica notebook for the 2-variable perturbed Alexander invariant.

SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << ../APAI/Rot.m];

TS =TS;

(@ *)* :=a *™"; (+ this is for cosmetic reasons only )

6i ,5 :=If[i=73,1,0];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/APAI to compute rotation numbers.
Lower Rank 2 Gassner: (Modified from Rank2Gassner.nb)

in[-]:= LR2G;_,; [&.] := Expand[& /. {e; »Te;+ (1-T) e;j, fi=»SFf; + (1-5) f;,
gi=»TSg;+ (1-TS) g;
+S(T-1)e;jfi+(S-1)Te;f;+ (S+T-25T) e;f;}1;
LR2G; ,; [&£ ] :=Expand[& /. {e;» The;+ (1-T") ej, fi oS F+ (1-57) 5,
gim» T s g+ (1-T7s?) g
=S (1-T ) ey Fi -T T (1-5TY) e fy e (ST o251 e 5}
bas =
{e1, ey, e3, 1, fy, f3, €11, e1f, €13, e3F1, e Fy, €3, e3f1, esfy, e3fs, 81, 825 83)5
(bas // LR2Gy,, // LR2G,,,) == bas
(bas // LR2Gs ; // LR2Gs,,) == bas
(lhs = bas // LR2Gy,, // LR2Gy,3 // LR2Gy,3) == (bas // LR2G,,3 // LR2Gy,3 // LR2Gy,,)

Out[e]=

True
out[e]=

True
Out[«]=

True
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in[-]:= Ry[S_, 1_, j_]1 :=TBD; (+ a sign (\'s)—dependent quadratic polynomial in gi.s, G205, 9305
and y.s,, where deg y.s=2 and o,B,ye{i,j}, with coefficients in z[T*},s*1]|. «)
CF[&_ ] := Factor@Together[£];

ALK ] := Module[{Cs, ¢, n, A, s, i, j, k, A, G, gEval, Y, yEval, c, A1},
{Cs, 0} =Rot[K]; n = Length[Cs];
A = IdentityMatrix[2n+1];

Cases[Cs, {s_, i, J_} = (A[I{i, GYs {i+1, J+1}] += ('QTS Ts_;l))];
A = T(-Total[e]-Total [CSTALLAID) /2 pat (A7 5
G = Inverse[A];
gEval[&s ] :=CF[& /. a " »a+1/.
{81,a ,5 »Glla, A1, 82,0 ,s » (Glla, B1 /. T>S), 8,4,z » (Gla, B1 /. T->TS)}];
Yla_, B, ».]1 :=Sum[{s, i, j} = c;
83,01 (57 (T7-1) 81,5, 82,10, + (S°=1) T"8a,1v,5 82,50, + (S +T° -2T5%) g,5, 4 82,5, ) »
{c, Cs}];

yEval[s 1 :=CF[&E /e Ya 5,y »YIa, A5 ¥11;
2n

2= )" Ri@@CsIKD - »° " KD (8a,k,k + B2,k + 83,k,k) 5
{Ay, A(A/.T>S) (A/.T-TS) A1} // yEval // gEval

E

Step-by-step Run-Through

in[-]:= CF[&_ ] := Factor@Together[&];

in[-]:= K= {
PD[X[4, 2, 5, 1], X[2, 6, 3, 5], X[6, 4, 7, 3]],
Knot[6, 2]
3011
out[e]=
PD[X[4, 2, 5, 1], X[2, 6, 3, 5], X[6, 4, 7, 3]]

in[-]1:= {Cs, @} = Rot [K]
Out[e]=

{{{1, 1, 4}, {1, 5,2}, {1, 3, 6}}, {0,0,0, -1,0, 0}}

In[+]:= N
A

Length[Cs];
IdentityMatrix[2n+1];

CaseS[Cs, {s_s 15 J_}» (AL{1, J}, {1+1, J+1}] += (_;s TS—:I.].))];
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in[-1:= A // MatrixForm

Out[-]//MatrixForm=

In[«]:=
Out[«]=
1-T+T?

T
in[-]:= G = Inverse[A];

G // MatrixForm

Out[~]//MatrixForm=

1 -T 0 0

0 1 -1 (<]
0 0o 1 -T
0 0o 0 1
0 0 -1+T 0
0 © ] (]
0 0o <] <]

-1+T © 0
%] %] %]
0 0 -1+T
-1 0 0
1 -T 0
0 1 -1
%] %] 1

A= T(-Total[w]—Total[Csl[All,l]]] )/2 Det [A]

T-T2+73 1 T-T2+73 1 T-T2+73
1-T+T? 1-T+T? 1-T+T?

9 1 1 T T T2
1-T+T2  1-T+T?  1-T+T?  1-T+T?

) ) 1 T T T2
1-T+T?2  1-T+T2  1-T+T?  1-T+T?

9 9 1-T 1 1 T
1-T+T?2  1-T+T?2  1-T+T?  1-T+T?

) ) 1-T T-T? 1 T
1-T+T2  1-T+T?2  1-T+T?  1-T+T?

7] 7] 0 7] 0 1

0 0 0 0 0 0

in[-]:= gEval[& ] :=CF[& /e a > a+l/.
{81, ,5 »Gla, A1, 82,0 ,s + (Glla, B1 /. T>S), 8,4,z = (Gla, B1 /. T->TS)}];

in[-]-= Clear[Y]

Yla_, B, »v.1:=Y[a, B, ] = Sum[{s, i, 3} =¢;

[y
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83,01 (S° (T°-1) 81,5, 82,5, 5 + (S°-1) T° 81,5, 82,5, » + (S +T°-27TS%) 81,5, 5 82,5, +) 5

{c, Cs}];

Column[MatrixForm /@ Table[Y[a, B, ¥1, {a, 3}, {B, 3}, {¥> 3}1]

out[e]=

n nunnu un nvun n v n

https://drorbn.net/AcademicPensieve/Projects/HigherRank/Archive/#MathematicaNotebooks

81,4',182,17,1 +
81,4,282,17,1 +
81,4,382,17,1 +
81,4',182,17,1 +

81,47,3 82,17,1 +
81,47,1 82,1 ,1 +
81,47,2 82,17,1 +
81,47,3 82,17,1 +

1+S
1+S

1+S
1+S

1+S
1+S
1+S
1+S

S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST

T81,17,182,4,1+
T81,14,282,4,1+
T81,1+,382,4,1 +
Tg1,1°,182,4,1+

( ) (- )
( ) (- )
( ) (- )
( ) (- )
(=1+T) 81,4,282,15,1+ (-1+5) T81,1,282,47,1+
( ) (- )
( ) (- )
( ) (- )
( ) (- )

83,1,1 +
83,1,1 +
83,1,1 +
83,2,1+

81,4',1 82,47,1 (S ( )
(S ( )
(S ( )
(S ( )

83,2,1+ (S (-1+T) g
(S ( )
(S ( )
(S ( )
(S ( )

81,4%,2 82,47,1
81,4%,3 82,47,1
81,4%,1 82,4,1
81,47,2 82,4 1
Tg81,1,382,4,1+
Tg81,1,182,4,1+
T81,1,282,4,1+
T81,1+,382,4,1+

83,2,1 +
83,3,1 +

83,3,1 +

81,47,3 82,4",1
81,47,1 82,4',1
81,47,2 82,4",1

81,47,3 82,47,1) 83,3,1 +



Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: Archive: APAI2-240425.nb 2024-06-06 03:36:05

in[-]:= Column[MatrixForm /@ Table[Y[a, B, ¥] // gEval, {a, 3}, {B, 3}, {¥, 3}11]

Out[]=

7] (%} 7]
) o _(-1+5)°7
1-5+52
0 - S (-1+T)?  -S+82-T+25T-25°T+T?-25T%+25° T?
1-T+T2 (1-545%) (1-T+T?)
(%) 0
0 0 0
ST (-S-T+2ST)
06 (1-5+5%) (1-T+T?) (1-ST+S*T?)
0 0 0
0 0 0
2 0 ST (-S-T+2ST)

T (1-5+57) (1-T+T?) (1-ST+S2T?)

in[-]:= YEVAl[& ] :=CF[&E /v Yo 5,y »YIa, B, ¥1]

The g-Rules

ml-1- gRules; ; - i={
81,i,0 P 81,5+ T 80,5+ (1-T°) 81,50,05 B1,5,5 67,5 + 81,5,
gl,a_,i » T (gl,a,i* - éa,i‘) £ gl,a_,j > gl,a,j* - (1 - Ts) gl,a,i - 5a,j‘)
82,1, 61, s +S 82,15+ (1-57) 82,5, 45 82,5, 65,5 + 82,5,
82,0 ,i 9 S (82,0,i* = 8ayi*) s B2, ,5  B2,0,5" = (1 - 55) 82,a,i = 04,
83,i,5 61,5+ TS 83,i°,5+ (1-TS°) €3,5+,5 83,7,5 > 85,5 + 83,5,
83,0 ,i ™ TS (83,4,i" = 64,i*) s 83,0 ,7 > 83,0,5" - (1 - TSS) 83,a4,i = 04,5

}

In[«]:= (gS = Table[{gl,a,ﬁ) gZ,a,BJ g3,a,[3}_v {aJ 2n+ 1}; {B: 2n +1}])[[1 35 2) 1 35 2: 1 35 2]]
Out[«]=
{{{81,1,15 82,1,1}> {81,1,25 82,1,2} 1} {{81,2,15 82,2,1}» {81,2,25 82,2,2}}}

in[-]:= Cs

Out[e]=
{{1, 1, 4}, {1, 5, 2}, {1, 3, 6}}

mi-1- (gS /. gRUleSsequencesecspag) [1 55 25 155 2, 155 2]
Out[«]=
{{ {(1+T81,2,1+ (1-T) 81,4,1, 1 +S8z,10,1+ (1-5) 82,47,1},

{T81,17,2+ (1-T) 81,4,2, S82,17,2+ (1-S) 82,47,2} }»
_I-F[z == 1+: 1, 0] +81,2,1° _I'F[z == 1+: 1, @] +82,2,1°

{{ » < }, {81,2,25 82,2,2}}}

T
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imi-]- gEval[gs - (gs /. FlatteneTable [gRuleSsequenceeacs (€5 CS}])]

Out[-]=

{{{e, 0,0}, {0,0,0}, {0,0,0}, {0,0, 0}, {0, 0, 0},
{{0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0}, {0,0,0},
{{0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0}, {0,0,0},
{{9, 0, 0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0},
{{9, 0, 0}, {0, 0, 0}, {0,0,0}, {0,0,0}, {0,0,0},
{{9, 0, 0}, {0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0},
{{9, 0,0}, {0, 0,0}, {0,0,0}, {0,0,0}, {0,0,0},

The y-Rules

-

mi-1- yRules, ; ; :={

Yi,o,n P TS Vie, s, + (1-TS%) Vi, 0,, +

{0,
{0,
{0,
{0,
{0,
{e,
{e,

e},
9},
9},
0},
0},
0},
0},

{0,
{o,
{e,
{e,
{e,
{e,
{e,

03},
03},
03},
03},
031},
0}},
0}}}

2024-06-06 03:36:05

(55 (TS - 1) 81,5, B2,i*,» * (ss - 1) T° 81,15 82,7, 7 + (ss +T°-2 TSS) 81,7, gz,j+’7) ,

Vi v Y55,
X TS . 1-8° . .
Yo ,i,y ¥ Ya,it,y + 83,a,1 82,5%, 79

ya_,j,y_ b4 ya,j*,r - (1'TS) Ya,i,» = 83,a,i (SS (TS - 1) 82,i*,y * (SS +T° - ZTSS) gZ,j*,y):

-S S
Ya 6,95 Va5, + (1-T°) 83,4, 81,5,45

Yo .5 Yars,5 = (1=57) Ya, 5,1 - 83,01 (T° (S°-1) 8a,i0,5+ (S +T°-2T5°) g1, 4,5)

}

In[-]1:= (yS = Table[yu,ﬁ,y) {a; 2n+1}, {B, 2n+1}, {¥,2n+1}])[1;;2,1;;52,1;; 2]

Out[e]=
{{{y1,1,15 Y1,1,2}5 {¥Y1,2,15 Y1,2,23 5 {{Y2,1,15 ¥Y2,1,2}5 {¥Y2,2,15 ¥2,2,2} }}
in[-]:= CS
Out[«]=

{{1, 1, 4}, {1, 5, 2}, {1, 3, 6}}
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Inf-]:= (ys /. yRulesSequence@@cS[[l]]) [l;52,13;2,1;; 2]
Out[«]=

{165 (14T gua 1800+ (-1+9) Tr,1,1 80,01+

(S+T-2ST) 81,4,182,4,1+STY1:,1,1+ (1 -ST) Yar 1,1, S (-1 +T) 81,4,182,17,2 +
(-1+S) Tg1,1+,182,4,2+ (S+T~-2ST) 81,4,182,4,2+STY1,1,20+ (1 -ST) Yar 1,2},

{S(-1+T) 81,4°,282,1,1+ (-1+5) T81,1-,282,4,1+ (S+T-25T) 81,4°,282,4,1 +
STY1,2,0+ (1-5ST) ¥ar,2,2, S (-1+T) 81,4,282,17,2+ (-1+5) Tg1,1,282,47,2+
(S+T-2ST) 81,4,282,4,2+5TY1,2,0+ (1 -5T) Yar,2,2}},

Y2,17,1 Y2,1°,2
{{ (1-5) 82,4-,183,2,1+ ! (1-5) 82,4-,283,2,1+ 7}

2

{ (1-T) 81,4",283,2,1 + )/2,% ’ YZ,Z,Z}}}

il YEval[ys - (ys /. yRuleSsequencesecsyay) | [15 15 1T
Out[e]=
S81,4,182,1,1-ST81,4,182,1,1 + T81,1,182,4,1 ~ST81,1,182,4°,1 ~ S 81,4",1 82,4",1 —
T81,4,182,4-,1+25T81,4,182,4,1 - S81,4°,182,1*,183,1,1 + ST 81,4°,1 82,1°,1 83,1,1 —
T81,1,182,4,183,1,1 +ST81,17,1 82,47,1 83,1,1 + S 81,4,1 82,4,1 83,1,1 + T 81,47,1 82,47,1 83,1,1 ~
25T81,4,182,4,183,1,1 ~S81,6",182,3,183,1,3+5ST 81,6°,182,3,183,1,3~ T 81,3,1 82,6°,1 83,1,3 +
STg1,3,182,6°,183,1,3+581,6",182,6°,183,1,3+ 1 81,6°,182,6,183,1,3-25T81,6°,182,6,183,1,3+
S81,2,182,2,183,1,5+ 1 81,2°,182,2,183,1,5 - 25T 81,2,1 82,2,183,1,5 ~ T 81,5',1 82,2",1 83,1,5 +
STgi,5,182,2°,183,1,5 - 5S81,2°,182,5,183,1,5 + ST 81,2,1 82,5,183,1,5 + 2T 81,4,1 82,17,1 83,17,1 —
S?T° 81,4',182,1,183,1,1+5S T? 81,1°,1 82,4",1 83,1°,1 — S?1? 81,1°,1 82,4",1 83,1°,1 —
S°T 81,4,182,4",183,1,1 -5 T 81,4',182,4",183,1,1 + 2 S?T? 81,4,1 82,47,183,1°,1 +
S*Tg1,6,182,3,183,1,3 S T 81,6',182,3,183,1,3+ST° 81,3,182,6,1 83,1,3 -
S*T%81,3,182,6',183,1,3 -5 T81,6,182,6,183,1,3- ST B1,6°,182,6',183,1°,3 +
25°T%g1,6,182,6,183,1,3 - S°T81,2,182,2,183,1,5 - ST° 81,2,182,2,1 83,1°,5 +
25°T%g1,5,182,2,183,1,5 + ST  81,5,182,2,183,1,5 -5 T° 81,5°,1 82,2°,1 83,1°,5 +
S®Tg1,2,182,5,183,1,5 S T°81,2,182,5,183,1,5 + S81,4',182,1°,183,4,1 - ST 81,4',182,1°,1 83,4",1
2T 81,47,182,17,1 83,47 ,1 + S?T? 81,4,182,1°,183,4,1+ 1 81,1",182,4,183,4,1 - ST 81,1,1 82,4",1 83,4",1 —
ST? 81,1°,1 82,4",1 83,47,1 + S?T? 81,1°,182,4°,1 83,4,1 — S 81,4",182,4",183,4",1 — 1 81,4,1 82,4",183,4",1 +
25T81,4,182,4°,183,4,1+ 2T 81,4,182,4°,183,4,1+5 T 81,4',1 82,4",1 83,4",1
25°T%g1,4,182,4,183,4,1+S81,6,182,3,183,4°,3-ST81,6,182,3,183,4,3 -5 T81,6,182,3,183,4,3+
S*T%g1,6',182,3,183,4,3+ T81,3,182,6,183,4,3- ST 81,3,182,6,183,2,3-ST°81,3,182,6°,183,4°,3 +
S*T%81,3,182,6',1 83,4°,3 - S 81,6',1 82,6°,1 83,4,3 ~ T 81,6°,182,6°,183,4,3+2S T 81,6°,1 82,6°,183,4°,3 +
S®Tg1,6,182,6,183,4,3+ST°81,6°,182,6°,183,4,3- 25T 81,6,182,6,183,4,3
Sg1,2,182,2,183,4,5 T81,2,182,2,183,4,5+25ST81,2,182,2,183,4,5+5 T 81,2,182,2,183,a°,5 +
ST’ 81,2°,1 82,2,1 83,4°,5 — 2 s?T? 81,27,182,2°,1 83,4,5 + T 81,5',1 82,2",1 83,4",5 —
STgi,5,182,2:,183,4,5-5 T 81,5',1 82,2°,1 83,4",5 + S 81,5',1 82,2°,1 83,4",5 +

2 2.2
S81,2,182,5,183,4,5-ST81,2,182,5,183,4,5 S T81,2,182,5,183,4,5+5 T 81,2,182,5,183,4,5
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mi - gEval@yEval[ys - (ys /. Flatten@Table[gRulessequenceeecs {Cs CS}]) ]

Oout[-]=
{{{o, 0, 0,0, 0, 0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0},

{0,090, 0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}},

{{o, 0, 0, 0, 0, 0, 0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0, 0,0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}},

{{9,9,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0, 0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}},

{{9, 9,0, 0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0, 0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}},

{{9, 9,0, 0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0, 0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}},

{{9, 0,0, 0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0},
{0,090,90,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}},

{{o, 0, 9,0, 0, 0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}, {0,0,0,0,0, 0,0},
{0,090, 0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}}}

Invariance of y,s, under remote R2s

in[-]1:= Clear[i, j1;
Cs = {{1, i, 3}, (-1, i", 3*}}
Z = Module[{s, i, j}, Sum[{s, i, j} = c;
83,a,i (S° (T°-1) 81,5-,8 82,i%,w + (S - 1) T° 81,1, 82,59 + (S°+ T° = 2TS%) 81,5, 82,5,%) 5
{c, Cs}]]
simplify[Z //. gRules, ; ;UgRules 4 ;. 5. /. _If > 0]

Out[e]=
{{1) i) J}J {_1) i+) J+}}
out[e]=
(S(-1+T) 81,4,882,i",y + (-1+S) T81,i",582,,4y+ (S+T-25T) 81,5,582,9",v) 83,a,1 +
1 1
(-1+7) 8Ly sBa,y  (-1+5) BLiveBu3y (1 1 2
+ + [* - *) 81,5',582,37,v| 83,a,1’
S T S T ST
Out[«]=
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Invariance of y,s, under remote R3s

in[-]:= Clear[i, j, k1;
Cs = {{1, i, j}, {1, i", k}, {1, §", k"}}
Z = Module[{s, i, j}, Sum[{s, i, j} = c;
83,0, (S° (T°-1) 81,5,582,i%,v * (S7-1) T° 81,1, 82,57,y + (S +T° - 2T5°) g1,5-,5 82,5",v) »
{c, Cs}]]
lhs = Simplify[Z //. gRules, ; ;UgRules, ;. , UgRules, . . /. _If - 0]

Out[-]=
({1, 1, 3}, {1, 1", k}, {1, 37, k7}}
Out[]=
(S(-1+T) 81,5,582,i",+ (-1+5) T81,i",582,5,v+ (S+T-25T) 81,5,582,5,v) 83,a,i +
(S (-1+T) 81,k-,582,i,v+ (-1+5) Tg1,i~,382,k,yv+ (S+T-25T) 81,k-,5 82,k",y) 83,a,i" +
(S(-1+T) 81,k,582,5,v+ (-1+5S) Tg1,5,582,k,y+ (S+T-2ST) 81,k",5 82,k ,v) 83,0,3"
out[-]=
1
212 ((S(=1+T) (Tg1,5+,5- (-1+T) 81,k-,5) (S82,iv,y— (-1+5) Ba,k+,y) +

(=1+S) T (Tgu,i,p— (-1+T) 81,k,8) (582,57, — (-1+5) G,k,y) +

(S+T-25T) (Tga,5+,8- (-1+T) 81,k,8) (582,5,v— (-1+5) 8,k*,%) ) 83,a,i +
ST ((-1+5) T81,i+,582,k,y +81,k,5 (S (=1+T) 85,4+ (S+T=-25T) a,k,4) ) 83,0, +
ST ((-1+5) T81,5,882,k,y *81,k*,5 (S (-1+T) 8,5,4+ (S+T=-25T) 8yk,y) ) 83,a,5)

mn[-]:= Clear[i, j, k];
Cs = {{1, j, k}, {1, i, k"}, {1, i", j"}}
Z = Module[{s, i, j}, Sum[{s, i, j} = c;
83,01 (S° (T°-1) 81,5+, 82,35+ (S°-1) T2 81,15, 82,5°,5 + (S° +T° = 27TS%) g1,5°,5 82,5°,v) »
{c, Cs}]]
rhs = Simplify[Z //. gRules, ; UgRules, ; . UgRules, ;. ;. /. _If - @]

Out[]=
({1, 3, k}, {1, 1, k'}, {1, 1", 3"}
out[-]=
((S+T-2ST) 8i,k,582,k,y+ (-1+S) T81,1-,58,k,4v+S (-1+T) 81,k+,582,i",y) 83,0,i +
(S(-1+T) 81,k,582,5,v+ (-1 +S) Tg1,5,582,k,y+ (S+T-25ST) 811,53 82,k',v) 83,a,5 +
(S(-1+T) 81,5,582,1,y+ (-1+5) T81,i,582,57,4+ (S+T-25T) 81,5,582,5",v) 83,a,i"
out[-]=
1
e (ST ((-1+5S) T81,i+,382,5,v +81,9,8 (S (-1+T) 8,4,y + (S+T-25T) 83,5,y) ) 83,0,i +

(S (-1+T) Bri,s (SBa,iv,v - (-145) Ba,50,,) +

(-1+S) T (Tguiv,p- (-1+T) B1,5,8) Bakepy + (S+T-25T) Bk, s 8o,k ,v) Bain +
((-145) Tg15,5 82k, + Brkr,s (S (<14 T) o500,y + (S+T-25T) gak,,))
((-1+5T) gae1 +ST83,05) )
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in[-]:= Simplify[1lhs == rhs]

Out[]=
True

Setting up R;

! HigherRank: Archive: APAI2-240425.nb

in[-1:= gs = Flatten@Table[{gp,i,is 8p,i,55 8p,j,is 8p,i,jts {Ps 3}1;
bas = {1} Ugs UFlatten@Table[gs[p] ~ gs[ql, {p, Length[gs]}, {q, p, Length[gs]1}]1 U
{Yi,i,is Yi,i,js Yi,i,is Yi,i,55 Yi,i,is Yi,i,3 Yi,i,is ¥Yi,5,3}

len = Length[bas];

vars = Table[c, =0; ¢y =.;5 Cp, {p, 21en}]

Ri[1, i_, j_] := Evaluate[Sum[c, bas[p], {p, len}]1];
Ri[-1, i_, j_] := Evaluate[Sum[Cyen., bas[p], {p, Length[bas]}]11];

Out[«]=

2024-06-06 03:36:05

2 2 2
{1, 81,i,i» 81,i,i» 81,i,3» 81,i,i 81,i,j» 81,i,9» 81,5,i» 81,i,i 81,7,i» 81,i,5 81,5,i» 81,4,i» 81,5,3>

2
81,i,i 81,5,5> 81,i,5 81,5,5» 81,5,1 81,5,3» 81,5,5» 82,1i,i» 81,i,i 82,i,i» 81,i,5 82,i,is 81,5, 82,i,1»

2
81,5, 82,i,i» 82,i,i» 82,i,j» 81,i,i 82,i,5» 81,i,5 82,i,5» 81,3,i 82,i,5» 81,3,5 82,i,5» 82,i,i 82,i,5»

2
82,i,9» 82,j,i» 81,i,i 82,5,i» 8B1,i,5 82,5,i» 81,5, 82,5,i» 81,7,5 82,5,1» 82,i,1 82,5,i» 82,1,5 82,7,1»

2
82,5,i» 82,3,3» 81,i,i 82,3,3» 81,i,7 82,3,3» 81,3,i 82,3,5> 81,3, 82,3,3» 82,i,i 82,3,5 82,1,5 82,3,3>

2
82,5,i 82,5,5> 82,4,5» 83,i,i» B1,i,i 83,i,i» 81,1, 83,i,i» 81,7,i 83,i,i» 81,5,7 83,i,i» 82,i,i 83,i,i»

2
82,1, 83,1,i» 82,7,1 83,i,i» 82,5,5 83,1,is 83,i,is 83,1,5» 81,i,i 83,i,5» 81,1i,5 83,1,3» 81,5,i 83,1,7>»

2
81,5,5 83,1,3» 82,i,i 83,i,j» 82,1, 83,1i,j» 82,5,i 83,i,5> 82,5,j 83,i,5» 83,i,i 83,i,55 83,1,5>

83,5,i» 81,i,i 83,3,i» 81,i,j 83,5,i» 81,5,i 83,5,i» 81,5, 83,5,i» 82,i,i 83,j,i» 82,i,5 83,5,i»

2
82,5,1 83,5,i» 82,7,5 83,5,1i» 83,i,1 83,5,i» 83,1,7 83,7,i» 83,5,i» 83,5,5» 81,i,1 83,5,3» 81,i,5 83,3,3>

81,3,1 83,3,5» 81,3,7 83,3,3» 82,i,1 83,3,5» 82,i,7 83,3,3» 82,3,1 83,3,3» 82,3, 83,3,3» 83,i,i 83,5,3»

2
83,i,3 83,3,3» 83,3,1 83,3,35 83,5,5 Yi,i,i» ¥Yi,i,3> Yi,i,is Yi,3,35 Y3410 ¥Yi,4,55 Yi,3.40 Yj,j,j}

Out[«]=

{€1, C2, C3, C4, C5, Cg, C7, Cg, Co, Cips C115 C12, C13, Ci14, Ci5, Ci6s Ci17, Ci1gs C19, C2os C21,5 C22,

C23, Caa, Co5, C26, C27, C28, C29, C30, C31, C32, €33, C34, C35, C36, C37, C38, C39, Cap, Ca1,

Ca25 Ca35 Caq, Cs5, Ca65 Ca7, Cags Ca9, Csgs Cs1, Cs52, Cs53, Csgq, Cs5, Cs6,5 Cs7, Csg, Csg, Ceas

Ce15 Ce25 C635 Ceas Co55 Ce6s Ce75 Co8s Co9s5 C705 C715 C725 C73, C74, C75, C76, C77, C78, C79,

Cgo, Cg1, Cg2, Cg3, Cg4, Cg5, Cgss Cg7, Cg8, Cg9, Cops Co1, Co2, Co3, Cog, Cos, Cos, Co7, Cog,

Cog, Cipos Ci01, C1025 Ci83, Cie4, Cios,

Ci165 €117,
C133, C134,
Cises Ci51,
C167, C168»

Ci83, Cig4,

C1185 C1195 C1205 C1215 C1225 C123,
C135, C1365 C137, C1385 C139, Ci40,
C1525 €153, Ci54, Ci55, Ci56,5 Ci157,
C1695 C1705 C1715 C1725 C173, C174,

Ci185, Cigs, C187, Cisg, Cigo, Cige,

C124,
Cia1,
Ci58,
C175,

Ci91,

C125,
Ci142,
Cis9,
C176>

Ci192,

C1265 C1275 C1285 C1295 Ci30s
C143,5 C144, Cia5, Ci46,5 C147,
Ci605 C1615 C1625 C1635 Ci64»
C1775 C1785 C179, Ci8es Cis1s

C193, C194, C195, Ci1965 C197,
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Ci065 C1075 Cies8s Cie9, C116s» C111, C112, C113, C114, Ciis,

C131, C132,
C148, Ci149,
C1655 C166
C182»

C1o8}
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in[-]:= Ry[-1, i*, 7]
Out[]=
Ciee + C110 81,7,7 + C114 gi,7,7 + Cie6 81,7,i* + C113 81,7,7 81,7,i* + Cie9 gi7,i+ +Ci03 81,i*,7 + C112 81,7,7 81,i",7 +
Cie8 81,7,i* 81,i",7 + C1es g%,i‘,7 + Cie1 81,i7,i* *+ C111 81,7,7 81,i",i* + C1e7 81,7,i* B1,i",i* +
Ci04 81,i",7 81,i*,i* + Cie2 gi,igr + C136 82,7,7 + C140 81,7,7 82,7,7 + C139 81,7,i* 82,7,7 + C138 81,i",7 82,7,7 +
C137 81,i",i" 82,7,7 + C144 82,7,7 +C128 82,7,i + C132 81,7,7 82,7,i" * C131 81,7,i* 82,7,i" * C130 81,i",7 82,7,i" *
C129 81,i",i* 82,7,i* + C143 82,7,7 82,7,i* + C135 g§,7,i* + C121 82,i*,7 + C125 81,7,7 82,i",7 *+
C124 81,7,i* 82,i*,7 + C123 81,i",7 82,i*,7 + C122 81,i*,i* 82,i",7 + C142 82,7,7 82,i*,7 + C134 82,7,i* 82,i",7 +
C127 8%,137 + C115 82,i7,i* + C119 81,7,7 82,i*,i* + C118 81,7,i* 82,i*,i* + C117 81,i*,7 82,i*,i* +
C116 81,i",i* 82,i%,i* * C141 82,7,7 82,i",i* + C133 82,7,i* 82,i",i" + C126 82,i",7 82,i",i" + C120 8%,1‘,1‘ +
C178 83,7,7 + C182 81,7,7 83,7,7 + C181 81,7,i* 83,7,7 + Cise 81,i*,7 83,7,7 + C179 81,i",i* 83,7,7 +
Ci86 82,7,7 83,7,7 + C185 82,7,i* 83,7,7 + C184 82,i*,7 83,7,7 + C183 82,i*,i* 83,7,7 + C190 g§,7,7 + C1e6 83,7,i" +
Ci7e 81,7,7 83,7,i* + C169 81,7,i* 83,7,i* + Ci68 81,i*,7 83,7,i* *+ Ci67 81,i",i* 83,7,i* + C174 82,7,7 83,7,i* +
C173 82,7,i* 83,7,i + C172 82,i,7 83,7, + C171 82,i",i" 83,7,i* + C189 83,7,7 83,7,i" + C177 8%,7,1‘ +
C155 83,i7,7 + C159 81,7,7 83,i*,7 + C158 81,7,i* 83,i*,7 + C157 81,i",7 83,i7,7 + C156 81,i7,i* 83,i",7 +
C163 82,7,7 83,i,7 + C162 82,7,i 83,i*,7 + C161 82,i*,7 83,i",7 + C1i60 82,i",i* 83,i*,7 + C188 83,7,7 83,i",7 +
C176 83,7,i* 83,i",7 + C165 g§,1+,7 + C1a5 83,i%,i* + C149 81,7,7 83,i",i* + C148 81,7,i* 83,i",i* +
C147 81,i,7 83,i",i* + C146 81,i*,i* 83,i",i* + C153 82,7,7 83,i*,i* + C152 82,7,i* 83,i*,i* + C151 82,i*,7 83,i",i* +
Cise 82,i,i* 83,i*,i* + C187 83,7,7 83,i",i* + C175 83,7,i* £3,i",i" + C164 83,i",7 83,i",i" + C154 g%,i,i» +

C198 ¥7,7,7 + C197 ¥7,7,i* + C196 ¥7,i*,7 + C195 ¥7,i*,i* + C104 Yi+,7,7 + C193 Yi*,7,i* + C192 Yi+,i*,7 + C191 Yi*,i+,i*

Solving R2b

mn[-]-= Clear[i, j];
eqn = Expand [Ry[1, i, j] +Re[-1, i*, 3*1 //.
gRules, ; ;UgRules_; ;. j+ UyRules, ; ;UyRules ;. ;- /. _If - @]

Out[«]=
SCo3Biitr,it  Co3Biitr,itt  3SCo3@yiteit
C1 + Cigo + C2 81,i**,i** — Co3 81,i+,i+* + 25 Co3 B1,i++,i* + - + = - T +
+ C104 Yj+,5°,i* = S C1oa Y5v 57,4 + Clgay]‘;'jﬁ’i" - cmy];:“'lu + S C197 Y4+,5++,10 +
Cao8 Y3+, 57,1 — S C108 Y3,3,4% + Con Y337, 5° + Caoa Y3, 5,3+ ~ cyl% *C198 Y5503
Full expression not available (original memory size: 1.2 MB) @
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In[-]:= covars = Cases[eqn, g , o] JCases[eqn, c_. % (gl:g 6 ) (92:8, ) =»glg2, »]1U
Cases[eqn, g2 R oo] UCases[egn, y , ]
Out[e]=
2 2
{gl,i**,i**: 81,i,i» B1,i,97s B1,iv,i 81,177,977 B1,iv,9 s B1,57,is B1,iv,i 81,37,
81,i,5 81,577,i"» gi,j‘*,i“: 81,577,577 81,i,i 81,577,37s B1,iv,57 81,57,
81,5+ ,i 81,57,3» gi,j",j“) 82,itt,is B1,itr,i 82,i7,i% s 81,177,537 82,17 ,ivs 81,57 ,i B2,it,1i7»
81,5, 82,it,i") g%,p,yu 82,i*,5» 81,i*,i* 82,i*",5» 81,i,5* 82,i**,5*» 81,5 ,i* 82,i,5»
81,54, 82,1,3" s 82,i,i 82,i7,5 g%,i“,j": 82,5+ ,is B1,iv,i 82,5 ,i s 81,i,5 82,37,1%
81,5, 82,5 ,is B1,57,5 82,57,i s 82,i,i 82,577,177y B2,i,5 82,577,177 g%,j**,i’*} 82,5,
B1,iv,i 82,5,9% s 81,17,5 82,37,5 s 81,3,1i 82,57, 81,57, 82,5, 97 s 82,1, 82,57,5
82,1+, 82,5,3"» 82,5,1 82,57,5 g%,j**,j-*: 83,i*,i"s B1,iv,i 83,17,i% 81,i7,5% 83,i7,i%)
81,5,i 83,i,i"s B1,37,5 83,i,i7 s 82,i,i 83,i7,i s 82,i77,5 83,177,177 82,37,i 83,177,177
82,54,3 83,i,i""» g§,1-+,i+u 83,i**,j3 s B1,ivr,i 83,17,9» 81,i,37 83,i,5 s 81,37 ,1 83,1,
81,54, 83,1,3" s 82,1 ,i 83,i7,5 s 82,i,5 B3,17,5 s 82,57 ,1 83,i',9 s 82,5, 83,i,5»
83,i,i 83,i",j"» g§,1-+,j+u 83,5, 81,i,i 83,5 ,i s B1,i,5 83,3,i7 s 8B1,577,i 83,57,i»
81,54, 83,5 ,is 82,1 ,i 83,37 ,1 s 82,i7,5 83,57 ,1s 82,5,1 83,507,177 82,5, 83,57,1)
83,i,i 83,5 ,i" s 83,1,5" 83,37,i) g%,j**,f*: 83,57,57 s 81,iv,i 83,577,577 B1,i7,5 83,57,
gl,j”,i’* g3,j,+)j++, gl,]-,+)‘_jH g3,j”,j’*: g2)i++,i,+ g3,j,+)j++, gz,i,+)‘_jH g3,j”,j’*: gz,j”,i’* g3,j,+)j++,
82,5 ,3 83,5,3" s 83,1,1 83,57, 83,i,5 83,57 ,5» 83,5,1i 83,577,370 gg,jw,j-»,

yi“,i“,i“ > yi“,i“,j“ > yi“,j“,i“ > yi**,j“,j‘*; Yj**,i“,i‘*; Yj**,i“,j**; Yj**,j“,i**; yj”,j“,j”}

il-1- Short[eqns =
{eqn == @} JUnioneTable[Coefficient[eqn, cv] == @, {cv, covars}] /. {(g|y) , , - @}, 5]

Out[-]//Short=

Cies Cio4 Cies 2 Cigs
{C5+ =0, C3 + C192 —C1p94 + —— + Cqp5 + - —— =0, <«<95>,
T2 T T2 T
155 Ci92
<367+2<399—5f399—TC99—<3145+S'|'(3145+2C155—7S ~STCi55+STCye6 + C178 - ST Ci7g+ Cr9p — — +
193 2 Cyo4 2Cioa  2Ci9s
TC192—STC192+C193+SC193—7—STC193+7—ZSC194+7—7—2TC194+

T S T ST

25TC194+TC196—STC196+SC197—STC197+2C198—25C198—2TC193+2$TC198 = 0, Cq + Cqp9p == @}
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in[-]:= Short[{sol} = Solve[eqns, vars], 5]

Solve: Equations may not give solutions for all "solve" variables.

Out[~]//Short=
(-S-T+3ST+T2-25T?) 100

1
{{C2%*C1e1*(*1+*]cle3* s
T S T?
1 (1_2T+T2) Cios Ci03 (*S*Tw‘st) Ci92
C3%*C192*(*1+*)C104* » Ca>-— - s
T T2 T ST
Cioa 2 (-1+T) Cyes C1es
C5 > - —_— g - ——, <<90>>,
TZ 2
<_1+ST> C192 (71+T+ST*ST2) Ci94
Co7 = — - -TCi96 - (1-T) C1os,
S ST
(-1+ST) Cyo3 (71+S+ST—SZT) Cioa
Cog > — - -ScC197 - (1-5) Cyos,
T ST
(—1+ST> C194
Cg9 > ————————— — Ci98, Cipo —C1}}

ST

in[-1:= Short[sol /. Rule - Set]

Out[~]//Short=

1

(-S-T+3ST+T2-25T?) 10,
{*Cwl* (*1+;) Cie3 -

3 , <<97>>, —Cl}
ST

inf-1:= Short[Ry[1, i, j], 5]

Out[~]//Short=

1 (-S-T+3ST+T>-25T?) 102
C1+ |—Cre1 — [*1+ *J Cie3 - 81,i,i+
T S T2
1 (1-2T+7%) caos) Clo3 (-S-T+2ST) cyo
- Ci02 - (—1+ jl_] Cie4 — - 81,i,it (‘T - o7 ) 81,i,5 +
(-1+ST) cr9 (-1+T+ST-ST?) Cro4
«<101>> + |- - -TCi96— (1-T) Cr98| ¥5,i,5 +
S ST

- -SC197 - (1-5) Ci98
T ST

(-1+ST) Cyo3 (—1+S+ST—SZT) C1oa
- Yiqit

( (-1+ST) cioa

*C19s) ¥i,3,3
ST 3533

https://drorbn.net/AcademicPensieve/Projects/HigherRank/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: Archive: APAI2-240425.nb 2024-06-06 03:36:05

Solving R3

in[-1:= Clear[i, j, k];
lhs Expand[Rl[l, i, j1 +Rq[1, i*, k] +R1[1, %, k™] //. gRules, ; ;U

gRules, ;. UgRules, j- - UyRules, ; jUyRules, ;. ,UyRulesy j. - /. _If - 0] H

rhs = Expand [Ry[1, J, k] +Ry[1, i, k*] +Ry[1, i*, j*] //. gRules, 5, U

gRules, ; \- UgRules, ;- ;- UyRules, ;  UyRules, ; - UyRules, ;. ;- /. _If > 0] 5

egn = lhs - rhs

Out[«]=

C194 C194 C103 81,i*+,j** C192 81,i*+,j** 2C192 81,i%+,5+*
0 T —Cie381,i,j - + -
g B 5] T T2 T
C192 81,i*,3"" C198 Yict+, 5%+, 5+ C198 Yt +, 44+, 2 C108 Yictt 4,5
— + +

G gHe g 4 = =
ST 104 81,i"",i"" 81,i",3 3 = 3T

-2 Cygq +

C198 Yi*+,§++,k** C198 Ykt + k*+,i7" C198 Yi** kit ,it C198 Yi** ,k*+, 5
+

C198 Yk, 37,k + = - = 3 = C198 YK, k' ,50 + =

Full expression not available (original memory size: 1.6 MB) @

in[-]:= vars = Union@Cases[eqn, c , »]
Out[]=
{C1015 C1025 C1035 C104s C1e5, Ci06s C107» C1e8s Cie9s C110» C111» C1125 C1135 C1145 C115, C1165 C117»
C1185 C1195 C1205 C1215 C1225 C123, C1245 Ci125, Ci1265 C127, C1285 C1295 Ci13es C131, C132, C133, Ci34,
C135, C1365 C137, C138, C139, Ci4e, C141, Ci1425 Ci143, C144, Cias5, Ci1465 C147, C148, C149, Cise,
C1515 C1525 Ci153, Ci54, Ci55, Cis6s Ci57, Ci585 Cis59, Ciees Ci61s Ci625 Ci63s Ci64s Ci655 Ci66s
C1675 C1685 C169» C17e0s Ci1715 C1725, C1735 Ci174, Ci75, Ci765 C1775 C1785 Ci179, Cises Cis1, Ci82»

Ci183, C184, C1g85, Ciges C187, C188» C1895 C19es C191» C192, C193, C194» Ci195, C1965 C197, Ci98}

inl-1:= Short [
covars = Cases[eqn, c_. = (g1:g8 , ) (92:8 , , ) =»glg2, »]1U
Cases[eqn, gf_, oo] UCases[eqgn, y , =],
J
Out[-]//Short=
{81,1”,1” B1,i,5» gi,i“,j*u B1,i,iv 81,i,k s B1,it,5 81,i,k
g%,i++,k~; 81,i,1 81,7 ,1 s 81,1,k 81,577,170 <<298>>, Vi vy,

yk“,i“,k“: yk“,j“,i“: YK**,j**,j’*: YK**,j**,k’*: Yk**,k**,i’*: Yk**,k**,j**}
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imi-1- Short[egns =
{eqn == @} JUnioneTable[Coefficient[eqn, cv] == @, {cv, covars}] /. {(g|y) , , - @}, 5]

Out[-]//Short=

2 Cip2 2 C102 Cie4
{2 Cloo - ——— =0, -2Cigp+ ——— =0, Cloa - — =0,
T T T
Ciea Cis2 2T Cio6 )
—C104 + == 0, <<293>>, —C182 + +2C196*6TC196+7 +4T Ci96 —
S
2 2
2T Cag6 Ci8 Ci08 Ciog 2T Cyog ) T% Ciog
—— -5 Co8 + + + +5TClogg— — - 2T Cqrog + =0,
S S T ST S
2
Cio1  Ci92 Ci92 Ci96  Ci96 5 T% Cag6
—Cq101 t+ + -— *2C196+ + *TC196+2T Ci96 — — Cq08 +
S s2 S S T
2
T Ciog ) T% Caog Cioa  Cios
3TC198*7*2T Ci98 + ::0, *2C194+ + :Z@}
S T
in[-]-= Short[{sol} = Solve[eqns, vars], 5]
Solve: Equations may not give solutions for all "solve" variables.
Out[~]//Short=
Tcie7 TcCii3
{{Clez -0, Ci194 > 0, C1p5 > 0, C1gg > ——— ~ s
1+T 1+T
(-1+T) Cie7  (1-T) C113 Tcier TcCus
Cio9 = — - > C111 > — - ——, C112 > 0, C114 > 0, C116 > 0,
1+T T(1+T) 1+T 1+T
Tciig  ScCip
C117 = 0, C119 — - ———, C120 » 0, C1220 > 0, C123 > 0, Ci4 > 0, <45>,
-1+T -1+S
<*1+S) TC171 STC175 STClgg
Cig4 > @, C1g5 > —————————, Cig6 > 0, Ci87 > — - » C1g8 > 0,
-1+ST 1+ST 1+ST

C199 = 0, C191 > @, Ci90 > @, C193 > 0, C194 > 0, C195 > B, C196 > O, C197 > @, C198 > 9}}

in[-]:= Short[sol /. Rule -» Set, 5]

Out[~]//Short=
Tcie7 Tcais (-1+T) c1e7  (1-T) Ca13 Tcie7 Tcais
{e.0,0, - —— - ——, - - S — - —
1+T 1+T 1+T T((1+T) 1+T 1+T
Tcug  ScCip (-1+5) c1ag (-1+T) C1p9
e) e: 6) - ) e) 0: e) @, 6) 9) e) @, - - 3
-1+T -1+S S T
Tcig STCier S(-1+T) Cie7 Scis; STan
<«<35>>, - + ,0, - —, 0, - + s
“1+T -1+ST “1+ST ~1+S  -1+ST
(—1+S)TC171 STC175 STClgg
0, - 0, - - ,0,0,0,0,0,0,0,0,0, e}

“1+ST 0 14ST  1+ST
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In[]:= Shor‘t[Rl[l, i, j], 5]

Out[-]//Short=
1

Cie3 81,1,j
C1+ |-Cie1 ~ —1+} C103 e —

T

81,i,i ~

_l Rk —

(* ((=1+T) Cre1) — (2* *T) Cie3 - T Cie6— (1-T) cll@] 81,5,i + <<43> +

(-1+S)STcCi1 S Cis5o STcCin
- T (C1+5S) (- + ]) 82,5,183,3,3
~1+S -1+ST
STC175 STc189
) g3,i,i 83,5, + (‘STClsQ‘ 2(-1+5T) (_ - )] 83.3,1 83,31
1+ST 1+ST

Scisz STcain
- 82,i,1 83,5,5 +
-1+S -1+ST
+

-1+ST

1+ST 1+ST

inf-]:= Ry [1, i, 3]
Out[«]=
1

Cie3 81,1,j
C1+ |~Cip1 *1+j|_ C1e3 E—

T

—

81,i,i —

1
(— ((=1+T) Cge1) ~ (2— jl_ —T) Ci03 -~ T Cip6 — (1-T) Cll@] 81,5,i +

Tcie7z TcCus Tciez TcCus
-TCie7-2(1-T) |- - 81,i,i 81,j,i * + 81,i,j 81,j,i *
1+T 1+T 1+T 1+T
(=1+T) Cie7  (1-T) C113
(— ( (—T+T2> C1@7> - (T—T2> C113—T2 [— - ] -
1+T T(1+T)
) Tciey TcCus ) (=1+T) Cie3
2<—1+2T—T) -——— - —— || 8,4,i*t |- —Cue| 81,5, +
1+T 1+T T
Tcie7 Tcas Tcie7 Tcus
+ 81,1,i 81,5, + |- TCu3 -2 (-1+T) |- - 81,5,i 81,5, *
1+T 1+T 1+T 1+T
1 Tcis  ScCig
~Cy15— | -1+ —| Ci21| B2,4,i+ |-TCug— (1-T) - 81,5,1i82,i,i *
S -1+T -1+S
Tciig  ScCip C121 82,i,5
- + 81,3, 82,4, -~
-1+T -1+5S S
1
(* ((-1+5) c115) - (2*g *S) Ci21 -SCrg - (1-5) C136] 82,5,i +
Tcug  Scip
-ScCi9- (1-9) |- + 81,i,i 82,j,i +
-1+T -1+S
(-1+S) T (S-ST) Cy18 S(-1+T) (T-ST) Cq1p9
( - <—T+ST) C118+ - (—S+ST> C129—
S(-1+T) (-1+S) T
Tcis  ScCip Tciig  ScCip
(-1+S+T-ST) - - (-1+S+T-ST) |- + -
“1+T -1+5S “1+T -1+5S
(-1+S) c1ag (-1+T) Cip9
ST |- - 81,5,1 82,5,i +
S T
(-1+5S) Tcas Tciug  ScCi
———— - (-1+5) - 81,5, 82,,i
-1+T -1+T -1+S
Scizz  Scuss Scizz  ScCuss
-Sci33-2(1-5) |- - 82,i,i 82,j,i * + 82,i,j 82,j,i *
1+S 1+S 1+S 1+S
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-1+5 1-5S
(‘((‘5+52) C133) - (S-5%) cua3-S° [_ (-1+5) cass | >c143] )
1+S S(1+59S)

) ScCiz3  SCus ) (-1+5) ¢
2 (-1+25-5°%) |-—— - 8,,it |-
1+S 1+S
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- C136) 82,5, t

TcCi1g SC129 S(-1+T) C1a9 Tcug  ScCip
81,1,i82,5,j+ | —————— - (=1+T) |- + 81,7,1 82,3, *
- 145 “1+5 “1+T -1+5S
S S C143 S Ci133 S Ci143
82,i,182,5,j+ |-SCua3 -2 (-1+S) |- - 82,3, 82,3, *
1+S 1+S 1+S
1 Tcue STcCie
( Ci4s - ( 1+ *) clSS) 83,i,i + [—T Cigg - (1-T) ( - )) 81,5,i 83,i,i +
g S1+T -1+ST
Tcis STCier Scis;  STain
+ 81,5, 83,1i,i * |~SCis2 - (1-5) - 82,7,i 83,i,i *
14T —14ST “14S -1+4ST
Scis, STan Ciss 83,1,
+ 82,5,§83,4,i —— __ +
—1+S -1+ST ST
1
( ~1+ST) Cus) - (27 ;r *STJ Ci55 - STCie6 - (1-ST) C178] 83,5,i +
Tciug STcCie7
-STcCe7- (1-ST) |- + 81,i,i 83,j,i *
-1+T -1+ST
1+ST) ST-STZ)c148 S(-1+T) (T-ST?) c1e7
~(~T+ST?) cug + ~ (-ST+ST?) cae7 -
S14T) S14ST
) (-1+5T) cuag (-1+T) C1e7 5y [ TCuas  STCe
ST? |- - - (-1+T+sT-5T?% -
ST T 14T -1+4ST
) Tcug STcCis7
(-1+T+ST-ST%) |- + 81,5,1 83,5,i +
-1+T -1+ST
T (—1+ST) Cq48 TC148 STC157
(— - (-1+5ST) ( - ]) 81,5, 83,j,i *
-1+T -1+T -1+ST
Scis, STan
-STcy71-(1-ST) |- + 82,i,i 83,j,i *
-1+S -1+ST
(-1+ST) (ST-S2T) cis2 (-1+S) T(S-S°T) can
- (—S+SZT) Cqi5p + - <_ST+SZT> Ci71 —
(~1+S) T S14ST
) (-1+ST) cis5 (-1+S) ;1 ) Scis; ST
ST |- - - (-1+5+5T-5°T)
ST S -1+S -1+ST
5 Scis; STan
(-1+S+ST-5°T) |- + 82,5,183,3,1 +
-1+S -1+ST
S(-1+ST) cis S Cis STcin
(— - (-1+ST) ( - ]) 82,5,5 83,j,i *
-1+S -1+S -1+ST
STC175 STC189
(—STc175—2 (1-ST) (— - ]) 83,i,i 83,j,i +
1+ST 1+ST
STcizs  STcig
( + ) g3,1,5 83,3,i + ( ((-ST+S*T%) cazs) - (ST-S*T?) Cyg0 -
1+ST 1+ST

22 STC175 STClgg 22 (—1+ST) C175
2 (-1+25T-5*T1%) |- - -SAT% |-
1+ST 1+ST 1+ST

(1-5T) Clss]J )
31t
ST (1+ST)
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(-1+5T) c1s55 Tcug STcCisy

- _C178) 83,5, [ - ] 81,i,i 83,3,5 +
ST ~1+T -1+ST

Tcug STcCie7

—(=1+T) (_ + ]) 81,7, 83,3,5 +
-1+T -1+ST

S (—1+T> TC167

-1+ST

( Scis; STan (-1+5)STcn Scis;  STan
_— +

- ) 82,1,1 83,5,5 + [ - (-1+5) (— ]) 82,9,1 83,5, +

-1+S -1+ST
+

-1+ST -1+S -1+ST

) 83,1,1 83,5, + (_STC189_ 2 (-1+ST) (— - )] 83,3,1 83,3,3
1+ST 1+ST

1+ST 1+ST
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