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Pensieve header: The 2-variable perturbed Alexander invariant: No g-quadratic solution.

in[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << ../APAI/Rot.m];
TS =TS;
(@ *)* :=a *™"; (+ this is for cosmetic reasons only )
6; ,j :=If[1=7,1,0];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/APAI to compute rotation numbers.
Lower Rank 2 Gassner: (Modified from Rank2Gassner.nb)

in[-]:= LR2G; ,; [&_.] := Expand[& /. {e; »Te;+ (1-T) e;, fi=»SFf; + (1-5) f;,
8i»TSgi+(1-TS) gj
+S(T-1)e;f;+(S-1)Te;f;+ (S+T-2ST) e; f;}1;
LR2G; ,; [&£ ] :=Expand[& /. {e;» The;+ (1-T") ej, fi oS F+ (1-57) 5,
gi Tls? gi + (1 -7t S'l) g
=S (1-T) ey Fi -T T (1-5Y) e fy e (ST 22511 e 5}
bas =

{e1, ey, e3, f1, f2, f3, €1F1, e1F,, €13, e, 1, e, F,, €, f3, e3fy, ey, €33, 81, 82, 83}
(bas // LR2Gy,, // LR2G,,,) == bas

(bas // LR2Gs , // LR2G;,,) == bas
(1hS = bas // LRZG]_,Z // LR2G1)3 // LRZGZ,_@) == (bas // LRZGZ,3 // LRZGl)3 // LRZG]_,Z)

Out[e]=

True
out[e]=

True
Out[«]=

True
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in[-1:= Ry[S_, 1_, j_]1 :=TBD; (+ a sign (\s)—dependent quadratic polynomial in gi.s, G205, 9305
and y.s,, where deg y.s=2 and o,B,ye{i,j}, with coefficients in z[T*},s*1]|. «)
CF[& ] := Factor@eTogether[&];

ALK ] := Module[{Cs, ©, n, A, s, i, j, k, A, G, gEval, Y, yEval, c, A1},
{Cs, ©} =Rot[K]; n = Length[Cs];
A = IdentityMatrix[2n+1];

Cases[Cs, {s_, i, J } = (A[I{i, GYs {i+1, J+1}] += ('GTS TS_;l))];
A = T(-Totalle]-Total[CS[ALL,111) /2 pat [A];
G = Inverse[A];
gEval[&s ] :=CF[& /. a " »a+1/.
{81,a ,s = Gla, Bl, 82,a,s » (GLla, A1 /. T>95), 83,0,s » (Gla, A1 /. T->TS)}];
Yla_, B, ».] :=Sum[{s, i, j} = c;
83,0,i (S° (T7-1) 81,50, 82,0, + (S°-1) T° 81,5, 82,5°,5 + (S +T° - 27T5°) g1,5, 5 82,5, ) 5
{c, Cs}];

yEval[& 1 :=CF[& /. Yo 5,y »YIa, A5 ¥11;
2 n

2= )" Ri@@CsIKD - »° " KD (8ak,k + B2,k + B3,k,k) 5
{Ay, A(A/.T>S) (A/.T-TS) A1} // yEval // gEval

E

Step-by-step Run-Through

mm[-]:= CF[&_] := Factor@Together[&];

in[-1:= K= {
PD[X[4, 2, 5, 1], X[2, 6, 3, 5], X[6, 4, 7, 3]1,
Knot[6, 2]
}I1]

out[e]=
PD[X[4, 2, 5, 1], X[2, 6, 3, 5], X[6, 4, 7, 3]]

in[-1:= {Cs, @} = Rot[K]
Out[e]=

{{{1, 1, 4}, {1, 5,2}, {1, 3, 6}}, {0,0,0, -1,0, 0}}

In[-]:= N
A

Length[Cs];
IdentityMatrix[2n+1];

CaseS[CS, {s_s 1, J_}» (AL{1, J}, {i+1, J+1}] += (_;s TS—:ll))];
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inf-1:= A // MatrixForm

Out[-]//MatrixForm=

In[]:=

Out[«]=
1-T+T?
T
in[-]:= G = Inverse[A];

G // MatrixForm

Out[-]//MatrixForm=

1 -T 0 0

0 1 -1 (<]
0 0o 1 -T
0 0o 0 1
0 0 -1+T 0
0 © ] (]
0 0o <] <]

-1+T © 0
%] %] %]
0 0 -1+T
-1 0 0
1 -T 0
0 1 -1
%] %] 1

A = T(-Total[e]-Total [CS[ALL,111) /2 pat [A]

in[-]:- gEval[& ] :=CF[& /. a *

T-T2+73 1 T-T2+73 1 T-T2+73
1-T+T? 1-T+T? 1-T+T?

0 1 1 T T T2
1-T+T2  1-T+T?  1-T+T?  1-T+T?

) P 1 T T T2
1-T+T?2  1-T+T2  1-T+T?  1-T+T?

) o 1-T 1 1 T
1-T+T2 1-T+T?  1-T+T?  1-T+T2

) P 1-T T-T? 1 T
1-T+T2  1-T+T?2  1-T+T?  1-T+T?

0 0 0 0 0 1

0 0 0 0 0 0

>a+l/.

[y

2024-06-06 03:36:00

{81,a ,5 = Gla, A1, 82,a,s = (GLla, A1 /.T-5S), 83,a,s » (Gla, A1 /. T>TS)}];

in[-]:= Clear[Y]

Yla_, B, »v.1:=Y[a, B, ] = Sum[{s, i, 3} =¢;

83,01 (S° (T°-1) 81,55 82,3, + (S°-1) T5 81,10, 82,5, + (S°+T° - 2TS°) g1,5°,5 82,5, ) 5

{c, Cs}];

Column[MatrixForm /@ Table[Y[a, B, ¥, {a, 3}, {B, 3}, {¥, 3}11]

out[e]=

n nunnu un nvun n v n
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81,4',182,17,1 +
81,4,282,17,1 +
81,4,382,17,1 +

81,4,1 82,1°,1 +

81,47,3 82,17,1 +
81,47,1 82,1 ,1 +
81,47,2 82,17,1 +
81,47,3 82,17,1 +

S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST

T81,17,182,4,1+
T81,14,282,4,1+
T81,1+,382,4,1 +
Tg1,1°,182,4,1+

( ) ( )
( ) ( )
( ) ( )
( ) ( )
(=1+T) 81,4,282,15,1+ (-1+5) T81,1,282,47,1+
( ) ( )
( ) ( )
( ) ( )
( ) ( )

83,1,1+ (5 ( )
83,1,1+ (5 ( )
83,1,1+ (S ( )
81,4,182,47,1) 83,2,1+ (S ( )

81,4°,282,4°,1) 83,2,1+ (S (-1+T) g1
Tg81,1,382,4,1+ (S ( )
Tg81,1,182,4,1+ (S ( )
T81,1,282,4,1+ (S ( )
(S ( )

T81,1+,382,4,1+

83,2,1 +
83,3,1 +

83,3,1 +

81,47,3 82,4",1
81,47,1 82,4',1
81,47,2 82,4",1

81,4',3 82,47,1) 83,3,1
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in[-]:= Column[MatrixForm /@ Table[Y[a, B, ¥] // gEval, {a, 3}, {B, 3}, {¥, 3}11]

Out[]=

7] (%} 7]
9 9 _(-1+5)7T
1-5+52
0 - S (-1+T)?  -S+82-T+25T-25°T+T?-25T%+25° T?
1-T+T2 (1-545%) (1-T+T?)
(%) 0
0 0 0
ST (-S-T+2ST)
00 (1-5+5%) (1-T+T?) (1-ST+S*T?)
0 0 0
0 0 0
2 0 ST (-S-T+2ST)

T (1-5+57) (1-T+T?) (1-ST+S2T?)

in(-]:= YEVal[& 1 :=CF[&E /e Yu 5,y »Y[a, B, r]1]

The g-Rules

ml-1- gRules, ; . :i={
81,0 81,5+ T 8,5+ (1-T°) 81,50,05 81,5, 67,5 + 81,5,
gl,a_,i » T (gl,a,i* - 6a,i‘) £ gl,a_,j > gl,a,j* - (1 - Ts) gl,a,i - 5a,j*:
82,1, 2 81,5+5 8a,10,5+ (1-5°) 82,50, 82,5, 67,5 + 82,5,
82,0,i9 S (82,0,i* = 6ayi*) s 82,0 ,5 % 8B2,0,5" = (1 - 55) 82,a,i = 0a,i
83,i,5 > 8i,s+ TS 3,0, 5+ (1-T5") 83,5, 45 83,7,5 > 85,5 + 83,55
83,0 ,i ™ TS (83,4,i" = 64,i*) s 83,0 ,7 > B3,0,5" - (1 - TSS) 83,a,i = 6a,j

}

In[«]:= (gS = Table[{gl,a,/i) gZ,a,B: g3,a,/3}_v {aJ 2n+ 1}: {/3: 2n +1}])[[1 35 2) 1 35 2: 1 35 2]]
Out[«]=
{{{81,1,15 82,1,1}> {81,1,25 82,1,2} 1} {{81,2,15 82,2,1}» {81,2,25 82,2,2}}}

in[-]:= Cs

Out[e]=
{{1, 1, 4}, {1, 5, 2}, {1, 3, 6}}

mi-1- (gS /. BRUleSsequencesecspag) [1 55 25 155 2, 155 2]
Out[«]=
{{ {(1+Tg1,0,1+(1-T) 81,4 ,15 1 +582,10,1+ (1-5) 82,47,1}>

{T81,17,2+ (1-T) 81,4,2, S82,17,2+ (1-S) 82,47,2} }»
_I-F[z == 1+: 1, 0] +81,2,1° _I'F[z == 1+: 1, 0] +82,2,1°

{{ - s S }: {81,2,25 82,2,2}}}
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i1~ gEval[gs - (gs /. FlatteneTable [gRuleSsequenceeacs (€5 CS}])]

Out[-]=

{{{e, 0,0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}],
{{o0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0}, {O0,0,0}, {O0,0,0}, {O0,0,0}},
{{0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0}, {O0,0,0}, {O,0,0}, {O0,0,0}},
{{9, 9, 0}, {0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}},
{{9, 0, 0}, {0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}},
{{9, 0, 0}, {0, 0, 0}, {0, 0, 0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}},
{{9, 0, 0}, {0, 0, 0}, {0, 0, 0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0}}}

The y-Rules

mi-1- yRules, ; ; :={
Yi,s ,». ¥ Ts® Yit,p,r % (1 - TSS) Yit,m,r+
(Ss (TS - 1) 81,5, 82,1, t+ (Ss - 1) T° 81,15 82,7, 7 + (Ss +T°-2 TSS) 1,75 gz,j+’7) ,
Vit Y5t 5,0
Yo ,ivy T Ya,iv,y + (1 - SS) 83,2,i 82,5, 7
Yo ,i,r. P VYa,i" 5~ (1 - TS) Ya,i,r = 83,a,i (SS (TS - 1) 82,1,y * (SS +T°-2 TSS) gZ,j*,r) )
Yo 6,95 Va5, + (1-T°) 83,0, 81,5,45
Ya,i,i 2 Ya,m5 = (1-5°) Ya, o1 - 83,a,1 (T (S7-1) 8a,0,5+ (S+T° - 275%) g5, 5¢)

}

in[-]:= (ys = Table[Ya,p,ys {05 2N+1}, {B, 2n+1}, {¥, 2n+1}])[1;;2,1;;2,1;; 2]
Out[e]=
{{{y1,1,15 Y1,1,2}5 {¥Y1,2,15 Y1,2,23 5 {{Y2,1,15 ¥Y2,1,2}5 {¥Y2,2,15 ¥2,2,2} }}

in[-]:= Cs

Out[«]=
{{1, 1, 4}, {1, 5, 2}, {1, 3, 6}}
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Inf-]:= (ys /. yRUIeSSequence@@Cs[[l]]) [l;52,13;2,1;; 2]
Out[«]=

{165 (14T gua 1800+ (-1+9) Tr,1,1 80,01+

(S+T-2ST) 81,4,182,4,1+STY1:,1,1+ (1 -ST) Yar 1,1, S (-1 +T) 81,4,182,17,2 +
(-1+S) Tg1,1+,182,4,2+ (S+T~-2ST) 81,4,182,4,2+STY1,1,20+ (1 -ST) Yar 1,2},

{S(-1+T) 81,4°,282,1,1+ (-1+5) T81,1-,282,4,1+ (S+T-25T) 81,4°,282,4,1 +
STY1,2,0+ (1-5ST) ¥ar,2,2, S (-1+T) 81,4,282,17,2+ (-1+5) Tg1,1,282,47,2+
(S+T-2ST) 81,4,282,4,2+5TY1,2,0+ (1 -5T) Yar,2,2}},

Y2,17,1 Y2,1°,2
{{ (1-5) 82,4-,183,2,1+ ! (1-5) 82,4-,283,2,1+ 7}

2

{ (1-T) 81,4",283,2,1 + )/2,% ’ YZ,Z,Z}}}

i1~ YEval[ys - (ys /. yRuleSsequencesecspay) | [15 15 1T
Out[e]=
S81,4,182,1,1 -ST81,4,182,1,1+ T 81,17,182,4,1 - ST 81,1,182,4,1 - S81,4,182,4",1 —
T81,4,182,4,1+25T81,4,182,4,1-S81,4,182,1°,183,1,1 + ST 81,4,182,1°,1 83,1,1 —
T81,1,182,4,183,1,1 +ST81,17,1 82,47,1 83,1,1 + S 81,4,1 82,4,1 83,1,1 + T 81,47,1 82,47,1 83,1,1 ~
25T81,4,182,4,183,1,1 ~S81,6",182,3,183,1,3+5ST 81,6°,182,3,183,1,3~ T 81,3,1 82,6°,1 83,1,3 +
STg1,3,182,6°,183,1,3+581,6",182,6°,183,1,3+ 1 81,6°,182,6,183,1,3-25T81,6°,182,6,183,1,3+
S81,2,182,2,183,1,5+ 1 81,2°,182,2,183,1,5 - 25T 81,2,1 82,2,183,1,5 ~ T 81,5',1 82,2",1 83,1,5 +
STgi,5,182,2°,183,1,5 - 5S81,2°,182,5,183,1,5 + ST 81,2,1 82,5,183,1,5 + 2T 81,4,1 82,17,1 83,17,1 —
S?T° 81,4',182,1,183,1,1+5S T? 81,1°,1 82,4",1 83,1°,1 — S?1? 81,1°,1 82,4",1 83,1°,1 —
S°T 81,4,182,4",183,1,1 -5 T 81,4',182,4",183,1,1 + 2 S?T? 81,4,1 82,47,183,1°,1 +
S*Tg1,6,182,3,183,1,3 S T 81,6',182,3,183,1,3+ST° 81,3,182,6,1 83,1,3 -
S*T%81,3,182,6',183,1,3 -5 T81,6,182,6,183,1,3- ST B1,6°,182,6',183,1°,3 +
25°T%g1,6,182,6,183,1,3 - S°T81,2,182,2,183,1,5 - ST° 81,2,182,2,1 83,1°,5 +
25°T%g1,5,182,2,183,1,5 + ST  81,5,182,2,183,1,5 -5 T° 81,5°,1 82,2°,1 83,1°,5 +
S®Tg1,2,182,5,183,1,5 S T°81,2,182,5,183,1,5 + S81,4',182,1°,183,4,1 - ST 81,4',182,1°,1 83,4",1
S*T81,4,182,1,183,4,1+S T 81,4,182,1°,183,4,1 + T81,1,182,4,1 83,4,1 - ST 81,1-,1 82,4 ,1 83,4°,1 —
ST’ 81,1°,182,4,183,4,1+S T 81,1,182,4°,183,4',1 - S B1,4,182,4,1 83,4°,1 - T 81,2°,1 82,4°,1 83,4 ,1 +
25T81,4,182,4°,183,4,1+ 2T 81,4,182,4°,183,4,1+5 T 81,4',1 82,4",1 83,4",1
25°T%g1,4,182,4,183,4,1+S81,6,182,3,183,4°,3-ST81,6,182,3,183,4,3 -5 T81,6,182,3,183,4,3+
S*T%g1,6',182,3,183,4,3+ T81,3,182,6,183,4,3- ST 81,3,182,6,183,2,3-ST°81,3,182,6°,183,4°,3 +
S*T%81,3,182,6',1 83,4°,3 - S 81,6',1 82,6°,1 83,4,3 ~ T 81,6°,182,6°,183,4,3+2S T 81,6°,1 82,6°,183,4°,3 +
S®Tg1,6,182,6,183,4,3+ST°81,6°,182,6°,183,4,3- 25T 81,6,182,6,183,4,3
Sg1,2,182,2,183,4,5 T81,2,182,2,183,4,5+25ST81,2,182,2,183,4,5+5 T 81,2,182,2,183,a°,5 +
ST’ 81,2°,1 82,2,1 83,4°,5 — 2 s?T? 81,27,182,2°,1 83,4,5 + T 81,5',1 82,2",1 83,4",5 —
STgi,5,182,2:,183,4,5-5 T 81,5',1 82,2°,1 83,4",5 + S 81,5',1 82,2°,1 83,4",5 +

2 2.2
S81,2,182,5,183,4,5-ST81,2,182,5,183,4,5 S T81,2,182,5,183,4,5+5 T 81,2,182,5,183,4,5
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i - gEvaleyEval[ys - (ys /. Flatten@Table[gRulessequencececs (€5 CS}]) ]

Oout[-]=
{{{o, 0, 0,0, 0, 0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0},

{0,090, 0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}},

{{o, 0, 0, 0, 0, 0, 0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0, 0,0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}},

{{9,9,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0, 0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}},

{{9, 9,0, 0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0, 0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}},

{{9, 9,0, 0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0, 0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}},

{{9, 0,0, 0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0},
{0,090,90,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}},

{{o, 0, 9,0, 0, 0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}, {0,0,0,0,0, 0,0},
{0,090, 0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}}}

Invariance of y,s, under remote R2s

in[-]:= Clear[i, j1;
Cs = {{1, i, §}, (-1, i", 3*}}
Z = Module[{s, i, j}, Sum[{s, i, j} = c;
83,a,i (S° (T°-1) 81,58 82,i%,w + (S - 1) T° 81,1,8 82,59 + (S°+T° - 2TS%) 81,5, 82,5,%) »
{c, Cs}]]
Simplify[Z //. gRules, ; jUgRules ; ;. 5. /. _If - 0]

Out[e]=
{{1) i) J}J {_1) i+) J+}}
out[e]=
(S(-1+T) 81,4,882,i",y + (-1+S) T81,i",582,,4y+ (S+T-25T) 81,5,582,9",v) 83,a,1 +
1 1
(-1+7) 8Ly sBa,y  (-1+5) BLiveBu3y (1 1 2
+ + [* - *) 81,5',582,37,v| 83,a,1’
S T S T ST
Out[«]=
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Invariance of y,s, under remote R3s

in[-]:= Clear[i, j, k];
Cs = {{1, i, j}, {1, i", k}, {1, §", k"}}
Z = Module[{s, i, j}, Sum[{s, i, j} = c;
83,0, (S (T°-1) 81,5,882,i%,v* (S7-1) T° 81,1, 82,57,y + (S +T° - 2T5°) g1,5-,5 82,5",v) »
{c, Cs}]]
lhs = Simplify[Z //. gRules, ; ;UgRules, ;. , UgRules, j. . /. _If - 0]

Out[-]=
({1, 1, 3}, {1, 1", k}, {1, 37, k7}}
Out[]=
(S(-1+T) 81,5,582,i",+ (-1+5) T81,i",582,5,v+ (S+T-25T) 81,5,582,5,v) 83,a,i +
(S (-1+T) 81,k-,582,i,v+ (-1+5) Tg1,i~,382,k,yv+ (S+T-25T) 81,k-,5 82,k",y) 83,a,i" +
(S(-1+T) 81,k,582,5,v+ (-1+5S) Tg1,5,582,k,y+ (S+T-2ST) 81,k",5 82,k ,v) 83,0,3"
Out[-]=
1
g ((S(=2+T) (Tga,5+,8~ (=1+T) 81,k,8) (S82,i,y— (=1+5S) 8a,k,y) +

(=1+S) T (Tgu,i,p— (-1+T) 81,k,8) (582,57, — (-1+5) G,k,y) +

(S+T-25T) (Tga,5+,8- (-1+T) 81,k,8) (582,5,v— (-1+5) 8,k*,%) ) 83,a,i +
ST ((-1+5) T81,i+,582,k,y +81,k,5 (S (=1+T) 85,4+ (S+T=-25T) a,k,4) ) 83,0, +
ST ((-1+5) T81,5,882,k,y *81,k*,5 (S (-1+T) 8,5,4+ (S+T=-25T) 8yk,y) ) 83,a,5)

in[-]:= Clear[i, j, k];
Cs = {{1, j, k}, {1, i, k"}, {1, i", j"}}
Z = Module[{s, i, j}, Sum[{s, i, j} = c;
83,a,i (55 (TS - 1) 81,i*,8 82,i*,y + (5S - 1) T 81,i",p 82,5,y + (55 +T°-2 TSS) 81,i*,8 gz,j’,y) ’
{c, Cs}]]
rhs = Simplify[Z //. gRules, ; , UgRules, ; - UgRules, ;. 5 /. _If » 0]

Out[]=
({1, 3, k}, {1, 1, k'}, {1, 1", 3"}
Out[-]=
((S+T-2ST) 8i,k,582,k,y+ (-1+S) T81,1-,58,k,4v+S (-1+T) 81,k+,582,i",y) 83,0,i +
(S(-1+T) 81,k,582,5,v+ (-1 +S) Tg1,5,582,k,y+ (S+T-25ST) 811,53 82,k',v) 83,a,5 +
(S(-1+T) 81,5,582,1,y+ (-1+5) T81,i,582,57,4+ (S+T-25T) 81,5,582,5",v) 83,a,i"
out[-]=
1
e (ST ((-1+5S) T81,i+,382,5,v +81,9,8 (S (-1+T) 8,4,y + (S+T-25T) 83,5,y) ) 83,0,i +

(S (=1+T) 8a,k=,p (S82,i,y — (-1+5) 82,5,4) +
(-1+S) T (Tg1,iv,3— (-1+T) 81,9,8) B2,k*,y+ (S+T—-2ST) 81,k ,882,k",v) 83,0,i"" +
((-1+5) Tg1,j-,582,k",y + 81,k=,p (S (=1+T) 8a,5+,4+ (S+T-25T) 8,k,y))
((=1+ST) 83,a,i +5ST83,4,5) )
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in[-]:= Simplify[lhs == rhs]
Out[]=
True

Setting up R;

inl-]:= gs = Flatten@Table[{gp,i,i> 8p,i,55 8p,j,i» 8p,i,3}» (P> 3}]
bas = {1} Ugs UFlatteneTable[gs[[p] gs[ql, {p, Length[gs]}, {q, p, Length[gs]}]1U
{Yi,i,is> Yi,i,js Yi,i,i> Yi,i,3» Yi,i,i> Yi,i,i» Yi,3,1i0 Yi,i,3}
len = Length[bas];
vars = Table[c, =0; ¢y =.;5 Cp, {p, 21en}]
Ri[1, i_, j_] := Evaluate[Sum[c, bas[p], {p, len}]1];
Ri[-1, i_, j_] := Evaluate[Sum[Cien.p bas[pll, {p, Length[bas]}11];
Out[«]=
{81,1,i> 81,i,5» 81,3,i» 81,3,3» 82,i,i» 82,i,9» 82,5,i» 82,3,5> 83,i,i» 83,i,5» 83,3,i» 83,5,3}
Out[«]=
{1) 81,i,i» gi,i,i, 81,i,j» 81,i,i 81,i,3» gi,i,j: 81,5j,i» 81,i,i 81,3,i» 81,i,j 81,5,1» gi,j,i: 81,5,3»
81,i,i 81,5,5» 81,i,j 81,5,3> 81,j,i 81,5,5» gi,j,j, 82,i,i» 81,i,i 82,i,i» 81,i,j 82,i,i» 81,5,1 82,i,i»
81,5, 82,1,1» 8%,1,1: 82,i,j» 81,i,i 82,i,9» 81,i,5 82,i,5» 81,5,1 82,i,3» 81,5,7 82,i,5> 82,i,i B2,i,5»
g%,i,j; 82,5,i» 81,i,i 82,5,i» 81,i,j 82,5,i» 81,5,1 82,5,i» 81,3, 82,5,i» 82,i,i 82,5,i» 82,i,j 82,5,i»
g%,j,i: 82,5,5» 81,i,i 82,5, 81,i,j 82,5,5» 81,5,i 82,5,5» 81,5,7 82,5,3» 82,i,i 82,7, 82,i,5 82,53,3»
82,5,i 82,3,3» 8§,j,j, 83,i,i» 81,i,i 83,i,i» 81,i,5 83,1,i» 81,7, 83,i,i» 81,3,7 83,i,i» 82,i,i 83,i,1>
82,i,j 83,i,i» 82,5,i 83,i,i» 82,j,j 83,i,i» g%,i,i, 83,i,j» 81,i,i 83,i,j» 81,i,j 83,1, 81,5,1 83,i,5»
81,5, 83,1,3» 82,i,i 83,i,5» 82,i,5 83,1,3» 82,5,i 83,1,5> 82,7,7 83,1,5» 83,i,1 83,1,3» gg,i,j:
83,5,i» 81,i,i 83,3,i» 81,i,j 83,5,i» 81,5,i 83,5,i» 81,5, 83,5,i» 82,i,i 83,5,i» 82,i,5 83,5,i»
82,5,1 83,5,i» 82,7,5 83,5,1» 83,1i,1 83,5,i» 83,1,5 83,3,1>» g%,j,i: 83,5,3» 81,i,i 83,7,5» 81,i,5 83,5,3»
81,5,i 83,3, 81,3,7 83,5, 82,i,i 83,5,5» 82,i,5 83,3, 82,3,1 83,5,5» 82,5,5 83,5,5» 83,i,i 83,3,3»
83,i,3 83,5,5» 83,5,i 83,3,3» g%,j,j: Yi,i,is> Yi,i,j Yi,j,i» Yi,j,5s Yi,i,is Yi,i,5s Yi,j,i» Yj,j,j}
Out[«]=
{€1, €2, C3, C4q, Cs, Cg, C7, Cg, Co, Cip5 C11, C12, C135 C145 C1s5, Ci6, C17, Ci18s C19, C205 C215 C22,
C23, Coa, C25, C26, C275 C28, C29, C39, C31, C32, C33, C34, C35, C36, C37, C38, C39, Cap, Ca1,
Ca25 C43, Cag, Cs5, Cap5 Ca7, Cag, Ca9, Cspy Cs1, Cs2, Cs3, C5q, Cs5, Cse, Cs57, Csg, Cso, Ceps
Ce1s C625 C635 Coas Ce55 Co6s C675 Co8s Ce9s C705 C715 C725 C73, C74, Cy5, C76, C77, C78, C79,
Cgos Cg1, Cg2, Cg3, Cg4, Cg5, Cgs, Cg7, Cg8y C89s Cops Co1, Co2, Co3, Coq, Cos5, Coe, C97, Cog,
Cog, Cip0s Ci01s C1025 Ci103, Ci04, Ci05, Ci06s C107, Cie8s Ci09s Ci1es C111, C1125 C113, Ci14, Ciis,
Ci1165 C1175 C118, C119, C1205 C1215 C1225 C123, C1245 Ci25, Ci1265 C127, C1285, C129, Ci13e, C131, C132,
C133, C134, Ci135, C136, C137, C138, C139, Ci4es C1415 C142, C143, C144, Ci45, Cis46, C147, Ci1485 Ci49,
Ci5e5 C1515 Ci1525 Ci153, Ci54, Cis5, Ci565 Cis7, Cis8s Ci1595 Ciees Cie1s Ci625 C1635» Ci64s Cie55 Ci66s
C1675 C168s Ci1695 C1705 C1715 C172, C173, C174, Ci75, Ci1765 C177, Ci1785 C179, Ci8e» Ci81s Cis2,

C183, Ci184, Cig5, Cises C187, Ci88» C189» C19es C1915 C192, C193, C104, C195, C1965 C197, Ci98}
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in[-]:= Ry[-1, i*, 7]
Out[]=
Ciee + C110 81,7,7 + C114 gi,7,7 + Cie6 81,7,i* + C113 81,7,7 81,7,i* + Cie9 gi,7,1* +Ci03 81,i*,7 + C112 81,7,7 81,i",7 +
Cie8 81,7,i* 81,i",7 + C1es gii‘,7 + Cie1 81,i7,i* *+ C111 81,7,7 81,i",i* + C1e7 81,7,i* B1,i",i* +
Ci04 81,i",7 81,i*,i* + Cie2 gi,i*,i* + C136 82,7,7 + C140 81,7,7 82,7,7 + C139 81,7,i* 82,7,7 + C138 81,i",7 82,7,7 +
C137 81,i",i" 82,7,7 + C144 82,7,7 +C128 82,7,i + C132 81,7,7 82,7,i" * C131 81,7,i* 82,7,i" * C130 81,i",7 82,7,i" *
C129 81,i",i* 82,7,i* + C143 82,7,7 82,7,i* + C135 g§,7,i* + C121 82,i*,7 + C125 81,7,7 82,i",7 *+
C124 81,7,i* 82,i*,7 + C123 81,i",7 82,i*,7 + C122 81,i*,i* 82,i",7 + C142 82,7,7 82,i*,7 + C134 82,7,i* 82,i",7 +
C127 8%,137 + C115 82,i7,i* + C119 81,7,7 82,i*,i* + C118 81,7,i* 82,i*,i* + C117 81,i*,7 82,i*,i* +
C116 81,i",i* 82,i%,i* * C141 82,7,7 82,i",i* + C133 82,7,i* 82,i",i" + C126 82,i",7 82,i",i" + C120 8%,1‘,1‘ +
C178 83,7,7 + C182 81,7,7 83,7,7 + C181 81,7,i* 83,7,7 + Cise 81,i*,7 83,7,7 + C179 81,i",i* 83,7,7 +
Ci86 82,7,7 83,7,7 + C185 82,7,i* 83,7,7 + C184 82,i*,7 83,7,7 + C183 82,i*,i* 83,7,7 + C190 g§,7,7 + C1e6 83,7,i" +
Ci7e 81,7,7 83,7,i* + C169 81,7,i* 83,7,i* + Ci68 81,i*,7 83,7,i* *+ Ci67 81,i",i* 83,7,i* + C174 82,7,7 83,7,i* +
C173 82,7,i* 83,7,i + C172 82,i,7 83,7, + C171 82,i",i" 83,7,i* + C189 83,7,7 83,7,i" + C177 8%,7,1‘ +
C155 83,i7,7 + C159 81,7,7 83,i*,7 + C158 81,7,i* 83,i*,7 + C157 81,i",7 83,i7,7 + C156 81,i7,i* 83,i",7 +
C163 82,7,7 83,i,7 + C162 82,7,i 83,i*,7 + C161 82,i*,7 83,i",7 + C1i60 82,i",i* 83,i*,7 + C188 83,7,7 83,i",7 +
C176 83,7,i* 83,i",7 + C165 g§,1+,7 + C1a5 83,i%,i* + C149 81,7,7 83,i",i* + C148 81,7,i* 83,i",i* +
C147 81,i,7 83,i",i* + C146 81,i*,i* 83,i",i* + C153 82,7,7 83,i*,i* + C152 82,7,i* 83,i*,i* + C151 82,i*,7 83,i",i* +
Cise 82,i,i* 83,i*,i* + C187 83,7,7 83,i",i* + C175 83,7,i* £3,i",i" + C164 83,i",7 83,i",i" + C154 g%,i,i» +

C198 ¥7,7,7 + C197 ¥7,7,i* + C196 ¥7,i*,7 + C195 ¥7,i*,i* + C104 Yi+,7,7 + C193 Yi*,7,i* + C192 Yi+,i*,7 + C191 Yi*,i+,i*

Solving R2b

in[-]:= Clear[i, j1;
eqn = Expand [Ry[1, i, j] +Re[-1, i*, 3*1 //.
gRules, ; yUgRules_, ;. j UyRules, ; jUyRules ;. 5 /. _If > 0]

Out[«]=
S Co3 B1,i++,i*+ Co3 81,1++,i+ 35 Co3 81,i+,i**
C1 + Cigo + C2 81,i**,i** — Co3 81,i+,i+* + 25 Co3 B1,i++,i* + = + = - T +
+ C1ea Y4 ,4°,i" — S C1ea Y5or,§0, i + Clgay]‘;'j”’lﬁ = cwl’y’;:“”“ +S C1o7 Yo+, 0,40 +
Cao8 Y3+, 57,1 — S C108 Y3,3,4% + Con Y337, 5° + Caoa Y3, 5,3+ ~ cyl% *C198 Y5503
Full expression not available (original memory size: 1.2 MB) @
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In[-]:= covars = Cases[eqn, g , o] JCases[eqn, c_. *x(gl:g8 ) (92:8, , ) =»glg2, »]1U

Cases[eqn, gf_, w] UCases[eqn, y , «]

Out[e]=

2 2
{gl,i**,i**: B1,iv,ivs B1,iv,57s B1,iv,i 81,177,577 81,1, 5 » 81,577,170 8B1,iv,i B1,57,i

81,i",5 81,5,i""»
81,5 ,i 81,57,3»
81,5+,5 B2,i,i""»
81,5, 82,i,3>»
81,5 ,i 82,57,i""»
B1,iv,i 82,57,3»
82,iv,5 82,57,3»
81,5,i 83,i,it"»
82,5, 83,i,i""»
81,5, 83,i",3»
83,iv,i 83,17,
gl,j”,j“ g3,j’+,i“J
83,i,i 83,57,i""»
gl,j”,i’* g3,j,+)j++,
gZ,j”,j“ g3,j7+,j“)

Vi

i1~ Short|[eqns =
{eqn =

Out[-]//Short=

{ Cies
C5 + ==
-I-Z

2
81,5°+,i» 81,3°7,37» 814,17 81,5,5 B1,i,5 B1,57,5»

2
81,5 ,5 > B2,i,is 817,40 82,447 B1,i,3 B2,i7,40 s B1,37,4 82,077,070

2
85,i,1» B2,1,3"» B1,i,i B2,i,3» B1,i,5 B2,1,3"» 81,5, 82,15 »

2
82,i,i 82,i",377» 82,i,5 s 82,37,is B1,i,i 82,57,is 81,i7,5 82,571,177

2
81,57,3 82,37,i"s 82,i,i 82,577,177 82,177,357 82,577,177 82,571,100 82,571,57

81,17,3 82,37,3» B1,37,17 82,57,37» 81,377,357 82,357,570 B2,i,1 82,570,357

2
82,5,i 82,577,377 82,9,57» 83,i,is B1,iv,i 83,i7,ivs 81,i7,5 83,i,iy

81,57 ,5+ 83,iv,is 82,it,i 83,17 ,ivt s B2,iv,5 83,i,17s 82,3,17 B3,i7,ivs

2
83,ivr,is 83,1, B1,ivv,i 83,i,9» 81,177,537 83,i,5 s 81,3 ,1 83,1,

82,i,i 83,i,57 s B2,i,57 83,i,57 s 8B2,57,i 83,iv,57 s 82,37,5 83,i7,57»

2
83,i,9+» 83,5,i"s Bi,i,i 83,37,is B1,i,5 83,57,is 81,57, 83,5,i

82,i,i 83,3,i» 82,i,57 83,57 ,i s 82,5,i 83,5,i s 82,57,5 83,577,170

2
83,17,3 B3,37,175 83,357,170 B3,3,57 BLiv,1 83,577,575 BLi,5 B3,57,57

81,357,357 83,577,37» B2,i,i 83,577,37» B2,i7,5 83,577,377 82,577,177 83,577,577

2
83,i,1 83,357,377 83,1,3 83,577,377 83,537,141 83,577,357 83,50 ,5s

Ciea

0, C3 +Cip2 — C1pa + —

+ C1p5 +

Cies

T2

2 Cyps

T

=0, <<95>,

Lith, it yi“,i“,jﬂ) yi‘*,j“,i‘*; yi**,j“,j‘*; Yj**,i“,i‘*; Yj**,i“,j‘*; Yj**,j“,i**; yj”,j“,j”}

@} UUnioneTable[Coefficient[egn, cv] =0, {cv, covars}] /. {(g|y) , , -0}, 5]

Ci92

155
Cs7+2C99—5C99—TC99—C145+STC145+2C155—?T _STC155+STC166+C178_STC178+C192_75 +

193 2
TC192—5TC192+C193+5C193—T _STC193+T

C194

—ZSC194+

2 Ci94

T

2 C194

ST

—2TC194+

25TC194+TC196—STC196+SC197—STC197+2C198—25C198—2TC193+2$TC198 = 0, Cq + Cqp9p == @}
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in[-]:= Short[{sol} = Solve[eqns, vars], 5]

Solve: Equations may not give solutions for all "solve" variables.

Out[~]//Short=

1 (-S-T+3ST+T2-25T?) 100
{{C2%*C101*(*1+*]C103* s
T S T?
1 (1_2T+T2) Cios Ci03 (*S*Tw‘st) Ci92
C3%*C192*(*1+*)C104* » Ca>-— - s
T T2 T ST
Cioa 2 (-1+T) Cyes C1es
Cs > — +—, Cg > - ——, <<90>>,
TZ 2
<_1+ST> C192 (71+T+ST*ST2) Ci94
Co7 = — - -TcCi96 — (1-T) Cio8,
S ST
(-1+ST) Cyo3 (71+S+ST—SZT) Cioa
Cog > — - -ScC197 - (1-5) Cyos,
T ST
(—1+ST> C194
Cg9 > ————————— — Ci98, Cipo —C1}}

ST

in[-]:= Short[sol /. (v_ -»val_) = (v=CF[val])]

Out[~]//Short=

{ S T2 Cypy + <<11>> T2 1oy + <<6>> + T2 Cyp5
- » - B
sT? T
<<1>> <1> —Cioq + <<1>> +STcC_ 3.
-, <93>, - s - :—Cl}
S «<1> <<1>> ST

inf-1:= Short[Ry[1, i, j], 5]

Out[-]//Short=
<«<1>

Solving R3

in[-]:= Clear[i, j, k];
lhs = Expand [Ry[1, i, j] +Ry[1, i*, k] +Ry[1, J*, k"] //. gRules, ; ;U
gRules, ;. UgRules, ;- - UyRules, ; ; UyRules, ;. UyRules; 5. - /. _If - 0] H
Expand [Ry[1, j, k] +Ry[1, i, k"] +Ry[1, i*, 3" //. gRules, 5, U
gRules, ; \- UgRules, ;. ;- UyRules, j ,UyRules, ; . UyRules, ;. 5. /. _If >0];
lhs - rhs

rhs

eqgn

out[e]=

Ca94 Cao4 C103 81,i*,3 C192 81,i*,5 2192 81,5%, 5+
-2 Coq + B T o o Ci103 81,i,5°+ + = - T w7 T -
Ci92 gl,)",]'“ (ST yk".]”:]‘“ Ci9g YK",]'“J“ 2c19E yk“)]“n]”
= s - Ciea 81,i*",i"* B1,i*,j* + + 3 + = - T -
€198 Yic+ 57,k C108 Yi*+,k**,1 N C198 Vit ,k*, it c y . €198 Yic*+ ,k**, 5+
= ) 3 198 Yk, k', 5 - 5

C198 Yk, 3,k

Full expression not available (original memory size: 1.6 MB) @
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in[-]:= vars = Union@Cases [eqn, c , »]
Out[«]=
{C1015 C1025 C1035 C104s C1e5, Ci06s C107» C1e8s» Cie9s C110» C111» C1125 C1135 C1145 C115, C1165 C117»
C1185 C1195 C1205 C1215 C1225 C1235 C1245 Ci125, Ci1265 C127, C1285 C1295 Ci3es C131, C132, C133, Ci34,
C135, C1365 C137, C138, C139, Ci4e, C141, Ci1425 C143, C144, Cias, Ci465 Ci147, C148, C149, Cise,
C151, C152, Ci153, Ci154, Ci55, Cises Ci57, Ci58s Cis59, Ciees Ci61s Ci625 Ci63s Cie4s Ci655 Ci66s
C1675 C1685 C1695 C1705 Ci171, C1725, C173, Ci174, Ci75, Ci765 C1775 C1785 Ci179, Cige, Cis1, Ci82,

C183, C184, C185, Ciges C187, C188» C1895 C19es C191, C192, C1935 C194» C195, C1965 C197, Ci98}

il 1= Short|
covars = Cases[eqn, c_. = (g1:8 , ) (92:8 , ,) =»glg2, »]1U
Cases[eqn, gf_, oo] UCases[eqgn, y , =],
5]
Out[~]//Short=
{gl,i“,i” 81,i,5°» gi,i**)j**) 81,i,i 81,4,k B1,iv,50 81,17,k
gi,i“,k**: 81,i,i 81,57,1 81,1,k 81,5 ,i s <<298>>, Vi i 5o,

YK’*,i”,k’*: YK’*,j”,i’*: YK’*,j”,j’*: YK**,j”,k’*: Yk**,k”,i’*: Yk**,k”,j’*}

i1~ Short|[eqns =
{eqn == @} JUnioneTable[Coefficient[eqn, cv] == @, {cv, covars}] /. {(g|y) , , -0}, 5]

Out[~]//Short=

2 Ci02 2 Ci02 Cie4
{2c100- = =0, 2c1+ —— =0, Cloa- — 8,
T T T
Ciea Cis2 2T Cio6 )
—Ci04 + =0, <<293>>, —-C1 + +2C196 - 6T Cr96+ ———— +4 T Cq96 —
2 2
2T Cag6 Ci8 Ci08 Ciog 2T Cyog ) T% Ciog
——— - 5Cog + + + +5TCrogg— ——— -2T*Ciog+ ——— =0,
S S T ST S S
2
Cio1  Cig2  Cio2 Ci96  Cioe 2 T% Cage
—Cq01 + + p —7—2(:195-%- + —TC196+2T Ci96 — ———— — Cq08 +
S S S S T
2
Cio8 2 Cio8 Cioa  Ci9a
3TC198—7—2T Ci9g + ——— == 0, -2 Cqg4 + + == @}
S S T
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in[-]:= Short[{sol} = Solve[eqns, vars], 5]

Solve: Equations may not give solutions for all "solve" variables.

Out[~]//Short=
Tcie7 TcCais
{{Clez -0, Ci1p4 > 0, Cip5 > 0, C1ogg > ~—— ~ s
1+T 1+T

(=1+T) Cie7  (1-T) Ca13 Tcier TcCus
C109 = — - > C111 > — - » C112 > 0, C114 > 0, C116 > 0,
14T T(1+T) 14T 1+T
Tcig  ScCi
C117 > 0, C119 — - » C120 > @, C122 > 0, C123 > 0, C1p4 > 0, <<45>,
-1+T -1+S
<*1+S) TC171 STC175 STClgg
Cigs > 0, Cig5 > ——————————, Cig6 > 0, C1g7 > ~ - » Cigg ~> 0,
-1+ST 1+ST 1+ST

Ci99 = 0, C191 > @, C190 > @, C193 > 0, C194 > 0, Cy95 > B, C196 > O, C197 > @, C198 > 9}}

mn[-]:= Short[sol /. (v_ »val_) =» (v =CF[val])]
Out[-]//Short=

T (C1e7 + C113)

{0, 0,0, -
1+T

, <<66>>, 0,0, 0, e}
i 1~ Short[Ry[1, i, j1, 5]

Out[-]//Short=

(ST?Co1+STCro3-ST? Ci03) 81,1,i Cao3 81,1,

Cq - _ _
sT? T
2
(-ST?Cro1 + <«<10>>) g1,5,i <1 S (~Cisp + <<4>>) 8.1 83,5,
- + <<73>> + -
S T? T2 (-1+S) (-1+ST)
(-1+S) S* T2 c171 S T («<1>) S*T (—Cysp+ <<4>>)
- + - <«<1>
( 1S T (-1+5) <<1>> (-1+S) (-1+ST) 81
+
S*T
33 253 T3 (cyz5+Cage) 25 T* (Cyzs+Cago) . .
ST (Ci75 + C1g9) 83,i,i 83,3, 57T Cago + 15T 15T 83,7,1 83,3,3

1+ST g2 T2
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inf-]:= Simplify[Ry[1, i, J] /. {Cis5 > @, C1g9 > @, C175 » @, C178 > O, Ci65 > @, C1as » 0} ]

Out[«]=

(Tcio1— (-1 +T) Cip3) 81,i,i C103 81,i,5
Cy - - -
T T

((-1+T) Tcaor - (-1+T)?Cao3+ T (TCro6— (-1 +T) C110) ) 81,4,1

T
T((-1+3T) Cig7+2 (-1+T) Cq13) 81,i,i 81,5,i T (Cie7 + C113) 81,i,j 81,5,i
+
1+T 1+T
(=1+T) T ((-1+2T) Cgo7+ (-2+T) C113) gi,j,i ((=1+T) cie3 + T C110) 81,5,5
+

1+T T
T (C1p7 + C113) 81,i,i 81,5, T (2 (=1 +T) Cyo7+ (-3 +T) C113) 81,5,1 81,5,
+ _
1+T 1+T
(Sci15 - (=1+S) C121) 82,i,i S (-1+T) C12981,5,i 82,i,i Tciig  ScCip
- - + 81,3, 82,i,i -
S -1+5S -1+T -1+S

C12182,4,j ((-1+S)ScCus- (-1+5)%C101+S (SCrag- (-1+S) Cu3) ) 82,5,1

S S
(=1+5S) TcCi1s 81,1,1 82,5,1
1+7T - ((-1+5) Tcag+S (-1+T) C129) 81,5,1 82,3,1 + S C129 81,3,5 82,3,1 —
-1+
S((-1+35)ci33+2 (-1+5) Caa3) 82,1,182,5,1 S (C133+Caa3) 82,1,5 82,5,1
. _
1+5 1+S
(-=1+S)S ((-1+2S) Cy33+ (-2+S) C1a3) g%,j,i ((=1+5S) ca21 +5Ca36) 82,5,j
_ +
1+5 s
((-1+5) Tcag~S (-1+T) C120) B1,1,1 82,5, > (€33 + C103) B2,1,1 82,3
+ T C118 81,5,1 82,5, + i
(=1+S) (-1+T) 1es
S(2(-1+S) cy33+ (-3+S) C1a3) 82,9,182,9,5 S (-1+T) TC16781,5,183,1,1
_ +
1+S -1+ST
Ciag S Ci67 (-1+5)5TC17182,5,1 83,4,
- + 81,5,3 83,1,i - '
-1+T -1+ST -1+ST
C150 T Cin T(-1+ST) Ci48 81,1,i 83,4,
S |- + 82,3, 83,11 - B
“1+S  -1+ST -14T

T((-1+5T) Crag+S (~1+T) Ci67) 81,5,183,5,1 + ST C167 81,5, 83,5,1 ~
S(-1+ST) €152 82,1,1 83,5,1
-1+S

=S ((-1+ST) cisp+ (=1+5S) Tcyz1) 82,5,i 83,5,i +

T((-1+ST) Cuag—-S (-1+T) Ci67) 81,i,i 83,5,5
+
(-1+T) (-1+ST)
S((-1+ST) cis2- (-1+5S) TcCi71) 82,1,i 83,9,3

T Ci148 81,5,1 83,5,5 + +S C152 82,5,1 83,9, 7
(-1+S) (-1+ST)

STci7182,5,583,4,1 +

The most general no-mixed-terms solution:

inf-]:= Simplify [{Ri[-1, i, j], Ra[1, i, JI1} /. {C118)129|148)152|167|171 = O} ]
Out[«]=

T (C1e7 + C113) 81,1,5 81,5,1
{—C1+C161 81,i,i + C103 81,i,j * C1ie6 81,5,i + C107 81,i,i 81,j,i — 1.1 -
¥
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(=1+T) (T Cge7 - C113) g%,j,i T (C1e7 + C113) 81,1,i 81,5,5
+ C110 81,3, ~ +C113 81,5,i 81,5,
T(1+T) 1+T

S (Ci33 + C143) 82,1,5 82,5,1
C115 82,1,i *+ C121 82,i,j + C128 82,5,i + C133 82,i,i 82,5,i — -

1+S
(-1+5) (Sca33 - Caz) g%,j,i S (C133 + C143) 82,i,i 82,5,5
+ C136 82,5,5 +C143 82,5,1 82,5, +
S (1+5S) 1+S
ST (Ci75 + C1g9) 83,i,j 83,5,
C145 83,1,i + C155 83,i,j + Ci66 83,5,i + C175 83,i,i 83,5,i — -
1+ST
(-1+ST) (ST cyz5 - Cig9) g%,j,i ST (Ci75 + C189) 83,1,i 83,3,3
+ C178 83,3, — + C1g89 83,3,i 83,7,5»
ST (1+ST) 1+ST
(TcCio1— (-1 +T) Cip3) 81,i,i C103 81,i,j
= - -
T T

((-1+T) Tcaor - (-1+T)?Cro3+ T (TCrp6— (-1 +T) C110) ) 81,5,1

T
T((-1+3T) Cio7+2 (-1+T) C113) 81,1,1 81,4, T (C1e7 + C113) 81,1,5 81,5,1
+ _

1+T 1+T
(=1+T) T ((-1+2T) Cro7+ (-2+T) C113) 815,41

1+T
((-1+T) C1e3 + T C110) 81,5,5 T (C1e7 + C113) 81,1,i 81,5,3
T " 1+T :
T(2(-1+T) cap7+ (-3 +T) Ca13) 81,5,i 81,5, (SCus— (-1+S) C121) 82,1,1
1+T ) S )

C12182,4,7 ((-1+S)Scus—- (-1+5)%C1o1+S (SCiag- (~1+S) C36) ) 82,5,1

S S
S((-1+3S)cC133+2 (-1+S) C143) 82,i,i 82,5,i S (C133+C143) 82,i,5 82,5,i
+ _

1+S 1+S
(-1+S) S ((-1+2S) cy33+ (-2+S) C1a3) 85,5, ((-1+S) Cap1 +S C136) 82,5,5

- +
1+5S S
S (C133 + C143) 82,1,1 82,5,5 S (2 (-1+S) Ci33+ (-3+5S) Cu43) 82,5,1 82,5,
1+S : 1+S
(STcugs+ (1-ST) Cuss5) 83,i,i  Cass 83,4,

ST ST
(ST (-1+ST) caus - (-1+ST)?Cuss +ST (STCre6+ (1-ST) Cazs) ) 83,51

ST
ST((-1+3ST) Ca7s+2 (-1+ST) Cigg) 83,i,i 83,5, ST (Cazs + Cago) 83,1,5 83,5,1
1+ST : 1+ST
ST (-1+ST) ((-1+2ST) Cyy5+ (-2+ST) Cig9) gg,j,i ((=1+ST) €155 + ST Ci78) 83,5,5
1+ST ) ST !
ST (Ci75 + C189) 83,1,i 83,9, 7 . ST(2(-1+5ST) ca75+ (-3+ST) Ci1g9) 83,4,1 g3,j,j}

1+ST 1+ST
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The most general no-mixed-terms quadratic-only solution:

inf-]:= Simplify[{Ry[-1, i, j]1, Ra[1, i, j1} /.
{€1|101|103| 106|110 115|118 121|128 129|136 | 145 | 148|152 | 155 | 166|167 | 171|178 = O} ]

Out[-]=

T (C1e7 + C113) 81,1,5 81,5,1
{C107 81,i,i 81,3,i -
1+T

(-1+T) (Tcio7 - C113) 815,51 T (Cae7 + C113) B1,1,1 81,5,5
_ + €113 81,5,1 81,5, +
T(1+T) 1+7T

S (C133 + C1a3) 82,1, B2,9,i (~1+S) (ScCi33 - Ca3) g%,j,i
C133 82,1,i 82,5,i — -
1+S S (1+5S)
S (C133 + C143) 82,i,i 82,5,j ST (Ci75 + C189) 83,i,7 83,5,

+ €143 82,5,1 82,5,5 + C175 83,1,i 83,3, ~ -
1+5S 1+ST

(=1+ST) (STcCy75 - Cig9) 8%,]',1 ST (Ci75 + C1g0) 83,i,i 83,5,
_ + C1g9 83,5,1 83,5,3»

ST (1+ST) 1+ST
T((-1+3T) Cio7+2 (-1+T) C113) 81,i,i 81,5,i T (Cie7 + C113) B1,i,5 81,5,1
) 1+T : 1+T )
(<1+T) T ((-1+2T) Cag7 + (-2+T) C113) 81,5,1 T (Cao7 + C113) B1,1,1 81,9,
1+7 : 1+7 :

T(2(-1+T) Cro7+ (-3+T) C113) 81,§,181,5,5 S ((-1+35) Ca33+2 (-1+S) C1a3) 82,1,i 82,4,1

- +

1+T 1+5
S (Cy33 + C1a3) 82,1, 82,5, (-1+S)S ((-1+25) Ca33+ (-2+5) Caa3) g%,j,i
+

1+S 1+S
S (€133 +C143) 82,1,1 82,9,5 S (2 (-1+S) Ci33+ (-3 +S) C1a3) 82,5,1 82,9, 7
1+S ' 1+S )
ST ((-1+3ST) €175 +2 (-1 +5ST) Cigg) 83,i,i 83,5,i ST (Ci75 + Cigo) 83,i,j 83,74,i
1+ST : 1+ST )

ST(-1+ST) ((-1+2ST) Cys+ (-2+ST) C1s9) 85,5,

1+ST
ST (C175 + C1g9) 83,1,183,5,5 ST (2 (-1+ST) Cyzs+ (-3+ST) Cig9) 83,5,i g3,j,j}
+
1+ST 1+ST

The most general quadratic-only solution: (has mixed terms!)

inf-]:= Simplify [{Rs[-1, i, j], Ra[1, i, JI1} /. {C€1j1e1|103|106|110|115|121|128|136|145|155 166|178 —> O} ]
Out[~]=

T (Cie7 + C113) 81,i,5 81,5,1

{C107 81,i,i 81,3,i ~ -
1+T

(-1+T) (TcCio7 - C113) 855,5 T (Cio7 + C113) 81,i,1 81,5,
- +C113 81,5,1 81,3, +
T(1+T) 1+7

((=1+5S) Tcug-S (-1+T) C129) 81,4,5 82,1,1
Ci18 81,5,1 82,i,i + + €129 81,1,i 82,5,i —
(-1+S) (-1+T)
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((-1+S) TCi1g+S (-1 +T) Cip9) 81,§,i 82,5,i (-1+S) TCi1s81,9,5 82,51
+

ST S(—1+T>

S (C133 + C143) 82,1, 82,5,1 (~1+5) (5Ci33 - Cua3) gg,j,i
C133 82,i,i 82,5,i ~ h "
1+S S(1+59)

Tcus  SCio S (-1+T) €120 81,5, 82,5,5 S (C133 + Ca43) 82,1, 82,3,
+ 81,i,i 82,3,3 — -
S14+T 145 (-1+5)T 1+5

T((-1+ST) C1ag-S (-1+T) C167) 81,5, 83,1,1
C143 82,5,i 82,5, + C148 81,5,i 83,1,i + "
(-1+T) (-1+ST)

S((-1+ST) cCisa- (-1+5) TC171) 82,5,j 83,41
€152 82,5, 83,i,i * + C167 81,1,1 83,5,i —
(-1+S) (-1+ST)

((-1+5ST) Caag+S (-1+T) Ci67) 81,§,183,3,i (-1+ST) Caag81,5,583,5,1
_ +

ST S(-1+T)

((=1+ST) casp + (-1+5S) Tcaz) 82,4,i 83,5,i
Ci171 82,i,i 83,5,i — )
ST
(-1+ST) C152 82,4, €3,4,4 ST (Ca75 + Cigo) 83,1,5 83,5,1

+Ca75 83,1,i 83,5,i N
(-1+S) T 1+ST

(-1+ST) (ST s - Cigs) 82,55 T( Cus S Cier
LT

+ ]gl,i,igs,j,j*
ST(1+ST) -1+T -1+ST

S (-1+T) Ci67 81,5,1 83,5,3 C152 T
+S |- + 82,i,i 83,3,
-1+ST -1+S -1+ST
(-1+5) TC17182,5,183,5,5 ST (Cars +Cis9) 83,5,1 83,3,
_ + C189 83,5,1 83,5,3»

14+ST 1+ST
T((-1+3T) Cie7+2 (-1+T) Ca13) 81,1,i 81,j,i T (Cae7 + C113) 81,1,5 81,5,1
1+7 ’ 1+7
(-1+T) T ((-1+2T) Cio7+ (-2+T) C113) 83,5,1 T (C1o7 + C113) B1,4,i B1,5,3
1+T ' 1+T '
T(2(-1+T) Cig7+ (-3+T) Cq13) 81,3,1 81,3,3 S(=1+T) capo 81,3,1 82,1,1
1+T -1+5S '

Tcus  Scixp (-1+5) Tcus81,i,i 82,5,i

_ + 81,5,7 82,i,1i — B
~1+T -1+S -1+7

((-1+5) Tcug+S (-1+T) C129) 81,5,1 82,3,1 +S C129 81,5,5 82,5,1 —
S((-1+3S) c133+2 (-1+5) Cu43) 82,1, 82,5,1 S (C133 + C143) 82,1, 82,51
. _

1+ 1+S
(-145)S ((-1+2S) cazz+ (-2+S) C1a3) 835,15 ((-1+S) Tcag-S (-1+7T) C129) 81,1,1 82,5,5
N +

1+5 (-1+S) (-1+T)
S (C133 + C143) 82,i,1 82,5,5 S (2 (-1+5) Cu33+ (-3 +5) Cu43) 82,5,1 82,5,
T C118 81,5,i 82,5,5 * " .
1+S 1+S

S (-1+T) TcCie781,5,1 83,1,1 ( Ci48 S Ci67
+T |- +

-1+ST -1+T -1+ST

(-1+5) STci17182,4,1 83,1,1 ( Cis2 Tcin
+S |- +

-1+ST -1+S -1+ST

T(-1+ST) C148 81,1,i 83,5,1
82,5,5 83,1,i - :
-1+T
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T((-1+ST) Ca+S (-1+T) C167) 81,5,1 83,5,1 + ST C167 81,5,5 83,4,1 -
S(-1+5T) Ci152 82,1,i 83,5,1
-1+S

~S((-1+ST) casp+ (-1+5S) Tcan) 82,5,1 83,51 +

ST ((—1+3ST> Ci75 + 2 (—1+ST> C1g9) 83,i,i 83,5,i
STci7182,5,5 83,4,1 —

1+ST
ST (C175 + C189) 83,i,j 83,5,i ST(-1+ST) ((-1+2ST) €175+ (-2+ST) Cagg) g%,j,i

1+ST 1+ST
T((-1+ST) Cuag-S (-1+T) Ci67) 81,1,i 83,79,

+ T C148 81,5,1 83,7, +
(-1+T) (-1+ST)

S((-1+ST) Cisp- (-1+5) Tcaza) 82,4,i 83,5,5

+SC152 82,5,1 83,5, +
(-1+S) (-1+ST)

ST (Ca7s + Cigo) 83,1,183,35,5 ST (2 (-1+5T) Cazs+ (-3+5T) Cuao) 83,5,1 €3,j,j}
+
1+ST 1+57

The most general no-g;__ solution: (has mixed terms)
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inf-]:= Simplify [{Re[-1, i, j], Ra[1, i, JI1} /. {Cias|148|152|155 166|167|171|175|178|180 —> O} ]

Out[«]=

T (C1e7 + C113) 81,1,5 81,5,1
{_Cl + C101 81,i,i + C103 81,i,j + C1e6 81,5,i + C107 81,i,i 81,5,i — -

1+T
(=1+T) (T Cye7 - C113) g%,j,i T (C1e7 + C113) 81,1,i 81,5,j
+ C110 81,3, — +C113 81,5,i 81,5,
T(1+T) 1+T
((=1+5S) Tcy18-S (-1+T) C129) 81,4,5 82,1,
Ci15 82,i,i + C118 81,5,i 82,i,i * + €121 82,1, + C128 82,5,i *

(-1+S) (-1+T)

((-1+5S) Tcug+S (-1+T) C129) 81,5,1 82,5,i (-1+5S) TCi1g81,4,582,5,i
C129 81,1,i 82,5,i — - +

ST S(-1+T)
S (C133 + C1a3) 82,1,582,5,i (~1+S) (SCi33-Cu3) 85,1
C133 82,1,i 82,5,i — - +
1+S S(1+5S)
T Cq18 S C129 S (=1+T) C1a9 81,5,i 82,3,3
C136 82,5, + |-~ —_ + 81,i,i 82,5,5 - -
-1+T -1+5S (-1+S) T
S (C133 + C143) 82,i,i 82,5,j (TCro1— (=1 +T) Cio3) 81,i,i
+ C143 82,34,i 82,5,j» C1 - -
1+S T

C10381,i,7 ((~1+T) TcCion- (-1+T)?Cro3+T (TCro6~ (~1+T) Ca10) ) 81,5,1

T T
T((-1+3T) Cio7+2 (-1+T) C113) 81,1,1 81,4,i T (C1e7 + C113) 81,1,5 81,5,1
+ _
1+T 1+T
(=1+T) T ((-1+2T) Crp7 + (-2+T) C113) 8%,3‘,1 ((=1+T) cie3 + T C110) 81,5,
- +
1+T T
T (Cie7 + C113) 81,1,181,9,5 T (2 (=1+T) Cio7+ (-3 +T) C113) 81,5,1 81,9,3
+ _
1+T 1+T
(Sci15 = (=1 +5S) €121) 82,i,i S (-1+T) C12081,5,1 82,1,1 Tcug  ScCip
- - + 81,3,3 82,i,i ~
S -1+S -1+T -1+5S
C121 82,4, ((-1+S)ScCus— (-1+5)2Ci1+S (SCios—- (-1+S) C136) ) 82,5,1
S S
(=1+5) Tci1881,1,1 82,5,1
= ((-1+5S) Tcug+S (-1+T) C129) 81,5,1 82,§,i +
-1+T
S((-1+3S) ci33+2 (-1+S) Cua3) 82,1,i 82,4,1
S C129 81,5,5 82,4,i — +
1+S
S (Ci33 + C143) 82,1, 82,5,i (-1+5)S ((-1+25) Ca33+ (-2+5) Cua3) 8%,3',1
1+S 1+S
((=1+5S) C121+SCi36) 82,5, ((-1+5) TcC118-S (-1+T) C129) 81,1,1 82,5,
+ +
s (-14S) (-1+T)
S (C133 + C143) 82,1,i 82,5,5 S (2 (-1+5) Ccaz3+ (-3+5S) Cua3) 82,5,i 82,3,
T C118 81,5,1 82,5,5 + + }

1+S 1+S
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