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The full $sl_3$ invariant using the Drinfel’d double. For compatibility reasons, we use XX instead of the

generator X. This program continues sl2invariant.nb by Dror Bar-Natan and Roland van der Veen.

Profiling

(xBeginProfile[];«)
External Utilities

HL[& ] := Style[&, Background - Yellow];

Program

Program

Internal Utilities

MaxBy[List , fun_, n_] := List[Ordering[fun /@ LlList, -n]];

Canonical Form:

Program

CCF[& ] := PPccr@ExpandDenominator@ExpandNumerator @PProgener @ Together [PPEXp [

Expand[&] //. € e’ » e /. e s e FIX] ] ]_;

CF[& List] :=CF /@ &}

CF[sd_SeriesData] := MapAt[CF, sd, 3];

CF[£_] := PPc@Module|

{vs =cases[s, (XX|Y|Z|A|B|b|s|t|a|X|
y|z|XX | Y|z |A*|B*|s*|t"|b"|a"|x"|y"|2") , ®]|U
{XXJ Y.’ Z) AJ BJ b) s) t) a) XJ y) z.’ XX*) Y*J Z*) A*J B*) S*J t*.’ b*.’ a*) X*J y*J Z*}}.’
Total[CoefficientRules [Expand[£], vs] /. (ps_-c_) = CCF[c] (Times eevs™)]
]

Program

The Kronecker 6:

Program
K6 /:Ké; 5 :=If[i===7,1,0];

Program

Equality, multiplication, and degree-adjustment of perturbed Gaussians; E[L, Q, P] stands for e-*? P:
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Program
E/:E[L1 ,Q1 ,P1 1=E[L2 ,Q2 ,P2 ] :=
CF[L1 == L2] ACF[QI == Q2] A CF[Normal[P1 - P2] == O] ;
E/:E[L1 ,Ql ,Pl1 |E[L2 ,Q2 ,P2 ]:=E[L1+L2,Q1+Q2, P1xP2];
E[L_,Q ,P_ lg :=E[L, Q, Series [NormalePr, {e, O, $kR}]1;
Program
E3@E., [« ,L_,Q_,P_] :=Module|
{NP = Normal[P]},
Esp[Ly, @0, (¢07*NP /. e»w™e) +0[e]™?] // CF
|E
E4@E., [L_, Q_, P_] :=Module[
{NP = Normal[P], w},
w= (NP /.e-0)1;
Esp[w, Ly 00, (0NP /. e»0*e) +0[e]®™?] // CF
IE
Program
Zip and Bind
Program

Variables and their duals:

Program
(u_i )" i= W)y
((u_i)7)" 2= ues
(Cu_)®)i )" s=us;
((u_)")* t=u;
Program
Finite Zips:
Program
collect([sd SeriesData, & ] := MapAt[collect[#, ¢&] &, sd, 3];
collect[& , £ 1 := PPcortect@Collect[s, £];
Zip, [P_] :=P; Zip;, o [P_1 2= PPyp|
(collect[P // Zip o)y &) /o f . & w5 8o,y f) /. &% > 0]
Program

QZip implements the “Q-level zips” on E(L, Q, P) = Pe"*?. Such zips regard the L variables as scalars.
E[L, Q, P) means e"**9 P, where L is linear in the a,b’s, Q is a combination of x; X; (possibly starred
and/or mixed with other variables), and P is a perturbation polynomial. It should be interpreted via
O[E[...], {X1, Y1, Z1, A1, B1, b1, a1, 21, Y1, X1} -], with an assumed standard ordering on the generators
for an interpretation of the tensor as an expression in Ug(sl5€).
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Program
QZip:s_List@]E[L_, Q_, P_] := PPy ,@Module[{&, z, zs, ¢, ys, ns, qt, zrule, Zrule},
zs = Table[&*, {&, &5}1;
c =CF[Q /. Alternatives ee (¢s|Jzs) » 9] ;
ys = CF@Table[d: (Q /. Alternatives @@ zs » @) , {&, £51}1];
ns = CFeTable[d, (Q /. Alternatives @@ {5 - 0), {z, zs}];
qt = CFeInverse@Table[KS, »~ - 9,,:0, {&, &5}, {z, z5}];
zrule = Thread[zs » CF[qt. (zs +ys)]];
Zrule = Thread[{s » &5 +ns.qt];
CF /@ E[L, c +ns.qt.ys, Det[qt] Zip. [P /. (zrule{JZ&rule)]] 1;
Program
Upper to lower and lower to Upper:
Program
u2l = {]b?:' e Pbli, b 5 e PP, ag:' s>e P g 5 eP?, T?:' >ePh, T 5 ePt, s‘{:' - ePst,
SP-- 5 eP3, a?:' »>eP?i, gP- 5 eP?, bg:' - ePPi, pPr 5 PP, ]Bf:' e P8, BP- 5 ePB,
A?:' >ePh, nP 5 ePA, 5‘{?:' - ePhi) A 5 ePh, za‘{:' > eP®i, g —)@pB*};
12U = {ec_. b +d_. b;¢ e, e b e, @fr At 4y ajf e, e M 1y ¢
b tivd e o TS e, et 1y TC ¥, S 4y s e, e 5t 155 e,
et A oS e, e ¥ 4y gC @l @i Bl b e, e b 4 4 d
eC Bivd . o B¢ e, e B el ot Aurd ey A e, e My pC el
ef Ard . a e, e Al o g ed, @b Bt 5 e, e B, g€ el
o g eExpand@&};
Program

LZip implements the “L-level zips” on E(L, Q, P) = Pe:*?. Such zips regard all of Pe? as a single”P”. Here
the Z’s are A, Band a*, b* and the {’s are A*, B*and a, b.s and t are not regarded as scalars for zip-
technicalities. DB and STB are variations of B with a different choice for {s in LZip, to speed up the
zipping of tensors with s and t instead of A and B.
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Program
LZipg’s_List@]E[L_J Q.,P] :=
PPLZip@Module[{Q, z, zs, ¢, ys, ns, 1t, zrule, Zrule, grule, Q1, EEQ, EQ},
zs = Table[Z", {&, £5}];
c=1L/.Alternativesee (s |Jzs) -» 0;
ys = Table[8, (L /. Alternatives @@ zs » 0) , {&, ¢51}1];
ns = Table[d, (L /. Alternatives ee s » 0), {z, zs}];
1t = Inverse@Table [KS, ¢« - 0,,-L, {&, &5}, {2, z5}];
zrule = Thread[zs -» 1t. (zs +ys) ];
Zrule = Thread[{s » &5 +ns.1t];
Q1=Q/.U21 /. (zrulelJZrule);
EEQ[ps___1 := EEQ[pS] = PPuggq@
(cF[e™® D[e%, Sequence@e Thread[{zs, {ps}}]]] /. Alternativesee@zs @ //. 12U);
CF /@ ((+CF/@+)E[
c+ns.lt.ys, Q1 /. Alternatives @@ zs -» 9,
Det[1t] (Zip.[(EQee@zs) (P /. U2l /. (zrule{Zrule))] /.
Derivative[ps __ J[EQI[___] = EEQ[ps] /. _EQ->1)
17/7/.120)
13
Program

ByIL_, R.1:=LR;
Biis_y[L_E, R_E] := PPgjpq@Module|{n},
Times [
L/.Table[(v:XX|Y|Z|A|RA|B|B|s|t|S|T|b| («b|«)ja(«las |x|y|z);-
Vieis {1, {1s}}1,
R /. Table[ (v :XX* | Y* | Z" | A" («|7Ax) | B* |
(»B] «)b* | s* |t |a* |a|b| X" |y |Z")i~> Vieis {1, {15}}]
1 // LZiPriatteneTablel {A* e:,B* eis (S*) rots (%) retsbreisanesds (3, {is3] /7

QZipFlatten@Table[{XXnei,Y*n@i,yn@i,x*n@i},{i,{is}}] /1 QZipFlatten@Table[{Z*n@i,zn@i},{i,{is}}]]5
Bi5777 [L_J R_] .= B(is} [L, R];

DBy [L_, R_] :=LR;
DB(is y[L_%E, R_E] := PPpging@Module[{n},
Times [
L/.Table[(v:XX|Y|Z]|s|t|b|b|a]Ja|X]|Yy]|Z)i- Viei> {1, {i5}}],
R/.Table[(v:XX* |Y*|Z*|s* |t | b*|a* |a|b]| X" |y |Z)i~ Vieis {1, {i5}}]
1 /7 LZiPgiatteneTable[{(s*) e1s (t*) roisbressanei}s (is (is33] 77/

QZiPE1atteneTable [ (XXuos,¥*rossVrots X reids (is (15131 7/ QZLPE1atteneTable (201, 20011, (1, (15131 ] 3
DBis___ [L_) R_] o= DB{is} [L, R];
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STB([L_, R_1 :=LR;
STB(is y[L_E, R_E] := PPsgjpg@Module|{n},
Times [
L/.Table[(v:XX|Y|Z|b|b|a|a|X|Y|Z)i= Viei> {1, {is}}],
R/.Table[ (v:XX* |Y* |Z" | b* |[a* |a|b | X" |y |Z2")i> Viei> {1, {i5}}]
17/ LZipFlatten@Table[{bn@i,an@i},{i,{is}}] /1 QZipFlatten@Table[(XXn@i,Y*n@i,yn@i,X*nei},(i,{is}}] ’/

QZipFlatten@Table[(Z*n@i,znﬁ,i}, {1, {is}}] ] H
STBis  [L_, R_] :=STByisy [L, R1;

Program

E morphisms with domain and range.

Program

Bis rist [Egz »ra [L1_, Q1_, P1_1, Egp 42 [L2_, Q2_, P2_]] :=
E (d10ycomplement [d2,i5])~ (r2|Complement [r1,is]) @@ Bis [E[L1, Q1, P1], E[L2, Q2, P2]];
STBis_rist [Eqz_ srz [L1_, Q1_, P1_], Egz ,r2 [L2_, Q2_, P2_]] :=
E (d1Jcomplement [d2,is]) - (r2|Complement [r1,is]) @@ STBis [E[L1, Q1, P1], E[L2, Q2, P2]];
Egs sr1 [L1_, Q1_, P11 //Egy 42 [L2_, Q2_, P2 ] :=
Bringz [Eq1-r1 [L1, @1, P1], Egz,r2[L2, Q2, P2]];
Eg; sr1 [L1_, Q1_, P1_ ] =Egy ,r2 [L2_, Q2_, P2_] ":=
(d1 = d2) A (rl=r2) A (E[L1, Q1, P1] = E[L2, Q2, P2]);
Eg1 or1 [L1_, Q1_, P1_1Eg ,rp [L2_, Q2 , P2_] ":=
E (q1d2)-(r1yr2) @@ (E[L1, Q1, PI] E[L2, Q2, P2]);
Eg o [L_, 0 5 P lg :=Eg,r@E[L, Q, P]g;
E_[&__1[1_.]1:={5}I[11;

Program
“Define” code

Program

Define[lhs =rhs, ...] defines the lhs to be rhs, except that rhs is computed only once for each value of
Sk. Fancy Mathematica not for the faint of heart. Most readers should ignore.
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Program

SetAttributes [Define, HoldAll];
Define[def , defs__] := (Define[def]; Define[defs];);
Define[op_;; =&_] := Module[{SD, ii, jj, kk, isp, nis, nisp, sis}, Block[{i, j, k},
ReleaseHold [Hold [
SD [0Pnisp, sk_tntegers PPBoot @BLock [ {1, 3, K}, 0Pisy sk = &5 OPnis, sk |3
SD[opisp, Op{is},$k]; SD[opsis__J Op{sis}];
] 7. {SD - SetDelayed,
isp> {is} /. {i-»i_, j-»Jj_, k>k_},
nis - {is} /. {i - ii, j » jj, k - kk},
nisp- {is} /. {i-»ii_, j>»jj_, k> kk_}

1]

Program
Booting Up
Program

$k = 1;

The multiplication tensors on both halves of the double are defined here. Sk indicates the degree
%1 = 0 we are working over. The am and bm tensors given here only work for $k=1 and $k=0.

Define [am; j, =
Ei, )0 [ (@1 +@%5) @+ (b%3+b%5) by, (57327 4275+ e ®D3%2 @i (yh) ) 2+
(@2 @0y yy) s (o057 @5ty ety
1re (B (2Y)5 (x)1e @220+ h (2%) 5 (X); (y) e 9252 2, -
n(z'); (y):1€ P @ gy -n (v (x5 ()@ 7y, -
B (x*); e s (v 5 (v j ey - B (X g e © @5yt Jyx) +0[e]?] s
bm; 5, =
E (1,5} (k) [Ak A*; + A A" + B B*5 + B BY5, XX XX*5 + XX XX*5 + Vi Y¥5 + Yi ¥y + 2, Z%5 + 2y 275,
1+ (=XX (A) 3 (XX*) 5+ B XK Yie (XX*) 5 (Y*) 3= Yie (B*) 5 (Y*) 5 +22Zi (XX*) 3 (Y*) 4 - B XX Zic

OXK*) 5 (Z*) 5+ BV Zi (Y9 5 (Z°) 5 - Zic (A*)3 (Z%)5-Zi (BY); (Z%)5) e +O0[€]?] . ]5

The R-matrix is defined with the Faddeev-Quesne formula.

https://drorbn.net/AcademicPensieve/People/Schaveling/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: People: Schaveling: SL3invariant.nb 2026-08-31 04:06:02

Program
Define[
$kel (@267 _1)* (XX x9) ¢
Ri,j = E{}-»{i,j} [flAi aj +h Bj_ bj, hXXi Xj +.ﬁYi yJ +h Zi Zj, e”
= k(l_e—zkeb)
_2eh 1 1 2ehn m
» sg (e?¢"-1)" (A VYiyj) o~ sg (e?¢"-1)" (nZ;25)" ]
3
= 1 (1 _ e—zlen) - . (1 _ e—Zmeh) $k
Ei,j =E(y5i,5) [—fl aj A;-h b] Bi, -h X5 XX; Aih ]B{ﬁ + A2 XX; Y5 Z5 Ai‘ ]B? -
hzyZ; AT B} -hy; Y A" B, 1+ If[$k =0, 0, (Ryi,5),s-1) sk [3] -
(((Ris,51,0) sk Re,2 (Ry3,ay,8k-1) gk) /7 (bmy 1,5 @m52,5) // (bms 3,5 am; 4.5)) [31]],
1 1 b
Pi,j = ]E(i,j) 0 [— A*i a*j + — B*i ( *) iy
g a ’
1 * * 1 * * 1 * *
= XX* X 5+ = Yy ¢ = 2% 2%, 1+ If[$k =0, 0, (P(i,4),¢k-1) sk [3] -
h h h
(Re,2 /7 ((Pea53,0) s (Pes,2y,se1) ) [311] ]
Program
De-Fine [aSj = Ei,j "’Bi"‘Pi,j)
aS; = Eiyi) [-a"1 @i - b*s by, —e P11 g%, 7, @ PN @yt (x*) ;5 25 -
e 2 @iyt y, m @2 (Mixt x;, 14 IF[$k =0, @, (3S(iy,gk-1) s [3] -
((3S(iy,0) sk ~Bi~aSi~Bs~ (aS;iy,sk-1) s) [31]]]
Program
Define[bS; = R;,; ~B;~aS;~By ~P; 1,
bS; = Ri,1~By~aS; ~By~P; 1,
aAj,j,k = (R1,5Ra,k) // bmyg 5,3 // P3 i,
bA;i,j,k = (Rj,1Rk,2) // amy 5,3 // Pi,s]
Program

Define [dm; j,i = (Egi,j)-¢i,5) [ (A*) 1 Ai + (B*); B; +b*jb; + a*;jaj,
Y55+ XX+ 27525+ (XXT) 3 XXy + (Y*) 5 Y3 +2Z%5 Z;, 1]

(aAi-»1,2 //aby,n,3// E3) (bAj,_1,-2 // bA_5, 5, 3) ) // (P_1,3P_3 1 amy ., bms _5,),
dS; = E(iy,(1,2) [(A*) A1+ (B") 3By +b*i by + a%; ay,

Y Va+ X %o+ 2%5 2y (XX*) 3 XXg + (Y*) 3 Vg +2%5 25, 1] // (bSyaSy) /7 dmy,15s,
dAi,j,k = (bAi,3,180:,,4) // (dMz g dmy 5,5),
dS; = E(i)1,2) [ (A*) 1 Ap + (B*) 1By +b*s by + a%5 @,

Y'iVa+ X i Xg + 275 2y + (XX*) 3 XXq + (Y*) 3 Y1 #2735 25, 1] // (bS13S;y) // dmy,15]
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Program
1 h (aj + bl) € 2
Define[c]'_ = ]E{}-){l} [0, 9, A = Py +0[€] ] k,
i Bj Aj Bj 0
Ci=E;.u)[0, 0, (AIB]+ (ha; AT B} +hb; AIB}) €) +0[e]?],,
Kil’lki = (R1)3 Ez) // dml,z_,]_ // dm1,3_,i,
KInk; = (Ra,3Co) // dmy,on // dmg 3]
Program

Note: s=2A-B+ea, t=2B-A+eb. This substitution is implemented in the following tensors.

Program

Define [ABZsti =

* * * 2 ti * 2 Si * *
E{i}-»{i}[b ib; + a%ja; + (A); (; (Si"';)] + (BY) (; (ti“'?)]: (XX*) 3 XX; + (Y7); Y5+

1 1
Z¥5Z;+y* Y+ X x5 +2%525,1-€ (A*)i; (2a; +b;) -€ (B); — (2b; +a;) +0[€]2]$k:
St2AB; = E(5),(i) [b*i bs + @*;a; + (5*); (2A; -B;) + (t*); (2B;-A;),

(XX*)i XXl + (Y*)i Yi + Z*i Zi + y*i yi + X*i Xi + Z*i Zi, 1l+e (S*)i aj + € (t*)i bi + O[G]Z]$k:|
The following definitions are used for a slightly faster implementation of the quantum-double that

leaves out the s and the t from the zip. Since s and t are central, this is well defined and yields the same

result. These tensors should be zipped using the STB and DB zip function. As such, we also check the
axioms for these tensors.
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Define[stR;,j = (Rs,j~B(i,j ~ (AB2st; AB2st;)) // Simplify,

StR;,j = (Ri,5~Byi,j) ~ (AB2st; AB2sty) ) // Simplify,
StC; = (Ci~Bysy ~ (AB2sty)) // Simplify,
stC; = (C;~Byiy ~ (AB2st;)) // Simplify,
stKink; = (Kink;~Bsy ~ (AB2st;)) // Simplify,
stKink; = (Kink; ~Bj; ~ (AB2st;)) // Simplify,
stdm; i,k = ((st2AB; st2AB;) ~B; j~dm; j,i~By~AB2sty),
stdA; g,k = (St2AB; // dAj,j,x // (AB2stj AB2sty)),
stdS; = (st2AB; // dS; // AB2st;),
stP;, j = ((st2AB; st2AB;) // P; 5),
ddA;,j,k = (St2AB; // dAs,j,x // (AB2st; AB2sty)) /.

{Sjjk=S, Tjk=>T, tjk=>t, sjk>s, (s"); 20, (t7); » 0},
ddS; = (st2AB; // dS; // AB2st;) /. {S;>S, T; »T, si»s, ti»t, (s*); >0, (t*); >0},
PP;,j = ((St2AB; st2AB;) //P; 5) /. {(s*)15>@, (t*)y5- 0},
RR; j = (Ry,j // (AB2st; AB2sty)) /. {tj|j->t, S5 S},
RR;,j = (Ri,j // (AB2st; AB2stj)) /. {tj|j>t, s5|5>S, Sijj =S, Tijj-> T},
CC; = (Ci~Byiy~ (AB2st;)) /. {Si;j > S, Ti)5» T} // Simplify,
CC; = (Ci~Byyy~ (AB2st;)) /. {Syjj>S, Ty|5> T} // Simplify,
KKink; = (Kink; ~Bgj) ~ (AB2st;)) /. {tyj>t, si|55S, S5 S, Ty|3> T} // Simplify,
KKink; = (Kink; ~Bgj; ~ (AB2st;)) /. {tijj>t, 55|55, Si|j2S, Ty 3T} // Simplify,
ddm; i,k = ( (St2AB; st2AB;) // dm; 5, // AB2sty) /.

{Sk=S, Tk»> T, tu> t, sc»>s, (5%)550, (t*);50}];

Define [BB;, s = ((dAis1,ra dAjs2,r2) // dSpy /7 Sy /7 dMpg,rasi /7 Ay, 1y /7 Ay 5o) |

Testing

Block[{$k =1}, {
am - am; .k, bm - bm; ., dm - dm; ., R-> Ry j, R- Ei’j, P-P; j, aS - aS;,
asS - aS;, bS - bS;, bS » bS;, dS - dS;, aA » aAj,j,ks bA - bA;j 5 Kk, dA > dA;j,5 ks
C->Ci, C>C;, Kink » Kink;, Kink - Kink;, AB2st - AB2st;, st2AB - st2AB;
}] /7 Column

Check that on the generators this agrees with our conventions in the handout:
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Timinge
{({"[x,a]l" > ((E(yoq1,23 [0, 0, @2 X1] // amy 5,1) [3] - (E(y501,23 [0, 0, @1 X2] /7 amg 544) [3]1),
"[AX]" > ((Eqy501,23 [0, 0, XX3A1] // bmy 5,1) [3] - (E(3o¢1,2;[05 05, XXy Ayl // bmy5,0) [3]),
"DXGYTT o ((Egysq,23 [0, 0, Yo Xx1] /7 amg 541) [3] - (E(ysq1,23 [0, 0, Y1 X21 // amg 5,41) [3]),
"IY,X1" > ((Eqys01,23 [0, 0, XX5Y1] // bmy 5,4) [3] -
(E{y51,2; [0, 0, XX1 Y] // bmy 5,1) [3]1)} /.2 1> 2,
{"A[X]" > Last [E-013 [0, 0, XXq] ~By~bA1,;,5],

"A[A]" - Last [E(5013[9, 0, A1] ~Bl~bA1_,1,2] B

"Ala]" » Last[E(;,(1;[0, 0, a1] ~B1~aA1,1,5],

"A[z]" » Last[E(;,(1; [0, 0, 21] ~B1~aA1,1,5],

"A[X]" » Last[E(y,(1; [0, 0, X1] ~B1~aA1,1,2],

"A[Z]" -» Last [E(513 [0, 0, Z5] ~By1~bAj,1,21},

"S(a)" » ((E(}-¢1; [0, 0, a1] ~B;~aS;) [3]),
"S(z)" > ((E(y5(1y[0, 0, 21] ~B1~aS;) [3]),
"S(X)" » ((E{3-{13 [0, 0, X1] ~By~aS;) [3]),
"S(A)" = ((E(y-1y[0, 0, Ay] ~B;~bS;) [3]),
"S(X)" > ((E{;5¢13 [0, 0, XX;] ~B;~bS;y) [3]),
"S(Z)" » ((E(}5{1; [0, 0, Z3] ~B1 ~bSy) [3])
}Y/.z 42}

{1.265625, {{[x,a] >2x+0[e]?, [A,X] > -XXe+0[e]?, [X,y] >z-xyhe+0[e]?,
[Y,X] > (-2Z+XXYh) e +0[e]?}, {A[X] = (XXp + XXy 22" B}) +0[€]?, A[A] - (Ap+Ay) +0[e]?,
Ala] (a1 +ay) +0[e}2, A[Z] > (Zy+2Z2) + (2hA X1y, -hay1 2z, -hbyzy) e+0[e]2,

A[X] > (Xg+X2) ~harXae +0[€]?, A[Z] > (Z3+Z1 By By + h XX Yo 22" BY) +0[e]?},

{S(a) »-a+0[e]?, S(z) »-z+ (2xyh+2zh-azh-bzh)e+0[e]?,
S (X)
S(Z)

Hopf algebra axioms on both sides separately.

Associativity of am and bm:

Timing@Block[ {$k = 1},
HL /@ { (amy 5,1 // amy 3,1) = (amy, 3,5 // @My 5,1), (bmy 5,1 // bmy 3,1) = (bmy,3,5 // bmy 5,1)}
1
{0.437500, {True, True}}
R and P are inverses:
Timing@Block[{$k = 1}, {HL[ (Ri,j // Pi,k) = IE(k)_,(j} [aJ a*k + b] b*k) Xj X*k + yJ y*k + Zj Z*kJ 1] ] }]
{0.031250, {True}}

as and aS are inverses, bs and bS are inverses:

Timing[HL /e { (El // aSl) H ]E{l}-){l} [a1 a*l + b]_ b*l) X1 X*l +Y1 y*l + Zq Z*l, 1] K
(bSy /7 bS1) = E 1)1y [AL A*1 + By B 1, XXy XX*3 + Y1 Y*y + 2, 2%, 11 }]

{0.406250, {True, True}}
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(co)-associativity on both sides

Timing [HL /@ {(al1,1,> // @ba,3,3) = (dA1,1,3 // Al1,1,2) 5 (DA1,1,2 /7 BAs,5 3) = (bA1,1,3 // bA,g,2),
(amg, 41 // @My 3,1) = (amy 3,5 // amy 41), (bmy 5,1 /7 bmy 3,1) = (bmy 3, // bmg 5,1) }]

{1.078125, {True, True, True, True}}

A'is an algebra morphism
Timing[HL /@ {(amy ., // @A1,1,2) = ((@A1,1,3805,5,4) // (ams g, @My 5,1) ),

(bmy 41 // bA1,1,5) = ((bA1,1,3bA2,5,4) /7 (b3 4,5 bMy 5,1)) 3]
{1.312500, {True, True})

Sis convolution inverse of id

Timing [HL[# = E{1;,(1; [0, 0, 1]] & /@ {
(al1,1,2~B1~aSy) ~By,p~amy 5,1, (dlA1,1,2~B2~aSy) ~By a~amy 5,4,
(bA1,1,2~B1~bSy) ~By,2~bmy 5,1, (bA1,1,2~By~bS;) ~By 2~bmy 5,1}
{1.015625, {True, True, True, True}}

Sis an algebra anti-(co)morphism
Timing[HL /@ {amy ;.3 ~By~aS;y = (aS; aS;) ~By o ~amy 3,1, bmy 5,3 ~By~bS; = (bSy bS;) ~By 5 ~bmy 1,1,
aS;~By~aAy,1,5 = aAy,3,1~B1 5~ (351 3S3), bS;~By~bAg 1,5 = bA1,5 1 ~By 5~ (bS1 bS;) }]

{2.500000, {True, True, True, True}}

R-matrix and antipode

R1,2~Bi~ (bS1) =Ry,
True
Pairing axioms
Timing[HL /@ { (bmy ;.1 E(3y,¢3;[b"3b3s + a*3a3, y*3y3+X"3X3+2%323, 1]) ~By,3~P; 3=
( E(1y5¢1} [ (A*)l A+ (B*)1 B1, (XX*) 1 XXp + (Y*) 1 Y1+ Z*, 7y, 1]
E(2)5¢2; [ (A") 2 Ay + (B") 3 By, (XX*) XXz + (Y¥) Y2+ 2%, Z;, 1] @A3,4,5) ~By,4~P1,4~B3,5~P3 s,
(bA1,1,2 E(3y5¢3) [b¥*3bs + @a*3a3, y'5y3 + X3 X3 + 2%5 23, 1]

E(415a [babs + @422, Y5 Ya+ X"4 Xg +2"4 24, 1]) ~By,3~P1 3~By 4~Py 4 =
(E1ysqay [(A*) 1A+ (B¥) 1 By, (XX*)q XXy + (Y*)1Yy+2Z%1Zy, 1] @m3 4,3) ~B; 3~Py;3}]

(0.34375, {True, True}}

Timing [HL /@ { ((bS1 E2),(2) [b*2 by + @282, Y*, Y2 + X" 2 X + 2325, 1]) // Py ) =
((Eq1yqay [(A") 1 Ap+ (B*) 1 By, (XX*) g XXq + (Y*)1 Y1 +2%1 2y, 1] @S;) // Pa,2),
(E1 E (2523 [b*2 by + @3 @3, Yy, Yo + X" X + 2% 2;, 1] ) ~B1,2~P1,5 =
(Ef1yoqay [(A*) 1 Ap+ (B*) 1By, (XX*)3 XXg+ (Y*)1 Y1 +2Z*1 21, 1] @Sy) ~By,5~P1 2}
{0.28125, {True, True}}

Tests for the double.

Check the double formulas on the generators agree with SL2Portfolio.pdf:

{

"la,yl" »
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((E(yo(1,21 [0, 0, Y2 1] ~By 2 ~dmy 5,1) [3] - (E(j.1,23 [0, @, Y1a2] ~By,2~dmy 5,1) [31),
"[b,x]" = ((E(ysq1,2)[05 05 X3 b1] ~By 2 ~dmy 5,1) [3] -
(E()-(1,2) [0, 0, X3 b] ~By 5~dmy 5,5) [31), "[b,y]" »
((E (351,21 [0, 0, Y2 b1] ~By 5 ~dmy 5,1) [3] - (E ;51,23 [0, 0, Y1 by] ~By o ~dmy 5,1) [31),
"[a,x]" > ((Egysq1,23[05 0, Xp31] ~By 5 ~dmy 5,4) [3] -
(E (1,23 [0, 0, X3 @3] ~By,3~dmy 5,31) [31), "[a,z]" »
((E(y(1,21[0, 8, Z3a1] ~Bg o~dmy 5,1) [3] - (Ey501,2; [0, 0, 23 @3] ~By 5 ~dmy 5,1) [31),
"[b,z]" » ((E(3-1,2)[0, 0, 23 b1] ~By 5 ~dmy 5,3) [3] -
(E{y-71,2) [0, 0, 23 by] ~By 5~dmy 5,1) [3]), "[Xx,2]" >
((E(y-1,2)[05 @, Z3 X1] ~By 2 ~dmy 5,1) [3] - (Eqy,¢1,23 [0, 0, 21 X2] ~By,2~dmy 5,3) [31),
"Iy;z1" > ((Eqyo01,23[05 0, Z3y1] ~By,2~dmy 5,1) [3] -
(E()(1,2) [0, 0, 21 Y,] ~By a~dmy 5,1) [31), "[x,y]" -
((E(}-1,21[05 0, Y2 X1]1 ~By,2~dmy 5,1) [3] - (E(j5¢1,2) [0, 0, Y1 X2] ~By,2~dmy 5,1) [31),
"IY,Y1" o ((Egyo1,2)[05 0, Y2 Y11 ~By,a~dmy 5,1) [3] -
(E(}-1,2) [0, 0, Y1 Y] ~By,5~dmy 5,5) [3]) // Expand // Simplify,
"IY,x1" o ((Eqyo1,2)[05 0, X3 Y1] ~By,2~dmy 5,9) [3] -
(E{}571,23 [0, 0, X1 Y] ~By 2 ~dmy »,,) [3]) // Expand // Simplify,
"X Y1 o ((Eqysa,2)[05 0, Y2 XXq] ~By,2~dmy 5,1) [3] -
(E{y5q1,23 [0, 0, Y1 XX3] ~By,2~dmy »,;) [3]) // Expand // Simplify,
"IXX,x]" -
((E (31,21 [0, 0, X3 XX3] ~By,2~dMy 5,1) [3] - (E(3.¢1,2) [0, @, Xg XX3] ~By,2~dmy 5,1) [31) //
Expand // Simplify, "[Z,z]" » ((E{;5¢1,2}[05 @, 23 Z;] ~By,,~dmy 5,;) [3] -
(E{}5¢1,23 [0, 0, 23 Z,] ~By 2 ~dmy 5,,) [3]) // Expand // Simplify, "[Z,y]" >
((E(y¢1,21[05 0, Y2 Z3] ~By 5 ~dmy 5,1) [3] - (E ;51,2 [0, 0, Y1 Z5] ~By o ~dmy 5,1) [3]) //
Expand // Simplify, "[Z,x]" » ((E(}5¢1,2; [0 0, X2 Z3] ~By,,~dmy 5,4) [3] -
(E{}571,2y [0, 0, X1 Z,] ~By ,~dmy »,,) [3]) // Expand // Simplify, " [XX,z]" -
((E(3-(1,21 [0, 0, 23 XX1] ~By 5 ~dmy 5,1) [3] - (E(y5¢1,23 [05 @, 23 XX3] ~Bg o ~dmy 5,1) [31) //
Expand // Simplify, "[Y,z]" » ((E{;5¢1,23[05 0, 23 Y1] ~By,,~dmy 5,;) [3] -
(E{}5¢1,23 [0, 0, 21 Y] ~By o ~dmy 5,,) [3]) // Expand // Simplify, "[a,Z]" >
((E{y51,21 [0, O, Zy @1] ~By,2~dmy 5,1) [3] - (E{y5(1,23 [0, 0, Z3 @] ~Bg o ~dmy 5,3) [31),
"[a,XX]" = ((E (311,23 [0, 0, XXz a1] ~By,2~dmy 5,3) [3] -
(E (351,23 [0, 0, XX3 @3] ~By,p~dmy >,1) [31),
"[a,Y]" > ((E{}571,2;[0, 0, Y2a1] ~By >~dmy »,4) [3] -
(E{y>(1,23 [0, @, Y1 @] ~By o~dmy 5,1) [3]), "[b,Z]" »
((E(y(1,21[0, 8, Z3 b1] ~By o ~dmy 5,1) [3] - (E(y51,2; [0, 0, Z3 by] ~By 5 ~dmy 5,1) [31),
"[b,XXT" = ((E(y5(1,23 [0, 0, XXz b1] ~By 2~dmy 5,1) [3] -
(E{y5{1,2) [0, 0, XX1 by] ~By,5~dmy 5,4) [3]), "[b,Y]" »
((E(371,23 [0, 8, Yab1] ~By o~dmy 5,1) [3] - (E(35¢1,23 [0, 0, Y1 by] ~By o~dmy 5,1) [31),
"[A,Z]1" > ((E(yo(1,2) [0, 0, Z3A1] ~By,2~dmy 5,1) [3] -
(E{y51,2; [05 0, Z1 Ay] ~By,o~dmy 5,1) [3]), "[A,XX]" >
((E(3-(1,21 [0, 0, XX3 A1] ~By 5 ~dmy 5,1) [3] - (E(y5¢1,2) [0, 05 XX3 Az] ~Bg o ~dmy 5,1) [31),
"[AY]" > ((E(}5¢1,2) [0, O, Y2A1] ~By p~dmy 5,4) [3] -
(E{y>q1,2) [0, 0, Y1 Ay] ~Bg 5 ~dmy 5,4) [3]), "[B,Z]" »
((E(3-71,23 [0, 0, Z3 B3] ~By o~dmy 5,1) [3] - (E (351,23 [0, 0, Z3 B3] ~By o~dmy 5,1) [31),
"[ByXX]" = ((E(yoq1,2) [0, 0, XX3 B1] ~By,,~dmy 5,3) [3] -
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(E{y>1,2; [0, ©, XX1 By] ~By,5~dmy 5,5) [3]), "[B,Y]" »
((E(y(1,21[0, 8, Y2B1] ~Bg o~dmy 5,1) [3] - (E(y5(1,2; [0, 0, Y1 B3] ~By o~dmy 5,1) [31),
"IXKYTM o ((Egysq1,23 [0, 0, Y2 XX1] ~By o ~dmy 5,4) [3] -
(E()51,2) [0, 0, Y1 XX] ~By,2~dmy 5,1) [3]), "[Z,Y]" -
((E(3-71,23 [0, 0, Y2Z3] ~By o~dmy 5,1) [3] - (E(35¢1,2; [0, 0, Y1 Z5] ~By o~dmy 5,1) [3]),
"[Z,XX]" -
((E(y(1,2) [0, 0, XX3 23] ~By 5 ~dmy 5,1) [3] - (E (351,23 [0, 0, XXg Z5] ~By 5 ~dmy 5,1) [3]),
"[A,X]1" > ((E{3511,2;[05 05 X3 A1] ~By o ~dmy 5,4) [3] -
(E{y>(1,2) [0, 0, X1 Ay] ~Bg 5 ~dmy 5,1) [3]), "[A,y]" >
((E(y(1,21[0, 0, Y2 A1] ~Bg o ~dmy 5,1) [3] - (E(y35¢1,2; [0, 0, Y1 Al ~Bg 2 ~dmy 5,1) [31)
}/.{v_,-vVv}//Expand // Factor

"A(a)" > ((E(1,2)-(3 [0, 0, 1] ~By1~dAg,1,5) [31),

"A(X)" > ((Eq1,2)-() [05 0, X1] ~By~dAg,3,5) [31),

"A(D)" > ((E(1,2)5()[05 0, b1] ~By~dAay,3,5) [31),

"A(Y)" > ((E(1,215(3 [05 0, y1] ~B1~dAg,1,5) [31),

"A(Z)" > ((E{1,23-(3 [0, 0, 23] ~B1~dA1,1,5) [3]),

"A(XX)" > ((E(1,21-¢3 [0 @5 XX1] ~B1~dAg,1,5) [31),

"AY)" > ((Eq1,2)-¢3 [0, 0, Y1] ~B1~dAs,1,5) [31),

"A(Z)" > ((E(1,2)-(3 [0, 0, Z1] ~By~dA;1,1,5) [31)

"A(A)" > ((Eq1,2)-() [05 0, Ag] ~By~dag,;,5) [31),

"A(B)" > ((E(1,235(; [0, 0, B1] ~By~dAy,35) [3])} // Simplify

"S(a)" -» ((E{1}-71; [0, @, a1] ~By~dS1) [31),
"S(X)" > ((E{1}-571; [0, @, X3] ~B1~dS1) [31),
"S(b)" » ((E{1}-¢1; [0, @, by] ~By~dS1) [3]),
"S(Y)" = ((Eq1)5¢1) [0, 05, Y11 ~B1 ~dS1) [3]), "S(2)" = ((E(1}¢1) [0, 0, 23] ~B1 ~dS;1) [3]),
"S(XX)" = ((Eq1y-(1; [0, 0, XX1] ~B1~dS1) [3]),
"S(Y)" > ((E{1}51; [0, 0, Y11 ~B1~dS1) [31),
"S(Z)" » ((E{15{1; [0, 0, Z3] ~By ~dS;1) [3]), "S(A)" » ((E(1}5¢1) [0, 0, A1] ~By ~dS1) [3]),
"S(B)" » ((E{1}-¢1; [0, @, B1] ~By~dS1) [3])
} /. {v_y~>vVv}//Simplify
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{[a,y] Sy +0[e]?, [b,x] 5>x+0[e]?, [b,y] > -2y+0[e]?,

[a,z] »-z+0[e]?, [b,z] »-Zz+0[e]?,

2, ly,z] »—yzhe+0[e]2, [X,Y] »z—xyhe+0[e}2,

[a,X] > -2Xx+0[e]?,
[X,z] > xzhe+0[€]

-1+ AMB2" ho,-2h 2 2
[Y,y] 5 ——————— + (-bA"B?"+2yYh) e+0[e]?, [Y,x] >-xYhe+0[e]?,
n
~1+p20ph
[X,y] > -XXyhe+0[e]?, [XX,x] > —————— + (-an*"B"+2xXXh) e +0[e]?,
n
-1+n "B h o -h h h 2 2
[(Z,2] > ———— +RA "B (-a-b+22ZR"B"h) e +0[e]?, [Z,y] >-XX+yZhe+0[e]?,
n

[Z,x] > YR 2B+ A 2" (xZR?" - (-1+a) YB") he +0[e]?, [XX,z] > (-2y +XXzh) e +0[e]?,
[Y,z] > (2xn"B?"+Yzh) e+0[e]?, [a,Z] >Z+0[e]?, [a,XX] > 2XX+0[e]?,

[a,Y] > -Y+0[e]?, [b,Z] >Z+0[e]?, [b,XX] > -XX+0[e]?, [b,Y] >2Y+0[e]?,

[A,Z] > -Ze+0[e]?, [A,XX] > -XXe +0[e]?, [A,Y] >0[e]?, [B,Z] »-Zec+0[e]?,

[B,XX] > 0[e]?, [B,Y] > -Ye+0[e]?, [XX,Y] > (2Z-XXYh) e +0[e]?,

[Z,Y] >YZhe+0[e]?, [Z,XX] > -XXZhe +0[e]?, [A,X] >Xxe+0[e]?, [A,Y] %0[6]2}
{a(a) > (a1 +az) +0[€]?, A(X) > (X1 +Xy) ~hag X, e +0[€]?,

A (D) 5 (by+by) +0[e]?, A(y) > (y1+Y2) ~hbyy,e+0[e]?,

A(Z) > (21 +22) +h (2X1 Y2 - (81 +b1) 23) €+0[e]?, A(XX) - (XXg + XX ;2" By) +0[e]?,
AY) 5 (Yr+ Yo R B2") +0[€]?, A(Z) > (Z1+Zo 2" By + AXX, Y 2" BY) +0[€]?,

A(A) > (Ap+Ay) +0[e]?, A(B) > (By+B,) +0[e]?}

S(a) »-a+0[e]?, S(X) >-x-axhe+0[e]?, S(b) »-b+0[e]?,

S(y) >-y-byhe+0[e]?, S(z) »-z+ (2Xy- (-2+a+b) z)he+0[e]?,

S(XX) > -XXR*"B" -2 (XXR*"B " h) e+0[e]?, S(Y) > -YAT"B*" -2 (YAT"B*"h) e+0[e]?,
S(Z) >APBY (~Z+XXYh) +R"B A (-2Z+3XXYh) e +0[e]?,

S(A) > -A+0[e]?, S(B) »-B+0[e]?}

(co)-associativity

Timing [HL /@ { (dA1,1,2 // dAg,5,3) = (dAy,1,3 // dAgyg,2) s (AMy oy /7 dmyg 3,0) = (dmy 3,5 // dmg 54,) } ]
{14.218750, {True, True}}

Timing[HL /@ { (stdA;,1,> // stdA,,;,3) = (stdAy,y,3 // stdAg,,,,),
(stdmy »,1 // stdmy 3,1) = (stdmy 3., // stdmg 5,) }]

{7.531250, {True, True}}

Timing [HL /@ { (ddml,z_,l ~STB, ~ ddm1)3_,1) = (ddm2,3_,2 ~STB, ~ ddml,z_,]_) }1]
{2.125000, {True}}

A'is an algebra morphism

Timing@HL [dmy 5,1 ~By~dA;,;1,5 = (dAg,;,3dAy,5,4) ~B1,2,3,4~ (diMz 4,5 dmy 5,9) ]

(7.296875, True}

S, inverts R, but not S;:
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Timing@{HL [R1,2~Bz~d52 = El’z] }
(0.796875, {True})
Sis convolution inverse of id
Timing[HL[# H E{l}-){l} [0, 0, 1]] & /e
{(dAg,1,2~By~dSy) ~By o ~dmy 5,1, (dA1,;,2~Ba~dSy) // dmy 5,1}]
(4.703125, {True, True})
Sis a(co)-algebra anti-morphism

Timing[HL /@
Expand /@ {dmy 5,3 ~B;~dS; = (dS; dS;) ~By, p~dmy,1,1, dS3~By~dA; 1,5 = dAg,5,1 ~By, 2~ (dS; dS;) }]

{22.718750, {True, True}}

Quasi-triangular axiom 1:

Timing@HL [Ry 5 ~B1~dAs,1,3 = (R1,4R3,2) ~By a~dmy 4,5]

(0.375000, True)

Quasi-triangular axiom 2:

Timing@HL [ ( (dA1,1,2 R3,4) ~B1,2,3,4~ (dmy 3,3 dmy 4,5)) = ((dA1,2,1 R3,4) ~By,2,3,4~ (dM3 1,3 dmg 5,5) ) ]
(2.359375, True)

The Drinfel’d element inverse property, (u; U3)~B; ,~dmj 5,1 = E[0, 0, 1]:

Timing@HL[ ((Ry,2~By~dSy~By p~dmy 1,5) (R1,2~By~dS;~By~dSy~By 5~dmy 1,5)) ~Bj j~dm; j,; =
E(;5¢i; [0, 0, 1]]
{2.453125, True}

The ribbon element v satisfies v? = S(u) u. The spinner C=uv™L. It is convenient to compute z = S(u) u™*
which is something easy. Taking the square root of zand multiplying it with S(u) yields the ribbon
elementv.

Timing@Block[ {$k = 1},
(((Ry,2~By~dSy~By,p~dmy 1,5) ~Bj~dS;) (Ry,2~By~dS;~By~dS;~By 2 ~dmy 1,5)) ~By, j~dm; j,;]

{8.062500, E ), (1,[0, 0, Ai"Bi"+ (2ha; AT "Bi"+2hb; AT B;") € +0[e]?]}

Turaev moves are checked here.

T-4:

Timing@Block | {$k = 1},
HL /@ { (C1 C2R3,4 C5 Cg) ~By,3~dmy 3,3 ~By 5 ~dmy 5,1 ~By 4 ~dMy 4,5 ~By g~dmy 6,2 = Ry, } ]

(3.796875, {True}}

T-5,T-6
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Timing@Block [ {$k = 1}, HL /@ { (€3 Cj) ~Bj,j~dms j,5 = E(y,1) [0, 0, 1],
(€iCj) ~Bs,j~dmj,s,5 = Ey,(5y [0, 0, 11, (C3 Cj) ~Bj,j~dm; j,; =
(((Ry,2~By~dSy ~By y~dmy 4,5) ~B;j~dS;) (Ry,2~By~dS;~B;~dS;~By o~dmy 1,5)) ~Bj 4 “‘dmi,j—d}]
(16.296875, {True, True, True})

Reidemeister 2 or T-3:
Timing [HL[# = E(;,(1,2, [0, @, 1]] & /@
{(R1,2Rs,4) ~By1,2,3,4~ (dmy 3,1 dMy 4,5) 5 (R1,2 R3,4) ~Bu,2,3,4~ (dmy, 3,1 dmy 452) }]

{2.500000, {True, True}}

Timing[HL [# 2 E(5(1,2; [0, 0, 1]] & /@ { ( ( (ﬁLz RR3,4) ) ~By,2,3,4~ ((ddmy 3,5 ddm; 4,5)) ) B
((RRy,2 RR3,4) ~STBy 3,3,4~ (ddmy 3,3 ddm; 4,5) ) }]
(2.718750, {True, True}}

Cyclic Reidemeister 2 or T-2:

Timing@HL [ (R1,4 Rs,2 Es) ~Ba,q~dmy, 4, ~By 3~dmy 3,9 ~By s~dimy 5,1 = C; E(y,2; [0, 0, 1] ]
(7.765625, True}

Reidemeister 3 or T-1:

Timing@HL [ ( (Ry,2 Ra,3Rs,6) ~B1,a~dmy 4,1 ~By 5s~dmy 5,5 ~B3 g~dm3 6,3) =
((R1,6 R2,3R4,5) ~By 4~dmy 4,1 ~By 5s~dmy 5,5, ~B3 ¢~dm3 6,3) ]

(5.343750, True}
Timing@HL [ ( (RRl,Z RR4J3 RR5)5) ~ STB]_’4 ~ ddm1,4_,1 ~ STszs ~ ddmz,s_,z ~ STB3’5 ~ ddm3,6_,3 ) H

((RR1,6 RR3,3 RRy,5) ~STBy 4~ddmy 4,1 ~STB; 5~ddm;, 5,5 ~STB3 ¢ ~ddms ¢,3) ]
(1.656250, True}

Relations between the four kinks or T-7
Timing [
HL /@ {Kinki = (Rs3,1 C3) ~By,2~dmy 5,3 ~By 3~dmy 3,5, Kink; = (E3,1 E2) ~Bg,2~dmy 5,1 ~By 3~dmy 3,5,

(Kinki Kinkj) "'Bi’j ~dmi’j_,1 H ]E{}-){l} [0, 0, 1] 5 (Kinkl Kinkj) "'Bi’j'“dmj’i_,l = ]E{}-){l} [0, 0, 1] }]

{9.187500, {True, True, True, True}}

The Trefoil

Timing@BlOCk [ {$k = 1} 5 ZZ = RR1’5 RRG,Z RR3)7 E4 KKink8 KKinkg KKinkla;
DO[ZZ = (ZZ /. {€ - ©}) ~By, o~ (ddmy .y /. {€ > @}), {r, 2, 10}];
{Simplify /@ (ZZ /. {e » 0})}]

SZ T2

{1'25%%’ {E””” {9’ % (1-5+S2) (1-T+T?) (1-ST+S2T?) ”}
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Timing@Block [ {$k = 1},
ZZ = (RRy,s RRg,2 RR3,; CC, KKinkg KKinkg KKinkge) 5
Do[Print["Doing ", r]; ZZ = (ZZ) ~By .~ (ddmy ;) , {r, 2, 10}];
{simplifyezz}]
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{28.890625,

SZTZ
{E{Hl}[e,e, +(28°1% (5-25%+35%-25"+T-25T+
(1-5+8%) (1-T+T?) (1-ST+5°T?)

S2T+283T-558*T+6S°T-2T2+S5T?2-53T2-45*T2+55°T2_-115°T2+3T13+25T3-
PT343 T35 T2 -° T2+ 758 T2+ 105' TP - 2T 55T 452 T 1653 T4 245 T4+
105°T*-1255T*- 115" T*-6S8T*+6ST°+552T°-S3T° +10S* T° +12S° T° - S° T° +
1057 T°+1358T° - 115218+ 75318125 T8-S T8 - 16561 + 115" T° - 2058 T° +
10T/ -115* T/ +185° T/ +118°77 - 145" 77 + 155877 - 65* T8+ 135° T8 - 2055 T8 +
1ss”ﬁ7853ﬁ+¢175+5ﬂ(17T+Tﬂ2(72+5+3ST+2s“ﬂ+s4ﬁ<3+T)7
ST (3+T) ~S2T (1+3T) +S°T (-1+T%) ) ay+ (1-5+5%)% (1-T+T?)

(-2+T+3ST-S(1+38) T2+S (-1+8*) T7+5% (3+5) T*-5% (3+5) T°+25*T%) by +
2Xg XXy + 253 Xy XXg - 5T Xy XXg - 2S T Xy XX = 352 T xg XXg - 253 T xq XXy —
5S* T Xy XXg +9 T2 Xy XXg +5S T2 Xy XXq + 9 S T2 xqg XXg + 9S> T2 xg XXg + 5 5% T? xq XXq +
98° T2 Xy XXq - 7 T3 Xg XXq —12S T2 xg XXg - 1252 T3 xg XXq - 14 53 T3 xg XX - 12 8* T2 xq XX -
125 T3 %y XXg - 7 S8 T3 xg XXq + 4 T% X XXq + 18 S T# xq XX; + 18 S% T4 xq XXq + 14 53 T % XXq +
14S* T* xq XX7 + 18 S° T4 Xy XXq + 10 S8 TH %y XXg + 4 S7 T4 xg XXq - 7S T° xq XX -
1252 T° xg XXg - 1283 T° xg XXq - 14 S* T° xq XX - 12 S° T° xq XX; - 12 S® T° xq XX, -
757 T2 Xy XXg +9S? T8 xg XXq + 553 T8 xqg XX + 9 S* T8 xg XX; + 9S> T8 xq XXq + 5 S8 T® xq XX; +
957 T8 %y XXq - 5S3 T/ Xy XXg = 2S* T/ xq XXg - 3S° T7 xg XXq = 2S® T7 xq XX; - 557 T xq XXq +
254 T8 Xy XXy +2S T8 X XXy +2y1 Y1 -5Sy1 Y1 +9S%y; Y, =753y, Y, +4S*y, Vg -
2STy1Y1+58% Ty, V1 -12S2 Ty, ¥, +10S* Ty, Y1 -7S° Ty, Y1 -3S T2y, Y, +
952T2y; V1 -1253 T2y, ¥, +185* T2y, V1 - 12S° T2y, V1 + 9S8 T2y, V. + 2 T3y, Vg -
25Ty ¥1+98° TPy, V1 -1483 T3y, v, + 1454 TPy, ¥, - 1282 T2y, Y, + 558 TPy, v, -
58’ T3y, ¥, -55T y1 Y1 +58° Thy; V1 - 1283 Ty, ¥, + 145* Ty, Y, - 14S° Ty, Yy +
988 Ty 1Y, - 28" T8y Y, +258 T4y, V1 +9S2 TPy, Y1 - 1283 Ty, Y, + 185 Ty, ¥y -
12S° TPy, Y1 +9S8 TPy V1 -3S"' TPy, ¥, 753 T8y, v, + 1054 T8y, V1 - 12S° TO y, v, +
55Ty, YV, -25" T8y, Y1 +4S* T y; Y1 -7S° Ty, Y1 +95° Ty, Y1 =557 Ty, Vg +
25817y Y1 -2 XXy Y123 + 7S XXy Y120 —9S2 XXy Y127 +7 S3 XXy Y1 21 - 25 XXg Y1 21 -
5STXX; Y121 -5S " TXX1 Y127 +12S T2 XXy Y1 20 - 9S* T2 XXy Yq 27 + 21 S3 T2 XX Y1 21 -
9S* T2 XXy Y120 +12S° T2 XXy Y121 -2 T2 XXg Y1 21 -5 S T2 XXy Y1 21 - 9S2 T2 XX Y1 21 -
7S3T3XX Y121 -7S*T3XX Y121 -9S° T2 XXy Y1 20 -5 S8 T3 XXy Y121 - 2S” T2 XX1 Yq 24 +
7ST XX Y121 +21S3 T4 XXy Y120 - 7S  TH XXy Y1 20 + 21 S T4 XXy Y1 21 + 7S7 T4 XXy Y1 24 -
952 T XX1 Y121 -9S* TP XXy Y121 -9S° TP XXy Y121 - 9S TP XXy Y1 20 + 7S2 T XX, Yq 24 -
5SS  TO XX, Yy 29 +12S° TO XXy Y127 - 5S8 T8 XXy Y12, + 7S  TO XXy Yq 27 - 2S* T/ XX, Yg 21 -
28" T/ XXy Y121 +42121-752127+95%2,2,-55212,+25%202,-7T 2,21 +
10ST2,2;-125%T2,2,+58°T2,2,-25*T2,2,+97T%2, 2, -125T? 2, Z; +
1852T%2,27,-12537%22,2,+95*T%2,2, -35°T%22,2,-5T>2, 2, +5ST> 2, Z; -
1252732,7,+14537% 2,2, -145*T3 2,2, +95° T2 2,2, - 2513 2,2, + 25" T2 2, 7, +
274212, -2ST% 2,2, +958%T* 2,2, - 1453 T* 2,2, +145* T4 2,2, - 125° T* 2, 2, +
5567%2,2,-55"T%2,2, -35%T° 2,2, +9S3T° 2,2, -125*T° 2,7, +185°T° 2, 7, -
125%7°2,2,+958° T° 2,2, -253T%2, 2, +55*T% 2,2, -125° T8 2,2, +105°T® 2, 7, -
78 7°2:2,+28° 1202, -58" 12,2, +95° 7 212, -78°T 202, + 45" T 2. 24) €) /

((1-5+5%)° (1-T+T2)° (1-5T+s272)%) +0[e}2H}

The Figure Eight knot
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Timing@Block [ {$k = 1},
7z = (ﬁs,l RR;,6 RRs, 5 RR10,3 CCy CC4) 5
Do[Print["Doing ", rJ];
ZZ = (ZZ /. {€ »0}) ~STBy r~ (ddml’r\_)l /. {e»>0}), {r, 2, 10}];
{Simplifyezz} ]

{2.125000, (£, [0, 0, - ST

(1-35+5%) (1-3T+T?) (1-3ST+S*T?) H}

Timing@Block [ {$k = 1},
7z = (ﬁ&,l RR; 6 RRs, 9 RR1g,3 CCy CC4) 5
Do[Print["Doing ", r]; ZZ = (ZZ) ~STB;,r~ (ddmy 1), {r, 2, 10}];
{Simplifyezz}]
SZ T2
[s32.593750, (£, )]0, @, - -
(1-35+5%) (1-3T+T?) (1-3ST+S*T?)

(2(S®T% (4-95+25%-9T+12ST+6S°T+2T°+6ST°-65°T2-25*T°-6S°T°- 12577 +
9s8* 1?2827+ 9T -4 Th 4 (1-3T+7%) (-2+28*T?43S (1+T) -3S°T (1+7))
ap+ (1-35+S%) (-2+43(1+S) T-3S (1+S) T?+2S°T*) by +2x3 XXy +
2S5 X3 XX — 9T Xy XX - 3ST Xy XXg - 9S% T Xy XXg + 4T Xy XXg + 16 S T2 xq XXq +
16 S T2 Xy XXq + 453 T2 X3 XX1 -9 S T2 Xy XXq - 3S2 T2 Xy XXq - 9S> T2 % XXq +
252 Th X XX +2S3 T X XX +2Y1 Y1 -9Sy Y, +4S%y1 Y1 +2Ty; Y1 -3S Ty, Yq +
1652Ty; Y1 -9S2 Ty Y1 -9ST?y; V1 +16S2 T2y, Y1 -3S° T2y Y1 + 25 T2y, vy +
452 T3y Y, -9S3 T3y ¥ +25* TPy Y1 - 2 XXy Y1 27 + 11 S XXq Yq 29 - 252 XX, Yq 24 -
2TXX1Y12Z1 -8STXX1Yy21 -8S2TXXy Y123 -2S> TXXy Yg 21 +11ST> XX, Yq 24 -
8S2T XXy Y121 +11S3T2XX; Y121 -2S? T3 XXy Y121 -2S3 T3 XXy Y1 20 + 4 21 Z4 -
9S2,7,+2S%2;72,-9T2,2,+165ST2;Z;-35%T2,2,+253T2,2,+2T%2, 2, -
3512212, +165° 72,2, -95° 12212, +2ST° 202, -95° T’ 21 2, +4S° T 2, 24) ) €) /

((1-35+5%)%(1-3T+T72)% (1-35T+52T12)%) +0[<—:]2H}

The 6-3 knot

Timing@Block [ {$k = 1},
ZZ = (RRg,12 RRip,14 RR13,7 RRy 5 RRg > RR3 9 CC4 CCyy) 5
Do[Print["Doing ", r]; ZZ = (ZZ) ~STBy,r~ (ddmy r,1), {r, 2, 14}];
{Simplifyezz} ]
{337.828125, {E .1, [0, O,
(s*1%) /((1-35+55%°-358+5%) (1-3T+5T°-3T+T%) (1-3ST+58°T2-3T>+5*1%)) +
(25*7* (8-215+305%-155>+45"-21T+36ST-305°T-245>T+185"'T-6S°T+
30T2-30ST2+125%T2+455° T2+ 65 T2 - 6S° T2 -15T>-24ST° +458°T° -
485313 - 245* T2 165 T2 +6S’ T2 +4T+185T +65°T4-2453 T4+ 245° 1% -
65T -18S" T4 - 4S8 T - 6ST°-6S*T°+245*T° +485°T° - 4555 7° 2457 7°
1558 T°+653T6-65* T8 -455° 78 -125°7°+305" T°-3058 T8 +65°T7-185* 7+
245°T7+305°T7-365" 177 +2158 177 -45*18+155° T8 -305°18+215" T8-858T18+
(1-3T+572-37+7%) (-4+45%T*+95 (1+T) -95’ T2 (1+7) -2 (5+9T+5T?) +
25°T? (5+9T+5T%) +35% (145T+5T°+T) -3S°T (1+5T+5T2+7T°)) ag +
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(1-35+55%-35%+5%) (-4+9(1+5)T-2(5+95+55%) T°+3 (1+55+582+8%) T°-
35(1+55+55%+5°) T°+25% (5+95+58%) T°-95% (1+5) T +45*T%) by +

4% XXg - 2S Xg XXq - 252 Xy XXq + 453 xg XXg = 15T xg XXg + 3S T Xg XXq - 3S% T xq XXg +
383 T Xy XXq - 155 Txg XXq + 30 T2 Xg XXg + 6 S T2 Xq XXq + 12 S2 T2 xq XXq + 12 83 T2 xq XX +
6 S T? X1 XX1 + 30 5% T Xq XX1 - 21 T3 Xg XX3 - 51 S T2 x4 XXg - 6 S% T2 xq XXq - 30 % T3 xq XXq -
6 S T3 xq XX1 - 515° T2 xg XX1 - 21 S® T2 xg XX1 + 8 T* Xq XX1 + 44 S T xq XXq + 56 S? T* xq XX +
853 T Xy XX1 + 8 5% T xg XXq + 56 5% T# xq XXq + 44 S® T# xq XXg + 8 S7 T% X XXq - 21 S T° xq XXq -
515 T° xq XXg - 6 S T° Xq XXg - 30 S T° Xq XXq - 6 5% T° Xq XXg - 51 8% T° xg XXg - 21 S7 T Xq XX +
3052 T8 xq XX + 6 S T8 xq XXz + 12 S* T8 xq XXq + 12 5% T® xq XX + 6 S8 T8 xq XX +
3057 TO Xy XXg - 1583 T/ xg XXg + 3S* T/ Xg XXg = 3S° T/ xq XXg + 3 S8 T7 xg XXq - 1557 T7 xq XXq +
45 T8 x XXy —2S° T8 Xy XXg - 2S8 T8y XX +4S” T8 Xy XXy +4y; Y1 -15Sy; Yq +
3052y, Y, -21S%y; Y +8S*y1 Y1 - 2Ty Y1 +3STy; Y1 +6S2Ty Y1 -51S3 Ty, Yq +
44S* Ty, Y1 -21S° Ty Y1-2T?y1 Y1 -3S Ty Y1 +12S2 T2y, ¥, -6S° T2y, Vg +
56S* T2y, Y, -51S° T2y, Y, +30S° T2y, Y1 + 4T3y, Y, +3S Ty, ¥, +12S2 T3y, vy -
30 T2y, ¥, + 88 Ty, V1 -65° T2y, V1 +658 T2y, V1 - 158" T2y, ¥, - 155 T4y, v, +
6S°T y1Y1-653T y; V1 +85* T4y, V1 -30S° Ty, V1 + 1288 Ty, v, + 38" Ty, vy +
458 Ty, ¥, +30S° Ty, ¥, -51S3 Ty, ¥, +56S* Ty Y1 -6S° T2y Y1 + 1258 TPy, vy —
38Ty, ¥, -2S8 Ty, V12153 T8y, V1 +445* TOy; V1 -515° TOy, V1 + 6 S8 Ty, vy +
38" Ty, ¥, -258 T8y Y +88%* Ty V1 -215° Ty, ¥, +3088 Ty, ¥4 - 155" Ty, ¥, +
4S8 Ty Y, —4XX1 Y127 +19S XXy Y1 27 - 3252 XXy Y1 20 +19S3 XX Y1 27 -4 S* XXy Vg 21 +
2TXX; Y121 -22STXXyYg 21 +16S2TXXy Yy 20 + 16 S TXXy Yg 20 - 22S* TXX; Vg 24 +
2S° TXX Y120 +2T2 XX Y121 +35S T2 XXy Y1 21 - 28 S2 T2 XX, Y1 24 + 34 S3 T2 XX Yy 24 -
28 S* T2 XX, Y121 + 35S T2 XX, Y129 + 2S8 T2 XX, Y129 -4 T3 XXy Yg 20 - 22S T3 XX, Yq 21 -
28S2 T3 XXy Y121 -4S T3 XX Y121 -4S* TP XXy Y1 21 - 28 S T3 XXq Yq 27 - 22 S8 T XX Yy 21 -
4SS T3XX1 Y121 +19ST XXy Y1 21 +16 SP TH XXy Y1 27 + 34 S3 T4 XXy Y1 20 —4S* TH XX, Yq 24 +
34S T4 XXy Y121 + 16 SO T4 XXq Y1 20 + 1957 T*XX1 Y1 21 - 32S2 T° XXq Y 21 + 16 S T° XX; Y1 21 -
28 S* TP XX; Y1 21 - 28 S TP XXq Y1 21 + 16 S T2 XX1 Y1 24 - 32S7 T° XX; Y; 21 + 19S3 T8 XX Yy 21 -
225* TO XXy Y1 21 + 35S  TO XXy Y127 - 22 S8 T8 XXy Y1 20 + 1957 TO XXy Y1 21 -4 S* T/ XXy Yq 24 +
25T/ XXy Y121 +2S8 T/ XXy Y121 -4S T/ XXy Y121 +82121-2152,Z, +305% 2,7, -
15532, 2,+4S%2,7, -21T2,2,+44ST2,2Z, -51S*T2,2;+6S°T2;Z,+35* Tz, 21 -
25°T272,+30T%2,2; -515T%2,2, +565%T% 2,2, -6S>T> 2,2, +125*T% 2, Z; -
3°7%22,2,-25%T%2,2,-1572,2,+6ST%2,2,-65%T% 2,2, +85°T3 2,7, -
305*T732,2,+1258° T2 2,2, +35%73 2,2, +4S' T2 2,2, +4T* 2,2, + 35T 2, 2, +
1252T%2,7,-3053T%2,72,+85*T* 2,72, -65°T*2, 2, +6S°T* 2,2, -155" T* 2, 7, -
2ST°2,2,-35%T°2,2;,+1253T° 2,2, -65*T° 2,7, +56S°T° 2,2, -51S°T° 2, 7, +
3057 72,2, -25*T%2,2,+35°T%2, 7, +65*T%2,2, -515° 152,27, +44557% 2,7, -
215" 1°2, 2, +4S° 17 2,2, -158* 17202, +30S° 77 2,2, - 215° 17 2,2, + 857 T 2, 21) €) /

((1-35+552-35+5%2 (1-3T+5T2-3T+T4)? (1-3ST+55*T2-35> T2+ s*1%)%) &

€

0[el?]}}

Mirror Trefoil
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Timing@Block [ {$k = 1},
ZZ = (RRy,s RRg,2 RR3,7 CC4 KKinkg KKinkg KKinkse) 5
Do[Print["Doing ", rJ];
2Z = (ZZ /. {€ -» ©}) ~STBy, .~ (ddmy, ., /. {€ »0}), {r, 2, 10}1;
{Simplifyezz} ]
SZ TZ

3.562500, {E(;.1, |0, 0,
{ { { (1-5+8%) (1-T+T?) (1ST+SZT2)H}
Timing@Block [ {$k = 1},
ZZ = (RRy,s RRg,2 RR3,7 CC4 KKinkg KKinkg KKinkye) 5
Do[Print["Doing ", r]; ZZ = (ZZ) ~STB;,r~ (ddmy 1), {r, 2, 10}];
{Simplifyezz}]
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{49.390625,

SZTZ
[Foan e, e, + (252712 (8-155+2052-135% +65* 15T+
(1-5+8%) (1-T+T?) (1-ST+5°T?)

145T-1152T-10S°T+115*T-10S°T+20T°-115T2+16S° T2+ S3 T2+ 125 T2 -
75°T2+115°72-1372-105T2+5%T12-1253T12-105* T2+ T°-5s8 T2 65" T +
6T +11ST*+1252T*-10S3 T4+ 245 T -6S° T4 +4S T4+ 55" T4+ 258 T - 10ST° -
78T+ ST 65 TP -4 T° 8877 - 28" T°-3581°+ 1182 T8 - 58310 145478+
T8-S T8+ 28878653 T/ +58% T/ -28° T/ -s8T17 425" 77 -sB817+ 25783518
256ﬁ—57ﬁ+(1—5+5ﬂ(1—T+Tﬂ2(—2+S+3$T+25“ﬁ+54ﬁ(3+T)—
ST (3+T) ~S2T (1+3T) +S°T (-1+T%) ) ay+ (1-5+5%)% (1-T+T?)

(-2+T+3ST-S(1+38) T2+S (-1+8*) T7+5% (3+5) T*-5% (3+5) T°+25*T%) by +
2Xg XXy + 253 Xy XXg - 5T Xy XXg - 2S T Xy XX = 352 T xg XXg - 253 T xq XXy —
5S* T Xy XXg +9 T2 Xy XXg +5S T2 Xy XXq + 9 S T2 xqg XXg + 9S> T2 xg XXg + 5 5% T? xq XXq +
98° T2 Xy XXq - 7 T3 Xg XXq —12S T2 xg XXg - 1252 T3 xg XXq - 14 53 T3 xg XX - 12 8* T2 xq XX -
125 T3 %y XXg - 7 S8 T3 xg XXq + 4 T% X XXq + 18 S T# xq XX; + 18 S% T4 xq XXq + 14 53 T % XXq +
14S* T* xq XX7 + 18 S° T4 Xy XXq + 10 S8 TH %y XXg + 4 S7 T4 xg XXq - 7S T° xq XX -
1252 T° xg XXg - 1283 T° xg XXq - 14 S* T° xq XX - 12 S° T° xq XX; - 12 S® T° xq XX, -
757 T2 Xy XXg +9S? T8 xg XXq + 553 T8 xqg XX + 9 S* T8 xg XX; + 9S> T8 xq XXq + 5 S8 T® xq XX; +
957 T8 %y XXq - 5S3 T/ Xy XXg = 2S* T/ xq XXg - 3S° T7 xg XXq = 2S® T7 xq XX; - 557 T xq XXq +
254 T8 Xy XXy +2S T8 X XXy +2y1 Y1 -5Sy1 Y1 +9S%y; Y, =753y, Y, +4S*y, Vg -
2STy1Y1+58% Ty, V1 -12S2 Ty, ¥, +10S* Ty, Y1 -7S° Ty, Y1 -3S T2y, Y, +
952T2y; V1 -1253 T2y, ¥, +185* T2y, V1 - 12S° T2y, V1 + 9S8 T2y, V. + 2 T3y, Vg -
25Ty ¥1+98° TPy, V1 -1483 T3y, v, + 1454 TPy, ¥, - 1282 T2y, Y, + 558 TPy, v, -
58’ T3y, ¥, -55T y1 Y1 +58° Thy; V1 - 1283 Ty, ¥, + 145* Ty, Y, - 14S° Ty, Yy +
988 Ty 1Y, - 28" T8y Y, +258 T4y, V1 +9S2 TPy, Y1 - 1283 Ty, Y, + 185 Ty, ¥y -
12S° TPy, Y1 +9S8 TPy V1 -3S"' TPy, ¥, 753 T8y, v, + 1054 T8y, V1 - 12S° TO y, v, +
55Ty, YV, -25" T8y, Y1 +4S* T y; Y1 -7S° Ty, Y1 +95° Ty, Y1 =557 Ty, Vg +
25817y Y1 -2 XXy Y123 + 7S XXy Y120 —9S2 XXy Y127 +7 S3 XXy Y1 21 - 25 XXg Y1 21 -
5STXX; Y121 -5S " TXX1 Y127 +12S T2 XXy Y1 20 - 9S* T2 XXy Yq 27 + 21 S3 T2 XX Y1 21 -
9S* T2 XXy Y120 +12S° T2 XXy Y121 -2 T2 XXg Y1 21 -5 S T2 XXy Y1 21 - 9S2 T2 XX Y1 21 -
7S3T3XX Y121 -7S*T3XX Y121 -9S° T2 XXy Y1 20 -5 S8 T3 XXy Y121 - 2S” T2 XX1 Yq 24 +
7ST XX Y121 +21S3 T4 XXy Y120 - 7S  TH XXy Y1 20 + 21 S T4 XXy Y1 21 + 7S7 T4 XXy Y1 24 -
952 T XX1 Y121 -9S* TP XXy Y121 -9S° TP XXy Y121 - 9S TP XXy Y1 20 + 7S2 T XX, Yq 24 -
5SS  TO XX, Yy 29 +12S° TO XXy Y127 - 5S8 T8 XXy Y12, + 7S  TO XXy Yq 27 - 2S* T/ XX, Yg 21 -
28" T/ XXy Y121 +42121-752127+95%2,2,-55212,+25%202,-7T 2,21 +
10ST2,2;-125%T2,2,+58°T2,2,-25*T2,2,+97T%2, 2, -125T? 2, Z; +
1852T%2,27,-12537%22,2,+95*T%2,2, -35°T%22,2,-5T>2, 2, +5ST> 2, Z; -
1252732,7,+14537% 2,2, -145*T3 2,2, +95° T2 2,2, - 2513 2,2, + 25" T2 2, 7, +
274212, -2ST% 2,2, +958%T* 2,2, - 1453 T* 2,2, +145* T4 2,2, - 125° T* 2, 2, +
5567%2,2,-55"T%2,2, -35%T° 2,2, +9S3T° 2,2, -125*T° 2,7, +185°T° 2, 7, -
125%7°2,2,+958° T° 2,2, -253T%2, 2, +55*T% 2,2, -125° T8 2,2, +105°T® 2, 7, -
78 7°2:2,+28° 1202, -58" 12,2, +95° 7 212, -78°T 202, + 45" T 2. 24) €) /

((1-5+5%)° (1-T+T2)° (1-5T+s272)%) +0[e}2H}

(xEndProfile[]; =)
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