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Pensieve header: A unified verification notebook for the $sl_3$ project.
Prolog

ml-]:= HL[&_ ] := Style[&, Background -» Yellow];

Initialization / Utilities

The “degree carrier /filtration parameter” is h, and all “coupling constants” are proportional to it.

D

nl-1= $p=2; $k=1;
If[$k==0, €=0, € /: €~ /; k>%k :=0];
SetAttributes[{SS, SST}, HoldAll];
TRule = {T; > "%, T> e"*}; qrule=q-e*°";
SS[&_ ] := Block[{h, €}, (* Shielded Series =)
Collect[NormaleSeries[&, {ha, ©, $p}]1, A, Together] 1;

SST[& ] :=

Block[{%, €}, Collect [Normal@Series[& /. TRule, {A, O, $p}]1, i, Together] ];
Simp[& , op_ ] := Collect[&, _CU| _QU, op];
Simp[& ] :=Simp[&, Collect [NormaleSeries[#, {h, ©, $p}], A, Expand] &];
SimpT[& ] :=

Collect[&, _CU| _QU, Collect[Normal@eSeries[# /. TRule, {a, @, $p}]1, &, Expand] &];

Differential polynomials (DP):

Utils

in[-]:= DPg ,p ,55p, [P_T[A_] =
Total [CoefficientRules [P, {a, A}] /. ({m_, n_}»>c_) =»cD[A, {x, m}, {y, n}]]

DeclareAlgebra

QLImplementation

in[-]:= Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := Xx;
NCM[x_, y , z ] = (xRy) ®z;
6R = RO=0;
(x_ Plus)y ®y := (#®y)&/@x; x_ ® (y Plus) := (x® #) &/ey;
B[x_, x_]=0;
B[x_ ,y ] :=x®By-y®x;

QLImplementation
mn[-1-= DeclareAlgebra[U_Symbol, opts Rule] := Module[{gp, sr, g, cp, M, CE, pow, k =9,
gs = Generators /. {opts}, cs =Centrals /. {opts} },
(#y=Uexn) &/@gs;
gp = Alternatives @@ gs; gp = gp | gp ; (x gens x)
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sr = Flatten@Table[{g » ++k, g; - {i, k}}, {g, 85}15 (» sorting - «)
cp = Alternativeseecs; (+ cents «)
SetAttributes[M, HoldRest]; M[@, ] =0; M[a_, x_] :=a x;
CE[& ] := Collect[s, _U, (Expand[#] /. a’ /3 d>$p °) &];
Ui [6] := & /. {t:cp»ty, u U = Replace[u, x_ = Xx;, 1]};
Ui [NCM[]1] =pow[& , @] =Ue@{} =1, =U[];
B[ue(x_ ): , Ue(y_); | :=B[Uex;, Uey;] = U;eB[Uex, Uey];
B[ue (x_); , Ue(y_); | /5 i=1=3 := 0;
B[Uey , Uex_ ] :=CE[-B[Uex, Uey]];
x_® (c_.1y) :=CE[cx]; (c_.1y) ®Bx_:=CE[cx];
(x (a_.xX_U)*x(b_.xy U) := CE[M[a b,xx*y]];x*)
(a_.U[xx___,x ]1)® (b _.U[y_,yy 1) :=If[OrderedQ[{x, y} /. sr],
CEeM[ab, U[xx, x, ¥, y¥11,
Uexx ® CEeM[ab, Uey B Uex +B[Uex, Uey]] B Ueyy
15
vuef{c_. = (L:gp)™, r___} /; FreeQ[c, gp] := CE[cUeTable[L, {n}] BUe{r}];
ve{c .»L:gp,r___} :=CE[cU[L]RU@{r}];
Ue{c_,r___}/; FreeQ[c, gp] := CE[cU@{r}];
ve{lL Plus, r___} := CE[Ue{#,r}& /e L];
ve{l_ ,r___} := Ue{Expand[L], r};
U[&_NonCommutativeMultiply] :=U /@ &;
Oy[specs___, poly ] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L List = L1, {1}];
vs = Joine@e (First /@ sp);
us=Joinee (sp /. L, » (L/.x_; »x));
CE[Total|
CoefficientRules[poly, vs] /. (p_-c_) = cUe (us”)
11 7+ *Cpunr = x]5
pow[& , n_] :=pow[&E, n-1] B &3
Sy[& , ss___Rule] := CE@Total[
CoefficientRules[&, First /@ {ss}] /.
(p_->c_) »»cNCMee MapThread [pow, {Last /@ {ss}, p}]11];
mj o [C_.*u_U] := CE[((c /. (t:cp);~t;) DeleteCases[u, _j]) ®
UeeCases[u, w_;=w,| BUe@Cases[u, _]1];
Si [c_.%u U] := CE[((c/.S;[U, Centrals]) DeleteCases[u, _;]) ®
U; [NCM @@ Reversee@Cases [u, x_; » SeUex]]];
A 4,k [€_.%u_ U] := CE[((c /. Ai,j,r[U, Centrals]) DeleteCases[u, _;]) &
NCMee Cases [u, x_; +»DD; ,@Uex]];
Pi ,j [c_.%u_U] :=CE[(P[U@Cases[cU[], _;] ® (UeeCases[u, _;]),
(UeCases[cU[], _;]) ® (UeeCases[u, _;1)]
DeleteCases[c U[], _i ;] ® Ue@DeleteCases[u, _;;1)] /. U[] - 1];

DeclareMorphism
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QLImplementation
in[-]:= DeclareMorphism[m , U -V , ongs List, oncs List: {}] := (
Replace[ongs, (g_-1img_) = (m[U[g]] =1img), {1}1;
m[1y] =1y;
m[U[g_; ]] := Vi[m[Ueg]];
m[U[vs__1] := NCMee (m/@eU /@ {vs});
m[&_] := Simp[& /. oncs /. u_U=»m[u]l; )

Meta-Operations

QLImplementation
in[-]:= mj ,; = Identity;
m; ., [& Plus] := Simp[m;,. /@ &];
Mis  ,i,j -k [E.] t=mj,@Mmi5 i,;@5;
Si [& Plus] := Simp[S; /@ &];
Ai i ,r [& Plus] :=Simp[Ai,; r/@E];
P; ,; [& Plus] :=Simp[P; ; /@ &];
Ai 55,k [€_ *QU[]] :=
Collect[(c /. Ai,j,x[QU, Centrals]) QU[], _U, (Expand[#] /. a’ /;d>$p °) &];
Ai L5 ,e [c_ *CU[]] :=
Collect[(c /. Ai,j,x[CU, Centrals]) CU[], _U, (Expand[#] /. at /;d>%$pes °) &];

QLImplementation
: Pattern j_ appears on the right-hand side of rule j_ - j_. >
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Implementing CU = U(sl5)

mm[-]:= DeclareAlgebra[CU, Generators -» {X, Y, Z, b, a, z, y, x}, Centrals -» {ss, tt}];
B[Xcy, acy] = 2 CU@X;
B[Xcy, bew] = -CU@X;
B[y, bl =2CUeYy;
B[y, ac] = -CU@y;
B[zcy, acy] = CU@zZ;
B[z, bey] = CU@Z;
B[Xcus Yeul = Zcus
B[Xcu, Zcu]l =03
B[acy, beyl =05
B[Ycu, Zcwl =05
Blacu, Xcwl = 2 Xcu;
B[bcy, Xcul = -Xeus
Blacu, Yl = -Ycus
B[bcy, Yul =2 Yeus
Blacu, Zeul = Zeus BIbcus Zewl = Zeus
B[Xcus> Xcu] =SSl +2eCU[a];
B[Ycu, Yol =ttlg+2eCU[b];
B[Zcy, Zyl = (ss +tt) 1y +2€ (acy + bey) 5
B[Ycus Zcul = Xcus B[Xcus Zcw] = -CU[Y];
Blzcy, Xl =2 € Yyeus
B[zcy, Yaul = -2€ CU[X] ;5 B[Ycus Xcul = ©;
B[Xcu, Youl =05
B[Xcus Yol =2 € Zy;
B[Xcus Zcw] =05
B[Zcy, Yl =05

Verifying associativity on triples of generators:

in[-1:= With[{bas =CU/e@ {X, Y, Z, b, a, z, y, Xx}},
Table[z1 & (z2 ® z3) - (z1 & z2) ®z3 // Simp // HL,
{z1, bas}, {z2, bas}, {z3, bas} ] // Flatten // Union]

Out[e]=
{0}
in[-]:= With[{bas =CU /@ {X, Y, Z, b, a, z, y, X}},
Table[B[aa, B[bb, cc] // Expand] + B[bb, B[cc, aa] // Expand] +B[cc, B[aa, bb] // Expand] //
Simp, {aa, bas}, {bb, bas}, {cc, bas}] // Flatten // Union]
Out[«]=

{e}

Verifying associativity on a “random” triple:
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In[«]:= With[{21=CU[yJ y, a, a, X, X], z2=CU[y, a, x], z3=CU[y, Yy, a, x]}, {

Out[«]=

In[«]:=

QU

In[

:

(rhs = (z1® z2) ®z3 // Simp) // Short,
z1® (z2® z3) -rhs // Simp //HL
}1 // Timing

{0.09375, {36CUly, vy, a, a, z, z, z, X] +

2026-08-31 04:06:06

24CU[y, y,a,a,a, z,z, 2z, X]+<<9> +CU[y, y,a,a,a,a,y, V¥, V¥, X, X, X, X], 0}}

DeclareAlgebra[QU, Generators -» {X, Y, Z, b, a, z, y, x}, Centrals » {s, t}];

B [aQU:
B [bQU:
B[ag,
B[you,
B[Zqu,
B[bgu,
B[Zqu,
B [aQU:
B[ag,
B[aqu,

B [XQU:

B [yQU:

B[Zqu,

B[yqus,
B [Xqus
B[Zqu,
B[Zqu,
B [Xqu»
B [Xqu»
B[XQU:
B[Zy,

Implementing QU = Uy (sl$)

(xs=exp[2A-B+ea], t=exp[2B-A+eb]x)

Xou] = -2QU@x; B[bgy, Xqu] = QUex;
Youl = -2QUey; Blag, Yl = QUey;
Zgu] = -QUez; B[byy, zgu] = -QUe@Z;
Xl = -Zqu + € AQU[Y, X];

Xl = -€hAQU[z, X];

awl =6;

Yol =€hQU[z, y];

Xoul = 2 Xqus; B[bgu, Xqul = -Xqus
Youl = -Yqus BIbgus Youl =2 Yqus
Zoyl = Zgy; B[bgus Zoul = Zgu;

(1-s)QU[]
Xl =-2enQUe{X, x} + — +2seQU[a];
(1-1t) Qu[]
Yw] =-2eaQUe{Y, y} + —— +2teQU[b];
h
(1-st) QU[]
Zyl =-2ehQUe{Z, z} + ————  +2steQU[a] +2steQU[b];
h

Zy] =X -ehQUe{z, y};
Zwl = -~ehQUe@{Z, X} - (s+seh) QU[Y] +2sehQU[Y, al;
Xl =2eyqu-€ehQuUe{X, z};

Y] =-2teQU[Xx] -ehQUIY, z]; B[yqu, Xeul = € 2QU[X, yI;
Yl =€ 2 QULY, X];
Yol =2€Zoy- €2 QU[X, Y1;

Zy] = e QU[X, Z];
Yol =€ hQUIY, Z];
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in[-]:= With[{bas =QU /@ {X, Y, Z, b, a, X, ¥, z}},
Table[{z1, z2} -» Simp[z1 ® z2 - z2 ® z1], {z1, bas}, {z2, bas}] ]
Out[«]=

{{tQuix1, Quix1} 0, (QUIXT, QUIYT} > 2 QUZ] -~ QUIX, Y],

{QU[X], QU[Z]} »enQU[X, Z], {QU[X], QU[b]} - QU[X], {QU[X], QU[a]} - -2QU[X],
1+ U
{QU[X], QU[x]} - (R Al -2seQUfa] +2ehQU[X, x],
h

{QU[X], QU[y]} »-ehQU[X, y], {QU[X], QU[z]} > -2eQU[y] +e hQU[X, ZJ}:
{{QU[YL QU[X]} —»-2eQU[Z] +enQU[X, Y], {QU[Y], QU[Y]} —> 0,

{QUY], QU[Z]} > -€nQU[Y, Z], {QU[Y], QU[b]} - -2QU[Y], {QU[Y], QU[a]} > QU[Y]
(- 1+t>QUH

{QULY], QU[x]} » - hQU[Y, x], {QU[Y], QU[Y]}%T -2teQU[b] +2enQU[Y, y],

{QUIY], QU[z]} - 2teQU[x] +ehQU[Y, Z}}, JL{QU[Z],QU[X]}%—GﬁQU[X, z],
{QU[Z], QU[Y]} »enQuU[Y, Z], {QU[Z], QU[Z]} >0, {QU[Z], QU[b]} > -QU[Z

{QU[Z], QU[a]} > -QU[Z], {QU[ Is QU[ ]} > (s+seh) QU[ ]-2sehQU[Y, a]+ehQU[Z, X],
{QU[Z], QU[y]} > -QU[X] +ehQU[Z, y],

(-1+st)QU[]
{QU[Z],QU[z]}»ffzsteQU[a]7zsteQU[b}+2<-:hQU[z, z]},
{{QU[b], QU[X]} » -QU[X], {QU[b], QU[Y]} »2QU[Y], {QU[b QU 1} >QU[Z
{QU[b], QU[b]} ~ @, {QU[b], QU[a]}ae, {QuU[b], QU[X]}%QU
{QU[b], QU[Y]} »-2QU[y], {QU ,» QUIz]} > QU
{{QU[a], QU[X]} >2QU[X], {QU[a QU 1} > -QUIlY], {QU[a], QU[Z]} - QU[Z]

{QU[a], QU[b]} — @, {QU[a],QU[ 1} >0, {QU[a ],QU[X]}%*ZQU[X],
{QUlal, QU[y]} >QU[y], {QU[a], QU[z]} > -QU[z]},
{{QU[X},QU[X]}»S;QUH+25(—:QU[a} ~2ehQUIX, X], {QU[X], QU[Y]} >ehQU[Y, x],

{QU[x], QU[Z]} > (-s-seh)QU[Y] +2sehQU[Y, al] -ehQU[Z, Xx],

{QUx], QUb]} - -QU[x], {QU[x], QU[al} »2QU[x], {QU[x], QU[x]} - @,

{QUIX], QUIY]} > QU[z] ~€AQULY, x], {QUIX], QU[z]} »enQUiz, X] |,
~t) QU[]

{{QU » QUIX]} »ehQU[ ,Y],{QU[y},QU[Y}}%f+2t€QU[b]*ZETQQU[Y;Y];

{QUly], QU[Z]} > QU[X] -ehQU[Z, y], {QU[y], QU[b]} >2QU[y], {QU[y], QU[a]} - -QU[y]

{Quly ]:QU[ I} »-QU[z] +enQUy, x], {QU[ 1, QUly]} »0, {QU[YJ,QU[ZJ}%—EEQU[Z: Y]},

{{QU[ZLQU[X]}+2€QU 1 -€enQUX, z], {QU[z], QU[Y]} > -2teQU[x] -ehQU[Y, z],
1-s1t)QU[]

{QU[z], QU[Z]} > ——————— +2steQU[a] +2steQU[b] ~2€AQU[Z, z],
n

{QU[z], QUIb]} > QUIz], (QU(z], QU[a]} >QU[z], (QU[z], QU[X]} > -€ A QU[zZ, x],
(QUlz], QUIy]} > enQUiz, y], {QUz], QU[z]} > @}

Verifying associativity on triples of generators:
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in[-]:= With[{bas =QU /@ {Z, X, Y, a, b, y, X, z}},
Table[HL[z1 ® (z2 ® z3) - (z1®& z2) ®z3 // Simp],
{z1, bas}, {z2, bas}, {z3, bas} ] // Flatten // Union]

Out[e]=

{e}
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