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quantum mechanics or ﬁmﬁuﬁéfhﬁqﬁy, branch of mathematical physics that d_g;:ls-with the emission and nﬁsnrpfinn of energy by matter and with the motion of material

particles. Because it holds that energy and matter exist in tiny, discrete amounts, quantum mechanics is particularly applicable to ELEMENTARY PARTICLES and the
interactions between them. According to the older theories of

! _ classical physics, energy is treated solely as a continuous phenomenon (i.e., WAVES), and matter is assumed
. T occupy a very specific region of space and to move in a contintous manner. According fo the quantum theory, energy is emitted and absorbed in a small packet, called a

~ quartum (pl. quanta), which in some sifuations behayes as particles of matter do: particles exhibit certain wavelike praperties when in motion and are no longer viewed as
. localized ina given region but as spread out to some degree. The quantum theory thus proposes a dual nature for both waves and particles, with one aspect predominating in
some situations and the other predominating in other situations. Quantum mechanics is needed to explain many praoperties of matter, such as the temperature dependence

- of the SPECIFIC HEAT.of solids, as well as when very small quantities of matter or energy are involved, as in the interaction of elementary particles and f ields, but the
. theory ufFlELA;!I‘ﬂ.W assumes importance in the special situation where very large speeds are involved. Together they form the theoretical basis of modern physics.
¥ [Themul'rs&f@qmul physics approximate those of quantum mechanics for large scale events and those of reln"fivify when ordinary speeds are involved.) Quantum

ﬂmwﬁ'u:ns dmrg_.:@[:l’fdr;;:rl“ricipnlhr over a period nf"rhl;-'ﬂ'_ ears. The first contribution was the explanation of BLACKBODY radiation in 1900 by Max PLANCK, who proposed

that Tﬁéﬁmrg‘fﬁ -_i:f"' amy: harmonic oscillator, such as the atoms uf.-z_l_: blackbody radiator, are restricted to ‘certain values, each of which is on integral (whole number)
multiple of a basic minimum value. In 1905 Albert EINSTEIN proposed that the radiation itself is also quantized,‘and he used the new theory to explain the

ns. Two different formulations of quantum mechanics were presented

babil et : , e Involves the use of a mathematical entity, the wave function, which is related to the
pro ghl ity of finding a [.'I'I.'I:I"‘I'llch‘. at a given paint in space. The matrix mechanics of Werner HELSENBERE (1925) makes no mention of wave functions or similar concepts but
was shown to be mn‘thermﬂculhr equivalent to Schodinger's theory. Quantum mechanics was combined with the theory of relativity in the formulation of PAM. DIRAC

(1928), which also predicted the existence of ANTIPARTICLES. A particularly important discovery of the quantum theory is the uncertainty principle, enunciated by

2:nnﬁg$;i?$1:h IM|:||I|:u:w.-.«_l an n:sulu'ra theoretical limit on the accuracy of certain measurements: as a result, the assumption by earlier scientists that the physical
‘ measured exa nts of the theory include guantum statistics,

ctly and used to predict future states had to be abandoned. Other developme
N. Bose (Bose-Einstein statistics, which apply to BOSONS) and in another by Dirac and Enrico FERMI (Fermi-Dirac statistics,
g quantum energy levels and resonance, as in LASERS: quantum gravitation, the

: - z D) iM electronics, which deals with interactions involvin
uantum theory of gravitational fields: and quantum field theory. In quantum field theory, interactions between particles result from the exchange of quanta:
see WEAK INTERACTION) from the exchange of W AND Z PARTICLES, strong

ﬁ];:l::“:wﬂ: ?:n-mEriu from the exchange of PHOTONS, weak nuclear forces (
ore
es (see STRONG INTERACTION) from the exch-_mg: of gluons, and GRAVITATION from the exchange of gravitons. See also QUANTUM
University Press. Copyright (c) 1995 by Columbia

following de Broglie's suggestion. The wave mechanics of Erwin SCHRODINGER (1926)

ELE-':.'_TRGEYNAMIEE QUANTUM CHROMOD Y
University Press. All rights Reserved),
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COURSE INTRODUCTION:
WHAT HAPPENS TO A QUANTUM PARTICLE ON A PENDULUM 3
SECONDS AFTER IT IS TOSSED IN?

DROR BAR-NATAN

Follows a lecture given by the author in the “rivial notions” seminar in Harvard on April 29, 1989.

ABSTRACT. This subject is the best one-hour introduction I know for the mgthematical
techniques that appear in quantum mechanics — in one short lecture w§ st‘a.rt with a mean-
ingful question, visit Schrédinger’s equation, operators and expﬂnentlgtmn of ‘ﬂperaturs,
Fourier analysis, path integrals, the least action principle, and Gaussian integration, and at
the end we land with a meaningful and interesting answer.

CONTENTS

he Question
1e Solution
he Lemmas
he Morals

O o

e GO DO
ELE e

1. THE QUESTION

Let the complex valued function ¥ = (¢, z) be a solution of the Schrodinger equation

o) . 1 1 .
Dt =l (_iﬁx F 5552) (0 with ¢|t:u_= Yo.
What is 9|=p=z"
In fact, the major part of our discussion will work just as well for the general Schrodinger
equation,
oY

_ 1l
¢ = "WHY,  H=-CA;+V(z), Plimo=10,  arbitrary T,

where:

e 1) is the “wave function”, with |4 (¢, z)|* representing the probability of finding our
particle at time ¢ in position z.

e H is the “energy”, or the “Hamiltonian”.

e —2A, is the “kinetic energy”.

e V(z) is the “potential energy at z”.

Date: This edition: March 27, 1999; First edition: April 29, 1989.
1
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ESSAY / By WILLIAM SAFIRE

The Lagrangian Codes
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ASHINGTON -- Though dead for nearly two centuries, Joseph Louis Lagrange,
the greatest French mathematician, is about to make news in the developing
Chinese espionage scandal.

A book frequently checked out of the library at Los Alamos National Laboratory 1s a
seminal 1970's work by David Pierre entitled "Mathematical Programming via
Augmented Lagrangians: an Introduction to Computer Programs.”

Reached in Montana, Dr. Pierre explained that Lagrange multipliers, weighted with
algebraic constraint equations, form composite functions.

That didn't help, so I read off a question that investigators of China's penetration of our
laboratories are now asking: "How can the Lagrangian codes be applied to the history of

our nuclear tests to develop, with supercomputers, three-dimensional modeling that
obviates the need for explosive tests?"

"You'd better check with a physicist," said Dr. Pierre, a mathematician unconnected with
secrecy. "They can model dynamic systems -- like airplanes or missiles -- based on
Lagrangian functions. If they have a big enough computer, and a good enough program --

and the benchmarks of previous tests -- they can mathematically simulate what you're
after.”

In so checking, I was able to get an idea of the New Nuclear Espionage, a spy system
combining open dual-use purchasing with clandestine collection, both protected by

politico-diplomatic enticements. This is a far cry from the simple stealing of specs for the
Soviets by the Rosenbergs.

Thanks to the lax, sell-'em-anything decisions of the Clinton White House and
Commerce Department, China bought advanced computers or their key components.
That gave them the "big enough computer."

Then China's mathematicians and physicists were able to learn from their friendly

associates in the U.S. what types of augmented Lagrangians were used in nuclear as well
as missile programs, or "codes." That gave them the "good enough program."

Then into the Lagrangian-coded supercomputers went the "benchmarks" -- the
experience of our tests as well as their own -- to give them the information on which to
base their simulations. Feed the benchmarks into the codes on the supercomputer, and --



presto! -- the People's Liberation Army leaps a decade ahead in its the race to
nuclear-weapon parity.

T'hat's my theory, based not on leaks but on common sense. When the thousand-page
Cox Committee investigative report is finally cleared by a nervous National Security
Council; when the C.1 A's belated jeremiad assesses the damage caused by the derelict
guardians of our security; when Senate and House intelligence committees issue reports,
and when Piffiab conducts its usual internal whitewash absolving the Clinton White
House of creating a culture of permissiveness to China's political, trade and scientific
penetrations -- we'll see if my theory holds heavy water.

[n the meantime, we can expect the President to continue his familiar legal obfuscations,
where "to the best of my knowledge" he says he cannot be "sure" of any espionage at all.
National political-security adviser Samuel Berger will tell different stories in public and
In secret.

Secretary of Energy Bill Richardson will lock E-mail barn doors only after press pressure

and will rely on misleading "lie detector" tests (that the spy Aldrich Ames showed lead to
false security).

But little by little, the interrelated truth will out. Logic suggests that the theft of our
W-88 MIRV'ed missile will be followed, as the night the day, by news of the loss of the
secrets of our W-87 or W-89, whatever warhead technology that may be.

A word about the much-maligned media. A column here remembering the C.I.A. mole
Larry Wu-tai Chin on Jan. 2, 1997, was a howl in the night, but shoe-leather reporting by
Jeff Gerth in The Times on May 15 and 17, 1998, of Lieut. Col. Liu Chaoying's
penetrations pushed the House into appointing the bipartisan Cox committee.

Cox's still-secret findings then energized the Reno-restrained F.B.I. and the moribund
D.O.E.

Though The Washington Post is doing a fine job on local coverage, NBC's "Meet the
Press” and ABC's "Nightline" -- with The Times's Gerth, James Risen and editor Stephen

Engelberg 1n the lead -- have advanced this global story and help protect your safety.
Vive Lagrange!
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Non-Commutative (Quantum) Prqbability
Classical and Quantum Mechanics for Mathematicians, HUJI 1999
Dror Bar-Natan

- ' T
where v is the unit vector v = 12'2(0 1 —1 0)7,

oy, 4
Claim: In the quantum probability space (R, ) ) = 0, where A, B, C, and D are

= 3 X
one has p(A = B) =p(B=C) = p(C =D) = i El.l'ld p(D=A
the random variables corresponding to the matrices:

SRR
A1 L0) 0T SOR) /r¢3 ; \
Plaglt" =S 0Sau() : B > (i e
2 =Llgq S0 —iae0 ’ 0 0 -1 ¥
0 0 0 1 \ 0 0 ¥ 1
(-1 o0 ¥ 0 ) /150830 TR0
4 e = U700 D 54 e [f0E S PR SaG
e gV 0 % 0 ’ 0 0 1 0
: .
. 0 0 HO=
0 —f 0}y : /

Mathematica 2.0 for SPARC
Copyright 1988-91 Wolfram Research, Inc.
-— Terminal graphics initialized --

In[1]:= v=1/2 Sqrt[2] {0, 1, -1, 0}; g=1/2 Sqrt[3];

In[2]:= Al=DiagonalMatrix[{1, 1, -1, -1}]; A4=DiagonalMatrix[{1, -1, 1, -1}]:

In[3]:= A2={{-1/2, q, O, 0}, {q, 1/2, 0, O}, {0, 0, -1/2, g}, {0, O, q, (1/2FF,
In[4]:= A3={{-1/2, 0, -q, 0},{0, -1/2, O, -q},{-q, 0, 1/2, 0},{0, —q, 0,1/}
In[8]:= {Eigenvalues[A1], Eigenvalues[A2] Eigenvalues[A3], Eigenvalues[A4]}

Outi15]=S{{e19 =10 i S5 e =1}, {1, =1 3 i) S -1}}

¥

In|6] := {A1.A2==A2 A1, A2.A3==A3.A2, A3.A4==A4 A3, A4 Al1==A1.A4}

Out[6]= {True, True, True, True}

In[7]:= pequal[M1_, MZ_]:=1—v.(M1—M2).(Hl-HZ).v /a4

I L=

n[8]:= {pequal[A1,A2] pequal[A2,A3], Pequal[A3,A4], pequal[A4 A1]}
333

Out[8]l= {-, -, -, 0}
4 4 4

Natan, Foundations of Physics 19(1) 97; (iQBQ) , Physics Today 39(4) 38 (1985) and D. Bar-



Quantum Behavior

1-1 Atomic mechanics

“Quantum mechanics” is the description of the behavior of matter and light
in all its details and, in particular, of the happenings on an atomic scale. Things
on a very small scale behave like nothing that you have any direct experience
about. They do not behave like waves, they do not behave like particles, they do
not behave like clouds, or billiard balls, or weights on springs, or like anything
that you have ever seen.

Newton thought that light was made up of particles, but then it was discovered
that it behaves like a wave. Later, however (in the beginning of the twentieth

century), it was found that light did indeed sometimes behave like a particle.
Historically, the clectron, for example, was thought to behave like a particle, and
‘hen it was found that in many respects it behaved like a wave. So it really behaves
ke peither. Now we have given up. We say: "It is like neirher.”
There 15 onc lucky break, however—electrons behave just like light. The
;u!lnmm behavior of atomic objects (electrons, protons, neutrons, photons, and
1 on) 15 the same for all, they are all “particle waves," or whatever you want to
all them. So what we learn about the properties of electrons (which we shall use
or our examples) will apply also to all “particles,” including photons of light.
The gradual accumulation of information about atomic and small-scale be-
:avior during the first quarter of this century, which gave some indications about
:ow small things do behave, produced an increasing conlusion which was finally
‘esolved in 1926 and 1927 by Schridinger, Heisenberg, and Born. They finally
abtained a consistent description of the behavior of matter on a small scale. We
‘ake up the main features of that description in this chapter.
Because atomic behavior is so unlike ordinary experience, it is very difficult
‘0 get used (o, and it appears peculiar and mysterious to everyone—bath to the
novice and to the experienced physicist. Even the experts do not understand it
‘e way they wduld like to, and it is perfectly reasonable that they should not,
'?ﬂltlﬁﬂ all of direct, human experience and of human intuition applies to large
bjects. We know how large objects will act, but things on a small scale just do
10t act that way. So we have to learn about them in a sort of abstract or imagi-
aative fashion and not by connection with our direct expericnce. :
X Ilil ;h_i;"ch;pl:;r-wc shall tackle immediately the basic element of the mysterious
“ehavior in its most strange form. We choose to examine a phenomenon which is
'mpossible, absolurely impossible, to explain in any classical way, and which has
o “'*“1I= I'_icgn__.n_el' quantum mechanics. In reality, it contains the only mystery.
Ve cannot make the mystery go away by “explaining” how it works. We will just
{ﬂi!ﬂﬂ;ﬁuw'it-mks_ In telling you how it works we will have told you about the

~ asic peculiarities of all quantum mechanics.

g T!IIFI tﬁundmtlm'l the quantum behavior of electrons, we shall compare
_ ;!ﬂmﬂigr bt?hmnr, in a particular experimental setup, with the more
- ‘amiliar beha r of particles like bullets, and with the behavior of waves like
__F-‘Wﬁm-ﬂu behavior of bullets in the experimental setup

8 Slagrammatically in Fig. 1-1. We have a machine gun that shoots a stream
e ,-.'Ihuﬂ:wrpnd gun, in that it sprays the bullets (randomly) over a
'STEE anguiar spread, as indicated in the figure. In front of the gun we have

-1

1-1 Atomic mechanics

1-2 An experiment with bullets
1-3 An experiment with waves
I-4 An experiment with electrons

1-5 The interference ol electron
WARYES

1-6 Watching the electrons

1-7 First principles ol quantum
mechanics

1-8 The uncertainty principle

Note: This chapter is almost exactly
the same as Chapter J7 of Yolume I.

Fig. 1-=1.
with bullets.

Interference

experiment

z wall (made of armor plate) that has in it two holes just about big enough to let a
bullet through. Beyond the wall 15 a backstop (say a thick wall of wood) which will

“absorb” the bullets when they hit it. In front of the wall we have an object which
we shall call a “detector” of bullets. It might be a box containing sand. Any bullet
that enters the detector will be stopped and accumulated. When we wish, we can

empty the box and count the number of bullets that have becn caught. The
detector can be moved back aod forth (in what we will call the x-direction). With

this apparatus, we can find out experimentally the answer to the question: ““What
is the probability that a bullet which passes through the holes in the wall will
arrive at the backstop at the distance x from the center?” First, you should
realize that we should talk about probability, because we cannot say definitely
where any particular bullet will go. A bullet which happens to hit one of the holes
may bounce off the edges of the hole, and may end up anywhere at all. By "prob-
ability" we mean the chance that the bullet will arrive at the detector, which we can
measure by counting the number which arrive at the detector in a certain time and
then taking the ratio of this number to the foral number that hit the backstop during
that time. Or, if we assume that the gun always shoots at the same rate during the
measurements, the probability we want is just proportional to the number that
reach the detector in some standard time interval.
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For our present purposes we would like to imagine a somewhat idealized
expariment in which th= bullets are not real bullets, but are indestrucrible bullets—
they cannot break in hall. In our experiment we find that bullets always arnve in
lumps, and when we find something in the detector, it is always one whole bullet.
IT the rate at which the machine gun fires is made very low, we find that at any given
moment either nothing arrives, or one and only one—exactly one—bullet arnives
at the backstop. Also, the size of the lump certainly does not depend on the rate
of firing of the gun. We shall say: " Bullets always arrive in identical lumps.” What
we measure with our delector is the probability of arrival of a lump. And we meas-
ure the probability as a function of x. The result of such measurements with this
apparatus (we have not yet done the experiment, so we are really imagining the
result) are plotted in the graph drawn in part (c) of Fig. I-1. In the graph we plot
the probability to the right and x vertically, so that the x-scale fits the diagram of
the apparatus. We call the probability P, because the bullets may have come
either through hole | or through hole 2. You will not be surprised that Py; Is
large gear the middle of the graph but gets small il x is very large. You may
wonder, however, why P, has its maximum value at x = 0. We can understand
this fact if we do our experiment again after covering up hole 2, and once more
while covering up hole |. When hole 2 is covered, bullets can pass only through
hole 1, and we get the curve marked P, in part (b) of the figure. As you -uuld
expect, the maximum of P, occurs at the value of x which is on a straight line with
the gun and hole |. When hole | is closed, we get the symmetric curve Py drawn
in the figure. Pj is the probability distribution for bullets that pass through hole
2. Comparing parts (b) and (c) of Fig. I-1, we find the important result that

Pia= Py + P, (.n

1-2
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IS the moon there

when nobody looks?
Reality and the guantum theory
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N. David Mermin

bizarre aspects of the world revealed to
us by the gquantum theory.
Einstein's talent for saying memora-
ble things did him a disservice when he
declared “God does not play dice,” for it
has been held ever since that the basis
for his opposition to quantum mechan-
ics was the claim that a fundamental
understanding of the world can only be
statistical. But the EPR paper, his
most powerful attack on the quantum
theory, focuses on quite a different
aspect: the doctrine that physical prop-
erties have in general no objective
reality independent of the act of obser-
vation. As Pascual Jordan put it
Observations not only disturb
what has to be measured, they
produce it. .. . We compel [the elec-
tron] to assume a definite posi-
tion. . .. We ourselves produce the
results of measurement.
Jordan's statement is something of a
truism for contemporary physicists.
Underlying it, we have all been
taught, is the disruption of what is
being measured by the act of measure-
ment, made unavoidable by the exis-
tence of the quantum of action, which
generally makes it impossible even in
principle to construct probes that can
yield the information classical intu-
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Quantum mechanics is magic

In May 1935, Albert Einstein, Boris
Fodolsky and Nathan Rosen published?
an argument that quantum mechanics
fails to provide a complete description
of physical reality. Today, 50 years
later, the EPR paper and the theoreti-
cal and experimental work it inspired
remain remarkable for the vivid illus-
tration they provide of one of the most

Einstein maintained that quantum metaphysics entails spooky actions o

at a distance: experiments have now shown that what bothered Einstein T

is not a debatable point but the observed behavior of the real world. 53
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! jtion expects to be there.

Einstein didn’t like this. He wanted
things out there to have properties,
whether or not they were measured®:

We often discussed his notions on

objective reality. I recall that dur-

ing one walk Einstein suddenly
stopped, turned to me and asked
whether I really believed that the

moon exists only when I look at it.

The EPR paper describes a situation
ingeniously contrived to force the quan-
tum theory into asserting that proper-
ties in a space-time region B are the
result of an act of measurement in
another space-time region A, so far
from B that there is no possibility of the
measurement in A exerting an influ-
ence on region B by any known dynami-
cal mechanism. Under these condi-
tions, Einstein maintained that the
properties in A must have existed all

along.

Spooky actions at a distance

Many of his simplest and most explic-
it statements of this position can be
found in FEinstein's correspondence
with Max Born.® Throughout the book
(which sometimes reads like a Nabokov
novel), Born, pained by Einstein's dis-
taste for the statistical character of the
quantum theory, repeatedly fails, both
in his letters and in his later commen-
tary on the correspondence, to under-
stand what is really bothering Ein-
stein. Einstein tries over and over
again, without success, to make himself
clear. In March 1948, for example, he
writes:
That which really exists in B
should...not depend on what
kind of measurement is carried out

0031-9228 / 85 / 0400 38~ 10 /501,00 @ 1985 Amencan lnsttute of -
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in part of space A; it should also
independent of whether or not
measurement at all is carried o
in space A. If one adheres to
program, one can hardly considerss
the quantum-theoretical descrip
tion as a complete representationiSes
of the physically real. If one tries s
to do so in spite of this, one has tgRss
assume that the physically real [nSSss
B suffers a sudden change as ESiS
result of a measurement in A. My
instinct for physics bristles at thisgs
Or, in March 1947, T
I cannot seriously believe in [the
quantum theory] because it cannos
be reconciled with the idea ths§
physics should represent a realit®
in time and space, free from spoolg
actions at a distance. 3
The “spooky actions at a distang
(spukhafte Fernwirkungen) are thes
quisition of a definite value of a prog
ty by the system in region B by virtis
the measurement carried out in reg
A. The EPR paper presents a Wil
function that describes two correlés
particles, localized in regions A ame
far apart. In this particular two-p&
cle state one can learn (in the sens&
being able to predict with certainty}
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sists of two detectors, A and B, and a source of something ('particles” :
n on C: something passes from C to both detectors. |

ts. Putting a brck between the source and one of
ay from the source increases the

rimental setup con
o whatever) C. To start a run, tha experimenter pushes the butto
hed each detector flashes one of its ligh

8 A\ EPR apparatus. The expe

i buttnnt'ls pu; tector from flashing, and moving the deteclors farther aw
revents thalt aaieclor 1T asning, :

ﬁ.n?,retl?;t:-?er:lf wheen the button is pushed and when the lights flash. Tha switch settings on the datectors vary mndc_:mhr ._
other. Nota that thera are no con nections between tha threa parls of the anparatL_ls. mh_er than via |
The photo below shows a realization of such an Expeqment in Iha_1 .

hamber where individual calcium .

travel & meters through the pipes 1o -

Figure 1 II

from one run o an

ghataver it is that passes from C to A and B. _
Whoratory of Alain Aspectin Orsay, France. In the center of the lab is a vacuum C
soms are excited by the two lasers visible in the

ba detected by a two-channel polanzer.

pictura. The re-emitted photons
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David Mermin is director of the :
Atomic and Solid State Physics at AR
University. A solid-state theorist, ha3j
recently come up with some quasithotie
about quasicrystals. He is known o F
TODAY readers as the person who
“boojum” an internationally accepled SC8
fic tlerm. With N. W. Ashcroft, he is abOS
start updating the worid's funniest SO
physics text. He says he /s bothered by &8
theorem, but may have rocks in his .t

anyway.
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