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Requiring the action to be stationary leads to the generalized Euler-Lagrange

equations
(G/a/,;ﬁf (e ol -1 9 (x) 'a 0L (x)

1B Tii‘f ksen -—-izu-é 148 5(9 (x)  d¢ix) - " 0[0.pix)]

=0 (1-44)
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CHAP. 4
94 CANONICAL FORM OF THE EULER EQUATIONS

R RN ey y SN (y-u _‘/‘*“/}'['.‘ ,\/\;/:}N
JCNRC O 19T VA -
1. Use the canonical Euler equations to find the extremals of the functional
S/\-L_ f Vx3 + y2 V1 + y?dx,
and verify that they agree with those found in Chap. 1, Prob. 22.
Hint. The Hamiltonian is

=
—
T

>y ~ -

H(x,y,p) = —VxX® + y* — p?,
~==2and the corresponding canonical system P - | _ORAR
38 dp)an y - dy p

dx V@ + 2 — p2 ax v/ x2 4 y2-_ p?

has the first _integrai

where C is a constant.

2. Consider the action functional

B
P H""(;:' .[."ft_- i - ’
_;ﬂb‘o{_-—ﬁﬂ Rk - -

by T < s S T S
Jxl = 5 | (mx® — xx?) dr | =
. 2 0 .

- ~—=wcorresponding to a simple harmonic oscillator, ie., a particle -of~mass m
acted upon by a restoring force —xx (cf. Sec. 36.2). Write the canonical
system of Euler equations corresponding to J [x], and interpret them. Calcu-

late the Poisson brackets [x, pl, [x, H] and [p, H]. Is p a first integral of
the canonical Euler equations ? - :

. 3. Use the principle of least action to give a variational formulation of the
g U _problem of the plane motion of a particle of mass m attracted to the origin

of coordinates by a force inversely proportional to the square of

‘ . its distance
from the origin. .

: -Write the corresponding equations of motion, the Hamil-
tonian and the canonical system of Euler equations. . Calculate the Poisson
brackets [r, p.], [6, ps], [p,, H] and [pe, H], where

Slger ey
SNSCT r R

Is ps a first integral of the canonical Euler equations? X2
Hint. The action functional is SR Dot TEoEe

_ i 2 Tl i P S T e

: R = [ B e £ a
vt = Ak . - L fo 2 : | 4 i
where k is a constant, and i'r,“;ﬁ Rr_éihm&r_ﬂgrdinﬁtaj of the particle. s 5
S. Verify that the functional J [r, 0] of Prob. 3-is invariant under: rotations, ﬁ_ﬁﬁ
and use Noether’s theorem (in polar coordinates) to find the corresponding
conservation law. What geometric fact does this law express?

Ans. The line segment joining the particle to the origin sweeps out equal
areas in equal times. - - O e e SRR TS

Ty

- r
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Table 18-1 Classical Physics

BN |

p—— —-—-.-__-.l___-__-___-

e e

Maxwell's equations

[V e

(Flux of E through a closed surface) = (Charge inside)/eg
€0

IB L d
[ [ el = e e (Line integral of E around a loop) = — = (Flux of B through the loop)

III. V-B =0 (Flux of B through a closed surface) = 0

: o cz(IntegraInf B around a loop) = (Current through the loop)/eq
0

.0
+§; (Fluxof E through the loop)

= {
 Conservation of cha rge

L] a ‘ . :-I
- = = (Flux of current through a closed surface) = — 5 (Charge inside) |

"! :|
Force law :

F =gq(E+ v X B)

Law of motion

mbuv

d
—(p) = F, WHERCENSEDS—
dr VAT v2/c2

(Newton’s law, with Einstein’s modification)

Gravitation
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Classical and Quantum Mechanics iﬂl' ematic
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Claim: In the quantum probability space (R*, v) where v is t J un to
one has p(A = B) = p(B = C) = p(C = D) = 3 and p(D = A ) =0, wh
the random variables corresponding to the matrlcea etlacd

0 20l
0 (B
0 -1 0
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Mathematica 2.0 for SPARC
Copyright 1988-91 Wolfram Research, Inc.
-- Terminal graphics initialized --

Iniij:

v=1/2 Sqrt[2] {0, 1, -1, 0}; q=1/2 Sqrt[3];

In[2]:

Al=DiagonalMatrix[{1, 1, -1, -1}]; A4=DiagonalMatrix [-[:I.

Tni3i:

a2={{-1/2, q, 0, 0}, {q, 1/2, 0, ok, S{0, OIIST/EN -q;Je;,. q

In[4]:

A3={{-1/2, 0, -q, 0},{0, -1/2, 0, -q},{~q, O, /2, u},

’ --_'_ '_-.- o
R ="
3 e
i I i
RS J:'i e FLI 1|
' F - -
: iy ‘-r_-{‘ | ..
-.. ] ""fl o |... 1
if Pl 3 11 1V o |
(4 sl 1,
! lﬁﬁ"
g |.

& 'll.q. ‘ I

In[6]:= {Eigenvalues[A1], Eigenvalues[A2], Eigenvalues [AE], gg gent

Uut[5]= {{1: _1: 1: _1}1 {1l - r l _1}, {1l

Out[6]= {True, True, True, True} H

v
o Py,
L]
™ 3
-I‘I'-I w -
]

An
In[7] := pequal [M1_, M2_]:=1-v.(M1-M2). (HI-HQ) 1;#_ f‘ {_ r

e

1
"'.',

‘I = R :1:'-:-'”

In[8]:= {pequal[A1,A2], pequal[A2,A3], pe ."-__f"_;{",-.*{

3.8, .83
Dut[B]- {-: T —l.ﬂ}
4 4 4

2 ) = ~iﬁﬁﬁ"
More information can be found at N.D. Mermin, Physics Tod
: ’_1_I-q_:_-}‘:,_., : ..:'1‘ *.' AT '..i:.-.-."-.r.ll:,l . - A4 4440y A L 0 LML)
Natan, Founda,ﬁmnu af F_ hysics 19(1) 97 (1989).
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Quanitum Behavior

1-1 Atomic mechanics

“Quantum mechanics”™ is the description of the behavior of matter and light
in all its details and, in particular, of the happenings on an atomic scale. Things
on a very small scale behave like nothing that you have any direct expenence
about. They do not behave like waves, they do not behave like particles, they do
not behave like clouds, or billiard balls, or weights on springs, or like anything
that you have ever seen.

Mewton thought that light was made up of particles, but then it was discovered
that it behaves like a wave. Later, however (in the beginning of the twentieth
century), it was found that light did indeed sometimes behave like a particle.
Historically, the electron, for example, was thought to behave like a particle, and
then it was found that io many respects it behaved like a wave. So it really behaves
like neither. Now we have given up. We say: "It 1s like neirher.”

There is one lucky break, however—electrons behave just like light. The
guantum behavior of atomic objects (electrons, protons, neutrons, photons, and
s0 on) is the same for all, they are all “particle waves,” or whatever you want to
call them. So what we learn about the properties of electrons (which we shall use
for our examples) will apply also to all *“particles,” including photons of light.

The gradual accumulation of information about atomic and small-scale be-
havior duning the first quarter of this century, which gave some indications about
how small things do behave, produced an increasing confusion which was finally
resolved in 1926 and 1927 by Schrodinger, Heisenberg, and Born. They finally
obtained a consistent description of the behavior of matter on a small scale. We
take up the main features of that description in this chapter.

Because atomic behavior is so unlike ordinary experience, it is very difficult
to get used to, and it appears peculiar and mysterious to everyone—both to the
novice and to the experienced physicist. Even the experts do not understand it
the way they would like to, and it is perfectly reasonable that they should not,
because all of direct, human experience and of human intuition applies to large
objects, We know how large objects will act, but things on a small scale just do
not act that way. So we have to learn about them in a sort of abstract or imagi-
native fashion and not by connection with our direct experience.

In this chapter we shall tackle immediately the basic element of the mysterious
behavior in its most strange form. We choose to examine a phenomenon which is
%’mpuss:’ble. absolutely impossible, to explain in any classical way, and which has
in it the heart of quantum mechanics. In reality, it contains the only mystery.
We cannot make the mystery go away by “explaining’ how it works. We will just
tell you how it works. In telling you how it works we will have told you about the
basic peculiarities of all quantum mechanics.

1-2 An experiment with bullets

To try to understand the quantum behavior of electrons, we shall compare
aud. contrast their behavior, in a particular experimental setup, with the more
familiar behavior of particles like bullets, and with the behavior of waves like
Water waves. We consider first the behavior of bullets in the experimental setup
shown diagrammatically in Fig. I-1. We have a machine gun that shoats a stream
nf_ bullets. Itis nota very good gun, in that it sprays the bullets (randomly) over a
fairly large angular spread, as indicated in the figure. In front of the gun we have
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the same as Chapter 37 of Yolume I.

Fig. 1=1.
with bullets.

Interference

experiment

= wall (made of armor plate) that has in it two holes just about big enough to let a
bullet through. Beyond the wall is a backstop (say a thick wall of wood) which will
“absorb” the bullets when they hitit. In front of the wall we have an object which
we shall call a “detector™ of bullets. It might be a box containing sand. Any bullet
that enters the detector will be stopped and accumulated. When we wish, we can
empty the box and count the number of bullets that have been caught. The
detector can be moved back and forth (in what we will call the x-direction). With
this apparatus, we can find out experimentally the answer to the question: “What
is the probability that a bullet which passes through the holes in the wall will
arrive at the backstop at the distance x from the center?” First, you should
realize that we should talk about probability, because we cannot say definitely
where any particular bullet will go. A bullet which happens to hit one of the holes
may bounce off the edges of the hole, and may end up anywhere at all. By “prob-
ability’” we mean the chance that the bullet will arrive at the detector, which we can
measure by counting the number which arrive at the detector in a certain time and
then taking the ratio of this number to the total number that hit the backstop during
that me. Or, 1f we assume that the gun always shoots at the same rate during the
measurements, the probability we want is just proportional to the number that

reach the detector in some standard time interval,

For our present purposes we would like to imagine a somewhat idealized
expariment in which th= bullets are not real bullets, but are indesiructible bullets—
they cannot break in half. In our experiment we find that bullets always arrive in
lumps, and when we find something in the detector, it is always one whole bullet.

If the rate at which the machine gun fires is made very low, we find that at any given
moment either nothing arrives, or one and only one—exactly one—bullet arrives
at the backstop, Also, the size of the lump certainly does not depend on the rate
of firing of the gun. We shall say: “*Bullets always arrive in identical lumps.” What
we measure with our detector is the probability of arrival of a lump. And Wwe meas-
ure the probability as a function of x. The result of such measurements .“".t‘h this
apparatus (we have not yet done the experiment, S0 we are really imagining the
result) are plotted in the graph drawn in part (c) of Fig. I-1. In the gra;th we plot
the probability to the right and x vertically, so that the x-scale fits the diagram of
the apparatus. We call the probability P, because the bullets may have come
either through hole | or through hole 2. You will not be surprised that Py 15
large gear the middle of the graph but gets small if x is very large. You may
wonder, however, why P has its maximum value at x = 0. We can understand
this fact if we do our experiment again after covering up hole 2, and once more
while covering up hole 1. When hole 2 is covered, bullets can pass only through
hole 1, and we get the curve marked P in part (b) of the figure. As you wmf!.-li
expect, the maximum of P, occurs at the value of x which is on a straight line with
the gun and hole 1. When hole | is closed, we get the symmetric curve P drawn
in the figure. Py is the probability distribution for bullets that pass through hole
2. Comparing parts (b) and (c) of Fig. 1-1, we find the important result that

Piz =Py + Py (D
1-2



2 E‘Z-*i:-"' ' e : : \

: "ﬁf'\ Q//Jn,.x,f J CJ({JN 34 O"(J"' /‘U_’)W ;
o i i85 } B\ M_Mm #J,\l._ﬂgﬂcgauc DR ' )

8 8- V! ;' "?‘-'*Q.}_w?_ﬁ_ﬂ_; § 5 f“".li {W’?

53 %u:u Wi b frfﬁ ol 4

+ﬂzfad“.,.._$ L

A Z:Z//E)D;%\"? fg’ Q
_____ I@;JzJL:;_..“ ﬁ;}m 0o ) [9,@] - ﬂJJ deayr)-
TN T w{l Y=t PR 52 Uﬂw o
—(W‘ﬁ& - ﬁrﬁ‘ D}\) u(ﬁ Mfs\/ﬁ .fr,-ﬂif/*"

——_n_____

Lol AR \JW R LR m QAKT AU WA
mﬂuﬂ('r(ﬂ?)u_ bt 4= R
"”flﬁ?-* k ) A9 ’?x‘_}\ i _FH' x_s(b?('#;'.i- fﬁ: —/ J > ) S L
Lﬂ EUF ) «JFA—' - E—’t }-11 RN X Mo h j’:s’\ DA

‘C_Tﬁﬁmﬁﬁbﬂ“ hg AP :f{_; / s U-— /4 CfllH
| ’)”’K U W ’ﬁ*ﬂ) UV, UAU UBV ) = g«ﬂ vV, AB.. ) DN j’

''''''

%%%ﬁﬂm\y W (OLﬁ %_J 16 ) U XY A Wyl

___rwzm AU iﬁﬁ' = i H‘H‘ g"lp‘“\/ﬁ g/







-‘? [

A‘ﬁ??' 'WUJJ‘ A2 !t)ﬂﬁﬂf A mrw _,mfd N MUV

t_______ _.:- F‘j") 4y WS h{f

TR Y L/ ,,,_.*?fh > __J*’"]G/"Q 3

Q w p--w _..,-*/Ubfrﬂ?\ Wi H
Ty ¢

sl aclpfaro 2 e S

v he oot ol - rinzno) 7

*‘.:-“{Vrf{if Q) V 7 — L;-’i“?‘ Vo 2 A0

RGNV R

i' . : “"Dl?*' II'D-} o' TSR TN o), NIA rj

e 'L_/ﬂﬂ J ‘D? ‘) AL V :'[L* A’fﬁr ) ('-.:l.-.fi il WALD N

r

N e J“ﬂ.’?\& L(Ii?\ Dy2en '*1‘.;":- vy 35S u{-q{’
"j':' | ,/*A ﬁ%‘k \ '}-J'.})F " A b

~¥

f.m é.ﬁ :

w A ]







1880

E 1. 55 11U I"II'.‘:!"_'IIN

10 —

16.00% : |21 n"nu 1500% : N'dA" U 191.79 "D T10
| [ rmee
| VEGA | THETA | DELTA -E:;: e S O el ;ﬁ Hal il “
BB 0 | 100 | o1 [ 75080| 1081 | 286980| 15| 19040 19300| 10| 185 19268 C 001,:111
0| 4 | 100 J| PR 0[S0 ] 0| 077680 EE 120,:11
T A 100 ¥ 2304 79 0 0 0.0 0| 2380 -!ﬂm
‘ 0 [ o 0-[Eanie% |EN00.0% 0| 1177 90 5 18| 18| ~400| -12 18
W T e o8 | 392%| 139%| 1317 1940 | 282510| 194 1360 | 1540] 100 136 | 1500 C 1_30,:111
R I S 6| 5681 | 65333| 1165] 50| 65| -218| -19{ - O P 180,11
[ 15 7 | 72 | 270%| 379%| 457 10067 | 987,170 [ 1740 495( 40| 235) 120} 630 € 190,21
(5 [ | -2su| wiew[ 19e% [ 1381 20768 OAR8S8 3431|160 [ 230( -304| 72| 168 P 190,11
TR 8 T 225 258% | 62| 24673 | 429480 3295 [ 115 ‘150 | 1207 16 140 I CRE O
1 a{ g -81 % -116% | 735 17438 | 1,120410 | 1597 | 620 | 860 | -20.} -164 | 650 P 200,11
2 0 2 | 269%| >1000% ol 24171 | 68038 | 1594 39| 45| - 00 0l - 4| ieCa2aaa
T 99 T con | 1669 10206 | 478080 | 291| 1550 | 1740 -11.9 | P 210,21
R 0 | s21%| 1000%| 0| 23245 | 6ees| 403| 15[ 20| 280 ~C 220,
S0 9 | -100 %| -52%| 2659| 4958 | 214060 83| 2620[ 2700| -89 P 2201
0 0 0 | 382%| 100.0% 0| 19051 347, =226 [ 13 15Jf 00 -0 ~C 230,21
a0 o | 100 | 39.8%|  04%| 3652| 2371 | 226560 | 62| 3640 3680 | -28 [ =111 P 230,11
0 0 | 100 04% | 19082 1256 | 1069700 | 56 | 19000 | 19180 | 15[ = 281 ~ . C 001,
0 5 100 I 7872 05 [r i 220 Y R (5 L 0 C 120,11
30 8 o T 2is% 163% | 1052| 2775 | 286700| 250 1110 1270| 147| 187 C 190,11
| % -1 26 [ 186%[ 315%| 261) 6121 _.130,330_:-_ 397 | aon'_ 390 —15.&‘ 51
|3 7 29 | 203%| 313%| 601| 6484 | 410320 68| 90| 60| 115| 68| 668 c 20& 1
36 0 52 | 169%|  48%| 668| 6983 | 456450 | 623 [ 690 | 188 | -160.] 700
| 28 5 25 | 208%| 745%| 192| 5956 | 260135| 832 |- 290| 335| 201] s8] 335]|
20 4 75 | 1o4%| 75| 1325] 2737 | 130500 92 1410] 1440 89| -106 1424
15 2 | 9 [ 205%[ 1373%| . 59| 4480 | - 14470 | 106| 125 140 207] 24| 140
5 1 6 | 91 | 159%] -01%| 2160] 816 | 341420 158| 2100| 2260| -37| 82| 2188 -m
T ) SR T T ) e e 5 120 [~ 2 17 e0 [ He0l] i eaie [iana | REEO
] 9 | . -97 9| -06%| 3082| 665 | 379,260 | 123 | 3040 | 3180| 49| -158 | 3062 m

| 'mu'n N‘J o

RIWNR W [PAR NPO! lUlEI‘D'I Tnn n':r‘n 'mm 00 Tm} 0'03N 03] W 0INWD nw'on 0'3 U NIYIIN AW nou = B&ngr"ﬂf v
R R | MW 0'02 YU 0U¥I0 0INWo

G A0 YN0 N *ml B &S NNOI NN WK [PNN N"BO — ARYA PN l'lﬂ‘;‘::

o) uup OTINWI ‘1".‘:‘.51!!'1 N X 0PN 0INWDN KWL I — TTPI.IUDI T10 N"IU0 DU N'YDIND ML 0'wn -DEI.'I'A"‘

u'm:n DTN 7RI AR D'U21PN 0INWON IRWW MM = TN 017 W'D 91PN 11XP0 LI0 191K W MW =T
. 1w
S inp.OTINDI TTYSING W R 0UIPN 0INW0A IRWIW NI — N [P 1°B0 N0 13U PXDIRA N w::ﬂmm—;waﬂ




D'N?'UNNN7 N'VAIRI N'O7R NE'IIN

1997 a'ax ,nMavn nV'0NAIIND

80719 :00izn on

drorbn@math huji.ac.il 21NVP7X WIT ,02-658-4187 1970 ,309 VTN [OWIN |12 ,[NI-12 INT IDXIND
119 "IX DN 70 72N 010 72,010 7D (N7 NIVY

NIY'as 'Mu7 7¥97 DA '72IN1 D'NONN NIYAT 9"y 19wy no1 .0'm 14:00-16:00 'wv'aY m' 00 NIYY
NIy

ANl AN NSwn .Ap'0'9a NI (DAIYNNI) D"0'02N NINPYN NX 207 D'X7'0NNNY Ity :00Ign_NNun
NX N1Y ANd TY 1207 D01 72N .N0UNN NI'RIT - X700 '0NNn 71T %Y 1w N0IX X7 DYIX ,D'K7'0NNNY
NIX '2N71 TINT7 NNIX 2"N' DA 72X , TN (11192 D'T2NN 1277V AN XYNAY DIz X |n'AN DIVK 7¢ DNUF90N
12'20Nn¥ NN N7'0'ON

I7'K .WNTIN NN 27270 XD YA 17¢ YT DTN CLIYND DKWY D TIX TINYY AYIA MYY AYana hAawn Anon
D'AINN 7¥ 21 1901 IXT7 011 YAXA XN AYINAN YATIY 95 )2 72X .12'0 10N A¥N2A 117D ,NAX' ANYA N
NIPN W', N1 20 DNTION

ANX TN 2UPY7 101 !D'0ITIVON T¥A N7IVD QIN'Y NN 2N NIYAA NVNA NI7'VvN NMUNN qN'yY :Nu'wn
nxn Everything You Always Wanted to Know About the Hydrogen Atom (But Were Afraid to Ask) "1axnn
NX NTA NIK? TIN%71 (hitp:/tipesh.ma.huji.ac.il -2 X¥N1 MNNN YW VINVIRA ANK TW ‘1) Randal C. Telfer
TIN77 Noxay nn '

n 1 i
Bohr 9"y nuw' nrvaxng niawn 'x Yvonon oY1von Yy N'X101'X NN7UN (N'A*USIX N1ION) TIM'IA KU

I'90 nniawn ,SO(3) 7w niaxn oy el Schrodinger nxnwn |nno J'01ANNVFIN M7 ,NoNn ™I
JFeynman nimaxT nwionn min  Dirac nxiwni Klein-Gordon nxiwn ,0"II'N) D"NION' NRIAWN
JVOINIP Q7' TNO7IN WT i ' '

7 0 . nn 7in11 \(|n:: 1INIX 723 OX) 0wl Ny 7w nnimwi Chern-Simons nam

.0'901 n'vpox ,Lamb v arran

Hydrogen, (H), gaseous element, discovered by Henry CAVENDISH in 1766. The first element on the PERIODIC TABLE hydrogen is color

waer, and highly explosive. The hot flame produced by a mixture of oxygen and hydrogen is used in welding and in :;mlti-ng quartz and s

A.LI:EF]'R.DP"{]_ The most abundant element in the universe, hydrogen is the major fuel in fusion reactions of the SUN and other STARS ﬂg:ﬂ: ::“”"31

:r@ (mm[-.-,-us one prntun} the muﬂ common; deuterium, or heavy hydrogen (nucleus: one proton and one neutron), used in pmﬁcie ﬂf-‘-tl:l::'a:r:
hemical-reaction mechanisms; and tritium frlur:leus one proton and two neutrons), a radioactive gas used in the hydrogen bomb, in luminous painls and ac « fe e cs. . o

RN A S Al i min o il =i ) T e p e T L

tasteless, slightly soluble in
hydrogen is diatomic (ses
h}'(h’ﬂg&n h’-ﬂ.ﬁ U'I.I'EE isﬂtﬂpﬁ".i;



Everything You Always Wanted to Know
About the Hydrogen Atom (But Were
Afraid to Ask)

Randal C. Telfer
Johns Hopkins University

May 6, 1996

A bstract

A thorough review of the structure of the hydrogen atom will be
presented with emphasis on the quantum-mechanical principles in-
volved rather than calculational detail, which will be minimized. First,
the relationship of the Heisenberg uncertainty principle to the hydrogen
atom will be discussed briefly. This is followed by a discussion of the
energy level structure of the hydrogen atorm. including fine structure, in
the context of the quantum-mechanical theories of Bohr, Schrodinger,
and Dirac. Finally, smaller-order corrections to these theories will be

discussed, including the Lamb shift. hyperfine structure, and the Zee-
man effect.

1 The Uncertainty Principle

Before discussing specifics about the structure of the hydrogen atom, it
s interesting to note what information about the hydrogen atom can be
derived just from the Heisenberg uncertainty principle. A familiar form of
the uncertainty principle looks like the following:

AzAp, ~ h, (1)

where Az and Ap, are the uncertainty in the z-component of the position
and momentum of a particle, respectively. Consider an electron in 2, classical
circular orbit in the zy-plane. It is then reasonable to write Az ~ 7, where
r is the radius of the orbit. Assuming a state of minimum uncertainty, Ap,
is then known from the uncertainty principle, and it should be roughly equal
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axis. Scientists discover ywever, that the rotation of the earth was not constant enough [0 serve as the bgsm of the
time standard. As a res. ™ e second was redefined in 1967 in terms of the resonant frequency of the cesium atom,

that is, the frequency at w]-'iich this atom absorbs energy: 9,192,63 1,770 Hz (cycles per second).

“’E ;ﬂUéﬁTm‘f : Hiﬂ"HE OF BASE SL UNIT  SvMB0L Temperature : ; :
i The temperature scale adopted by the 1960 conference was based on a fixed temperature point, the triple point of

E | Lerath meter (or metre) m i : i
e e G water, at which the solid, liquid, and gas are in equilibrium. The temperature of 273.16 K was assigned to this point
i ' - The freezing point of water was designated as 273.15 K, equaling exactly 0° on the Celsius temperature scale. The

#

K

s
_ _:-'\-c'-a-cf? ot

Time ~ second : \ T
" Electric current . ampere Celsius scale, which is identical to the centigrade scale, is named for the 18th-century Sweadlsh astronomer Andm
Th;;mnd;namw temﬁtrﬁh.lre kelvin Celsius, who first proposed the use of a scale in which the interval between the freezing and hmhr_:g points of water 18
-““& mpfﬂm etance rntr]e e P ol divided into 100 degrees. By international agreement, the term Celsius has officially replaced centigrade.
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International System of Units (French Le SystUme International d'Unit's), name adopted by the Eleventh o |
General Conference on Weights and Measures, held in Paris in 1960, for a universal, unified, self-consistent s
system of measurement units based on the MKS (meter-kilogram-second) system. The international system is ieaeian o B
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commonly referred to throughout the world as SI, after the initials of SystUme International. The Metric L
Conversion Act of 1975 commits the U.S. to the increasing use of, and voluntary conversion to, the metric dee
systern of measurement, further defining metric system as the Intemational System of Units as interpreted or @T& oft . e

modified for the U.S. by the secretary of commerce. PSSR S e Tables :ﬁ; d 4
At the 1960 conference, standards were defined for six base units and for two supplementary units; a seventh
base unit, the mole, was added in 1971. The seven base units are listed in Table 1, and the supplementary units
are listed in Table 2. The symbols in the last column are not abbreviations (hence, no periods are used), and they

are exactly the same in all languages.

Length

The meter and the kilogram had their origin in the metric system. By international agreement, the standard meter
had been defined as the distance between two fine lines on a bar of platinum-iridium alloy. The 1960 conference
redefined the meter as 1,650,763.73 wavelengths of the reddish-orange light emitted by the isotope krypton-86.
The meter was again redefined in 1983 as the length of the path traveled by light in vacuum during a time
interval of 1/299,792,458 of a second.

Derived SI Units and Names

Mass

When the metric system was created, the kilogram was defined as the mass of | cubic decimeter of pure water at
the temperature of its maximum density (4.0° C/39.2° F). A solid cylinder of platinum was carefully made to
‘match this quantity of water under the specified conditions. Later it was discovered that a quantity of water as
pure or as stable as required could not be provided. Therefore the primary standard of mass became the platinum
cylinder, which was replaced in 1889 by a platinum-iridium cylinder of similar mass. Today this cylinder still
serves as the intemational E]ug_mm. and the kilogram in SI is defined as a quantity of mass of the international

prototype of the kilogram.

—— -

en universally measured in terms of the rotation of the earth. The second, the basic
as 1/86,400 of a mean solar day (see DAY) or one complete rotation of the earth on its
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Table 6: Standard Quantities and Units

In SI, the ampere was defined as the constant current that, flowing in two parallel conductors one meter apart in
a vacuum, will produce a force between the conductors of 2 x 10-7 newtons per meter of length. =
In 1971 the mole was defined as the amount of substance of a system that contains as many elementary entities

as there are atoms in 0.012 kilogram of carbon-12. ;
The intemational unit of light intensity, the candela, was defined as 1/60 of the light radiated from a square

centimeter of a blackbody, a perfect radiator that absorbs no light, held at the temperature of freezing platinum.
The radian is the plane angle between two radii of a circle that cut off on the circumference an arc equal in
length to the radius.
The steradian is defined as the solid angle that, having its vertex in the center of a sphere, cuts off an area of the
surface of the sphere equal to that of a square with sides of length equal fo the radius of the sphere.
The SI units for all other quantities are derived from the seven base units and the two supplementary units.
Examples of some SI-derived units, expressed in terms of base units, are shown in Table 3. Some derived units
are used so often that they have been assigned special names—usually those of scientists—as shown in Table 4.
One feature of S is that it is a coherent system; that is, derived units are expressed as products and ratios of the
base, supplementary, and other derived units without numerical factors. This results in some units being too
large for ordinary use and others too small. To compensate, the prefixes developed for the metnc system have
been borrowed and expanded. These prefixes, given in Table 5, are used with all three types of units: base,
supplementary, and derived. Examples are millimeter (mm), kilometer/hour (km/h), megawatt (MW}, and
picofarad (pF). Because double prefixes are not used, and because the base unit kilogram already contains a
prefix, prefixes are not used with kilogram, although they are used with gram. The prefixes hecto, deka, deci,
and centi are used only rarely, and then usually with meter to express areas and volumes. Because of established
usage, the centimeter is retained for body measurements and clothing.
Certain units that are not part of 51 are used so widely that it is impractical to abandon them. The units that are
accepted for continued use in the U.S. with 51 are listed in Table 6.
[n cases where their usage is already well established, certain other units are allowed for a limited time, subject
to future review: nautical mile, knot, angstrom, standard atmosphere, hectare, and bar,
See also METRIC SYSTEM; WEIGHTS AND MEASURES.

Further Reading

ic Units L : -_ s i
'?*haz elemental unit of electricity is the absolute charge on a single elﬁcuunurprmm on. The .syrﬂol mbol for 1hin’ unit ise.
The CGS unit of electrical charge is the electrostatic unit (esu), which Iﬁﬂﬂﬁﬂ:ﬂﬂmﬁwmﬂJ#Mﬁﬂm
when concentrated at a point in a vacuum will repel a like charge 1 cm away with a force of | dyne. The esu equals
the aggregate charge carried by 2.082,000,000 electrons or protons. T R F e,
The basic units of electrical current or flow is the statampere, which is defined as a current of 1 esu/sec. The statvolt,

the basic unit of electromotive force, or potential difference, is the difference mpntenual that exists between two
points when 1 erg of work is required to force | esu of electricity between those two points.

Electromagnetic Units
Besides the electrostatic units of charge, current, and potential difference, a parallel group of basic electromagnetic
units exists. The basic magnetic unit, comparable to the elemental unit of electncity, is the unit magnetic pole,
defined as a point magnetic pole that in a vacuum will act on a similar pole 1 cm away with a force of | dyne. The
unit used to measure the strength of magnetic fields is the oersted. A field that acts on a unit magnetic pole with a
force of 1 dyne has a strength of 1 oersted. The electromagnetic unit of electric current is called the abampere. If a
current of 1 abampere flows in a wire 1 cm long, the wire is pushed sidewise with a force of 1 dyne by a magnetic
field of 1 oersted acting at right angles to the wire. The abcoulomb is the quantity of electricity passing any point in a
circuit in 1 sec when a current of 1 abampere is flowing in the circuit. The abvolt, the electromagnetic unit ut'
potential difference, is the potential difference between two poinis when 1 erg of work is necessary to move |
abcoulomb of electricity from one point to the other. See also POTENTIAL ENERGY.

The mathematical relationships between the electrostatic and electromagnetic units are as follows: 1 esu equals
3.3356 x 10-11 abcoulombs; | statampere equals 3.3356 x 10-11 abamperes; and one statvolt equals 29,979,600,000
abvolts. This last figure is exactly equal to the velocity of light through a vacuum, which is expressed in centimeters
per second, as predicted by the electromagnetic-wave theory developed by the British physicist James Clerk Maxwell.
See ELECTROMAGNETIC RADIATION.

Practical Units
The unit of electrical current in common use is the ampere, which is defined as 0.1 abamperes. The practical unit of

electrical quantity is the coulomb, the amount of electricity passing a given point in a circuit in | sec when a current
of 1 amp is flowing. The volt is the practical unit of potential difference. It is equal to 100 million abvolts and can be
defined as the potential difference existing between two points when 1 joule (10 mullion ergs) of work 15 required 10
move 1 coulomb of electricity from one of the points to the other. The unit of electrical work 1s the watt. It represents
the generation or use of electrical energy at the rate of 1 J/sec. The kilowatt is equal to 1000 watts.

Because of the difficulty of making measurements in terms of the absolute units, the practical units are also defined
for purposes of practical standardization as follows: The ampere is the amount of current that will deposit 0.001118 g
of silver per sec if passed through a silver nitrate solution; the ohm is the resistance of a column of mercury 106.3 cm
in length and 1 sq mm in cross section at a temperature of 0% C (32° F); the volt is the electromotive force necessary
to produce a current of 1 amp through a resistance of 1 ohm. The volt is also defined in lerms of a standard voltaic
cell, called the Weston cell, which has poles of cadmium amalgam and mercurous sulfate and an electrolyle of
cadmium sulfate. A volt is defined as 0.98203 of the potential of this standard cell at 20° C (68° F).

In all the practical electrical units the conventional prefixes of the metric system are used o indicate fractions and
multiples of the basic units. Thus a micromicrofarad is a trillionth of a farad, a microampere is a millionth of an
ampere, a millivolt is a thousandth of a volt, a millihenry is a thousandth of a henry, a kilowatt is 1000 waus, and a
megohm 15 1 million ohms.

Resistance, Capacitance, Inductance

All components in electrical circuits exhibit one or more of the charactenstics of resistance, capacitance, and
inductance. The commonly used unit of resistance is the ohm, which is the resistance of a conductor in which a
potential difference of 1 V causes a current flow of 1 amp. The capacitance of a condenser is measured in farads. A
condenser of 1 farad capacitance will exhibit a change in potential difference of | V berween s plaies when |
coulomb of electricity is transferred from one plate to the other. The henry is the unit of inductance. A coil has a
self-inductance of 1 H when a change in current of | amp/sec produces a countervoltage of 1/V. In a transiormer, or
in any two magnetically coupled circuits, a mutual induction of | H is that inductance which will induce & voltage of
| V in the secondary when there is a change of | amp/sec in the pnmary

See also BATTERY, ELECTROCHEMISTRY

“International System of Units," Microsoft (R) Encarta. Copyright (c) 1994 Microsoft Corporation. Copyright
(c) 1994 Funk & Wagnall's Corporation. 0

Electrical Units, units used fo express quantitative measurements of all types of electrostatic and
c!uctrpmngnf}lic phenomena and of the electrical characteristics of components of S lertrirallearcnite “ The hacic
electrical units are part of the centimeter-gram-second system , but because, in most cases. these units are L_m'm
mr:r.!;lrg:: or too small for convenient measurement, a number of practical units have been adopted for use in
engineenng.

Electrical Units,” Microsoft (R) Encarta. Copynght (c) 1994 Microsoft Corporation Copynght (c) 1994 Funk &
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physical constant, symbol h. It was ﬁrm%cmrerad (1900) by the German |
year, light in all forms had been thought to consist of waves. Planck noticed Out[5]= - - ———————--—-—-—-——————————————
Meter Volt

theory of light on the part of radiations emitted by so-called blackbodies, or
conclusion that these radiations were emitted 1n

/

Planck's Constant, fundamental
physicist Max Planck. Until that

certain deviations from the wave

perfect absorbers and emitters of radiation. He came to the
discrete units of energy, called quanta. This conclusion was the first enunciation of the quantum theory.

According to Planck, the energy of a quantum of light is equal to the frequency of the light multiplied by a
constant. His original theory has since had abundant experimental verification, and the growth of the quantum
theory has brought about a fundamental change in the physicist's concept of light and matter, both of which are
now thought to combine the properties of waves and particles. Thus, Planck's constant has become as important

to the investigation of particles of matter as (o quanta of light, now called photons. The first successful
measurement (1916) of Planck’s constant was made by the American physicist Robert Millikan. The present

accepted value of the constant is h = 6.626 x 10-34 joule-second in the meter-kilogram-second system.

"Planck's Constant,” Microsoft (R) Encarta. Copyright (c) 1994 Microsoft Corporation. Copyright (c) 1994
Funk & Wagnall's Corporation.

Electron, a type of elementary particle that, along with protons and neutrons, make up atoms and molecules.
Electrons play a role in a wide variety of phenomena. The flow of an electric current in a conductor is caused by

the drifting of free electrons in the conductor. Heat conduction is also primarily a phenomenon of electron
activity. In vacuum tubes a heated cathode emits a stream of electrons that can be used to amplify or rectify an

electric current (see RECTIFICATION; VACUUM TUBES). If such a stream is focused 1nto a well-defined
beam. it is called a cathode-ray beam (see CATHODE RAY). Cathode rays directed against suitable targets
produce X rays; directed against the fluorescent screen of a television tube, they produce visible images. Also,
the negatively charged beta particles emitted by some radioactive substances arc electrons. See

RADIOACTIVITY: X RAY; ELECTRONICS; PARTICLE ACCELERATORS.
Electrons have a rest mass of 9.109 x 10-28 grams, and an electrical charge of negative 1.602 x 10-19 coulombs

(see ELECTRICAL UNITS). The charge of the electron is the basic unit of electricity. Electrons are classified as
fermions because they have half-integral spin; spin is a quantum mechanical property of subatomic particles that

indicates the particle’s angular momentum. The antimatter version of the electron is the positron.

Contributed by:
Richard Hofstadter

"Electron.” Microsoft (R) Encarta. Copyright (c) 1994 Microsoft Corporation. Copyright (c) 1994 Funk &
Wagnall's Corporation.

Mathematica 3.0 for SPARC
Copyright 1988-96 Wolfram Research, Inc.
License valid through 29 Aug 1997.

In[l]:= << Miscellaneous PhysicalConstants’

In[2]:= ElectronCharge

-19
Out(2]= 1.60218 10 Coulomb

In(3]:= ElectronMass

-31
Out[3]= 9.10939 10 Kilogram

In[4]:= PlanckConstantReduced

-34
Out[4]= 1.05457 10 Joule Second

In[5]:= VacuumPermittivity
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1.1 Formulation of a Relativistic Quantum Theory

/K Y

Since the principles of special relativity are generally accepted at this
time, a correct quantum theory should satisfy the requirement of
relativity: laws of motion valid in one inertial system must be true in
all inertial systems. Stated mathematically, relativistic quantum
theory must be formulated in a Lorentz covariant form.

In making the transition from nonrelativistic to relativistic
quantum mechanics, we shall endeavor 10 retain the principles under-
lying the nonrelativistic theory. We review them briefly:

1. For a given physical system there exists a state function ® that
summarizes all that we can know about the system. In our initial
development of the relativistic one-particle theory, we usually deal
directly with a coordinate realization of the state function, the wave
function ¥(g: = - - ;5 ~ ° ° 0. v(gst 1sa complex function of all
the classical degrees of freedom, g1 * © * Gn, Of the time ¢ and of any
additional degrees of freedom, such as spin s;, which are intrinsically
quantum-mechaniﬂai. The wave function has no direct physical

interpretation; however, (g - - - @mS1 " sa,0)|? = 0 is 1nter-
preted as the probability of the system having values (g1 * = ° Sa)
at time . Bvidently this probability interpretation requires that
the sum of positive contributions |¢|? for all values of g1 - = * S at

time ¢ be finite for all physically acceptable wave functions .

2. Tvery physical observable 1s represented by a linear hermitian
operator. In particular, for the canonical momentum ps the operator
correspondence in a coordinate realization 1s

fi d

P =i

1 aq;
3. A physical system is in an eigenstate of the operator Q if
Qb, = wa®n (1.1)

where ®, is the nth eigenstate corresponding to the eigenvalue wn.

For a hermitian operator, wn is real. In a coordinate realization the
equation corresponding to (1.1) is

ﬂ(?:ﬁ;l}%(mﬁ;g = mﬂ\t’“(ﬂ:siﬂ
1 See, for example, W. Pauli, “Handbuch der Physik,” 2d ed., vol. 24, p. 1,

J. B];rmger, Berlin, 1933. L. L Schiff, “Quantum Mechanics,™ 2d ed., McGraw-
Hﬂl Book Company, Inc., New York, 1955. P. A. M. Dirac, ““The Principles of

) fﬂﬂlMechanmE," 4th ed., Oxford University Press, London, 1958.

:"-HU..I"IHL -

The Dirac equalion

[:L};

45T COARS:
3 i, l'fm expansion postulate states that an arbitrary wave funec-
ion, or state function, for a physical system can be expanded in a

;;mnplr-H_; orthonormal set of eigenfunctions ¢. of a complete set of
commuting operators (1;). We write, then
1 !

Y = Zun%
where the statement of orthonormality is
Y] o e e e G
la.|? :-w:nw]ra. the probability that the system is in the nth eigenstate.

5. _'l'lm result of a measurement of a physical observable is an
one of its eizenvalues. In particular, for a physical system dcscribejcrl
by the wave function ¢ = Zan¥n, with Q¥, = w.¥., measurement of
a physical observable @ results in the eigenvalue w, with a probability
]n,,[ﬂ. The average of many measurements of the observable ni
identically prepared systems is given by J

@y= [ @5 D@ s D)

= z lﬂﬂle‘l

5. _Thu time development of a physical system is expressed by the
Schrédinger equation

¥

ok Hy (1.2)

where the hamiltonian H is a linear hermitian operator. It has no
explicit time dependence for a closed physical system, that is
af/at = 0, in which case its eigenvalues are the possible statinnar];
s]:atea of the system. A superposition principle follows from the
lincarity of H and a statement of conservation of probability from the
hermitian property of H:

:%Z f V(g - - ) = ﬁZ ] (dg: -+ H(HY*Y — ¥*HY)
=0 (1.3)

: jWe strive to maintain these familiar six principles as under-
pinnings of a relativistic quantum theory.



