Math 273 Course Description

Knot Theory as an Excuse

Time and place: MWEF 11AM, Science Center 507. Instructor: Dror Bar-Natan, Science
Center 426G, 5-8797, dror@math.

Goal: Use knot theory as an excuse to learning amusing mathematics and to having fun.

Intended for: Math graduate students and everybody else. Prerequisites: Not being too
far behind everybody else on the enclosed prerequisites quiz.

Texts: My own papers (will be distributed), additional photocopied handouts, Kauffman’s
“Knots and Physics”, and maybe more.

Course plan, main strand (about 75% of classes): Explain the following paragraph:

Vassiliev invariants are extremely simple to define, seem to be very powerful, and
known to be at least as powerful as the standard knot polynomials. There are
two natural and contradicting conjectures about Vassiliev invariants —

1. that they all come (in an appropriate sense) from Lie algebras.
2. that they separate knots.

Besides, being so easy to define and so closely related to other knot invariants,
they lead to new insight about these other invariants.

First, we will study the general theory — definitions, the relation with the Jones-like
polynomials, the relation with weight systems and chord diagrams, the relation with Lie
algebras and the Hopf algebra structure. Then, we will say more on the “Lie algebras”
conjecture: the diagrammatic PBW theorem, the map into surfaces and the relation with
the classical groups. Then we will say some about the “separation” conjecture — proving
it for braids and for string links up to homotopy. Finally, we will see how Vassiliev invari-
ants are useful in proving theorems about knot invariants — the Melvin-Morton-Rozansky
conjecture and the power of HOMFLY over braids.

Along the way we will need to use many results and ideas from knot theory and from several
other disciplines (and part of my motivation in giving the course is to finally understand
these results and ideas myself). We will cover some of these results, many of them in lectures
given by the students. These include: consistency of the classical knot polynomials, Hopt
algebras, some representation theory, connections and holonomies, braids and free groups,
the topological theory of the Alexander polynomial, etc.

We will postpone the discussion of two related, necessary, deep, and beautiful subjects,
quantum groups and quasi-Hopf algebras, to the second semester. In the second semester
we will study quasi-Hopf algebras following Drinfel’d’s original papers on the subject, dis-
cussing their relation to the existence of a canonical universal Vassiliev invariant. We will
also say some things about quantum groups, but I haven’t decided yet on the source. It
may be the relatively low-level but readable exposition in Kauffman, or some deeper and
less comprehensible other source.

We may or may not say something about the relation with perturbative Chern-Simons
theory.

We may or may not say something about related three-manifold invariants.



e Course plan, secondary strand (about 25% of classes): Play with elementary, isolated, and
fun topics in and around knot theory, such as the 15 or so such topics in the second part
(“miscellany”) of Kauffman’s book, the 20 or so such topics in the older Kauffman book
(“On Knots”), alternating links, resistor networks, rational tangles, Kuperberg’s polyno-
mial, non-invertible knots, and more.

I hope that many of these topics will be covered by visitors and/or students.
e Grading: Hopefully, almost everybody taking this course does not need a grade. About

the rest we will worry later. Homework: Sporadic exercises and projects. If you do need
a grade for the course, do the homework and impress me with the projects.
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Please rate the your level of understanding of the following topics, using
the scale:

1 - Huh?

2 - Heard about it.

3 - Can state it.

4 - Feel confident; can prove including most details.
5 - Feel very confident; know it in and out.

The tensor product of two vector spaces.

1 2] 3 AL STHON

The tensor algebra, symmetric algebra, and exterior algebra of a vector space.
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The definition of a Lie algebra, structure constants.

1 20l 3] h.z.L. ST
The Poincare-Birkhoff-Witt theorem.
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Finite dimensional representations of s1(2,C).
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The classification of simple Lie algebras and their irreducible representations.
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The definition of a Hopf algebra.
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The structure theorem L _no-ooBEEmmé Hopf algebras.
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Connections, curvatures, and holonomies.
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The Van-Kampen theorem about the fundamental group of a union.
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The relation between the fundamental group the the first homology of a space.
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Galua theory for covering spaces.
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The Poincare duality theorem.
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The Alexander duality theorem.
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8.5 Complete evaluation for the classical algebras

By the remark at the end of the previous section, to calculate Cg for the classical
algebras (in their defining representations) it is enough to consider the four complex
classical algebras.

The first step is to use relation STU repeatedly, with each usage reducing the
number of G vertices by one, until we are left with a diagram D that has no G?
vertices. The basic building block of such diagrams is the tensor

a é

1

This tensor will be evaluated explicitly for each of the complex classical algebras, and
the results will turn out to have representations in terms of diagrams that have no
propagators in them. Using this repeatedly, we are left with disjoint unions of circles
which again are easy to evaluate explicitly.

I will show in detail the computations for so(N, C), and just state the results for
gl(N,C), sl(N,C), and sp(N, C). -

8.5.1 The algebra so(N,C).

A convenient choice of generators for so(N,C) are the N x N matrices M;; (i < j),
given by

(Mij)ap = biabip — bigbia-
‘That is, the ij entry of M;; is +1, the ji entry of M;; is —1, and all other entries
of M;; are zero. The invariant bilinear form that we pick on so(N, C) is the matrix
trace in the defining representation, and so

tapon = tr(Mi;Mu) = =261
N(N-1) ., N(N-1)
2 2

Inverting the matrix £(;j)(k) We get

L)) _.;_5"*51", ' (8.14)
and so -
=Y tEEN(M;)ap(Mij)qs. (8.15)

i<sk< ‘
Using (8.14) and some algebraic manipulations we can simplify (8.15), and then rep-

resent it by a diagram:
au § a . )
1

1
(8.15) = 5(6‘156‘31 — 60,-1655) = 5 - .
al~ \y B i

80

(8.16)




The last thing to note is that
Cov,c)(k disjoint circles) = N*,

Example For so(N,C) in its defining representation we can calculate d, r, and g
using: (suppressing the ‘Cyo(n,c)’ symbols) '

d = O =n,
ir = ©=5(S -
dr(r—%g) = . 020 -
8.5.2 The algebra gi(N,C).

Similar considerations lead to the even simpler rule

o i ) au é

1 N(N—l)
2 8) 2 ’(N )
1 1 1 N(N =1

— §® +Z®——'—_4 .

while retaining :
Can,c)(k disjoint circles) = N ¥,

Example For gI(N,C) in its defining representation,

= O0-@=0-% =Nn*-1).

8.5.3 The algebra si(V,C).
The rule here is the so-called “Fierz identity”,

(k1) 7/~ N ’
vy B ¥ B ¥

Can,c)(k disjoint circles) = N k,

with the usual

Example For si(N,C) in its defining representation we can calculate d, r, and g

using:
d = O =N,
dr — @:@_TIV_O =N2—1,
1 _ _ 2 =~ 1, 1-N?
dr(r—-z—g) = —OEO:N@ +FO— N




8.5.4 The algebra sp(N,C).

This is the most complicated case. Let D be a diagram with no G3 vertices. The
computation of C,,n,c)(D) now proceeds in two steps:

1. Mark each Wilson loop segment in D with either the symbol P or the symbol
Q, in such a way that the number of P’s entering each subdiagram of D of the

form }l is equal to the number of P’s leaving it. (Remember that the Wilson
loops are directed).

2. Simplify D using the following rules:

e———

= : =

= ; :"U
Il

o o

9 'D__I_Q
I

B =

)ﬁ

PR OQ _l(\/+><)
wQ Q| YP z /\

3. Similarly to the usual,
Cp(v,c)(k disjoint marked circles) = N K
(Notice that this time dim R = 2N # N).

Example For sp(N,C) in its defining representation we can calculate d, r, and ¢
using:

B0
DE
D

o= ()
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