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INFORMATION SHEET FOR MATH 115
Name: SRR )

Dorm address:

Dorm phone number:
I want to major in:

I'm taking this class because:

I’ve taken the followmg math courses before: (List h1gh school courses if you haven’t
taken math courses in Harvard yet)

I’ve taken the following physics courses before:
The other science courses that I’'m taking this term are:

Please list your computer experience - which computer languages have you used, what
computers have you used, what type of software applications have you used and to
what extent. Have you ever written programs that used computer graphics?

I’ve used electronic mail / I intend to use electronic mail (Y/N)?
My electronic mail address 1s:

NOTE: Computer literacy IS NOT a prerequisite for taking this course!




-MATH 115 COURSE DESCRIPTION
Methods of Analysis and Applications, Fall 1991

12 Noon MWEF, Science center 119.
INSTRUCTOR: Dror Bar-Natan, Smence Center 426G, 495 8797, dror@math
OFFICE HOURS: 10am-11am MWF.
TEACHING FELLOW: Jason Fulman, 493 5794 fu]man@husc4
TEXTBOOKS: #1 Churchill & Brown, Complex Variables and Applications.
#2  Churchill & Brown, Fourier Series and Boundary Value
Problems.
#3 Gelfand & Fomin, The Calculus of Variations..

M W F Topics
Sep 16 18 20 Complex numbers and functions, Cauchy’s theorem and
23 25 27 its applications. Series, residues. '
Oct 30 2 4 (#1, chapters 2-6) :
XX 9 11 Conformal mappings and their applications for electrostatic
14 16 18 potentials, steady temperature and 2-dimensional flow. -
21 23 25 (3#1, chapters 7-11)
Nov T1 30 / 1 Separation of variables to solve partial differential equations,
4- 6 8 Fourier series and boundary value problems (#2, chapters 2-4)
XX 13 15 Fourier integrals, Bessel functions, Legendre polynomlals
18 20 22/ (#2, chapters 5-9) - A L Ao
T2 27 XX First variations, Euler Lagrange equations, constrains and
Dec 2 4 6 Dboundary effects. (#3, chapters 1-3) &
9 11 13 The Hamiltonian approach. (#3, chapter 4) -
16 18 XX Second variation. (#3, chapter 5)

T1,2 - Exams no. 1,2.

Homework will be assigned at the end of each lecture and due the next. There will be
about two hours of homework for each lecture. If things will work out, some of the
students will be asked to prepare demonstranons for parts of the material, and will
receive extra credit for that.

Final Grade=(T1+T2+3*Final+Homework+(or -)Instructor’s grade)/6



[—

~ {

vy )
=2y

J




)”5- g%) /4,179/
E/ /Q(/M/I(/M/ j OM} /qu’ V( . h// K/?/\;/ /] A {:‘rf’/c.f/;z’,'

C-RK <’>‘Z//ﬂr(@
f—/” e Lgip//r@

Lr\\\

—
—L =

L | hevronit  coay @Jﬂ/)zy
& t/’( lance f /ﬂ//}’u / r/ /Uq
- ) _ il a
ST e g (,Q(X/(j) = Y \y L
| - " - _Z {_._/
. Q_/% ‘ (//7’ [}I/ {\/; / L
i
| :r! v lf‘/ /
/ f‘j\{,f -







Mobius Transformations
Math 115, Sep 23, 1991
Finish reading chapter 4 of Churchill-Brown, and solve the following ex-
ercises:

1. (a) Describe the behavior of €% as & — —co.
(b) Describe the behavior of e**% as y — oo.
2. (a) Show that logz = 1 log(z* 4+ y*) + 7 arctan(y/z) for z = = + iy.

(b) Verify that log z satisfies the C-R equations and prove explicitly
that (logz) = 2.

3. Compute arctan 2:.

4. The map M : {2 x 2 invertible complex matrices} — {analytic functions}
is deﬁned by: The exercises below

are a bit harder.
Don’t feel bad if they

a b a +b are too hard for you.
"= ( c d) — Malz) = cz+d

&y

[

Prove that Myp = M4 0o Mp. (Namely, Mag(z) = Ma(Mg(2)))

5. Prove that M, maps circles into circles. Namely, prove that the set
{|z — ¢| = r} is mapped by M4 to a set of the form {|z — /| =r'}.

6. Prove that if # € R, « is a complex number satisfying |a| < 1 and the
matrix A is defined by
e a
J4 - ( a 6—?:5 ) 3

then M4 maps the unit disk {|z| < 1} onto itself, and is 1 — 1 (one-to-
one).

7. In the picture {analytic functions} = {simply connected domains} de-
scribed in class, why is the map going from right to left many-valued?
Hint: use 2,3 (even if you couldn’t solve them).
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EXERCISES Ml s, 7 ¥ /77

u. Find the poles and umm&_&m of the following functions:
1 1 1
@ T+ D Y () =, (d) cote,
(e) mww o’ (f) j (m, n positive integers).
3. Evaluate the following Eﬁmmam_m.v%amrm method of residues:
v/2 dr \5., e x? dx
(a) \c a + smiz o> L ®) ], 7 + 5z + 6’
= -4+ 2 z? dzx
O s TGl e 0 areal,
® cosz e [° 28N E
(e) .\o 71 dzx, a real, :8 i i dz, a real,
0 H:w L
ﬁmv o M|+|H.m &H. Q.C .\\o :. + Huvln Hom z RH»
.\ log (1 + z?) HH == (0 < a < 2). (Try integration by parts.)
4. Compute
dz
\‘ i, lal = ».
|g]=p

Hint: Use 22 = p? to convert the integral to a line integral of a rational
?noaou

i b e e ke
- E oo =

B O - -



Not so interesting facts about residues and poles!

{and some interesting ones, but without proofs)

Math 115, Oct 9 1991

Singular points are the points where a complex function f is not analytic. A singular
point is called isolated if it is isolated — namely, if there is some neighborhood thereof in
which there are no other singular points. Around an isolated singular point zp the function
f has a Laurent? expansion

f(2) =Y an(z — 20) +E (1)

n=0 Z - ZD
The coefficient by is called the residue of f at 2z, and is denoted by

by = Res,, f.

Theorem 1 If C is a positively oriented simple® closed contour within and on which a
function f is analytic except at the points z1,...,7,, then

fcf(z)dz = 27riZ:RBSZif.

Theorem 2 If C is a positively oriented simple closed contour out of which and on which
a function [ is analytic then

/ f(z)dz = ZTFE'RESZ:()%_]F (l) . l( TZ:U v':r"?“"-' I\

c Z Z \‘ ”: - J

If in (1) only finitely many of the b,’s are non-zero, the poffit Z(] is called a pole?, and

the largest m for which b,, # 0 is called the order of that pole. A pole of order 1 is called

a simple pole. A pole of order 0 is called a removable singular point, and it isn’t really a

singular point — by a simple redefinition of f(zy) such a singularity can be removed. If a

singular point is not a pole, it is called an essential singular point. A very hard theorem due

to Picard says that in each neighborhood of an essential singular point a function assumes
every finite value, with at most one exception, an infinite number of times.

Theorem 3 [f a function f can be written in the form /

ayﬂwﬁﬁﬁ / }ﬁvi
Z N [. ll

where ¢(z) is non-vanishing an analytic around zo, then | jl [ . - l

¢(7IL—1)(ZO)

Res,, [ = m

In particular if m =1 then Res, [ = é(z0).

'If you want to read the same said in more words, consult sections 53-57 of the textbook.

2Spelled correctly

3non-self-intersecting

YWARNING: in class I called every singular point “a pole”. The correct naming is given on this page.

(# — z0)™ f__ ) S



If 2o is not an essential singularity of f (or maybe not a singularity at all), then one can
write f(z) = (z — z0)™@(2z) with ¢ an analytic function (around zo) which does not vanish at
zp. If m is negative, zo is a pole. If m > 0, then zp is called a zero of order m, and if m = 1,
this is a simple zero. Clearly, poles and zeros are opposite notions — if f(z) has a pole of
order 17, then 1/f(z) would have a zero of order 17 and vice versa. &S

Theorem 4 If p and q are analytic at zy, p(z0) # 0, and ¢ has a simple/ zero at zg, then

s E _ p(z[}) | \u,,‘,;’ / ) J;V 5
g q'(2) (94 M ¢ E
d) o
N o YT GO ©67) \”"“/‘7
] F 7 | —
VARDS. V) ’ (XA =g /
\lc /,,/// / AR %N [ U Ve f 4
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Name:

First Midterm — Complex Analysis
Math 115, Oct 28 1991
Dror Bar-Natan

You have 120 minutes to answer the following 7 questions. The weight of each question
i1s marked on it, plan your time wisely! It is a good idea to read the entire exam before
answering any question. Notice that the maximum possible total is 150 points, which is
about twice of what I expect most people to get. You may use any material you wish to use
other than your friends. At the end of the 120 minutes, return this form together with your
work and don’t forget to sign your name on anything you submit.

1. (25 points)

(a) Obtain the Taylor series expansion of the function

z

f(z):m

around zg = 0. (Life is somewhat simpler if one remembers what the derivative

(]1:)’ is, but is still bearable even if one doesn’t).

(b) Use your result to derive a formule for

S = Z nr™ cos nd.

n=1
(c¢) For what values of r and @ is your formula valid?

2. (15 points) Use Green’s theorem to prove that
/ zdz = 2i - Area(D)
oD

whenever 9D is the positively oriented smooth boundary of some simply connected
domain D.

3. (15 points) Can the argument of a non-vanishing analytic function have a local maxi-
mium inside a domain? Why?



4. Use residues to compute the following integrals:

(a) (6 points)

7 / 2190 1 302 — 25
a — |2|=em 21991 -|—282,'IO

(b) (12 points) Let m be a positive even integer. Compute

IE,:/Tr cos™ @ df

(c) (12 points)
©  ging
1= / ——d:
o a(z?+1) *
5. (20 points) The circle A is centered at +z and has a radius 1, the circle B is centered
at —2 and has the same radius, and the circle C7, which is tangent to A and B, is also

tangent to the line Re(z) = 2. If for each n > 1 the circle C,, is tangent to A, B and
Cpn-1, what is the radius of C,,?7 (See figure 1)

Figure 1. The circles A, B, and C;.



6. (25 points) Find the temperature distribution on a thin disk of metal whose radius is

lin if its boundary is held at temperature T' = 0° and a cup of boiling water whose
radius is %m is placed on the disk so that it is centered %in away from the center of

the disk. It is enough to write the result in terms of a complex variable z and there is
no need to re-express it in terms of z and y. (See figure 2)

Figure 2. A thin disk of metal.

7. (20 points)

(a) Explain why if Ay is the harmonic conjugate of the harmonic function h; then
their level sets hy = ¢; and hy = ¢y intersect at right angles. (Actually, this is
only generically true, namely, true away from various singularities. But you may
ignore this fact for now.)

(b) The survival algorithm of roaches is quite simple — they just run away from the
light into darkness by moving at any given time to the direction precisely opposite
to the gradient of the lighting function. If the lighting function of your kitchen
floor is hy(z,y) = = — y? (in some coordinate system and some units), can you
draw the trajectories that roaches will follow?

Extra credit: (20 points) Use the contour made of the line segments connecting 0 to R
to Re2™/™ and back to 0 to compute

/°° dx

Jo 14 z™

for an arbitrary positive integer n.

— GOOD LUCK —
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A little about the Fourier transform
Math 115, NO}Af,lE) 1991

Definition 1 Let f be an integrable function on R. Define its Fourier transform f by:

fo) = o= [ e

Theorem 1 (The Fourier inversion theorem) One can reconstruct f from f using:

1@ === [ =)

Remark Notice that it follows that ]%(:r:) = f(—=2) and that )HE: 1.
Fact Let i

Az} = \/271__06_5.

Then

Claim 1 If f(z) = g(z — zo) then
f(p) = e™g(p).

Claim 2 If f(z) = e™%g(z), then f(p) = g(p — po).

Definition 2 The convolution of two functions f and g is defined by:

(o)) = [ dvfle=vio) = [ dv f0)ole =)
Claim 3 ng: V27 f§ and fg: ﬁf*g

Remark Pick ¢ = f, and you can prove the Fourier inversion theorem!!
. s . A +d F

Claim 4 f'(p) = ipf(p) and zf(x) = i S
Problems:

1. Read section 62 of the textbook and do problems 65.2,3,4.

2. Compute the Fourier transform of the function y defined by

1 lz| <1
x(#) = { 0 otherwise °
3. Compute the convolution y * x.
4. Check that indeed ¥y 35 # 7.
T{ hi- ;’ 5. Prove the Plancherel identity: Let f be a complex-valued function on R.

(a) Let g(z) = f(—z). Prove that §(p) = Tp)
(b) Evaluate (f * ¢)(0 ) and (fg)( ) and deduce that

[1f@)dz = [1F(p)Pdp.
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Mathematica 2.0 for SPARC
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-- Terminal graphics initialized --

<< Miscellaneous/ChemicalElements.m
1=N[{ ({AtomicNumber [#],MeltingPoint [#],BoilingPoint [#],HeatOfFusion[#],

£50.
£59
{52,
{53
{54.
{55
{56+

b om M M N M m m m =

i’
I3
I
I
I
I
I
1
T
r
’
T
T
I
+
7
r
I
I
I
I
r
r
ol 5
!
!
I
I
f
I
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I
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I
r
r
¥
L
I
!
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I

_HeatOfVaporization[#],Density[#], ThermalConductivity [#]}&
/@ Elements) /.
Meter -> 1,

14.,
0.95,
454 .,
1550.
2570.
3820.
63.3,
54.8,
53.5,
24.5
371.
922 .
933.
1680
317,
386.
172.

1000

{Kilo -> 1,

20.3, 0.12, 0.46, 76., 0.181},
4.22, 0.021, 0.082, 125., 0.152},
1620., 4.6, 148., 534., 84.7},

, 3240., 9.8, 309., 1850., 200.},

. 3930., 22.2, 504., 2340., 27.},

, 5100., 105., 711., 3510., 1960.},
77.4, 0.72, 5.58, 1030., 0.026},
90.2, 0.444, 6.82, 2000., 0.0267},
85., 1.02, 3.26, 1520., 0.0279%,

, 27.1, 0.324, 1.74, 1440., 0.0493},
, 1160., 2.64, 99.2, §71., 141.},

, 1360., 9.04, 128., 1740., 156.},

g 8740.; 10,7, 291, 2700., 23T}
.+ 2630., 39.6, 383., 2330., 148.},
i B8B83+ 2451 51.9% 1820, 0235},

, 718., 1.23, 9.62, 2070., 0.269},

; 240, , 6,41, 204y 2030., 0.0089},
, 87.3, 1.21, 6.53, 1660., 0.0177},
, 1050., 2.4, 792.1, 862., 102.},
, 1760,., 9.33, 151., 1550., 200.},
; 3L00., 15.9; 376., 2990., 15.8},
, 3560., 20.9, 425., 4540., 21.9},
, 3650., 17.6, 460., 6110., 30.7},
., 2940., 15.3, 342., 7190., 93.7},
., 2240., 14.4, 220., 7440., 7.82},
, 3020., 14.9, 340., 7870., 80.2},
, 3140., 15.2, 382., 8900., 100.},
; 3000., 17.6, 3456., 83900., 90.7},
; 2840., 13., 307., 8960., 401.},

oy 1180., 6.67, 114., 7130., 116.},

., 2680., 5.5%, 270., 5910., 40.&},
wp 3100., 3.7, 328., B320.. 58.9%,
, 889., 27.7, 31.9, 5780., 50.},

, 958., 5.1, 90., 4790., 2.04},

., 332., 10.8, 30.5, 4050., 0.122},

., 121., 1.64, 9.05, 2820., 0.00949},
, 961., 2.2, 75.7, 1530., 58.2},
, 1657., 9.16, 154,, 2540., 35.3},
, 3610., 17.2, 367., 4470., 17.2},
, 4650., 23., 567., 6510., 22.7},
, 5010., 27.2, 680., 8570., 53.7},
, 4880., 27.6, 590., 10200., 138.},
, 5150., 23.8, 585., 11500., 50.6},
, 4170., 23.7, 567., 12400., 117.},
. 4000., 21.6, 494., 12400., 150.},
. 3410., 17.2, 361., 12000., 71.8},
, 2490., 11.3, 258., 10500., 429.},
., 1040., 6.11, 100., 8650., 96.8},

s 2350.; 3.27, 232.y 7310.; 8L:6}),

¢ 25405, 7.2, 296.; 7310:, 666},

¢ 1910.,; 20.9;, 168, 6690, 244.},

g 1260.; 18:5,; 105:, 6240w, 235},

, 458., 15.3, 41.7, 4930., 0.449},

g 1660y Jul, 12,7, 3540,; U.005869},
¢ 952, 2,09, 66.5, 1870., 35.9},

., 1910., 7.66, 151., 3590., 18.4},

Joule -> 1,
Kelvin -> 1, Watt -> 1,

Kilogram -> 1,
Mole -> 1}),3]

—




{57., 11%0., 3730., 10., 402., 6150., 13.5},
{s8., 1070., 3700., 8.87, 398., 8240., 11.4},
{59., 1200., 3790., 11.3, 357., 6770., 12.5},
{60., 12%0., 3340., 7.11, 328., 7010., 16.5},
{61., 1440., 3000., 12.6, Unknown, 7220., 17.9},
{62., 1350., 2060., 10.9, 165., 7520., 13.3},
{63., 1090., 1870., 10.5, 176., 5240., 13.9},
{64., 1590., 3540., 15.5, 301., 7900., 10.6},
{65., 1630., 3400., 16.3, 391., 8230., 11.1},
{66., 1680., 2830., 17.2, 293., 8550., 10.7},
{67., 1750., 2970., 17.2, 303., 8800., 16.2},
{68., 1800., 3140., 17.2, 280., 9070., 14.3},
{69., 1820., 2220., 18.4, 247., ©9320., 16.8},
{70., 1100., 1470., 9.2, 159., 6970., 34.9},
{71., 1940., 3670., 19.2, 428., 9840., 16.4},
{72., 2500., 5470., 25.5, 571., 13300., 23.},
{73., 3270., 5700., 31.4, 758., 16700., 57.5},
{74., 3680., 5930., 35.2, 824., 19300., 174.},
{75., 3450., 5%00., 33.1, 704., 21000., 47.9},
{76., 3330., 5300., 29.3, 738., 22600., 87.6},
{77., 2680., 4400., 26.4, 612., 22400., 147.},
{78., 2040., 4100., 19.7, 469., 21400., 71.6},
{79., 1340., 3080., 12.7, 343., 19300., 317.},
{804 234:5 630:+ 2:33; 59,1, 13500, &34}
{81., 577., 1730., 4.31, 1l66., 11800., 46.1},
(82, 601y 2010, 512, 178.:; 11300., 353},
{83., 545., 1880., 10.5, 179., 9750., 7.87},
f84. ; 587w, 1230, 10:; L10L., 9320.; 204},
{85., 575., 610., 23.8, Unknown, Unknown, 1.7},
{86., 202., 211., 2.7, 18.1, 4400., 0.00364},
{87., 300., 950., Unknown, Unknown, Unknown, 15.},
{88., 973., 14106., 7.15, 137.; B000., 18.6},
{89., 1320., 3470., 14.2, 2%3., 10100., 12.},
{90., 2020., 5060., 19.2, 514., 11700., 54.},
{91.,, 2110., 4300., 16.7, 481., 15400., 47.},
{92,, 1410., 4020., 15.5, 417., 19000., 27.6},
{93., 913., 4170., 9.46, 337., 20200., 6.3},
{94., 914., 3500., 2.8, 343., 19800., 6.74},
{95., 1270., 2880., 14.4, 239., 13700., 10.}%},
{96., 1610., Unknown, Unknown, Unknown, 13300., 10.},
{97., Unknown, Unknown, Unknown, Unknown, 14800., 10.},
{98., Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
{99., Unknown, Unknown, Unknown, Unkncwn, Unknown, 10.},
{100., Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
{101., Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
{102 ., Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
{103., Unknown, Unknown, Unknown, Unknown, Unknown, 10.},
{104., Unknown, Unknown, Unknown, Unknown, Unknown, Unknown},
{105., Unknown, Unknown, Unknown, Unknown, Unknown, Unknown},
{106., Unknown, Unknown, Unknown, Unknown, Unknown, Unknown}}
ll=Flatten[Dropl[#,1]1& /@ 11 /. {Unknown -> 0.};
dl=(RealDigits[#]1[[1,1]11})& /@ 11;
Count [dl,#]& /@ Range[%]
{199, 103, 79, 41, 45, 23, 29, 24, 32}
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PlanckConstant 6.6260755 10.7-34 Joule Second

ElectronCharge 1.60217733 107-192 Coulomb

ElectronMass = 9.10938%7 107-31 Kilogram

ProtonMags = 1.6726231 107-27 Kilogram

AvogadroCongtant = 6.0221367 10.723 Mole™-1

FaradayConstant = 9.648456 1074 Coulomb/Mole
CravitationalConstant = 6.67260 107-11 Newton Meter”2 Kilogram™-2
FineStructureConstant = 1/137.0359885

PlanckMass = 2.17671 107-8 Kilogram

BohrRadiug = 0.529177249 107-10 Meter (* infinite mass nucleus *)
RydbergCongtant = 1.09737318 1077 Meter™-1
ElectronComptonWavelength = 2.426309 107-12 Meter
ClagsicalElectronRadius = 2.817938 107-15 Meter
ThomsonCrossSection = 6.652245 10°-29 Meter”2
ElectronMagneticMoment = 9.284832 107-24 Joule/Tesla
ElectronGFactor = 1.0011596567

MagneticFluxQuantum = 2.0678506 107-15 Weber (* h / ( 2 e } *)
BoltzmannConstant = 1.380658 10"7-23 Joule/Kelvin
MolarGasConstant = 8.3144 Joule Kelvin®-1 Mole”-1

MolarvVolume = 22.41410 107-3 Meter”3/Mole (* ideal gas, STP ¥*)
StefanConstant = 5.67051 10"-8 wWatt Meter”-2 Kelvin®-4
IcePoint = 273.15 Kelvin

WeakMixingAngle = 0.230 {(* Sin[Thetaw] ™2 *)

AgeOfUniverse = 4.7 10717 Second

HubbleConstant = 3.2 107-18 Second™-1

AccelerationDueToGravity = 9.80665 Meter/Second”™?2

SolarRadius = 6.9599 1078 Meter

SolarConstant = 1.37 1073 Watt/Meter”™2

EBarthMass = 5.976 10724 Kilogram

EarthRadius = 6.378164 1076 Meter (* equatorial radius *)
SpeedOfSound = 340.29205 Meter/Second (* standard atmosphere *)

SpeedOfLight = 2.99792458 1078 Meter/Second
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Separation of variables problems from old exams:
Math 115, Now 22 1991

1. Use the method of separation of variables and Fourier analysis to solve the following
boundary value problem for u(z,%) on {0 <2 <, t > 0}:

e, L) =" (2,4) — e, t)
1

u(0,1) = 0, u(m, t) = u(z,0) = 0.

2. (a) Let f(z) be defined by f(z) = 0for —7 < 2 < 0 and f(z) =z for 0 < z <
7. Write down the Fourier series for f(z). Find ¥°2, m by evaluating the
Fourier series at a suitable point. Justify your answer by stating and applying

Fourier’s theorem on the convergence of the Fourier series of piecewise continuous

functions.
(b) Use the above result to compute 352, .
3. Use the method of Fourier to solve the heat equation Zu(z,t) = aa—;u(m,t), (0<z<
7, t > 0) with boundary condition »(0,¢) = 0 and u(7,t) = 0 and u(z,0) = 7 — z.
4. Consider the heat equation Zu(z,t) = aa—;u(x, t) for functions u(z, t) which are periodic

in  with period 27. Let a(z) = u(z,0) be the initial value of u.

(a) Prove that when ¢ — oo, u(z,t) tends to a constant function wuq.

(b) Compute the constant uy and give an estimate for the difference u(z,t) — up for
large ¢ in terms of the function a(z).

And some more problems worth considering, from the textbook:
1. (page 98)

u; = kg, uz(0,t) = 0, ug(e,t) =0, uf®, 0) = fi=).
2. (page 101, varied a little)

=y u(0,t) =1, u(w,t)=r, w{z; 0) = f(x):

3. (page 102, varied a little)

By = Mg w{l, 1] =1 (i) = 0, w{z, ) = fl=].
4. (page 105, varied a little)

Us = Ugy + 0T, u(0,t) =0, u(w,t) =0, (%, 0) = f(&).

And one last problem, all of my own: (Oh well, it’s a well known one)
One the real line R, solve:

Uy = Uy + Bz, 1), w(z,0) = flz).
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Separation of variables problems from old exams: /J
Math 115, Now 22 1991 :

=\l ‘ 1. Use the method of separation of variables and Fourier analysis to solve, the following
i/ = i boundary value problem for u(z,t) on {0 <z < =, t > 0}: Y= 2+ -j/

7 ", = =) u(z,1t) = uge(z,t) — u(z,t)

u(0,1) =0, wlard)=1; w(;0) = 0,

bé

(a) Let f(z) be defined by f(z) = 0 for —7 < 2 < 0 and f( J=zfor0 <z <
m. Write down the Fourier series for f(x). Find Y72, G5y by evaluating the
Fourier series at a suitable point. Justify your answer (by stating and applying

d Fourier’s theorem on the convergence of the Fourier series of piecewise continuous

functions.

(b) Use the above result to compute ¥ 02, .

3. Use the method of Fourier to solve the heat equation 2u(z,t) = aa—jzu(:t,t), D<z<

7, t > 0) with boundary condition u(O,t) =0 and u(r,t) =0 and u(z,0) =7 — z.

4. Consider the heat equation Zu(z,t) = 3 u(z,t) for functions u(z, ) which are periodic
in z with period 27. Let a(z) = u(xz,0) be the initial value of u.

(a) Prove that when ¢ — oo, u(z,t) tends to a constant function uo.

(b) Compute the constant ug and give an estimate for the difference u(z,t) — uo for
large ¢ in terms of the function a(z).

And some more problems worth considering, from the textbook:
1. (page 98)
Ty = b, u,(0,) = 0, Hale, ) = 0, iz, 0) = fz)
2. (page 101, varied a little)
X+V U =tge,  uw(0,t) =1  wu(mt)=r, u(z,0)=f(z).
3. (page 102, varied a little)
Ut = Ugy, u(0,t) =0, ug(m,t) =0, u(z,0) = f(z).
4. (page 105, varied a little)
Ut = Ugy + T, u(0,¢) =0, w(mt) =0, wlz; 0) = flz).

And one last problem; all of my own: (Oh well, it’s a well known one)
One the real line R, solve: St T

Vi e = e+ B(2,1), MQM:f@)j”’qu
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Second Midterm — Linear Partial Differential Equations
Math 115, Nov 25 1991
Dror Bar-Natan

You have 120 minutes to answer the following 4 questions. Each question is worth 25
points, plan your time wisely! It is a good idea to read the entire exam before answering any
question. You may use any material you wish to use other than your friends. At the end of
the 120 minutes don’t forget to sign your name on anything you submit.

1. Solve the Laplace equation tz,; + tyy = 0 on the annulus 1 < r < 2 with the following
boundary conditions:

u(1,6) = 3cos ¥,
u(2,0) = —2sin .

2. In an experiment performed last week in the Harvard University Mathematical Labo-
ratories, one end of a metallic string of length 27 was held in ice and its other end was
held in boiling water for a long time, until a stable equilibrium was achieved. Then the
string was removed from the ice and the water, was bent to form a circle (and its two
ends were thus in contact), and was put on a table made of a heat-insulating material.

(a) If 2 measures the distance to the (initially) iced end of the string and ¢ measures
time, write the boundary conditions for the heat equation u; = wu,, which describe
the above situation.

(b) Solve the equations you just got.

(c) At time ¢t = 20, the string will have an almost constant temperature. What will
this temperature be? Estimate the difference between the actual temperature of
the string at time ¢ = 20 and the constant you just found.

3. (a) Compute the Fourier transform (with respect to the variable z) of the function

1 4

:;tz—!—mg’

fi(=)

where ¢ is some positive constant. (If you choose to use residues for computing
integrals, you might want to spend some time picking a correct contour. It might
be that the choice of contour should be different for different values of p).

(b) Use this result to compute the convolution g * h, where

g(z) = and h(z) =

4. Write the equations for the flow lines of an incompressible irrotational fluid, which
flows inside a wedge of opening % radians.

— GOOD LUCK —
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Math 115 Extra Calculus of Variations Problems
Jan 10 1992
Dror Bar-Natan

1. Doodle with the following functionals - for each one find the Euler-Lagrange equation,
solve it, write the Hamiltonian, write Hamilton’s equations, solve them, and compute
the Poisson bracket {y,y'} - if you can.

(2)
f Vy(l+y7)de
(b)
[ +a*y)ie
(c)
f(y2 14" — 2y sina)de
(d)

1
/o (zy +y* — 2% )dz,  y(0)=1, y(1)=2
2. Find the extremals of the functional
1
J(y) :f 1+y?de
0

under the conditions [; ydz = 2 y(0)=0,y(1)=1.
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MATH 115 SUMMARY:

Complex Analysis:
Complex arithmetic:
Addition, Subtraction.
Multiplication, Division.
Conjugates and Moduli.
Polar form.
Powers and roots.
The geometrical interpretation of complex numbers.
The Cauchy-Riemann eguations:
Definition of complex functions.
Complex Differentiation - all the rules apply.
Differentiability in a domain = Analiticity.
The Cauchy-Riemann equations.
Theorem: C-R ig more or lesgss equivalent to analyticity.
Laplace'’'s equation - harmonic functions:
What are harmonic functions? What do they mean?
C-R is equivalent to Laplace:
C-R --> real and imaginary parts are harmonic.
Definition and existence of the harmonic conjugate.
The exponential function:
exp(z) 1is entire.
Trigonometrical functions.
Hyperbolic functions.
The logarithm:
Definition, the principal branch.
Derivative.
Non-uni-valuedness.
Complex powers.
Inverse trigonometric and hyperbolic functions.
The Riemann mapping theorem:
The conformal property of analytic functions.
* Circle packings.
* The Riemann mapping theorem.
* Analytic functions are more or less as many as domaing in the
plane.
Integration along a contour:
Integration as a sum.
Integration using a parametrization.
Green’s theorem.
Cauchy's theorem:
The weak form.
* The strong form.
Trivial consequences:
Anti-derivatives.
Independence of the path.
Cauchy for ‘funny’ domains.
More complicated conseguences:
Cauchy’s integral formula.
Boundary values determine the values inside!
Higher derivatives.
Gauss’'s mean value theorem,
The maximum principle.
Liouville’s theorem (Bounded entire -» constant).
The fundamental theorem of algebra.
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57 Series:

58 Existence of the (Taylor) series representatiomn.

59 Convergence of the Taylor series, radius of convergence.
60 Addition, multiplication, differentiation integration and
6l composition of series.

62 Laurent geries.

63 Complex functions are functions of z alone!

64 Regidues:

65 Definition.

66 The residue theorem.

67 The regidue theorem at infinity.

68 Zerog and polesg.

69 Formula relating regiduesg and derivatives.

70 Examples:

71 Rational functions with numerator smaller than denominator.
72 (Upper or lower half plane).

73 Cos or gin times a rational function.

74 (Replace by exp and use upper or lower half plane).
75 Trigonometric over [0,2pi].

76 (Do on the unit circle).

77 Invelving logs or fractional powers.

78 (Use the multi-valuedness of log).

79 Rational with a pole on the real line.

80 (Try integrating around that pole).

81 Conformal mappings:

82 Linear fractional transformations:

83 Linear transformations: expansions, rotations, translations.
84 The Riemann sgphere and stereographic projection:

85 Pregervation of circles.

86 Infinity.

87 7 = 1/=.

33 Preservation of circles.

89 Solving geometrical problems using inversion.

90 Linear fractional transformations.

91 Pregervation of circles.

92 Mapping any 3 points to any other 3 points.

93 Transformations preserving the upper half plane.

94 Transformations preserving the unit disk.

95 Mapping a non-concentric circles to concentric ones.
96 Transformations sending the upper half plane to the unit disk.
97 The exponential map.

98 The logarithm as a map.

99 Powers as maps.

100 Sin as a map.

101 Using conformal mappings to solve the Laplace equation:
102 Temperatures.

103 Electric potential and trajectories.

104 Fluid dynamics and flow linesg.

105 The Poisson integral.

106

107 Partial Differential Eguations:

108 The equations and their boundary conditions:

109 The wave equation.

110 The heat eguation.

111 Laplace’s eguation.

112 Dirichlet conditions.
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113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
133
138
1.389
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
leo
167
168
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Neumann conditions.
Separation of wvariables:

The basic principle.

The wave eguation.

The heat equation.

Laplace’s equation.

Strange boundary conditions.
Fourier series:

Using exponentials.

Using trigonometric functions.

Non-standard periods.

Even/odd functions.

The Riemman Lebesgue lemma.

Convergence.

* The equidistribution of multiples of an irrational number.

* The first digits of physical constants.
Fourier transforms:

Definition of the transform and its alleged inverse.

Gausians.

Translating and multiplying by exponentials.

Convolutions.

Transforming a convolution is multiplying the transforms.
Transforming a product is convolving the transforms.

The Fourier inversion theorem.
Derivatives and multiplication by p.
* The Plancherel identity.

Heat on an infinite string:
Solution using the Fourier transform.
Fundamental solutions.
Heating.

The Poigsgon integral.

Calculus of Variations:

The basic Euler-Lagrange.

F independent of vy.

F independent of y'.

F independent of x.

Total derivatives.

Minimal area of rotational sgurfaces.
Free end points:

The brachistochrone.
Constraints:

Lagrange multipliers.

The isoparametric inequality.
The Hammiltonian formulation:

Canonical variables.

Classical mechanics.

Hammilton’s eguation.

Poisson brackets:

* Abstract properties. (Anti-symmetry,
rule, Jacobi’s identity)
Poisson bracket with the Hammiltonian.
Conservation of energy.

Noether’s theorem:

Formulation.

* Proof.

bilinearity, Leibnitz’s
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169
170
171
172
173
174
175
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Time translations and energy.

Space tranglations and momentum.

Rotations and angular momentum.
* Integration.

A ‘*t indicates topics that were discussed in class ‘for fun’,
and are not regquired for the final.



Semi-Final
Math 115, Jan 8 1992
Dror Bar-Natan

You have 180 minutes to answer 6 of the following 8 questions, as indicated below. Each
question is worth 16 points, except for question 8 which is worth 20 points. Plan your time
wisely! It is a good idea to read the entire exam before answering any question. You may
use any material you wish to use other than your friends. At the end of the 180 minutes
don’t forget to sign your name on anything you submit.

Solve 3 out of the four questions (1-4) on complex analysis.
Solve 2 out of the three questions (5-7) on partial differential equations.
Solve question number 8 on the calculus of variations.

1. (a) When is the function
h(z + iy) = 2® + 3zy® — 3z + i(y® + 322y — 3y)

differentiable in the complex sense?

(b) Find a function ¢(z,y) which is harmonic in the upper half plane and satisfies
$(z,0) =2® + 5z +1
for all =

2. What condition is missing in the statement of the following “minimum modulus prin-
ciple”? Add the necessary condition and use it to prove the statement. Then show an
example for a case in which the minimum modulus principle does not hold when this
extra condition is not added:

Let f be analytic in a bounded domain D and continuous up to and
including the boundary of D. Then the modulus |f(z)| attains its minimum
value on the boundary of D.

3. Compute the following integrals:

(a)

oo il
/ T +1d$
o zt41
(b)
o sm:c'dx
-0 T+ 12
(c)
% gin? z |
f B dz 3 hint: 23in2 T = Re(l _— 6213)
0 T



4. A metal cup with a large amount of boiling water in it was placed near the edge of
a table of high thermal conductivity and low thermal capacity, while the edge itself
was kept at the freezing temperature of water. The radius of the cup was 1.5 units,
its center was placed 1.25 units away from the edge of the table, and very far from the
corners (so you may represent the table as the upper half plane without too much loss
of accuracy). Some time has passed, and the temperature of the surface of the table
has reached equilibrium. What would this equilibrium temperature be?

5. Solve the following differential equation by the method of separation of variables:
e =g+ iu ; uy(0,f) =w(rd)=0 , wu(2,0)=2

6. (a) Express the function f(z) = z cos z as a Fourier series on the interval -7 < z < 7.

(b) Let g(z) be defined by

1 —f L@ —y
g(z) =< 2 ~2 £ e <
3 O<z<n

Let S(z) denote the function to which the Fourier series for g converges on —7 <
z < m. What are S(—r), S(-7%), S(0), S(%), and S(=)?
7. Compute the Fourier transform of f(z) = e™**/? cos z.

8. (a) I'ind the extremal of the functional
1
J(y) = (14 y"*)d
(¥) fo y (1 +y")dz
with fixed end points y(0) =1, y(1) = 5.
(b) Compute the Poisson bracket {y,y"}.

If the above wasn’t enough, here are some more relevant questions:

1. Prove that if an harmonic function in the entire plane is bounded from above, then it
is constant.

2. Let f(2) = 122, %i—k- Compute each of the following:
(a)
F9(0)
(b)

j{ f(z)dz
lz]=1 2%

22

){ﬂﬂ flz)sinz



fiz,ﬂ f(z)e*dz

. Prove that the Laurent series expansion of the function

for |z| > 0 is given by

i Je(A)2*

k=—o0

where

27
TN = % [ cos(ko — xsin 0)ds.

The functions Ji()) are known as the Bessel functions of the first kind.

. Compute the Taylor series expansion of the main branch of (1 + 2)* around z = 0
where « is an arbitrary complex number.

. A harmonic function u is defined on the crescent-shaped region which is the part of
the disk |z — | < 1 outside of the unit disk. u is equal to 1 on the large arc bounding
this crescent, and to 0 on the small arc. Find an explicit formula for wu.

. Suppose we have two wires, of identical length L. Omne of these wires is heated to
T = 100° and the other is brought to 7' = 0°. The two wires are then joined at their
ends to make a circle. If no heat flows out (or in) of the circle of wire, the temperature
u(z,t) satisfies u; = uy, where ¢ is time and z is the distance along the wire from some
arbitrary base point. Find u(z,t).

— GOOD LUCK —




Math 115 Extra Calculus of Variations Problems
Jan 10 1992
Dror Bar-Natan

1. Doodle with the following functionals - for each one find the Euler-Lagrange equation,
solve it, write the Hamiltonian, write Hamilton’s equations, solve them, and compute
the Poisson bracket {y,y'} - if you can.

(a)
/ y(1 +y?2)da
(b)
/y’(l + 2%y')dz
(c)
f(y2 g ks €)de
(d)

1
fo (zy +y* — 2%z, y(0)=1, y(1)=2.
2. Find the extremals of the functional
1
J@) = [ V1+yde
0

under the conditions [ ydz = Ly(0)=0,y(1)=1.



Math 115 Final
Jan 15 1992
Dror Bar-Natan

You have 180 minutes to answer 6 of the following 8 questions, as indicated below. Each
question is worth 16 points, except for question 8 which is worth 20 points. Plan your time
wisely! It is a good idea to read the entire exam before answering any question. You may
use any material you wish to use other than your friends. At the end of the 180 minutes
don’t forget to sign your name on anything you submit, and to indicate clearly which are
the questions that are to be graded. If there will be no such indication on your notebook,
your answers will be graded in the order in which they appear.

Solve 3 out of the four questions (1-4) on complex analysis.
Solve 2 out of the three questions (5-7) on partial differential equations.
Solve question number 8 on the calculus of variations.

1. (a) Show that if the function v is the harmonic conjugate of the function » in some
domain, then uv is harmonic in that domain.

(b) Find all the solutions of the equation

sinz = 2.

2. (a) Prove that an analytic function with a constant modulus in a certain domain is
constant.

(b) Use the above, the maximum principle and the minimum principle of the semi-
final to prove that a non-constant analytic function in a domain D that has a
constant modulus on the boundary of that domain has at least one zero inside D.

3. Compute two of the following integrals:

(a)

2 8d0
o 544cosh
(b)
®  cos
—d
o @+1)2
(c)
0o mA—1
/ = iiin : 0<i<l
o z+4

4. A harmonic function u defined on the unit disk, but outside of the circle of radius 1/2
about the point 1/2, is equal to 1 on the outer boundary of its domain of definition
and equal to 0 on the inner boundary of that domain. Find u explicitly. (The u that
you find doesn’t have to be defined at z = 1, and isn’t even required to have a limit as
z — 1. But it better be bounded near z = 1).




5. Find the solution U(r,#) of Laplace’s equation

Un+ U+ Us=0 5 0<8<a , R<r<os
under the boundary conditions:
U(R,0) = f(0) , U(r,0) =0 =U(r, a),
lim U(r,8) = 0.
(a) For a general f().
(b) For f(6) = sin(270/a).

6. (a) Find real constants ¢, for which
o0
x= Y &, sin(ns)
n=1

for —r <z <.
(b) Show that

i (=Df =
Zokt1 4
7. Compute the Fourier transform of f(z) = z%e~*"/2,

8. (a) Find the extremals of the functional

under the conditions ¢(0) = 0, ¢(1) = &=L,

(b) Find the momentum p.
(c) Write the Hamiltonian H in terms of p and q.

(d) Check that the extremal that you found above indeed satisfies Hamilton’s equa-
tions.

— GOOD LUCK —

Your final grade will be available at my office on Monday January fhe 20th.



Math 115 Final

Makeup Examination for
Dror Bar-Natau

You have 180 minutes to answer 6 of the following 8 questions, as indicated below. Each
question 1s worth 16 points, except for question 8 which is worth 20 points. Plan your time
wisely! It is a good idea to read the entire exam before answering any question. You may
use any material you wish to use other than your friends. At the end of the 180 minutes
don’t forget to sign your name on anything you submit, and to indicate clearly which are
the questions that are to be graded. If there will be no such indication on your notebook,
your answers will be graded in the order in which they appear.

Solve 3 out of the four questions (1-4) on complex analysis.
Solve 2 out of the three questions (5-7) on partial differential equations.
Solve question number 8 on the calculus of variations.

1. (a) Show that if the function v is the harmonic conjugate of the function u in some
domain in which neither of them vanishes, then ;%= is harmonic in that domain.

(b) Find all the solutions of the equation

cos z = 21.

2. Prove that an entire function f which satisfies

fim 1)

z—o0 g2

=0

is a linear function of the form f(z) = az + b.

3. Compute two of the following integrals:

()

55 3
/ $+1dm
o xt+1

0 $62i$
</—oo 22 —1 da
4. A harmonic function u defined on the unit disk, but outside of the circle of radius 1/3
about the point 2/3, is equal to 1 on the outer boundary of its domain of definition
and equal to 0 on the inner boundary of that domain. Find v explicitly. (The u that

you find doesn’t have to be defined at z = 1, and isn’t even required to have a limit as
z — 1. But it better be bounded near z = 1).



5. Find the solution U(r,#) of Laplace’s equation

1 1
UTT+_UT+_2U86:0 } 0<f0<a , 0<r<R
r 7
under the boundary conditions:
U(R, 9) = f(ﬂ) , UQ(T’, 0) =0= Ug(?", Oj),

(a) For a general f(9).
(b) For f(#) = sin®(270/«).

6. (a) Find real constants ¢, for which

(s o]
= Z ¢y, cos(nz)
n=0

for —r < z < .
(b) Use the above to prove
2ok + 1) +1 8

7. Compute the Fourier transform of f(z) = e llsin z.

8. (a) Find the extremals of the functional
1 1
L) =3 [ (@ =)t
=0

under the conditions ¢(0) = ¢(7) =
(b) Find the momentum p.
(c) Write the Hamiltonian H in terms of p and g.

(d) Check that the extremal that you found above indeed satisfies Hamilton’s equa-
tions.

— GOOD LUCK —
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2.4. The Spherical Representation. For many purposes it is useful to
extend the system C of complex numbers by introduction of a mw‘.Evo_ 0
to represent infinity. Its connection with the finite numbers is estab-
lished by setting ¢ + «© = @ + a = « for all finite a, and

brw = b=

for all b0, including b = «. It is impossible, however, to define
w 4+ o and 0 - « without violating the laws of arithmetic. By special
convention we shall nevertheless write a/0 = o« fora # 0 and b/ =0
for b # oo. o .

In the plane there is no room for a point corresponding to =, but we
can of course introduce an “ideal” point which we call the point at infinity.
The points in the plane together with the point at E?.EQ form the
extended complex plane. We agree that every straight line' shall pass
through the point at infinity. By contrast, no half plane shall contain
the ideal point. .

It is desirable to introduce a geometric model in which all points of
the extended plane have a concrete representative. To this end we con-
sider the unit sphere § whose equation In three-dimensional space is
22 + 2 + 7 = 1. With every point on S, except (0,0,1), we can associ-
ate a complex number

z1 -+ T
e

(24) z= 1— x;

and this correspondence is one to one. Indeed, from (24) we obtain

2 + 2 1+ x;

e (e g,
and hence ’ .
z|* —

ﬁwmo Xy = _ﬂTlﬂle
Further computation yields

o z+ 2

TR

@) o B E

ST D)

The correspondence can be completed by letting the point at infinity
correspond to (0,0,1), and we can thus regard the sphere as a repre-
sentation of the extended plane or of the extended number system. We
note that the hemisphere z; < 0 corresponds to the disk |z2| < 1 and the

COMPLE! MBERS 19

hemisphere z; > 0 to its cutside |¢| > 1. In function theory the sphere
S is referred to as the Riemann sphere,

If the complex plane is identified with the (zi,z;)-plane with the
z;- and z-axis corresponding to the real and imaginary axis, respectively,
the transformation (24) takes on a simple geometric meaning. Writing
z = z + iy we can verify that

(27) zy:—1 = xim9i35 — 1,

and this means that the points (z,y,0) (z1,7:,s), and (0,0,1) are in a
straight line. Hence the correspondence is a central projection from the
center (0,0,1) as shown in Fig. 1-3. It is called a stereographic projection.
The context will make it clear whether the stereographic projection is
regarded as a mapping from S to the extended complex plane, or vice versa.

In the spherical representation there is no simple interpretation of
addition and multiplication. Its advantage lies in the fact that the point
at infinity is no longer distinguished.

It is geometrically evident that the stereographic projection trans-
forms every straight line in the z-plane into a circle on S which passes
through the pole (0,0,1), and the converse is also true. More generally,
any circle on the sphere corresponds to a circle or straight line in the z-plane.
To prove this we observe that a circle on the sphere lies in a plane

1% + oexy + azr; = ap, where we can assume that o + o + a2 =1

and 0 £ ap < 1. In terms of z and Z this equation takes the form

aiz 4+ 2) — ad(z — 2 + as(|2]? — 1) = a(lz]2 + 1)
or

(a0 — a3)(z® 4+ ¥ — 201z — 2a0y + a0 + a3 = 0.

For @y # a; this is the equation of a cirele, and for ay = aj it represents
a straight line. Conversely, the equation of any circle or straight line

FIG. 1-3. Stereographic projection.
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can be written in this form. The correspondence is consequently one
to one.

It is easy to calculate the distance d(z,z') between the stereographic
_uﬂowmoﬁo-m- of z and #. If the points on the sphere are denoted by
AH-nH-.H.-v. ﬁﬂmnﬂh.HU. we have ,m.—.nn

(z1 — 2D + (22 — 2)* + (35 — 23)* = 2 — 2(ziz] + 207} + Zaz3).
From (35) and (36) we obtain after a short computation
1%y + Tsxp + Taxy
_B+HE +E) - -2 —2) + (2 — (P —1)
@+ A + 2"
2 04 A A 27 — 20z — &P
A+ +1P

As a result we find that

) 2z — 2|
28 d = . |
) & = Ta AT
For 2’ = = the corresponding formula is
2
nm oD I r——
&) = i

EXERCISES

1, Show that z and 2’ aoﬁmmbo:m to diametrically opposite points on

the Riemann sphere if and only if 22' = —1. il Lo )
2. A cube has its vertices on the sphere 8 und its edges parallel to ﬂ_uo . \ g.\ \A
coordinate axes. Find the stereographic projections of the vertices. ]m. 3 O Q -\,

3. Same problem for a regular tetrahedron in general position,

4. Let Z, Z’' denote the stereographic projections of 2, z’, and let N be

the north pole. Show that the triangles NZZ’ and Nzz' are similar, and | 3 mUiN‘ A\ \m 3 O N
use this to derive (28). |
, , o

8. Find the radius of the spherical image of the circle in the plane
whose center is a and radius R.

discovind m/u K/ \5\\&“%
_D%Q@Sg\ Your \3\0&,\3\\ mu ,

ﬁ
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