Dror Bar-Natan: Classes: 2025-26:
MAT 347 Groups, Rings, Fields:

Galois Theory: The Fundamental Theorem

http://drorbn.net/25-347 [EEE
EEH

In this handout all fields are of characteristic 0.

Theorem (the fundamental theorem of Galois theory
in characteristic 0). Let E be a splitting field over a
field F', where char FF = 0. Then there is a bijective
correspondence between the set {K : E/K/F} of inter-
mediate field extensions K lying between F' and F and
the set {H : H < Gal(E/F)} of subgroups H of the
Galois group Gal(E/F) of the original extension E/F:

(K:E/K/F} < {H:H < Gal(E/F)}.

The bijection is given by mapping every intermediate
extension K to the subgroup Gal(E/K) of elements in
Gal(E/F) that preserve K,

K+ Gal(E/K):={¢: E — E: ¢|x = I},

and reversely, by mapping every subgroup H of
Gal(E/F) to its fixed field Ey:

Hw— Eg:={x€ E:Yhe H, hr =z}.

This correspondence has the following further proper-
ties:

1. It is inclusion-reversing: if Hy C Hs then
Er, D Eg, and if K1 C K3 then Gal(E/Kl) >
Gal(E/K3).

£ K =

2. It is degree/index respecting: :
[Gal(E/F)

|Gal(E/K)| and [K F] =
Gal(E/K)).

3. Splitting fields correspond to normal subgroups: K
in F/K/F is the splitting field of a polynomial in
F[z] if and only if Gal(E//K) is normal in Gal(E/F)
and then Gal(K/F) = Gal(E/F)/ Gal(E/K).

E < {e} = Gal(E/E)
T[M] H'i
K <~ H = Gal(E/K)
T[KF] [G:H]i
F<—>G = Gal(E/F)

And K is splitting iff
H is normal and then
Gal(K/F)=G/H =
Gal(E/F)/ Gal(E/K).

Proof of Eq,r/k) = K. Let K be an intermediate
field between E and F'. The inclusion Eqap/r)y O K
is easy, so we turn to prove the other inclusion. Let
v € E\ K be an element of F which is not in K. We need
to show that there is some automorphism ¢ € Gal(E/K)
for which ¢(v) # v; this impies that v € Egayg/k) and
this implies the other inclusion. Let p be the minimal
polynomial of v over K. It is not of degree 1 as v ¢ K.
F is a splitting extension so we know that E contains all
the roots of p. Over a field of characteristic 0 irreducible
polynomials cannot have multiple roots (as the ged of an
irreducible p with the lower-degree yet non-zero p’ must
be 1) and hence p must have at least one other root; call
it w. Since v and w have the same minimal polynomial
over K, we know that K(v) and K(w) are isomorphic
via an isomorphism ¢q : K(v) — K(w) so that ¢g|x = I
yet ¢o(v) = w. But E is a splitting field of some polyno-
mial f over F' and hence also over K (v) and over K (w).
By the uniqueness of splitting fields, the isomorphism
¢o can be extended to an isomorphism ¢ : E — E;
i.e., to an automorphism of E with ¢|x = ¢o|x = I so
¢ € Gal(E/K). Yet ¢p(v) = w # v, as required. O

Proof of H = Gal(E/Ey). Let H < Gal(E/F) be a
subgroup of the Galois group of F over F. The inclusion
H < Gal(E/Epy) is easy, so it is enough to show that
Gal(E/FEp) is finite and that | Gal(E/Egy)| < |H]|.

By the Primitive Element Theorem we know that there

is some element v € E so that E = Ey(u). Let p be the
minimal polynomial of u over Fp. Let n := deg(p). To
conclude the proof, we will show that

|Gal(E/En)| <n <|H|.

Distinct elements of Gal(E/Ey) map u to distinct roots
of p, but p splits in £ and so it has exactly n roots. This
proves the first inequality.

For the second inequality, let f be the polynomial

f=1]@—ow).

ceH

Clearly, f € E[x]. Furthermore, if 7 € H, then the ac-
tion of 7 permutes the o(u)’s, hence 7(f) = f and hence
f € Eglx]. Clearly f(u) =0, so p|f, son < |H]|.

Seeing that F = Ep(u), we have also proven here that
[ : Fr] = deg(p) = n = |H]. O
Proof of Property 1. Easy. O

Proof of Property 2. If K = Ey, then | Gal(E/K)| =
|Gal(E/Eg)| = [F : Eg] = [E : K] as shown above.
But every K is Ey for some H, so | Gal(E/K)| = [E : K]
for every K between F and F. The second equality fol-
lows from the first and from the multiplicativity of the
degree/order/index in towers of extensions and in towers
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of groups:
[E : F| _ |Gal(E/F)|
[E: K] |Gal(E/K)]
= [Gal(E/F) : Gal(E/K)].

[K : F] =
|

Proof of Property 3, =. We will define a sur-
jective (onto) group homomorphism p : Gal(E/F) —
Gal(K/F) whose kernel is Gal(E/K). This shows that
Gal(E/K) is normal in Gal(E/F') (kernels of homomor-
phisms are always normal) and then by the first isomor-
phism theorem for groups, we’ll have that Gal(K/F) =
Gal(E/F)/ Gal(E/K).

Let ¢ be in Gal(E/F) and let u be an element of K.
Let p be the minimal polynomial of w in F[z]. Since
K is a splitting field p splits in K[z] and hence all the
other roots of p are also in K. As o(u) is a root of p,
it follows that o(u) € K and hence o(K) C K. Simi-
larly 0~}(K) C K which means K C o(K) and hence
o(K) = K. Hence the restriction o|x of o to K is an

automorphism of K and we can define p(o) = o|k.

Clearly, p is a group homomorphism. The kernel of p is
those automorphisms of F whose restriction to K is the
identity. That is, it is Gal(E/K). Finally, as E/F is a
splitting extension, so is F/K. So every automorphism
of K extends to an automorphism of £ by the unique-
ness statement for splitting extensions. But this means
that p is onto. g

Proof of Property 3, <. Suppose H is normal in G,
p € Flx] is irreducible, and u € Ey is a root of p. We
need to show that p splits in E. We know that p splits
in F, so we just need to show that if v € E is a root of p,
then v € Ey. Let 09: F(u) — F(v) be the isomorphism
that fixes F' and maps v — v. By the uniqueness of
splitting fields, it can be extended to an automorphism
0:E — E. Now for any h € H, b :== 0~ 'ho € H
as H is normal, hence h'u = v as u € Ey, and hence
hv = hou = 00 Yhou = oh'u = ou = v. So v € Epy, as
required. O

The subfields of Q(z* — 2) and the subgroups of Dg (adopted from Gallian’s book, page 548).

21/4’2')

{e. B} {e,a?s} {e,a”} {e,aB} {e,’B}
\2\ % 2/ { \2\ { /2/
{e,a?, 8,a?B} {e,a,a? a3} {e,a? aB,a3B}

|

L/2

D8 = {6,0&,@2,043,5,(16,0425,&35}

Which of these subgroups are normal? Which is these extensions are splitting?



