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Due date
Friday, March 27, 2026 11:59 pm (Eastern Daylight Time)

Late penalty
5% deducted per hour

Homework Assignment 17
Solve and submit your solutions of the following problems. Note also that the late policy is very strict -

you will lose 5% for each hour that you are late. In other words, please submit on time!

Q1 (10 points)

Let  be cubic. If  is cyclic of order 3, show that all the roots of  are real.𝑓 ∈ ℚ[𝑥] Gal(ℚ(𝑓)/ℚ) 𝑓

Q2 (10 points)

Give an example of fields  (with all the inclusions strict) such that  and such that if

 then  is splitting, with one exception, that  is not splitting.

ℚ = ⊂ ⊂ ⊂𝐹0 𝐹1 𝐹2 𝐹3 [ : ] = 8𝐹3 𝐹0

𝑖 < 𝑗 /𝐹𝑗 𝐹𝑖 /𝐹2 𝐹0
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Q3 (10 points)

Determine .Gal(ℚ( − 14 + 9)/ℚ)𝑥4 𝑥2

Q4 (15 points)

Let  be a prime. Prove that  is isomorphic to the group of matrices of the form  where

 and .

𝑝 Gal(ℚ( − 2)/ℚ)𝑥
𝑝

( )
𝑎

0

𝑏

1

𝑎, 𝑏 ∈ 𝔽𝑝 𝑎 ≠ 0

Q5 (15 points)

Let  be a splitting extension with , let , let , and let . Show that
 is the minimal polynomial of  over . (First make sure that " " makes sense for , noting

that  may not even be a group).

𝐸/𝐹 char(𝐹 ) = 0 𝑎 ∈ 𝐸 𝐺 := Gal(𝐸/𝐹 ) 𝐻 := Gal(𝐸/𝐹 (𝑎))

(𝑥 − 𝛽(𝑎))∏
𝛽∈𝐺/𝐻 𝑎 𝐹 𝛽(𝑎) 𝛽 ∈ 𝐺/𝐻

𝐺/𝐻

Q6 (20 points)

Let  be a splitting extension with  and let . Define the "norm function"  by

 and the "trace function"  by .

1. Prove that for any ,  and , so really, .

2. Prove that  is multiplicative,  and  is additive, .

3. What are  and  if  is ?

4. If  is a degree 2 extension, show that  and .

5. If  is the minimal polynomial of  over  and , show
that  and .

𝐸/𝐹 char(𝐹 ) = 0 𝐺 := Gal(𝐸/𝐹 ) 𝑁 : 𝐸 → 𝐸

𝑁(𝑎) := 𝜎(𝑎)∏
𝜎∈𝐺 𝑇 : 𝐸 → 𝐸 𝑇 (𝑎) := 𝜎(𝑎)∑

𝜎∈𝐺

𝑎 ∈ 𝐸 𝑁(𝑎) ∈ 𝐹 𝑇 (𝑎) ∈ 𝐹 𝑁,𝑇 : 𝐸 → 𝐹

𝑁 𝑁(𝑎𝑏) = 𝑁(𝑎)𝑁(𝑏) 𝑇 𝑇 (𝑎 + 𝑏) = 𝑇 (𝑎) + 𝑇 (𝑏)

𝑁 𝑇 𝐸/𝐹 ℂ/ℝ

𝐸 = 𝐹 ( )𝐷
⎯ ⎯⎯

√ 𝑁(𝑎 + 𝑏 ) = − 𝐷𝐷
⎯ ⎯⎯

√ 𝑎2 𝑏2 𝑇 (𝑎 + 𝑏 ) = 2𝑎𝐷
⎯ ⎯⎯

√

𝑚(𝑥) = + + … + ∈ 𝐹 [𝑥]𝑥𝑑 𝑐𝑑−1𝑥
𝑑−1 𝑐0 𝑎 ∈ 𝐸 𝐹 𝑛 := [𝐸 : 𝐹 ]

𝑁(𝑎) = (−1)𝑛𝑐𝑛/𝑑
0

𝑇 (𝑎) = − 𝑛
𝑑
𝑐𝑑−1
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Ready to submit?

Please ensure all pages are in order and rotated correctly before you submit

You will not be able to resubmit your work after the due date has passed.

Please wait...
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