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Due date
Friday, October 10, 2025 11:59 pm (Eastern Daylight Time)

Late penalty
5% deducted per hour

Homework Assignment 4
Solve and submit your solutions of the following problems. Note that the late policy is very strict - you will lose 5%
for each hour that you are late. In other words, please submit on time!

Q1 (10 points)

If  and , show that  and .𝐶 ⊲ 𝐴 𝐷 ⊲ 𝐵 (𝐶 × 𝐷) ⊲ (𝐴 × 𝐵) (𝐴/𝐶) × (𝐵/𝐷) ≃ (𝐴 × 𝐵)/(𝐶 × 𝐷)

Q2 (10 points)

If , , and , show that .𝐴 ⊲ 𝐺 𝐵 ⊲ 𝐺 𝐺 = 𝐴𝐵 𝐺/(𝐴 ∩ 𝐵) ≃ (𝐺/𝐴) × (𝐺/𝐵)

Q3 (10 points)

Show that if  is Abelian and simple (though not necessarily finite), then  for some prime .𝐴 𝐴 ≃ ℤ/𝑝 𝑝
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Q4 (10 points)

A Group  is called "solvable" if there is a sequence of groups  such that  and such
that  is Abelian for all .

1. Show that subgroups and quotient groups of solvable groups are solvable.

2. Show that if  and  and  are solvable, then so is .

𝐺 , ,… ,𝐺0 𝐺1 𝐺𝑛 𝐺 = ⊳ ⊳ … ⊳ = {𝑒}𝐺0 𝐺1 𝐺𝑛

/𝐺𝑖 𝐺𝑖+1 0 ≤ 𝑖 < 𝑛

𝑁 ⊲ 𝐺 𝑁 𝐺/𝑁 𝐺

Q5 (10 points)

Show that if  then  contains a subgroup isomorphic to .𝑛 ≥ 3 𝐴𝑛 𝑆𝑛−2

Q6 (10 points)

1. Let  be a group such that there is an infinite chain of simple groups  such that . Show that  is

simple.

2. Let  be the set of bijections  that are equal to the identity beyond some point and that are even up to that

point. Namely, for each  there is some  (which may depend on ) such that if  then  and such that ,

where  denotes the th alternating group, a subgroup of . Prove that  is an infinite simple group.

𝐺 ≤ ≤ ≤ ⋯𝐺1 𝐺2 𝐺3 𝐺 = ⋃𝐺𝑖 𝐺

𝐴∞ 𝜎 : →ℤ>0 ℤ>0

𝜎 𝑛 𝜎 𝑘 > 𝑛 𝜎(𝑘) = 𝑘 𝜎 ∈|𝑛
⎯⎯

𝐴𝑛

𝐴𝑛 𝑛 𝑆𝑛 𝐴∞


