
This is a preview of what students will see when they are submitting the assignment. Interactive features
are disabled.

Due date
Friday, September 19, 2025 11:59 pm (Eastern Daylight Time)

Late penalty
5% deducted per hour

Homework Assignment 1
Solve and submit your solutions of the following problems. Note that the last problem is worth the same

as the previous 5! Also note that the late policy is very strict - you will lose 5% for each hour that you are
late. In other words, please submit on time!

Q1 (10 points)

Determine which of the following operations are associative:

1. On , .

2. On , .

3. On , .

4. On , .

5. On , .

ℤ 𝑎 ∗ 𝑏 := 𝑎 − 𝑏

ℝ 𝑎 ∗ 𝑏 := 𝑎 + 𝑏 + 𝑎𝑏

ℚ 𝑎 ∗ 𝑏 := (𝑎 + 𝑏)/5

ℤ × ℤ (𝑎, 𝑏) ∗ (𝑐, 𝑑) := (𝑎𝑑 + 𝑏𝑐, 𝑏𝑑)

ℚ ∖ {0} 𝑎 ∗ 𝑏 := 𝑎/𝑏
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Q2 (10 points)

Let  and on it define

Show that with this operation  is an Abelian (commutative) group.

𝑆 := [0, 1)

𝑎 ∗ 𝑏 := {
𝑎 + 𝑏

𝑎 + 𝑏 − 1
if 𝑎 + 𝑏 < 1

otherwise.

𝑆

Q3 (10 points)

Let  and  be permutations
in . The cycle decomposition of  is . Find the cycle decompositions of , , ,

, and .

𝜎 = [13, 2, 15, 14, 10, 6, 12, 3, 4, 1, 7, 9, 5, 11, 8] 𝜏 = [14, 9, 10, 2, 12, 6, 5, 11, 15, 3, 8, 7, 4, 1, 13]

𝑆15 𝜎 (1, 13, 5, 10)(3, 15, 8)(4, 14, 11, 7, 12, 9) 𝜏 𝜎2 𝜎𝜏

𝜏𝜎 𝜎𝜏2

Q4 (10 points)

Let  denote the set .

1. Show that  is a group under addition.

2. Show that  is a group under multiplication.

ℚ[ ]2
⎯⎯

√ {𝑎 + 𝑏 : 𝑎, 𝑏 ∈ ℚ}2
⎯⎯

√

ℚ[ ]2
⎯⎯

√

ℚ[ ] ∖ {0}2
⎯⎯

√

Q5 (10 points)

Let  and  be group, and let  be taken with the operation .

1. Show that  is a group. (It is called "the direct product of  and ").

2. If  and  are groups, show that  is Abelian if and only if both  and  are Abelian.

3. Prove that in , the elements  and  commute.

𝐺 𝐻 𝐺 × 𝐻 ( , ) ⋅ ( , ) := ( , )𝑔1 ℎ1 𝑔2 ℎ2 𝑔1𝑔2 ℎ1ℎ2

𝐺 × 𝐻 𝐺 𝐻

𝐴 𝐵 𝐴 × 𝐵 𝐴 𝐵

𝐺 × 𝐻 (𝑔, 1) (1, ℎ)

Q6 (50 points)

Let .𝐺 = ⟨ = (1, 2, 3), = (2, 3, 4)⟩ ⊂𝑔1 𝑔2 𝑆4
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Ready to submit?

Please ensure all pages are in order and rotated correctly before you submit

You will not be able to resubmit your work after the due date has passed.

Please wait...

1. Use the NCGE algorithm discussed in class to write a "table of tricks"  for .

2. Use  to determine .

3. Use  to decide if .

4. Use  to decide if .

𝑇 𝐺

𝑇 |𝐺|

𝑇 = (12) ∈ 𝐺𝜎1

𝑇 = (13)(24) ∈ 𝐺𝜎2
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