
Homework Assignment &

Nor 17 Q2 a) Prove ~ is an equivalence relation

If: Let Fo : x- Y , Fi : x- Y , E : X-Y be continuous functions

① Show For Fo : Define H : XXI- Y by H(x ,t) = Fo(x)
,

then H is continuous as Fo is,

YxEX
,
H(x, 0) = Fo(x)

, H(X, 1) = Fo(x)
.

Hence Fo and Fo are homotopic .

②Show FoF => F,Fo : Assume For F, then there exists a continuous #: XXI- Y Sit .

H(x , 0) = Fo(x) .
H , 1) = Fi(x)

.
Define H: XXI- Y by H(x,t) = H'x, 1-t)

.

Since It' is

continuous, then His continuous. FXX ,
H(x, 0) = H'(x,) = Fi(x)

,
H(X . 1) = H(x, 0) = Fo(x).

hence F1 and Fo are homotopic.
& Show FoFi

,
FiF2 = FoF2 : Assume ForFi and FirF2

,
then there exists continuous

H: XXI- Y and H" : XXI-> Y sit. ExeX,
H'(x, 0) = Fo(x) , H(x,1) = Fi(x) ,

H"(x , 0) = Fi(x),

H"(x, 1) = Fz(x)
.

Now define H : XXI-Y as follows :

H(x ,t) = GH(x,zt) , out

H"(x. 2t+ ).tEl
.

H is well-defined : if t= E
,

H'(x ,1) = Fi(x) = H"(x, 0)
.

Because It' is continuous on the closed

subset Xx[o,] and H" is continuous on the closed subset Xx[,1] ,
H is continuous on XXI.

Also , YxeX,
H(x , 0) = H(x , 0) = Fo(x) . H(x , 1) = H"(x,1) = E(X)

.
Thus For F2.

A

b) If V is a path in X and F: X-Y is continuous
,

ExV = For is a path in
Y
.

show if Vo U in X
,

then Fror ExU, in
Y
.

2f: Assume VoVI , then they have the same start point Xo and endpoint X , and there exists a

continuous H' : IXI- X Sit . Hls, o) = Vo(s) , Hls, 1) = Vi (s)
.

H'(o ,+) = Xo
, Hllt) = X

· Define H: IXI-Y by H(st) = F(H(st))
.

Since Fand H' are continuous then H = For

is continuous

· Show FxYoFx V : HIS, O) = F(H (S, 0)) = F(Vo(s)) = ExYo (s)

H(S, 1) = F(H' (s ,1) = F(U, (si) = FxU, IS)

H(0,t) = F(H'(at)) = F(xo) , the starting point of F+ Yo and Ex U

H(lit) = F(H' ( ,+) = F(xi) , the end point of FxVo and FxV ,

Hence F*Yo ↑ FxX , as needed.

A



2) Prove if Fi : X+ Y ,
Gi : Y+ z are continuous for i = 0 . 1 ,

and if ForE1 , Go-El , then

Goo Fo ~ GoFi
.

# Assume Fo ~F1
,

Go-G
,

then there exists continuous H : XXI- Y and H" : YXI- z sit.

Ex EX,
H'(x, 0) = Fo(x)

,
H(x, 1) = Fi(x) : VytY , H"(y,0) = Goly) , H"(y, 1) = Gily).

· Define H : XXI- z by H(xit) = H"(H'(x ,t) , t)

· Since H' and H" are continuous
,
then H is continuous

· YxEX
,

H(x, 0) = H"(H'( ,0)
,
0) = H" (Fo(x) , 0) = Go(Fo(x)

H(x, 1) = H"(H'(x, 1) , 1) = H" (Fi(x) . 1) = G(Fi(x)
Thus GooFo GoF1 , as needed.

m



Q3 Let X be a path connected space .

X is simply connected if for some XOEX
,
the group

# IX , Xo) is trivial. S' = EXER: 1) = 13 is the unit circle in R2

al Show X is simply connected iff any paths Vo and VI that have the same end points in X are

path homotopic.
If: =>: Assume X is simply connected and let 2 paths Vo andV, be given sit. . Vo(0)= U, (0) = Xo

and Voll) = Vi(l) = X1 Show VoV,
· Consider TT/X, Xo)

, by X is path connected and simply connected , the foundamental group
for any base point is trivial

. Hence TT(x , x0) = E[exo]3.
· Since Vo and VI have the same end points ,

then Vo *GE T(X, Xo) = VoxUe [exo].

Similarly ,
U.

* E - [exo]
. By the equivalence relation of ~

, Vox exo ↑U*
I

=>VoxTU * T
. Then there exists a path homotopy H : IXI-> X betweenVoxI

and V *T

·

Hinducesapaweeradoeas
needed

E : Assume any two paths Vo and V, with the same endpoints in X are path-homotopic .

Show

X issimply connected.

· wlog assume X is non-empty so can take XoEX and show TT(X,X0) is trivial.

· Fix path V: [01]-> X in TT(X, X0)
,

so Ulo) = Xo and V(l) = Xo
.

Show Ve [exo], which is to

show V % exo
. Wlog suppose VF Exo ,

otherwise by thereflexivity of iv"we're done. Then Epo-
(0 , 1) sit. U(po) + Xo

.
Let Ulpo) = X1.

· Then Ulto , po] and VTIp, is are I paths from No to X
. By assumption .Ultopispais.

-

So there exists a path homotopy H' from VITo, pos to Vipoi].
· Define H: IxI-X by Hisit) = GH(sit) , if osapo .

Then H is a homotopy between

U(s) ,
otherwise

Ulto, pos * Vlipolis andVis * Ulipais ,
but then this is U exo.

f



b) Show X is simply connected iff every continuous function XX: S-X is homotopic to a

constant function.

If: =: Assume X is simply connected. Fix continuous X: S-X and show EXOEX and

constant function Exo : 5 - X sit . Exo = Xo and ~Exo.
· We can parametrizes' into a path V : To,]+ 12 by VIt) = (coskit)

,
Sin (2)

,
then

starts and ends at (1 . 0). Then XoV : [0, 1] -> X is a path in X that starts and ends at X/1 . 0),

let Xo = X(1 . 0), Show X- Exo
.

· Notice both XoV and exo are paths of the same endpoints , by X is simply connected and Q3a,
HI

Moro exo
,

where I' is a path homotopy between Nor and exo

· Define H : S'x1-> X by H((v) ,
+) = H'larctan) ,

+)
,

u>

H'Liarctan) , t) , uoIHit ifTt
By checking the limit of I at the ends of each subinterval in the definition above. It can beshown

continuous
.

(And at the interior of each subinterval H is continuous since I' is. )

H((k,v) , 0) = Hlarctan) , 0) = Xor/arctan)) = x(u,)
,

uso . eitherway,
H'Li+ arctan

, 0)) = Xovlarctan(a)) = X(k) ,
U0 H((u). 0) =I H(k

, 0) = XoV(4) = X 10 , 1) , if (k) = 10 . 1) & X(UN).

Ht) = xor() = X10 , -1) , if (iv)= 10 ,+)
In similar manner,

we can check H((u, v) , 1) = exo (iv) = Xo = Exo (U ,).

ThusH is a homotopy between X and the constant function Exo , as needed.

=>: See next page



=: Assume every continuous X:S-X is homotopic to a constant function
.

Show X is

simply connected.

· wlog X is non-empty ,
so can pick xoEX and we showiIX , x0) = [ [exo]3

.
Fix a loopy

inT(X, x0) and we can parametrize it by some : [0, 1] -> X sit. Ex(0)=* /1) = Xo. Notice that

as *10) =Y() , the domain of is [oi)Ow ES'. Then I can also be considered as a

continuous function from S to X ,
which by assumption , is homotopic to some constant function

ex
.

In other words.Lexi
, where H': IxI-X is the homotopy between them.

· It follows that H'C0 ,t) is a path that traces xo to X1 in the retraction of to exc . Let's

call this path 4.
Then $* is a loop at Xo that sets out to Xx and returns back to Xo following

the same path . By a theorem ,** Exo.

Thus
,
it suffices to show 2****, then by transitivity of ~

, we will have Up exo,

as desired.

· Define H: IXI-X by : Hl0, 35t)
,
055

H(sit) = H(5-1 , t),[SS
H'(0 . 3 t(l-s)), * S = /

We show H is a path-homotopy between U and Exo :

(1) It is continuous : Since H' is continuous
,
then itsuffices to check continuity of H at its

subinterval endpoints. Indeed , S= 5 : H(0, 3 st) = H'lo ,t)
·

H (zs+ ,t) = H'lo ,t) ;

S= 3 : H'(S+,+) = H'(lit) , we remember that at any t ,
H'(lit) is a retraction of the

loopU , hence it is also a loop ,
so H'(lit) = Hl0.t). But thenthis agrees with Hl0, 35(1-3)

= H(o , t) ,
so It is continuous at S= 5 too.

(2) H(0,t) = H(0 , 0) = * (0) = Xo H (1 , 0) = H(0. 0) = Xo

(3) H(s, 0) = H(0 , 0) * H(5+, 0)/5S= * H'(0 , 0)
= Xo * H (S+,0)1555 * Xo

↑ H(St , 0)/55*5 , by a change of variable this is H(50) where 0 : 5:1.

and by definition of H'
, this is(5) for 0521

,
which is precisely V.

H(S , 1) = H(0,35/os5 * H(351 1)/* * H(0,3(1))/SE
= losis * ex,

(35+) *10.3①

= 0xX1 * ②



O : By a change of variable, is equivalent to Hl0.5) for os = 1 ,
which is $

② : Similarly , it is equivalent to H'(0, 1-5) for o5 [1
, which is #

Thus H(s, 1) = & * x * = 0xT
· Since we have verified H(0 ,t) = Xo , H(l ,t) = Xo

· H(s, 0) = V ,
and H (s , 1) = ↑**.

Up%. This completes the proof.

I

Below is a visual demonstration :

· under the homotopy I' between the parametrizing function & of Y and Ex :

E
as + progresses in H/s,t).

· I is defined correspondingly. At t = to :

Sl :

Hist·
OSE5 :

H(Sit) = H (0
,3ste) 5S : H(sit) = H'(35+, to)

· Then as+ progresses
:

↳tottf



Q4 S2= EXER3 : / =13 with 1 point removed is homeomorphic to IP

as show any continuous No : s+ 52 which is not surjective is homotopic to a constant function.

If: ·

Suppose continuous to : St5" is not surjective , then =PES sit. Mols') < 51p3. Then

525p3 is homeomorphic to IRE : E homeomorphism f : S21p3 + 1R2
,
then+also exists and is continuous

· foxo : S+ 1R2
, Since IR2 is simply connected

, by Q3b , Eges' and constant function

ef(xo(g) Sit. Foxo-ef(x019) ,
let #' be their homotopy.

·Show Towe 20191 : let H : SxIt & be H(sit) = f"(H'(sit)
·

It is continuous as+d

Hare. H(S, 0) = fY(H'(s , 0)) = f+ (foRo(s))=o(s).

H(s, 1) = f+ (H'(s,1) = f+ (ef(x0(g))(s)) = f+

(f(Xo(q))) = 10(q) = exo(g) (5).

Thus Xo is homotopic to a constant function.

M

b) show any continuous i: S+ 52 is homotopic to a continuous non-surjective % : Ses?

If: It suffices to consider a surjective continuous X: Sts" and we show it is homotopic
to a non-surjective continuous function from Sto s? Since S = [0,1)/021

, then it is equivalent
to consider : [0,1](ou -> 52

, a closed path that is surjective on s
, induced by i.

· Let zo be small and I be the collection of open disks of radius & on?

Since S2 is compact , by the Lebesque Number Lemma
, EG>0 Sit. UpeSt, UE] siti

By(p) <U
.

Then E+ (Bylp)) : pe53 is an open cover of [0, .
· [0, 1] is compact so there is a finitesubcover [ 1Bg(Pi)) : Ki= n3 = Elai , Git) : 1in]

of To ,T. For any i
,

X/(9i
,
Gi+1) < Bg(Pi) <U for some 2-disk Ue2l

. by the Lebesque
Number Lemma. So x((ai ,ai+1) < U

.
Since s is small , it is ensured that X(Cai , ai+1) is

a single line segment in U.

We know U is homeomorphic to IR2 and IR2 is simply connected
, any paths in U with the

same endpoints are path-homotopic. Then
,
X((ai ,gi+1) is path-homotopic to a straight line

segment inU with the same endpoints. the image of

· By concatenating path-homotopic paths,
we ger=*llanaz) *... */can

, ant)

being path-homotopic to the finite concatenation of line segments ,
which is a line segment.

Then X is homotopic to a continuous function that maps S' onto a line segment in 52

and this
, of course , cannot be surjective in 52.

E



1) With the same language as the previous exercise, decluces is simply connected.

By Q3b) ,
S is simply connected iff any continuous is+32 is homotopic to a constant function.

By Q4b)
, any continuous X: S-S2 is homotopic to a non-surjective i : st 52, by Q4a) a

non-surjective Xo : S-5 is homotopic to a constant function. So by Transitivity of ~" (proven in

Q2a) , any continuous i: st 52 is homotopic to a constant function , thus Sh is simply connected.

m


