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Homewok  Pssinaent %
2 o Rowe ~ © an euivalene relation
Bolek Rixoa L Fexo Y, 2 XY be evtinuous Tunchions
O Shw & ~F: Define He XeT—= Y by Hixit) = T i), fhen M is cortinuaus as & s,
Yex, Ho) = Eb\\ REx)= FolX). Hens Fo aud Fo aue Wamstepic.
® Y ENF\ SF AR Asine B~ Yhenfave eick a Commuanus T X T 7‘T st
W) =R, Hen) =R, Define He e =Yy Hiaw) = ), Sive ' s
corhinuous, then HTs cothinanus. ¥re X, Hbo) = R = B K), HIED) = HiGb) = folA)
hence Fuand Fo ave homatepic.
® Show & UF RRE 5 G AR Asume ForR and B, Hen tare exists coitous
R T Y ond H' XTI Y st VeX, Hiao) = Futk), H0) =R, Witie) =Fibe),
RHO=R K, Now dehne H - x<I—=Y as Blws:
H k) = iwmﬂ 0ste
Wizt 3st2l
H &5 wel-defived:  t=5, Rt = FtA) = H'40), Recavse M 15 continunvs o the. dosed
suloet Y Tos ] and N TS continuals on e cosed sulpset Xe T3], H s continuons on X¢T.
oo, VaeX, His)= WHe) = R, R = R0 = R, Thus B~ T
w
D HYisa Path tn X and F: %= s cotinuous, B Y= FoY' T afuth a .
Show § Yo 7 V1 X, then FeYo 3 B Y
PE Assume Vo7 Y1, then they hove Hie same Start pot Fo avd QMPQ'M‘ v, anak thwre exisle &
vt H': DT X st R50)=%(9), i) = Yil9), W ot) = %o, Hit) = %
" Define HiTXI Y by Hist) = FIR(sm)). Sine Fand K v ostfinuass then H=Fotl
B conhimus
- S Fre A Rr: 1iso) = FlHso)) = FYo) = Rty
His = FLHE0) = EM6) = Rt )
Hioit) = E(W (o)) = Floo), the Sterting point of Bt and B Y3
HOE) = FIRGEY) = FA), the end poink of FeYo and R Y,
Rena Fexh R, as needsd,




o Pave i B Y, & Y22 ae eonfinuous B v= 0.1, and § B~FL G Gy Then
GooFo v e\“F\.
PE: Ase B~ 8o G, then fha exciss cotinuous P XeI=Y and RS I 2 st
Yaex, Hlo) =R, Hlz0=FR)s Yye, Hye) = &ly), Hiun) =6y,
-+ Define H: 6T 2 oy Hlatd= HHEA®) 1)
* Stne H and B are continunus, faen H ts cotbnuus
* Yrex, Hao)= R (H'be),0) = Hi(RK),0) = & &k))
Re) = RH GO, 0 = WIIRE.D) = &(8®Y)
Tus &oF ~ G, as needd.



@3 lef X e a?o&\:\ conteded space. X s singly connedted i B sme. K& X, Fe qroup

WK ) 5 vidal. S= {xe® W=} & e wik cirde m B

@ Qe X & SKM\i\j convected, §F any patis Yo and Y1 flaat have the Sante end psints T X are

PO-'W\ \/\ﬁMbﬁs?iC,.

K= Assune X SimP\\j cweckd and \et 2 PGLJ\’\/SY‘O and Y e given st Yo =Y, (0)= Xo

and Yol)=Yi()= %, Shaw Yo Ty

© (omsider TX %), oy X is path asneckd. and simply ennedled., e Bundamental groxp
B ay baiepo'm’r & fivial. Hena Tlxo)= ﬂ:cxﬂ);. _

* Sin@ Yo and Y1 have ke same endpints, Hhen Yor 1 € T(X7e) = Yo* Vi € lesed.
S‘\M\\M\j. MER AL By the equivalence relodion @ ~, YoxT b S = MERT
SN TV N Y. Then thae edss a ?otk\/\l/\bwm‘hp\j Hi TXT > X beiween Yox T
and Y %Y

© H wduws a \)aﬂé\\/\b‘Mo\‘Q\\))_\o_QhAeew Yo and W as Gllows:

« . M

't
( // s twen Yoy, as peadsd.
LT
S Prstive. any o patits Yo and Yi with Yhe Sasne enApsints T X aee pae-hawalppic . Shaw
K is sinply asnecied,
* Wog assume X 15 - emply o comn ke %o € K and sk TX ) & triviad,
© B oot Y10 X i Tle), o VI0)= %o and Y(0= %o, Show Ye [opel, widn is b
S Y ¥ €. Wy suppse. Y+ o, sliteriise by e veexiuity of '~ uere done. Thea Ippe
(on) st Y1) # Yo, lek YR =%,
- Then Y4} and Y\Epu.\'] ar 2 \)aWs om0 1 A, By asswvxvhm, Y\w.‘& ‘N\Ty«ﬂ.
So Fure exishs o patha hantstopy H from YTy 1o Vi
* Define Hi TXT9X by Hisit)= StH'(s.t\, Wogsepo - Then H s o homstspu behien
o YE) . oflurwie
Yoy « Yy and Yige * Vg, but then this & fp}i .




o) Shew X & simply connected iff every continuous Turction A 5' =X & hamstepic to o
onstant fanchon.
B =: Assume X is simply oneckd. Fix continwous A SR and shew 3 %€ X aud
tonstant funchion Fee: S99 X st Fro= %0 and A~Fe.

+ We can paromalrize ' Who a pathh Y [oi) > R by Yio) = (Coslare), sin () ), then ¥
tarts and ands at (1), Then AeY: Lol = X T apatin tn X Yoaf starts and ends o Nuwo),
lex %o= AL, Show A~ Fro.

NS\"\@— oth 2eY and €0 ave pathrs o the same ewdpoints. by X T sinply cnvecked axd @30,
Y F e/x» whre N s o path howaiapy betieen AeY and €xo
DehmH SKI-> X by W), 0)= { Hledantl) 1), w=o
H(Trardanlk), ) , u<o
H(Ft), ©§ Wv)=(o1)
H (&), ® (wn)= (o).

By chedking the linit of 1 af e ewds f ench substwknal e dchvx\*hm aove, H oan be hauin

Contnums. (And o e Terior of eadn SubTaend B & comtinunus sing R s.)
Hlww),0) = § Hladanlk) o) = Ae Y (wrdma(Z)) = Aun), wso. ) ¢ J
H (- o B, b)) A (T atan PL)\ Ay, u<o [ H(luv)o)=
R, 0) = A=Y(£) = Alor), 7§ (w)= (1) AL,
P\lﬁ—l'ﬂ = ?vY(‘?ﬂ = Alom) ) W ()= (DF\>
Tosimlar mawer, We an dieck H{(ww), V) = By ) = Ko = Fe lu),
Twws A o homstapy Wetween A and the constant Fanction T, as needsal.

= e hext page



< Asume evtry continuous \- SoX & homotapic o & corslant fanchon. Show X s
Simply tovnectedt.
* Wog X T now-emphy, 50 an pick %X and we Shew T .M lenly Gx a loop ¥
i (% Ae) amd We can Pa.mmcm%z T oy Some Lol ]9 X st Al)= A0)= %o, Notiw thot
as XO=AW, the domain o A 5 BIl\oM = S Then A can also be. evsiderah as o
Covfinous Tunchion from 61 B X, Whidh by assumphm, Ts hsmotzpic to some. omtant function
Zx. T other wovds, 7L ‘\' e, where H: TIN5 the V\DWLO'{BPlj leteen them.
- IF Blows that K00 5 o patih that traus 2% 2 % T the rehochion of 2 e Lets
@\ this path ¢ Ten $+% s a Loop at % that sets sud o % and yeturns back 12 ’Kaﬁl(owinj
Hoe sawe path. By o thasvem, ¥ €x.
Thus, Tt sudtius T show ¥y ¢+ 7 . then o trausitivity of ~, (e will hawe Ty €30,
0S olesi red
- Define Hi TxTH X \0\51 Rlo3st), vess J—g
Rl = ﬂ f(zsA,1), s<€ss
(o0, 3t(s)) , 3¢
We ghan H s o pati- V\DWLO'\DPlﬁ between Y and Cxo:-
W N & confinuous: sin@ H' & rhinunus, fhen tsidfivs fo dheds iy of H at its
swomwax endpails. Tndeed, $=3 Ho3st) = /'), H(354,6) = H'(0r)s
=3 BB A = H U, we vememeer thaf af any T, H0i) 15 a vedvaction of the
\cop“ﬂ' hea@ T T ks a Lo, 56 H(\rﬂ H0t)., Rut thentis arees uittn it (0,3T0-3))
=Hlot), SoH & CMhMD\LS at 5= 3 too
&) Hlot) = Ho6) = A0) = %o HO0) = B (ow) = %
& Hiso)= H00) * Wiz o) |seseq « W (0,0)
s Xu*\'\(as—toﬂ yessd ¥ %o
v H B, 0) |4esed b\ﬁ,,\ dnawnage f Variade fis is R'(S)8) whare dsSel,
aundh oy Athm‘nw\ & W, s s AU B 02T, WidnTs precisely 7"
Hist) =Hbmleeses v Hlastn) |dese2 + H(0309) |z esey
= ME\—“E?‘ ¥ %, (351) ¥ H(o3- 333\3$s<
® ®
TO0xAxE

2
E)
S<s

\




©: By change o Variade, T equivalent to H(03) for 0eS 2\, Wnidh s @
®: Similady, Tt 5 equivalent o H'(0,1-3) for 0S¢ 1, Which 15 &
Tws RN =pscx xf =px¢
+ e we have yexified Hlot)= %o, Hit) = %o, Hisd)= Y. and H(SA)”P**?,
T fxf This compleles tho proof.
Relow 15 & viua\ dewoustiation:
- under the homotzpy T ochieen the paramelviging fanction A 8y and €xi:

mﬁ . O bl s

as % p4esss HGx),
H s defined covrespbl\uungl(ﬁ. At t=1:

S¢s=l:

Hiew) = Ho3ws) /27 N
7(0 HI(O,'to) / ‘ fx‘
0&6s . :

- Thenas T progresss:

-
Xo X\

H(5) = Hezse)
- ) k 'Xl - ('7(@ ‘Xl \




Warning: The author is not confident of their solution of Q4.

B4 S=11eR: =1} S it pint vemoed i hameamsrphic o B

& S any eotinunus Aot S = S widn & et sucfective s hamsiapic T2 o constant fondion .

PE - Suwosa carhnusus Aot SOS is not suxSec.ﬁvtr}\/\eM E?esz st Al < %"\ﬁ\f&. Ten

E\1PY & haweomarphic 1, &> 3 homeomarphism£: TPy = @2, Fhen £ also exists aud i continas
cfedor S &) sine ® B simply conected, by Qzb, 39S and cvstant finction

Esnolg) st Tohe ~ €4 gy et H' oo tieie Wowotepy

- Show Ao qq17 lek HiSx T be Hisit) = TR ). H 15 continusus a<f &

Har. Hso)= FHG)) = FF®) = A6).

Hisa) = FUHED) = (8 g 9)) = TR = %) = Eoig) 5.
s Ao ts \(LBV\M‘\’!S‘)(C,\‘G a cvstant function.
-

b Show any eattinuans A0 S\ & s houstpic o o continuoiss e =susfective. o sss°
P Tt suffios to covsider a susfective cotfinuus A 3 S and we show T s honspic
B o ww-suedive. eortinious fuction fom S S Site S &= [or)/on, then T s equivalan
B covsider AN > S, 2 old path tuat $ur3e dive on S, Tnduced by A,

- let 950 e small and Y ke e cdlection of d?cndis\@ f mdius 2 on S

Sine S s cwpad', blee Ldoﬁ%ue Numper Lemma, 5370 st Vpeﬁl, ueY sk
Bypou. Tien 127 (Bslp): pe S s an opeu cover of (o],

- Tl © ompact S thert s a Tnile subocaver SL:)\\*(BZ (P)): L&cs ny = ﬁ_(ai:ai«\’ \sisnk
of Toid. Emyuj <, ?\((Qi,awﬂ c Eﬁ(Pﬂ c U for some 3-disk U €U, by the Lc(azsguc
Nameer Lemma. So AL@ k) < K. Siaw 3 tssmall, i s ensured tat Al ain)) s
a sige \ine Seamm’( n WU,

- We Keow UK s \Amweumu(ﬂ/»{c o’ ad ® i Simply osected, Ay paths Tn UL it the
same endpsnts ove Pwl—\/\-\/mm‘rs?ic. Trew, Al@ifia)) Pm”\/r\MW\DbPich aSHai3hT L
Segnent T UL withh fae Same: endpbints, Hhe Twage of

- Bﬂ cuf\cakl\zkﬁv\g Paw-\r\ovvtd-a\)ic Paﬂ/\s, We 056}\( A= ?\\la\.q,,) ¥ ook i\(a,\.am.)
bemﬁ patir-hamdzpic To th Ptk concatendtion of liw sepents, which & a [ing seqment.
Then A s howstzpic to & eontinious Suncrion fat maps 5 ortto a ling Segwent 1 S™
and s, of cowse, cannok e SWechve i S

/|




©) With te same lomgaoqe as e previous exerdise. deduce = ts simpy conneckd..
By Q2 6, S Sim?l-j oneded. i any atinuss A5 T homxﬂb?ich a costant furchion |
%3 Q40), any ovhinus DO T hbMO‘tbpic i aw~mr5td1‘vn i3S, bnﬁ Q4a) a
V\M-S\M‘\]edﬁvﬁ WiSDT s V\NMD'@KC, o constant Saunction. o Wy thamsrhwl@ of ‘v’ (proven
02a), any omtinuNSs A 35 15 homstzpic to o cnstant funchion, Hhus § s simply conneckal,
=



