1.

(a)

(b)

Suppose a € Ay. Since
FTHf(A)) = {z € At f(z) € f(A0)}
and a € A satisfies f(a) € f(Ag), wehavea € f1(f(Ap)), and thus Ay C f~'(f(Ao)).

Suppose f is moreover injective and a € f~'(f(Ap)). Then f(a) € f(Ao), meaning there exists
x € Ag such that f(a) = f(x). By injectivity, a = x,s0 a € Ag. Thus f~*(f(Ao)) C Ao, so we have
equality if f is injective.

Suppose b € f(f ' (By)). Then b = f(a) for some a € f~*(By). Since
f_l(BQ) = {3? cA: f(iE) S Bo},
b= f(a) € Bo. Thus f(f~"(Bo)) € Bo.

Suppose f is moreover surjective and b € By. Then by surjectivity there exists a € A such that
f(a) = b. Clearly a € f~'(By),s0b = f(a) € f(f*(Bo)). Thus By C f(f *(Bo)), so equality
holds if f is surjective.



2.

(a) Suppose By C By and a € f_l(BO). By definition, f(a) € By C B;. Thusa € f_l(Bl), showing
that f~1(By) C f~1(B)).

(b) Suppose a € f~(ByUBy). By definition f(a) € ByUBy; without loss of generality assume f(a) €
By. Thena € f~1(By) C f~'(Bo) U f*(By), showing that f~'(By U By) C f~*(Bo) U f~*(By).

Conversely suppose a € f~*(By) U f~!(B,); without loss of generality assume a € f~*(By).
Then f(a) € By C BoU By, meaning a € f_l(BOUBl). Thus f_l(BO)Uf_l(Bl) - f‘l(BOUBl)7
so equality holds.

(c) a € f~Y(Bo N By) is equivalent to f(a) € By N By. This occurs if and only if f(a) € By and
f(a) € By,ora € f~'(By)and a € f~(By), respectively. Therefore a € f~'(ByN By) if and only
ifac f~(Bo)N f~Y(By),s0 f~H(BoN By) = f1(Boy) N f*(By), as desired.

(d) a € f*(By — By) is equivalent to f(a) € By — B;, which we may write as f(a) € By and
fla) ¢ By,ora € f~Y(By) and a ¢ f~*(Bi). Therefore a € f~'(By — By) if and only if a €
fH(Bo) = fH(BY).

(e) Suppose Ay C Ay and b € f(Ap). Then b = f(a) for some a € Ay. By the inclusion, a is moreover
in A1,s0b = f(a) implies b € f(A;). Therefore f(Ag) C f(A1), as desired.

(f) Suppose b € f(Ag U A1). Then b = f(a) for some a € Ay U A;; without loss of generality
assume a € Ay. Then b = f(a) implies b € f(Ao) C f(Ao) U f(A1), showing that f(Ag U A;) C
f(Ao) U f(Ar).

Conversely if b € f(Ap) U f(A1), assume without loss of generality that b € f(Ao). Thenb = f(a)
for some a € Ay. Since Ay C Ay U A;, we additionally have a € Ay U A1, so b = f(a) means that
b€ f(AgU Aq). Therefore f(Ag) U f(A1) C f(Ap U Ay), showing that equality holds.

(g) Suppose b € f(AgN Ay). Then b = f(a) for some a € Ag N A;. In particular, a € Agand a € Ay,
so b = f(a) shows that b € f(Ap) and b € f(A;), respectively. Thus b € f(Ag) N f(A1), so that
f(Ao M AL) € f(Ao) N f(AL).

If f is moreover injective and b € f(Ag) N f(A1), then b = f(ao) for some ag € Ag and b = f(aq)
for some a; € A;. By injectivity ap = a1 € Ao N Ay, 50 b = f(ap) means that b € f(Ap N Ay).
Therefore if f is injective, f(Ag) N f(A1) C f(Ao N A1), so equality holds.

(h) Suppose b € f(Ag) — f(A1). Then b € f(Ap) and b ¢ f(A;1). Respectively, this means b = f(ao)
for some ag € Agand b # f(ay) forall a; € A;. If ay € Ay then b = f(ap) is a contradiction, so
ag € Ap—A;. Hence b = f(ap) implies b € f(Ay— A1), showing that f(Ag) — f(A1) C f(Ao—A41).

If f is moreover injective and b € f(Ay — A1), then b = f(a) for some a € Ay — A;. Since
Ayg — A1 C Ag, wehave a € Ay, s0b € f(Ap). Suppose there exists a; € Ay such thatb = f(aq).
Then by injectivity, f(a) = f(a1) implies a = a;, but a ¢ A; while a1 € A;; a contradiction.
Thus b # f(a1) for all a; € A, meaning b ¢ f(A;). Since b € f(Ap) and b ¢ f(A;), we have
b e f(Ay) — f(A1). Therefore if f is injective, f(Ao — A1) C f(Ao) — f(A1), and equality holds by
the previous paragraph.



3.

(b)
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(®)

(8)

Let { B, } acs be an arbitrary family of subsets of B.

Supposea € f~! . Then f(a Bq;letag € J besuch that f(a) € B,,. This means
PP 0

acJ acJ

ae ft U f~Y(B.,), showing that f~! (U B ) C U !

aeJ aeJ aeJ

Conversely suppose a € U f7'(B,). Letag € J be such that a € f~'(B,,). Then f(a) € By, C

acJ

U B,. This means a € f~! (U B(X) . Therefore U 4By C [t (U Ba> , so equality
acJ acJ acJ acJ
holds by the previous paragraph.

Let { B, }acs be an arbitrary family of subsets of B.

ac f! (ﬂ Ba> is equivalent to f(a ﬂ B,, which is equivalent to f(a) € B, for all

acJ acJ
a € J. By definition, this occurs if and only if a € f~'(B,) for all @ € J, and equivalently

aeﬂf ). Thus f~* (ﬂBa>—ﬂf1
aed aeJ acJ

Let {A, } e be an arbitrary family of subsets of A.

Suppose b € f <U Aa> .Then b = f(a) for some a € U A, Let ag € J besuch thata € A,,.
aeJ aeJ

Then b = f(a) means b € f(A U f(Ay). Therefore f <U A ) C U f(A

acJ acJ acJ

Conversely, if b € U f(Ap), then let oy € J be such that b € f(Ag,). This means b = f(a) for
acJ

some a € A,,. Clearly A,, C U Ay, 80a € U A,. Now b = f(a) implies b € f (U Aa> .

aed aed aed
Thus U f(As) C f (U Aa> , s0 equality holds.
acJ acJ

Let {A,}oes be an arbitrary family of subsets of A.

Suppose b € f <m Aa> . Then b = f(a) for some a € ﬂ Aq. In particular, @ € A, for each

acJ acJ

a € J,s0b = f(a) shows thatb € f(A,) for every o € J. Thus b € m f(A sof(ﬂ A )
acJ acJ
(1 f(Aq)

acJ

Suppose f is moreover injective and b € ﬂ f(Aq). Then for every a € J, b € f(A,), meaning

acJ
there exists a, € A, such that b = f(a,). By injectivity, all these a, must be the same; that is, for

any «, 3 € J, f(aq) = b = f(ag) implies a, = ag. In particular, a,, € ﬂ A, satisfies b = f(aq),
acJ

showing that b € f (ﬂ Aa> . Therefore if f is injective then ﬂ f(A) C f <ﬂ Aa> , SO

acJ acJ acJ



equality holds.



