MAT327H1 F Homework Assigment 1

October 3, 2024

Question 1.

(a)

Proof. Let @ € Ap. We show that # € f'(f(4y)). Note that f(A4y) = {blb =
f(a) for at least one a € Ap}, so it immediately follows that f(z) € f(Ap). Then, by
definition of the preimage of f, z € {a|f(a) € f(Ao)} = f~'(f(Ap). As z was chosen
arbitrarily, Ay C f~1(f(Ao)).

Now assume that f is injective. Let z € f'(f(Ap)). It is enough to show that
z € Ap, as we have already shown that Ay C f'(f(Ap)) in the general case. Notice
that « € {a|f(a) € f(Ap)} means that y = f(x) € f(Ap). Recall the definition of the
image of f(Ap), there is some z1 € Ay s.t. y = f(x1). As f is injective, we must have
that x; = x, thus z € Ay as needed. Since x was chosen arbitrarily, f~(f(Ag)) C Ao,
and equality follows from the general case (shown above). ]

(b)

Proof. Let y € f(f~'(By)). We show that y € By. By the definition of the image of f,
we know there is some x € f~!(By) such that f(z) = y. Recall that f~1(By) = {a|f(a) €
By}, so it follows that if z € f~Y(By),y = f(z) € By. Since y was chosen arbitrarily,

f(f~1(Bo)) C By.

Now assume that f is surjective. Let y € By. It is enough to show that y € f(f~1(By)),
as we have already shown that f(f'(By)) C By in the general case. Recall that
f~YBy) = {a|f(a) € By}, and since f is surjective there is some =z € f~'(By) such
that f(x) = y. This immediately shows that y € f(f~'(By)), because to say = € f~1(By)
implies that y = f(z) € f(f~'(By)). Since y was chosen arbitrarily, By C f(f~'(By))
and equality follows from the general case (shown above). ]



Question 2.

For clarification and justification (if necessary), when I say "the result follows by
symmetry”, I mean that I have shown a string of if and only if statements, meaning
that the exact same proof setup can be used in the other direction. In the context of this
problem set, it means fixing a point in the other set, and "going the other way” will fol-
low from what was already shown. I did it to save space and time; I hope this is acceptable.

(a)

Proof. Assume By C B;. We show that f~'(By) C f~'(By). Let z € f~'(By), then
f(z) € By by definition of the preimage of f. Then since By C By, f(x) € B; meaning
that © € f~1(By), also by definition of the preimage of f. Since x was chosen arbitrarily,
S YBy) C f1(By) as needed. O

(b)

Proof. First we show that f~1(ByUB;) C f~Y(By)Uf '(B1). Let z € f~1(ByUBy), then
f(z) € By U By, or equivalently we can say f(x) € By or f(x) € By, by definition of the
preimage of f. This is equivalent to saying that, z € f~!(By) or z € f~(B;) by definition
of the image of f, which is also equivalent to saying x € f~1(By) U f~(By). Since x was
chosen arbitrarily, f~!(ByU By) C f~'(By) U f~'(B;). The fact that f~'(By U B;) D
f~YBy) U f~1(By) (and thus the result) follows by symmetry.

0

(c)

Proof. First we show that f~'(By N By) C f~Y(By) N f~4(By). Let = € f~1(By N By).
Then equivalenty, f(xz) € By N By, by definition of the preimage of f. Equivalently we
can say f(x) € By and f(x) € B; and by definition of the image of f, this is equivalent
to the statement (z € f~(By) and x € f~!(By)), which is then equivalent to saying x €
f~YBo)Nf~1(By). Since x was chosen arbitrarily, f~1(ByNBy) C f~Y(Bo)Nf1(By). The
fact that f~1(ByNBy) D f~1(Bo)Nf~(B;) (and thus the result) follows by symmetry. [

(d)

Proof. First we show that f~*(By\ By) C f~*(Bo) \ [ (By). Let z € f71(By\ By).
Then by definition of the preimage of f, this is equivalent to saying that f(z) € By \ By,
or (also equivalently) we can say f(z) € By and f(z) ¢ By. By definition of the image
of f, this is then equivalent to saying that = € f~!'(By) and = ¢ f~'(B;) which is
also then equivalent to saying x € f~!(By) \ f~'(B;). Since x was chosen arbitrarily,
fYBo\ B1) C f7Y(By)\ f1(By). The fact that f~1(By\ By) D f~'(Bo)\ f~}(B1) (and
thus the result) follows by symmetry. O

(e)

Proof. Assume that Ay C A;. Let y € f(Ap) so that by definition of the image of f,
dr € Ap s.t. y = f(x). But since Ay C Ay, x € Ay, therefore y = f(z) € f(A1), by
definition of the image of f. Since y was chosen arbitrarily, indeed f(Ag) C f(A;). O



(f)

Proof. First we show that f(AgU A;) C f(Ao) U f(Ay). Let y € f(Ag U Ay), then by
the definition of the image of f, this is equivalent to the statement, (3z € Ay U A; s.t.
y=f(z)) <= (Fr e Agjorz € Ay st. y= f(x)) < (f(x) € f(Ay) or f(x) € f(A1)).
The last biconditional follows from the definition of the image of f, and is equivalent to
the statement f(z) € f(Ao) U f(A1). The fact that f(Ao U A;) D f(Ao) U f(A4;) (and
thus the result) follows by symmetry. O

(2)

Proof. We show that f(AgNA;) C f(Ao)Nf(A1). Let y € f(AgN A;), then by definition
of the image of f, 3z € Ay N A; s.t. y = f(z). This means that x € Ay and = € A;.
Then by the definition of the image of f, it must be the case that both y = f(x) € f(Ao)
and y = f(z) € f(A;), which is equivalent to the statement y = f(x) € f(Ap) N f(A1).
Since y was chosen arbitrarily, f(AoN A1) C f(Ag) N f(A1).

Now suppose that f is injective. We will show that f(Ay) N (A1) C f(Ag N A;y) so
that equality is implied by the general case. Let y € f(Ao) N f(A;1), then by definition
of the image of f, dz € Ay N Ay s.t. f(z) = y. We must have x € Ay N A; because
if x € A\ Aj, then by definition of the image of f, 32’ € Ay s.t. f(2/) = y, which
contradicts the injectivity of f (the same holds when assuming x € A; \ Ap). So since
x € Ap N Ay, we must have, by definition of the image of f, that y = f(z) € f(AoN Ay).
Since y was chosen arbitrarily, f(Ag)N f(A1) C f(A9NA;). Paired with the general case,
we have shown that f(Ag) N f(A41) = f(Ao N Ay) when f is injective. O

()

Proof. We show that f(Ag) \ f(A1) C f(Ao\ A1). Let y € f(Ao) \ f(A1), then by defi-
nition of the image of f, 3z € Ay s.t. y = f(z). Additionally, we assert that flz; € A,
s.t. y = f(z), as this would imply that y = f(z) € f(A;), a contradiction. So it must
be the case that x € Ay \ A;, meaning that y = f(z) € f(Ay \ A1). Since y was chosen
arbitrarily, f(Ag) \ f(A1) C f(Ao\ 41).

Now suppose that f is injective. We will show that f(Ay \ A1) C f(A4o) \ f(A1) so
that equality is implied by the general case. Let y € f(Ao \ A1), then by definition of
the image of f, 3z € Ay \ A; s.t. f(z) = y. It then follows, by definition of the image
of f, that f(z) € f(Ap), and we must show why f(x) ¢ f(Ay). To see why this is so,
notice that if dx; € A; s.t. y = f(z), then by the injectivity of f, z = x;, implying
that x € A;, a contradiction. We conclude, again by definition of the image of f, that
y = f(x) ¢ f(Ay), meaning that y = f(x) € f(Ao) \ f(A1). Since y was chosen arbi-
trarily, f(Ao) N f(A1) C f(ApN Ay). Paired with the general case, we have shown that
f(Ao) N f(A) = f(AgN Ay) when [ is injective. O



Question 3.

For clarification and justification (if necessary), when I say "the result follows by
symmetry”, I mean that I have shown a string of if and only if statements, meaning
that the exact same proof setup can be used in the other direction. In the context of this
problem set, it means fixing a point in the other set, and "going the other way” will fol-
low from what was already shown. I did it to save space and time; I hope this is acceptable.

(b)

Proof. Let {Bgs}ses be a family of subsets of B, indexed by J. We will start by showing
that f~'(Us Bs) C Us(f'(Bs)). Let x € f~'(Uz Bg), which is equivalent to the state-
ment, f(z) € Uz Bp, by definition of the preimage of f. Notice that (f(z) € Uz Bs) <=
(38 € J s.t. f(x) € Bg) <= (3B € J s.t. © € f71(Bs)). The last biconditional fol-
lows from the definition of the preimage of f, and is then equivalent to the statement
x € Ug(f~'Bg). Since x was chosen arbitrarily, f~' (U, Bs) C Uz(f~'(Bs)). The fact
that f(Us Bs) D Us(f~(Bs)) (and thus the result) follows by symmetry. O

()

Proof. As before, Let {Bs}ses be a family of subsets of B, indexed by J. We will start
by showing that f~'((; Bs) C (Ns(f'(Bgs)). Let x € f~(N; Bg), which is equivalent
to the statement, f(z) € (3 Bs, by definition of the preimage of f. Notice that (f(z) €
Mg Bs) <= (VB € J, f(x) € Bg) <= (V8 € J, x € f~'(Bg)). The last biconditional
follows from the definition of the preimage of f, and is then equivalent to the statement
x € (3(f ' Bp). Since x was chosen arbitrarily, f~(; Bs) C N(f(Bs)). The fact
that f((Ms Bs) D Ns(f~(Bs)) (and thus the result) follows by symmetry. O

(f)

Proof. Let {A4}acs be a family of subsets of A, indexed by J. We will start by showing
that f(U,4a) € U, f(As). Let y € f(U, Aa), which is equivalent to the statement
Jdz € U, A s.t. y = f(x), by definition of the image of f. Then notice that (3z € |, Aa
st. y = f(r)) < (Fzxr € A, st. y = f(x) for some o € J) <= (Ja € J s.t.
y = f(x) € f(As)). The last biconditional follows from the definition of the image of f,
and is equivalent to the statement y = f(x) € |, f(Aa). Since y was chosen arbitrarily,

f(U,As) C U, f(As). The fact that f(U, Aa) D U, f(Aa) (and thus the result) follows
by symmetry. O]

(h)
Proof. As before, let {A,}aes be a family of subsets of A, indexed by J. We will start
by showing that f(()Aa) C (), f(Aa). Let y € f(()Aa), then, using the definition of

the image of f, 3z € (), Aa s.t. y = f(z) so € A, Yo € J. This then implies that
y = f(x) € f((,Aa), also by definition of the image. Since y was chosen arbitrarily,

F(Ax) €N, f(Aa).

Now suppose that f is injective. We will show that [, f(As) C f([) Aa) so that equality
is implied by the general case (shown above). Let y € [, f(Aa), so y € f(An) Vo € J.
So, for some particular ag € J, Jrg € Ay, s.t. f(xg) = y. Since f is injective, this g
must be unique and therefore we must have o € (1), As. To see this, suppose for the

4



sake of contradiction that for some «; € J, ¢y ¢ A,,. Since y € f(A,,), there must be
some x; € Aq, s.t. f(x;) =y by the definition of the image of f. Injectivity implies that
x; = ¥, meaning xy € A,,, a contradiction. So zy € (), Aa, which then implies that
y = f(zo) € f(, Aa) by definition of the image of f. Since y was chosen arbitrarily,
this shows that (1), f(A) C f([)Aa). Paired with the general case, we have thus shown

that (), f(Aa) = f([)Aa) when f is injective. O



