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Pensieve header: The naive Kh Program - a variant of the program I first wrote in Kyoto in September
2001.

\documentclass[11pt,notitlepagel{article}
\usepackage{dbnsymb, amsmath, amssymb, multicol, stmaryrd, pifont,

amscd, colortbl, mathtools, wasysym, needspace, import, longtable,

overpic, bbm, pdfpages, array, blkarray, setspace, graphicx, tensor}
\usepackage{txfonts} % for the likes of \coloneqgq.
\usepackage[usenames,dvipsnames]{xcolor}
\usepackage[textwidth=8in,textheight=10.5in,centering]{geometry}
\usepackage[setpagesize=false]{hyperref} % Following http://tex.stackexchange.com/a/847/22475
\hypersetup{colorlinks, linkcolor={blue!50!black}, citecolor={blue!50!black}, urlcolor={blue!50!black}}

\def\nbpdfinput#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfEcho#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfPrint#1{\vskip 1mm\par\noindent\includegraphics{#1}}

\def\nbpdfText#1{\vskip Imm\par\noindent\includegraphics{#1}}

\def\nbpdfMessage#1{}

\def\nbpdfOutput#1{\vskip 1mm\par\noindent\includegraphics|max width=\linewidth]{#1}}
\def\nbpdfSubsection#1{\vskip Imm\par\noindent\includegraphics{#1}}
\def\nbpdfSubsubsection#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfgraphinput#1{\vskip 1mm\par\noindent\includegraphics{#1}}
\def\nbpdfgraphOutput#1{\vskip Imm\par\noindent\includegraphics[width=1.5in]{#1}}

\pagestyle{empty} \parindent Oin

\begin{document}

\setlength{\abovedisplayskip}{0.5ex} \setlength{\belowdisplayskip}{0.5ex}
\setlength{\abovedisplayshortskip}{Oex} \setlength{\belowdisplayshortskip}{Oex}

\def\myurl{http://www.math.toronto.edu/~drorbn}

\href{\myurl}{Dror Bar-Natan}:

\href{\myurl/classesH{Classes}:

\href{\myurl/classes/\#2223}{2022-23}:
\href{\myurl/classes/23-FastComputations}{Fast Computations in Knot Theory}:
{\bf A Naive Khovanov Homology Program}
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SetDirectory["C:\\drorbn\\AcademicPensieve\\Classes\\23-FastComputations"];
Once[<< KnotTheory" ]

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

pd = PD[Knot [5, 2]]
KnotTheory: Loading precomputed data in PD4Knots".

PD[X[1, 4, 2, 5], X[3, 8, 4, 9], X[5, 10, 6, 1], X[9, 6, 10, 7], X[7, 2, 8, 3]]

pdf
n,[pd _PD] := Count[pd, X[1i , j ,k , L 1/;j-L=1VL-7>1];
n_[pd _PD] :=Count[pd, X[1_, j , kR , L 1/5L-3=1Vj-L>1];
{n.[pd], n_[pd]}
{e, 5}
pdf
SetAttributes [p, Orderless]
pdf
S[pd _PD, s_String] := S[pd, Characters[s] /. {"0" -0, "1" -1, "«" » x}]
pdf

m_on_ :=Min[m, n];
S[pd_PD, a_List] := Times ee ({Listeepd, a}" /. {
(X[, 7 5k , L 1,0} »p[i, JlicjPLRs L]kers
(X[, J 5k 5 L 1,1} »pli, L]ier PLTs R]jors
{x_X, x} » x}
) 77.{
Pli_, J_1n PLI_> R_1, = PLL, Rlpen
}r7.
X[, Jd 5k, L 1Pl T 1n PIR_, L 1, = (€nCh > Cpon)s
X[, J >k, L 1pli s L 1y PII_5 R 1s = (Cpon > €y Cp)
}77opI__15 = cn

{
S[PD[Mirror[Knot[3, 1]1]], {©, ©, 0}1,
S[PD[Mirror[Knot[3, 1]1]], {0, 1, 0}1,
S[PD[Mirror[Knot[3, 1111, {©, x, 0}]
}

{c1 €2,y €1, €1 Cp > C1}
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pdf

{
S[pd, "0e010"],
S[pd, "ee110"],
S[pd, "00+10"]
}

{€1¢C3, €C1C3Cq, (C1 > C1Cp) C3}

V[pd PD, a_] := ListeeExpand[S[pd, al /. ¢, = (Vp, +vm,)]

Vipd, {0, 0, 0, 0, 0}]

2023-07-06 19:03:39

{vmg vmy vz, vmp Vinz Vp,, VMg VM3 VP, , VM3 VpP; VP,, VMg VMp VP3, VMp VPy VP, VMg VP, VPs, VPy VP, VPs}

d[pd_PD, a_] :=S[pd, a] /. {

(€x €, »>C, ) *_.

(c; »¢Ce €y ) *_.

}

= {Vp, VP, > Vp,, Vp, vm, - vm_, vm, vp, > vm, vm, vm, - 8},

= {vp, - vp, vm, + vm, vp,, vm, - vm, vm,}

d[pd, #] & /@Permutations[{0, 0, 0, 1, x}]

{{Vpl Vp3 = Vpy, VM3 VP - VMg, VMg Vp3 = VMg, vimy vimz - 0},

{Vpy VP, = Vpy, VMy VP = VMg, VMg VP, — VMg, vy vmy — 81},

{Vpl Vp3 = Vpy, VM3 Vpy - VMg, VMg Vp3 = VMg, vimy ving - 0},

{vps = vmg vpy + ving Vpg, VMy = VM3 Vg }, {Vp; VP, = Vpy, Vny Vpq

{vpy = vmg vp; + ving Vpg, VMy — VM Vg }, {Vp; VP, = Vpy, VNy Vpq

{vpy vpy > Vpy, VM, VP,
{vpy vpy > Vpy, VM, VP
{vp1Vp; > Vpy, VM VP,
{vp1Vp3 > Vpy, VM3 VD,
{vpy vp3 > Vpy, VM3 Vp;
{vpy vp3 > Vp;, VM3 Vp;

N
N
5
N
N
N

vmy, vmg vp,
vmy, vmg vp,
vmy, vimp vp,
vmy, vmg vp;
vmy, vmg vp;

VMg, VMg Vps

N
5
5
N
N

BN

vmg,
vmg,
vm,,
vm,,
vm,,

vm,,

vimy vm,
vy vm,
vy vm,
v, vims
vy vims

v, vims

-0},
-0},
-0},
-0},
- 0},
-0}, {vp,

{vpy —» vmy vp; + Vg Vp,, VMy - vmy vy}, {Vp; Vp3 = Vp;, VN3 Vpq

{Vpl Vp, = Vpy, VMy VP - VMg, VMg VP, = VMg, vimy vim, - 0}, {Vpl

{vp; = vmy Vp; + Vg Vp,, Vmg — vimy vy}, {Vp; vp, = vpy, vm, vp,

{V[pd, "00010"], d[pd, "00+10"]}

vmy, VM Vp, — VMg, Vg vm, - 0},
vmy, vy vp, - vy, v vm, - 0},

VM, VPq + VMg VP,, VMg — VMg vy},
VMg, VM Vps — Vg, Vg vmz - 0},
VM, VP, + VMg VP,, VM — VMg vm, },
VMg, VM Vp, — VMg, vimg vm, - 01}

{{vmy vms, vm3 vp;, vy Vp3, Vp; VP3}, {VP; - VMg VPy + VMg VPg, VMg — VMg VMg } }

Expand[V[pd, "©00010"] /. d[pd, "00x10"]]

{vmy vm3 Vg, VM3 VMg VP4 + VMg VM3 VP, VM3 VMg VP53, VMg VP, VP35 + VMg VP35 VPg }

udeg[P_] := Exponent[r /. {v, »gq

Total[a]

»Vp_ - q, vm_->q'}, q]
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udeg[V(e,0,0,1,1) VM1]

1
pdf
KC[pd _PD, r_] :=If[r < -n_[pd] || r>n,[pd], {},
Join ee
(((vy) V[pd, #]) & /@Permutations [Table[@, n, [pd] - r] ~Join~Table[1, r+n_[pd]]1])
15
KC[pd_PD, r_, deg_] := Cases[KC[pd, r], u_ /; udeg[u] -2n_[pd] +n,[pd] = deg]

n_[pd]

5

KC[pd, -3]

{Vie,0,0,1,1} VM1, V(0,0,0,1,1} VP15 V{0,0,1,0,1} VM1, V{0,0,1,0,1} VP15 V{(0,0,1,1,0} VM1 VM3 VMg,
Vie,0,1,1,0} VM3 VMg VP71, V(g 0,1,1,0} VM1 VMg VP3, V(p,0,1,1,0) VMe VP VP3, Vig,0,1,1,0} VM1 VM3 VPg,
Vie,0,1,1,0} VM3 VP1 VPg, Via,0,1,1,0} VM1 VP3 VP, Vie,0,1,1,0) VP1 VP3 VPs, Vie,1,0,0,1} VM1,
Vie,1,0,0,1} VP1, Vie,1,0,1,0} VM1, Vie,1,0,1,0} VP15 V{(0,1,1,0,0} VM1, V(0,1,1,0,0} VP1>
Vi1,0,0,0,1} VM1, V(1,0,0,0,1} VP15 V{1,0,0,1,0) VM1 VN3 VN3, V(1 ¢ 0,1,0} VM VM3 VP,
Vi1,0,0,1,0} VM1 VM3 VP>, V(1 0,0,1,6} VM3 VP1 VP, V(1,0,0,1,0) VM1 VM2 VD3, V1 0,0,1,0} VM2 VP VP3,
Vi1,0,0,1,0} VM1 VP, VP3, Vi1, 0,0,1,06} VP1 VP2 VP35 V(1,0,1,0,0) VM1 VM VM3, Vi1 0,1,0,0} VM2 VM3 VP,
Vi(1,0,1,0,0) VM1 VM3 VP, V(1 0,1,0,0) VM3 VP VP, V(1,0,1,0,0) VM1 VM VP3, V(1 0, 1,0,0; VM2 VP VP3,
Vi1,6,1,0,0} VM1 VP, VP3, V(1,6,1,0,0) YP1 VP2 VP35 V(1,1,0,0,0} VM1, V(1,1,6,0,0} VP1}

KC[pd, '3) '9]

{Vi{e,0,0,1,1) VM1, V(g ,0,1,0,1) VM1, Vig,0,1,1,0) VM3 VMg VP31, V(g 8,1,1,0} VM1 VMg VP3,
Vie,0,1,1,0} VM1 VM3 VPg, Vip 1,0,0,1} VM1, Vio,1,0,1,0} VM1, Vie,1,1,0,0} VM1,
Vi1i,0,0,0,1} VM1, Vi1,0,0,1,0} VM2 VM3 VPy, Vi1 0,0,1,6) VM1 VM3 VD5, V(1 0,8,1,0} VM1 VM, VD3,
Vi1,0,1,0,0) VM2 VM3 VP31, V(1 0,1,0,0) VM1 VM3 VD5, V(1 0,1,0,0) VM1 VM2 VP3, V(1 1,0,0,0) VM1}

KC[pd, -3, -9] // Length

16

pdf

dd[pd_PD] [expr_] := Expand[expr] /. s_=xV, = Expand[o =1;
Sum [
If[a[i] == @, O * VpeplacePart[a,1,i] * S /. d[pd, List @@ ReplacePart[a, *, i]], o *= -1;
0], {i, Length[a]}

t9 = dd[pd] [V(e,e,1,0,0y VM[3] VP[1]]

-Vie,0,1,0,13 VM[3] VP[1] - Vip,0,1,1,61 VM[3] VP[1] + V(g 1,1,0,0; VM[3] VP[1] + V(1 0,1,0,0y VM[3] VP [1]
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dd[pd] [t9]

Rank[pd PD, r _, deg 1 := (
BO = KC[pd, r, deg];
Bl =KC[pd, r+1, deg];
If[BO == {} VBl1=={}, O,
dBO = dd[pd] [BO] ;
MatrixRank [Table [Coefficient [dbO, b1l], {db@, dBO}, {bl, B1}]]

]
)5

Rank[pd, -3, -9]

2023-07-06 19:03:39

Betti[pd PD, r_, deg ] := Length[KC[pd, r, deg]] - Rank[pd, r, deg] - Rank[pd, r -1, deg]

Betti[pd, -3,

udeg /@ KC[PD@Knot[4, 1], -2] -4
{77) *5)

0
pdf

9
pdf

1
pdf

,5)

_9]

-3, -5, -

Khi[pd PD] := Sum|

t" q%€ Betti[pd, r, deg],

{r, -n_[pd], n,[pd]},
{deg, Union[udeg /@KC[pd, r]1] -2n_[pd] +n,[pd]}

Kh1[PD[Knot[3, 1]]]

1

q3

Wlr e

1

+ =+

1

q9 t3

1

q9 .t3
1

q9 t3

1

+

q5 t2

1

+
qS tz
1

+
q5 t2
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exec

tex

pdf

Timing@Table[
K -» Kh[K] [q, t] = Kh1[PDeK],
{K, AllKnots[{3, 6}]}
1

KnotTheory: Loading precomputed data in Kh4Knots'.

{8.53125, {Knot[3, 1] - True, Knot[4, 1] » True, Knot[5, 1] - True,
Knot[5, 2] - True, Knot[6, 1] - True, Knot[6, 2] - True, Knot[6, 3] - True}}

nb2tex$PDFWidth = 8;

\end{multicols*}
\newpage

m_on_ :=Min[m, n];
Kh2[K_] := Module[{pd, np, nm, p, S, a, *, ¢, V,
vp, vm, d, udeg, KC, v, dd, o, Rank, B@, B1, dB@, dbo, bl, Betti},
pd = PD[K];
np = Count[pd, X[1i_, j , kR , L 1/;F-L=1VvIL-35>1];
nm = Count[pd, X[1_, J , kR , L 1/;L-3=1Vj-L>1];
SetAttributes[p, Orderless];
S[a_List] :=5S[a] = Times ee ({Listeepd, a}" /. {
{X[i_,J sk _, L 1,0} p[i, Jlie; PIRs L]rers
{X[i_, J_, k_, L_1, 1} »p[i, L]t PLTs R]jors
{x_X, x} » x}
) 77 {
Pli_, J_1n PIJ_s R_1n = PIi, Rlpen
}rr.{
X[i_, J_,k_, L_1pli_, J_1n PLR_, L_1, = (CmCp— Cpen),
X[, 3_s ks L1PLi_s L 1n PLI_s B_1n > (Cuen = Cu Cn)
}77.pPI__15 ® cns
V[a_] :=V[a] = List@@Expand[S[a] /. cx = (Vp,+Vvim,)];
d[a_] :=d[a] =S[a] /. {

(Cx €y »>Cz ) *_.» {vpx VPy = VP, VPy VM, - Vz, VM VP, -> Vinz, Vi vy, - 0},

(Cz_ = Cx_Cy ) * _. » {vp, » vp, vmy + vm, vp,, vm, - vm, vm, }

}s

udeg[P_] := Exponent [P /. {v, = q"°t!]

s VP > q, vm_>q7}, q];
KC[r_] :=KC[r] =If[r<-nm||r >np, {},
Joinee (((vy;) V[#]) & /@Permutations[Table[@, np - r] ~Join~Table[1, r +nm]])
15
KC[r_, deg_] :=KC[r, deg] = Cases[KC[r], u_ /; udeg[u] -2 nm+ np == deg] ;
dd[expr_] := Expand[expr] /. s_*V, = Expand[oc = 1;
Sum [
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If[a[i] = @, O * Vpeplacepart(a,1,i] * S /. d[List @@ ReplacePart[a, x, i]], o *= -1;
0], {i, Length[a]}
]
15
Rank[r_, deg_] := Rank[r, deg] = (
BO = KC[r, deg];
Bl =KC[r+1, deg];
If[BO == {} VBl == {}, O,
dBo = dd[BO] ;
MatrixRank [Table[Coefficient [db@, bl], {dbo, dBO}, {bl, B1}]]
]
)5
Betti[r_, deg_] := Length[KC[r, deg]] - Rank[r, deg] - Rank[r -1, deg];
Sum|
t" g€ Betti[r, deg],
{r, -nm, np},
{deg, Union[udeg /@KC[r]] -2 nm+np}

]
]

Kh2[PD[Knot[3, 1]]]
1 1 1 1

— + =+ +
q3 q q9t3 q5t2

Timinge@Table[
K - Kh[K] [q, t] == Kh2[K],
{K, AllKnots[{3, 6}]}
]
{0.90625, {Knot[3, 1] - True, Knot[4, 1] » True, Knot[5, 1] - True,
Knot[5, 2] -» True, Knot[6, 1] - True, Knot[6, 2] - True, Knot[6, 3] - True}}
tex

\end{document} \endinput
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