m_on_ :=Min[m, n];
Kh2[K ] := Module[{pd, np, nm, p, S, a, x, ¢, V, vp, vm, d, udeg, KC, v, dd, o, Rank, BO, B1, dBo, dbo, bl, Betti},
pd = PD[K];
np = Count[pd, X[1 , jJ , R , L 1/;J-L=1VL-37>1];
nm = Count[pd, X[1 , jJ , kR , L 1/;L-F=1Vvj-L>1];
SetAttributes[p, Orderless];
S[a_List] :=S[a] = Times @e ({Liste@epd, a}" /. {
{X[i_,J ,k , L 1,0} »p[i, j]ioj PLRs L]kors
{(X[i_, J_,k_, L_ 1,1} »p[i, L1 PLJs k]jok.’
{x_X, *} = x}

) 77+ {
Pli_, J_1n PIJ_5 R_1, = P[1, Rlpen
} 7.
X[i_,J_ >k, L_1pP[i_, J_1n PIR_, L_1n = (CmCp > Cpon),
X[i_, J_,k_, L_1p[i_, L_]n PLI_5 R_1s > (Cpen = Cn Cpn)
} /1-PL__15 = Cns
V[a_] :=V[a] = List@e@Expand[S[a] /. cy = (Vp,+Vvm,)];
d[a_] :=d[a] =S[a] /. {
(Cx_Cy_—Cz ) *_. > {Vp, VP, = Vp,, Vp, VM, > vm, vm, Vp, - vim, vm, vm, - @},
(C; »Cx Cy ) n_.» {vpz = VP, VM, + VI, VD, VIl - Vi, vmy}
}s

udeg[P_] := Exponent[p /. {Va_ > gotalla]

s VPp_~>(q, Vm_ - q_l}.' Q]5
KC[r_] :=KC[r] =If[r<-nm||r>np, {},
Joinee (((vy) V[#]) & /@ Permutations[Table[@, np - r] ~Join~Table[1, r+nm]])
15
KC[r_, deg_] := KC[r, deg] = Cases[KC[r], u_ /; udeg[u] - 2nm + np == deg] ;
dd[expr_] := Expand[expr] /. s_xv, = Expand[oc = 1;
Sum [
If[a[i] = @, O * Vgeplacepart[a,1,i] *S /. d[List @@ ReplacePart[a, *, i]], o *= -1;
0], {i, Length[a]}
1
15
Rank[r_, deg_1] := Rank[r, deg] = (
BO = KC[r, deg];
Bl =KC[r+1, deg];
If[BO == {} VB1={}, O,
dBO = dd[B9] ;
MatrixRank [Table [Coefficient[dbo, b1l], {dbo, dBO}, {bl, B1}]]
]
)5
Betti[r_, deg ] := Length[KC[r, deg]] - Rank[r, deg] - Rank[r -1, deg];
Sum|
t" q€ Betti[r, deg],
{r, -nm, np},
{deg, Union[udeg /@ KC[r]] - 2 nm + np}

]
]



