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Hour 37 MAT257 Analysis Il on January 10, 2022: Proof of the COV

Grnplllcsncv[{
Graphlcl[{ﬁranqa, Disk /& Tuples[{1, -1}, 2], Blue, mn[m, 0}, V2 .1]}. Frame -> True]. N

formula.
—Read Along: Spivak 66-74.

GluphlclBD[{Orang‘e, Ball /e Tuples({1, -1}, 3], Blue, nan[{a, o, 0}, V3 -1]}]
}. I Size —+ 720]

Riddle Along: Riddle: Compute lim_{n\to\infty}Vol(B_n)/Nol(C_n),

- where B_nis the largest ball bounded by 2*n balls of radius ones

with centers at {-1,1}*n and C_n is the smallest cubes bounding

same balls. Promise: You will learn something very surprising if you
__solve this riddle
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N Edit

Term Test 2. Jan 11 at 3:05pm

Dror Bar-Natan

All Sections

Dear All,

Here's what I'll say in class tomorrow about Term Test 2.

The test will take place on Tuesday January 18, 5-7PM (Toronto time), on Crowdmark (you will get a link by email about one
minute before the official starting time). Other than documented accessibility matters, no exceptions!

Shuyang and | will hold our regular office hours: Shuyang on Thursday at 1-2pm on Shuyang's Zoom
(https://utoronto.zoom.us/j/83428997680)_(password vchat), and | on Tuesday at 9:30-10:30, at http://drorbn.net/vchat 2
(http://drorbn.net/vchat)..

The TAs and | will hold extra pre-test office hours, in our usual zoom rooms. The details will be announced tomorrow mid-day.
| will be available to answer questions throughout the exam, at my usual office (http://drorbn.net/vchat
(http://drorbn.net/vchat)_, but I'll add a waiting room). | will also be monitoring my regular email address
(drorbn@math.toronto.edu (mailto:drorbn@math.toronto.edu) ) throughout the exam.

There will be mishaps! | just hope that not too many. If you encounter one, document everything with specific details, times,
and screen shots, and send me a message by Wednesday January 19 at 7PM. | will deal with these situations on a case by
case basis.

Don't let unanswered questions and/or mishaps paralyze you! If you need an answer but for whatever reason you cannot
reach me, think hard, come up with what you think is the most reasonable answer/resolution, document as best as you can
(for example, by adding a note on your submission), and act following your conclusions.

Material: Everything up to and including tomorrow's material, with greater emphasis on the material that was not included in
Term Test 1 (meaning, starting with countability, measure 0, and integration).

Open book(s) and open notes but you can only use the internet (during the exam) to read the exam, to submit the exam, and
to connect with the instructor/TAs to ask clarification questions. No contact allowed with other students or with any external
advisors, online or in person.

The format will be "Solve 7 of 7", or maybe "6 of 6" or "5 of 5".

You will be required to copy in your handwriting and sign an academic integrity statement and submit it on Crowdmark along
with the rest of your exam. If you wish, you may save time by preparing the academic integrity statement in advance as in
this sample 7 (http://drorbn.net/AcademicPensieve/Classes/2021-257-Analysisll/TT1-LastTask.png)..

You will be given an extra 25 minutes at the end of the exam to upload it and to copy/sign the academic integrity statement.
The vast majority of students will do honest work, and | appreciate that. Out of respect for the honest students | will do my

best to pursue and punish any cheating that may occur. I'm more experienced than you! If you plan to be dishonest, think
again.

To prepare: Do last year's TT2 2 _(http://drorbn.net/AcademicPensieve/Classes/2021-257-Analysisll/2021-257-TT2.pdf).and last
year's "TT2 rejects » _(http://drorbn.net/AcademicPensieve/Classes/2021-257-Analysisll/TT2-Rejects.pdf)." (I may add some

further "reject" questions later here 2 _(http://drorbn.net/AcademicPensieve/Classes/2122-257-Analysisll/TT2-Rejects.pdf)_). But
more important: make sure that you understand every single bit of class material so far!

It is not the test | want! Class material and HW are important, but there won't be questions straight from class/HW. Many
things in the last couple of years are not as we want them.

Best,

Dror.



Hour 38 MAT257 Analysis Il on January 12, 2022: Proof of the COV formula (2).
Read Along: Spivak 66-74.
— TT2 details.
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Hour 39 MAT257 Analysis Il on January 14, 2022: Proof of the COV formula (3).

s =g

~Read Along: Spivak 66-74.

TT2: Understand everything! And only thesn solve old problems.
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Hour 40 MAT257 Analysis Il on January 17, 2022: Proof of the COV formula (4).

=

~Read Along: Spivak 66-74.
TT2: Understand everything! And only thesn solve old problems. And good IuckI
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| hope TT2 went well! Riddle Along: Let f be a distance-non-inreasing function from

“Hour 41 MAT257 Analysis lhon January 19,2022: — the plane to the plane (d(x,y) >=d(f(x),f(y)), forall x,y), and let

Sketchy coordinate swaps and Sard's Theorem, R be a rectangle in the plane. Is it always true that the length
Detailed k-tensors. of the boundary of R is greater or equal to the length of the
jgad_AlQng;Spmak 66-74, 75-78 boundary of f(R)?
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Hour 42 MAT257 Analysis Il on January 21, 2022: k-tensors. }2 0 9 L/ ya / | )

Read Along: Spivak 75-78. A N4 } l./\./ — l/\j
HW11 on web by midnight! (Sorry, much of it will only make sense on Monday)

Riddle Along: The Cantor set C is of measure 0. Is the same true / J

for C+C={x+y: %,y in C}? < >

DL T/ "—spr \\mb\j{’j‘-«/‘}./)('}/b e

K=finca -~

FK&M;,‘/&C 2. Tone At JH/;} ) ' \V/-K
/] JML{ O IR
DL TRV )= ke op = S )

k o VR—
\s /A /\1/13 EVS0e whe A ) /l/w) J

E X‘\ﬁf\// 14
\ ) %

70/\/)—:”% | T/f \/// p—

. N, (0 |
BAses b dud by o =y (B = W) T (-

/] /
CJQ&"\//@, TS AL et S/~ce

Also, 77— 7 ) (1, T) =TT

Se — 77 oK
=@ T ka3 oo abgla_
/N

Notndion N=fl,._ 7y 1=LEN mune TI=]=(j, Jk )

I¢ v,eV', Vo=(v,. . V )ey~

Vg /

TF wieV?, \’pa.:kﬂ;ﬁa”-@%méo)‘k/\//)

m \/l,\{/ Lesic v AR VAR S A J»rﬂvt,?_ buge

(. 1) ) | ,
T hon z’ Y . IéﬁKj 8o degsj o T V)

Horew Jion T 4(v) = N5

| T=T. n TV) iff YT TR0 D \%(% )= oy

3 ) Civen TET W), we vt T=2x 4 ) |




Hour 43 MAT257 Analysis |l on January 24, 2022: k-tensors (2). " - .

‘Read Along: Spivak 75-78. : “\b
Riddle Along: n red dots and n blue dots are placed in the plane with no 3 on the same line. Prove that it \
is possible to pair them up using n straight line segments so that no two of the segments will intersect. 5
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Hour 44 MAT257 Analysis Il on January 26, 2022: k-tensors (3). C‘
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Hour 45 MAT257 Analysis Il on January 28, 2022: Alternating tensors. :’ fc
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GraphicsGrid[Partition[Table
Graphics [Table[
X = Sum[a|[;i.]] 37, (i, n}],- y = Sum[b[i]] 37, (4, n}];
Rectangle [{x, y}, {x, y} +37"],
{a, Tuples[{@, 2}, n]}, {b, Tuples[{®, 2}, n]}]],

{n, @, 5}], 3], Frame -» All]




Hour 46 MAT257 Analysis Il on January 31, 2022: Alternating tensors (2).
‘Read Along: Spivak ?Sy 85. ’ g @) S T)
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Hour 47 MAT257 Analysis Il on 2/2/2022: Alternating tensors (3).

Read Along: Spivak 78-85.
~Riddle Along: On a chesshoard, there are three pawns at the

lower left (at A1, A2, and B1). On each move, pick up one pawn,

Tembveﬁ’ranﬁwl’ac?’onmwwvavwrtﬂh?ﬁghrandwnew

pawn above, but only if these squares are unoccupied. Can you
clear the original 3 pawns?
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Hour 48 MAT257 Analysis Il on Feb 4, 2022: Alternating tensors (4).
Starting on Monday we're back to in-person!!
HW12 due and HW13 on web by 11:59pm!

Read Along: Spivak 78-85.
Riddle Along: On a chessboard, there are three pawns at the lower left (at -
I (e[ .| — 5

A1, A2, and B1). On each move, pick up one pawn, remove it and place ,

one new pawn to the right and one new pawn above, but only if these 5 S "\[ 77 —
H 2 ot | ' )

squares are unoccupied. Can you clear the original 3 pawns~ let= it Lo "-m}/_?f"j
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Hour 49 MAT257 Analysis Il on Feb 7, 2022: Alternating tensors (5), orientations. T
Read Along: Spivak 78-85. #
Riddle Along: On a chessboard, there are three pawns at the lower left (at A1, A2, and B1). ¢
On each move, pick up one pawn, remove it and place one new pawn to the right and one
new pawn above, but only if these squares are unoccupied. Can you clear the original 3

4
pawns? =
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Hour 50 MAT257 Analysis Il on Feb 9, 2022: orientations.

‘Read Along: Spivak 78-85. g ; A Meve -
Riddle Along: On a chessboard, there are three pawns at the lower left (at A1, A2, and B1). é 1 I, o '
On each move, pick up one pawn, remove it and place one new pawn to the right and one ] ] = $$
new pawn above, but only if these squares are unoccupied. Can you clear the original 3 i > Ciﬁ: -
2l Ndhost b ot

pawns?
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Hour 51 MAT257 Analysis Il on Feb 11, 2022: Vector Fields and _ J
Differential Forms - o daly:
Read Along: Spivak 86-92. . D[W /’4/ j

HW13 due and HW14 on web by 11:59pm! N3N 2 k)R,,)
Y, | VA

Riddle Along: A unit cube in R*3, the area of its projection on any plane is
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Hour 52 MAT257 Analysis Il on Feb 14, 2022: Differential Forms / /

‘Read Along: Spivak 86-92.

Riddle Along: On Z x Z, a visible roach R starts at (0, 0) and \ ,JW — ( [/\/
once a minute jumps to the northeast, up to a distance of 10. / i /
Meanwhile, an exterminator E can poison one grid point per !,\41 3/“"‘1

minute, away from R. Can E trap R?

SRy 5
*b?v/:)_‘z:{' JJ/<“ ~ 7 V( ik//f \/) -'\/G/WV? :{\//2 Ve o

NOVS, <>, pushe
O! /*L{Z/_{mm/(i ojﬂf/j \V/A\%f\/u Dj ' 1 ) U[aln,e»a // { « ,‘//J'Z)%_
C K —\JTo i F/@ét\/ 1S A \‘\/c/,?éfjfje/(,)&

cern
Cnn add s ) jnma/~/hJ%(,// A&O IR ‘“DK/} 4\472
S(r) = Fi) (¢, )= ZFIN2 = TF WO,
—-—-——‘Ei;_L _— /
LJL/JQK"
£9. P ) =22+ R () = =Dy + X
J’ . S 2NVANN J
30 § Jo it m(L o~ mﬂp
DiCE. Covms, Nt)=Z— Npll) W17
g Tens — 7 =7
"i'_. Y y /\ | iwv\“SLJ/\C\ L Vh_M/ﬂ‘\ &OM/-WZJZ;-‘/(?HZ/'((_
/ / J / S’ /

.U/AUZ\ (/IZ q/)  Cont. DAL e JfForos

JUIRJ—' &) d~r Je

LL;LLMJAHLB\%MM&@J@ 3 6} Cos)
Cns 40 by d= e g i Als)

| =]

/!/)/;/)pod/@ . Dinva— 3 )o;LO/z‘% 3. J“’“’(’)
L./‘ ﬂpwuit.imd/d




Hour 53 MAT257 Analysis Il on Feb 16, 2022: d / /
‘Read Along: Spivak 86-92.

Riddle Along: What with the roach? \(J\J = ( W
Can you write the function 1+xy+(xy)*2 as a sum f(x)g(y)+h(x)k(y) of two / /
products of functions that depend on just one variable? !,\41 3/“"‘1
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Hour 54 MAT257 Analysis Il on Feb 18, 2022: d (2)

HW14 due, HW15 on web by 11:59pm! Read Along: Spivak 86-92.
Next week is break. Have fun! After the break classes will no longer be taped(') and tutorials will be in person! .
Riddle Along: What with the roach? And the bifactorization? Also, c\' Ul/—~ L,\/
Players A writes the numbers 1-18 on the faces of three blank dice. Players B chooses one of the 3, players A

chooses one of the remaining 2 and trashes the third. They then play "dice war" 1000 times, on money.
Whom would you rather be, A or B?
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Hour 55 MAT257 Analysis Il on Feb 28, 2022: d (3)

‘Read Along: Spivak 86-92. -
Riddle Along: What with the roach? And the bifactorization? And the two players? ( |, — K 5
Also, the game of 15. )01 W— )LA/
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Hour 56 MAT257 Analysis Il on March 2, 2022: The geometric meaning of d, chains.

‘Read Along: Spivak 91-110 (but skip Poincare's lemma). -~ -
TT3 is in less than a week, on Tuesday March 8 at 5pm at EX320. ( - K
Material: everything to and including Friday's class. Format: Like TT1, solve n of n, a mix of class/HW/fresh. )0! WV— )W
Preparation: Fully understand *everything®. More by email later today.
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Hour 58 MAT257 Analysis Il on March 7, 2022: Integration on chains and Stokes' theorem. )
A=
2 )

‘Read Along: Spivak 97-108.
TT3 on tomorrow! *Truly understand everything™
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Hour 60 MAT257 Analysis Il on March 11, 2022: Stokes' theorem for chains. Riddle Along: A rectangle R has sides

‘Read Along: Spivak 97-108. that are (both) notintegers, andis tiled
No news on TT3. HW16 on web by midnight. — with rectangles R_i. Show that at least
‘Our final was just scheduled: Wed Apr 27 7-10pm @EX200 - one of the R_i's has sides that are (both)
I'll be in Texas this weekend! See http://drorbn.net/waco22. < 2D not integer
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Hour 61 MAT257 Analysis Il on March 14, 2022: Proof of Stokes, manifolds. .

Read Along: Spivak 109-115. Qw— ., K e SV
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Hour 62 MAT257 Analysis Il on March 16, 2022: M<->Z<->C.
~Read Along: Spivak 109-115. TT3 results: Later today.
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Hour 63 MAT257 Analysis Il on March 18, 2022: M<->Z<->C (2).
“Read Along: Spivak 109-115. HW 16 due, HW17 onli
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Hour 64 MAT257 Analysis Il on March 21, 2022: Can you hang a medal on 2 nails so that if you remove
, ds with boundary, TM any one of them, the medal will fall? Same with 3

Read Along: Spivak 109-122.
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Hour 65 MAT257 Analysis Il on March 23, 2022: Cen d[,q@, M Joce  OfF /"\/af
Manifolds with boundary, TM, forms on manifolds. f
~ Read Along: Spivak 109-122. 5 ﬁqj" ng}w 724.37 ﬁf%JC/ ec(ys [

r
/%—@Aigﬁgﬁ oo/l
\ k/) (\&—G/)/ / J;pl IF ﬁi L ook aS Ceen
N o R

XC? (o = e R v L/I/ n/_\ 1-3@’4,174@,@17

ﬁLﬁ.—H—MQZL@//—AMﬁ—F%awf%L%W

S WA T 07, ope PEL/CM] &

—g!n;c?@}i} .-'j r] ﬁ. /
tx Exfeadi 7 (mo_oﬁ — —
Q/ 2N E©)

o pok L Ay p s e idkior or by
oM =YL Laby gl iy Eod M0
2. 9/W [ o ,rmﬂ/p Vo}

The +anqe %%,fwf My=Tp M Jougr € A (7S,
f //7"/"/0’7.;4/771’ oc e m/,/.

%@%Aﬁ@%ﬂwﬂu&uﬁ%@,—
M on §° DCchl;ﬁw\jci;Zc)x#?cfx{;.
XIX ANy 2 I 2 —
ol brcks  F Iff. Forras




= O

i

\J& /]
N _ YDIdx —=I

(0

O n

N — SN
[ ¥ k____./

—_—

-~ -

/=

o\

IS X~

yara

1

/"_

\/f/gpt /) =

‘_VxﬂJw}

/|

— \r\—" /75.7}0[/\//

R
(2%

/

Jo —I“d_)cl‘j




Hour 66 MAT257 Analysis Il on March 25, 2022: Forms on manifolds, orientations.
~Read Along: Spivak 109-122.
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Hour 67 MAT257 Analysis Il on March 28, 2022: Orientation, integration.
~Read Along: Spivak 109-122.  Course evals due April 10!
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Hour 68 MAT257 Analysis Il on March 30, 2022: Orientation (\eps), integration.
~Read Along: Spivak 109-122.  Course evals due April 10!
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Hour 69 MAT257 Analysis Il on Friday April 1, 2022: Integration, Stokes.
~Read Along: Spivak 122-126. Course evals due April 10!
HW18 due and HW19 (last) on web by 11:59pm!
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Hour 70 MAT257 Analysis |l on Monday April 4, 2022: Stokes examples. 51 /\) . fd—%,'/;,,g{,/- AMDJ&\T)_')/
Read Along: Spivak 126-End.  Course evals due April 10! /
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Hour 71 MAT257 Analysis |l on Monday April 6, 2022: The Planimeter, the R*3 theorems. - 51N 0 }, |e,\,—ll'(
~Read Along: Spivak 126-End.  Course evals due April 10! v
Final exam info in final class.
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,LJ_-, I }/ 7; ) (As in the 3DTheorems handout and slides.
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~ Hour 73 (bonus): Maxwell as in handout/slides.
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