MAT 1350F Algebraic Knot Theory
Dror's Open Private Notebook

Hour 1, Friday September 10: Mathematical Course Introduction
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Hour 2, Monday September 13: Administrative Course Introduction, the Jones Polynomial
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Hour 3, Wednesday September 15: The Jones Polynomial and implementation. Please register!
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Hour 4, Friday September 17: Jones implementation and better implementation. Please register!
HWO1 is on web and on Crowdmark!
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Hour 5, Monday September 20: Planar algebras and tangles. Please register!
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Hour 6, Wednesday September 22: Planar algebras and tangles (2), three basic problems. Please register!
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Hour 7, Friday September 24: More on surfaces and knots.
HW1 is due by midnight, HW2 will be on web by midnight.
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Hour 8, Monday September 27: More on surfaces and knots and tangles.
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Hour 9, Wednesday September 29: The Yang-Baxter Method.
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~ Hour 10, Friday October 1: IHOP Algebras, R-Elements, and WG
HW2 due by midnight! HW3 on web by midnight!

- Follow the handout!

i IHOP Algebras, R-Elements, and WG e o B D
ITHOP Algebras and H-Elements An Implementation of WG
— Definition. An Involutive Hopf Algebra (IHOP, but only R
here) i a vector space H that has ““"‘T:‘:‘:‘; 1::::::“" 8 ¢, 3}
___® An algebra structure (m: H@ H < Honp: Q = H) satis- G w Per yecles /@ ( T i
fying the usual axioms of an algebra (set 1 3= g{1)). n = Length[G];

* A co-algebra structure (A: H — N H, e H — Q) satis-
" fying the “dual” axioms and compatible with the algebra
structure in the sense that A and ¢ are morphisms of al-

gebras,
* An Cantipode™ S: H =

H which s an anti-

homomorphism of both the algebra structure and the
co-algebra structure, which is “imvolutive™, 5% = [, and
which is a “convolution inverse” of the identity map:

Af(1 & S)fm = efn = ANS & D)fm.

Remember the interpretations!
—m: Stitch strands,

A: Double a strand.
8 Reverse a strand.

n: Insert an empty stramd.
¢: Delete a strand.
R (below): A crossing.

Definition. An “R-clement” for H (related to “a quasi-
triangular structure” ) is an invertible B € H @ H such that

= R inverts R also in H @ H™ and such that
(A2 N(R) = Ry and

(n@ I(R) = 1 = (I @n)(R).
(Sen(R) =R" = (12 S)(R).

The WG Example

(12 A)R) = RizRa.

~ Let G be a finite group with identity element 1 and let

WG :=Q(W(a,5): a,8cG). Set

W(a, )W (7.8) = dussW(a,58),

7)) = Y Wi,
o AW(0.8) = WA eWr™5),
— W(a,8) = &,
SW(a,8) = W(a"'a"'g.87"),
o R = le'{n.n:-:lr(,i,n],
ad
R o= Y Wanaw@a).
ad

Proposition.
__element for it.

WG is an THOP algebra and R is an R-

Proof. Think about | phisms from the fi
group of the complement of a tangle to G.

Do[gla) = ¢ = Gfa); c[e] =a, {a,n)];

a[]) = c[Cycles[{}]];

Do[m[a, A] = c[g[a] ~PermutationProduct-g(4]],
{a, ), (8, m} )5

afa) ima; wla, 4, ys__) inn(a(a, ), r5]);

Do[inv[a] = «[InversePermutation[g[a]]], (a, n}]

1

DeclareGroup[$)] ;
Table(s[i, 1], (1, n}, (1, n}] // MatrixForm

b weww
R
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Basis[] = {1};
Basis(i_, is___] =
FlatteneTable W, [a, #] Basis[is), (a, n), (8, n})

Basis(1, 2]

(Wi, 1)W1, 1), W2, 1] W1, 2],
Wil1, 1) W;(1, 3], Wy (1, 1) W[, 4],
Wi(1, 1) W;(1, 5], W1, 1) W[, 6],
Mi(1, 1) W:(2, 1), W1, 1) W02, 2],
My(1, 1) W;(2, 3], GEEEETEED, W, (6, 6] W, (S5, 4],
My (6, 6) W[5, 5], Wy(6, 6] W[5, 6],
Wy (6, 6] W:(6, 1], Wy[6, 6] W;[6, 2],
Wy (6, 6] W;[6, 3], Wy[6, 6] W;[6,4],
W6, 6] W; (6, 5], W (6, 6] W;[6, 6]}
s ot e b Wb et e ot .
B, (6] 2

Expand[£) /. Wila , A )Mlr, &)

If(m(a, &) ma(d, r], Wla, ][5, 4]], 0);

m [£.] := Expand [~ Sum[M, [a, m[]], (=, n}]];

B aj u [£]) 1w
Expand [
EfMla,s])mw
Sum([W;[v, S) W [ma, inv[¥]], #1, (v, n}1)5
e [£) =
Expand [ /. Mi[a_, 4] »If[a mn[], 1, 0]];

S [£]) 1=
Expand
&/ Mila, £) M [minv[s]), inv(a), #),
i [2]1);
Ri_,s. i Sum(M[a, m[)] Ws(8, a), (@, P}, (B, )]}
Ko, :eSum(W (o, m[]] W (8, invea), (a,n),
[CALH
b« Basis|l, 2, 3);
(b /7y 30 /0y 5.) » (B my /] 8y a0)
True
baBasis(1); (B //ma /Wy p0) mbm (B/S 0y /) a0)
True
b= Basis[1);
(b /7 Bgan,x £ 83aa0) = (BT Baaan /1 Baa0)
True
buBasis[1); (b// 8y /7 e3) mbw (b/F 8y /) ey)
True
b= Basis(1, 2);
(b 7S ey 17 €z) w (b 1] By 11 )
True
b= Basis(1, 3);
(0 /7 Byan,a 17 Byay,a 11 By 5y 11 By an) »
(B /S By I Baa)
True
beBasis(l]; (b// 5 // %) mb
True
b Basis(d]; (b // Byusa /4 52 1/ By an) ®
(b 77 ey FEm) m (b 77 Byasa F7 Sy 71 8y 5.)
True
(RaaRaa 7/ ®anes £/ M ea) = A7/ My FEmg) =
(Rs,2 Boadl My it ,3.1)
True
(RyaRa s Ry g /7 My 0y 7/ Myna /By en) =
(Ra s Ry aRy g // My gy /7 Wy pny /1 By a0)
True
((Ry,p 7/ Baaa,a ) » Ry Ry 77 By an),
(Ry3 77 g, ) = (Rea Ry £/ B 55) )
(True, True)
((Ry3 7/ eq) w (L 7/ m), (Ryy 7/ eg) w (177 m))
(True, True)
(Ry,z 11 %3) = Rygm (B3 77 52)
True
Does R1 hold?
(Ra2 77/ 8,320, 17/ m)
(W [2, 1] +Wy[2, 2] «My[3, 3] < W[4, 4] «
Wy (5, 5) «W[6,6],W[1,1] W2 1.
Wy[3, 1] W[4, 1] < W[5, 1] «W[6,1])

Ks = (PD[X[1, 4, 2, 5], X[3, 6, 4, 1], X[5, 2, 6, 3]),
PO(X(4,2,5,1), X(8, 6,1, 5], X(6,3,7,4],
x[2,7,3,8]],
PO[X[1, 6, 2, 7], X[3, 8, 4, 9], X[5, 10, 6, 1],
X(7,2,8,3),X[9,4,10,5]),
PO[X[1,4,2,5),X([3,8,4,9), X(5,10,6,1],
x[9, 6,10, 7], X(7, 2, 8, 3] 1 };
Z(pd_rO] :» Module[(z),
e
Expand [Tines 00 pd /.
x:X[i_, d .k, )w
1f [PositiveQex, R, K, .]];
o[z =z // Wy, (k, 2Lengthepd});
7]
Table (X - Echo[Timing[2[X]]], (X, Ks}]
(1.01563, Wy (1, 1) « Wy (2, 2) «
3My13, 3] « Wy (4, 1) + W[5, 1) « 3W; (6, 6] )
SAborted




Hour 11, Monday October 4: The WG Algebra: testing, knots, optimization.

On board:
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Hour 12, Wednesday October 6: Meta-IHOPs, virtual tangles, Hopf algebras, meta-Hopf-algebras, rotational virtual tangles.
On board: HW2P2 is false!
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Hour 13, Friday October 8: Rotational virtual tangles, Hopf+R, the Kerler(?) Algebra.
Happy Thanksgiving! No class Monday.
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HW4:

1. Turn M_X:=M_{XxX}(bbZ) into a (traced)-meta-IHOP + R computing linking numbers.



Hour 14, Wednesday October 13: Rotational virtual tangles, Hopf+R, the Kerler(?) Algebra (2).
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Hour 15, Friday October 15: The 4x4 Alexander R-Matrix.
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Hour 16, Monday October 18: More computations, then the Heisenberg algebra.
Co over  Compon.nb,
Go vt YD Mexunib nk  sxctilg Z,
— Some digcucg)en oF Cihlom sk ¥ FG)(//VL%%/‘.
Go oo/ Z ( JF '(L/;ﬂ%)
The Huyscbe— 9 /]/Je L Q?ﬁvu///\?) http://drorbn.net/cat20

PLF #'I::(A<P)I>/Z@zj:/)
=t R =" n Y
I_/Iﬁl (PBW) @&5 S(F}:()“—}H K An e oF Vi

Claum

R, -, (¢ 0]

Proof Let ®; = @Pi~Pi¥ and
®; = 0, (e~ DPiPY) = O(¥). We show that ®; = ®; in
(h;®D )[[7] by showing that both solve the ODE 9,® = (pi—p;)x;P
with ®@|,—o = 1. For @, this is trivial. ®5|,—y = 1 is trivial, and

0,02 = 00,Y) = @(@r(Pi - pj)x;\¥)

(Pi—pxj®2 = (pi—pj)x;0N) = (pi—p))Ox;¥ — dp,'¥)
= O((pi-pH(x¥ + (@ = Dx;¥)) = O (pi—pj)x;¥) O



Hour 17, Wednesday October 19: More Heisenberg, generating functions Talk tomorrow: http://drorbn.net/kos21

e 4,-21%3 b)) )g%:n

T_/LD. (P@\"/) @ g(foy?f)ﬁ?{‘/ K An e F Vi
\EM Th (9/(’/“%’ u/ boredre

@nmﬂj £actns.
[’lo)' Zﬁ,;:(,

Proof Let ®; := &"PiP)% and
D) = Oy, (@ DP=PIN) = O(¥). We show that &) = d, in
(h;®h J-)l[t]] by showing that both solve the ODE 9,0 = (p—p j)x J,-(D
with ®|,—y = 1. For @, this is trivial. ®,|,—o = 1 is trivial, and

5,(1)2 - @(6,‘1’) - @(@’(p; - pj)xj‘P)
(Pi—pjxj®2 = (pi—pj)x;0Y) = (pi—p)O(x;¥ - 9p,'¥)

= O((pi-p)x¥ + (@' = Dx;¥)) = O (pi—p))x,¥) O

, o rarcige: WT IS
g:f‘\lf//,’g \ (’)‘/’ L?C/) pﬂ(fﬂ_g/; 3(‘1@}5277?_ x’) g(€77 2‘

Convention. For a finite set A, let z4 = {zi}iea and let
Ca =1z = liliea. (p,x)" = (m,&)
The (ﬂ.ntratmg Series G: Hom(Q[z4] — Qlzg]) — QlLa, z5ll. F’-‘fﬂ‘:/ Q"T‘V”)/ es”

Claim. L € Hom(Q[z4] — Q[zg]) ? Qlzgllgall 3 Lvia

Plx ) /= A+

g(L) = Z CA L(Z’A) - ( ZaeA Cﬂ:“) =L= greekl:latin’

neN“‘ ~
G (OPp) = (plya, )( _, forpeQlzl }L) [—> )
Claim. If L ¢ Hom(Q[zs]l — Qlzph M -eHomSiept — >
e GMD= G Ll =0’ Jg@ P/“'% E.,(/é/%)JYL

Examples.  G(id: Q[p,x] = Q[p, x]) = e™P*x,
e Consider R;; € (b; ®b;)[[7]] = Hom (Q[] — Q[ pi, xis pj,xj]) [].

Then G(R;;) = e@-Dpi-pjxj — (T-Dpi-pj)x;
/ Heisenberg Algebras. Let b = A{(p,x)/([p,x] = 1), let

O;: Qlpi, x;] = b; is the “p before x” PBW normal ordering map

and let m; be the composition

0,0 mf 'C'[_'
Q[p!s Xis Pjs -x_,'] — bi ®[)_,-' > Dy ? Q[pks Xi].

Then g(hmkj) = ¢ Erxj"'(”:"'ﬁ_;]f?i +(,Et+_£j')-"1‘ .

Proof. Recall the “Weyl CCR” e @™ = "™ ef* | and find

Gy = P50, 6 O, O

_ e””’"e‘f"'r"e”jf}j@fj'\.j//mij//@;] — @iPk ;xke:r;'mefjxk//@’;l

— (B_.EJJT;'(B{JTF‘HT})PI:e(fr""fj}-\'k//@;1 = @ G AT (&t E e




Hour 18: hm, Gaussians and compositions

o C-1)(p-1.)
R'\)' B @Px ( ¢ )
N bird O Hom,, (Q2,] —2@2e]) == QIS
by
Lo Z 30 =) (7)== yudiv,

4é//V lﬂ _
AC"‘/O/ //n 4

£y Y= ETME

Heisenberg Algebras. Let h = A(p,x)/([p.x] = 1), let /,] éo ’9/:’(/@ ﬂ-e
O;: Qlpi, x;] — b; is the “p before x” PBW normal ordering map

and let hm be the composition IM/ CCKV
)

0,80; m)! o;!

Q[p!9x19pj5xj] — h!®b; > b - ’ Q[pk:xk]-

Then Q(hm;j) = @ AT Pt EtEj X US@ HQ @[xj

Proof. Recall the “Weyl CCR” e*¢™ = ¢ "™ ¢, and find
Glhmil) = @TPHENITIPIYN O, © O i/ JOF! W/ Pl Iy

— (BJT:'PEefi-\'ieﬂjf’jefjv"j//mi:f//@;] — (B»’TJ'P&'efiv\’ke”j!’k@fjv"k//@;l

— (B"fiﬂj@(ﬂi"'ﬂj)ﬂk(B(fr""fj}-\'k//@’:l = @ St )Pt (EitEj Xk /I/" -Jve 42_671 AU% We C;iqu/éﬁ’
°

o 4 Y/ .
71
GDO = The category with ObjeCtS finite sets and g— (L)(P) — (p| P L) fOI' p € Q[ZA]
— —_ (0] L0 £a=0 ’
mor(4 = B) = {£ = we} Qs 251, Claim. If L € Hom(Q[zx] — Olzs]), M € Hom(Q[zz] —

where: e w is a scalar. e Q is a “small” quadratic in {4 U zp. —
e Compositions: L/ M := (_£|Z'__,a(r_M)f_=U‘ Qlzc]), then G(L)/M) (Q(L)hb—»a(b Q(M))_(;,:O

Compositions. In mor(A — B),

Q= Z Eijdizj + Z Fijdid; + 5 Z Gijzizj,

ieA, jeB IJEA ijB R. Fl:ynn_wn_
and so (remember, e* = 1 + x + xx/2 + xxx/6+...)
AT - | ....... e g - 2:C 5 wC
N . H Pa— -.
S LB LB BB +ERGE
// D= L+ E \FGFGLE,
JRZEE YR
GI E }:: Ga i }7 G . %51 (F,G\)E;
greek laun greek latm greek latin

where o E = E\(I-FyG)"'Ey o F = Fy + E\Fy(I - Gy )" ET
oG =G+ Eg(h(m‘r - FZG|)_1E2 o w = wjwydet(] — FgG[)_l"Q



—Hour 19: Gaussians and compositions

/ /.
Q/ GO = —a, L), o, for p € Qlzal.
aim//If L Hom [zA] - Q[zs] M € Hom( [ZB] -

v 7Q[ZC E) the (L// - Q(L)lzg,—ba(b

J St
where: o w is a scidlar. e Q is a “spall” quadratic in {4 U zp. Comj/Sltlo In mor(A—)B)
o Compositions: LM = (-CI —y )c-=u‘
- i Ué.”;}

- Q— J'{IZJ

i€A, jeB

tJeA

.............

+

J L—%—&hﬁh&mﬂay@#)ﬁ ............ Gi: PR G e = E;,E' (F2G\) E, o

greek latin greek ]alm greek Iann

Che Ak L Opfemidd) j . E ,/ QzC J Cff;:a?;izﬁﬁz -

where o E = E;(I-F>G\) 'Ey e F = F| + E;F2(I - G F2) 'ET

mm‘ AL,;’,L%JM’ Lj ﬂt otk ¢ G =Gy +EIG|(I - F,G))'E; e w = wywy det(I — F,G )~ h

%/MWOM@M%

Continue as in GDO-Heisenberg@.nb
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— Hour 20, October 27: Gaussians and compositions (2)

HP o =(Mr [RF)—~E])

Wlﬁ ] I
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W= (2 . 2>
easeg R O T C— ff‘%%
/ INZ4
o _/;:L/e/ jgp
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+.c.o.

= g)El(cmﬁrE:

where e E = E[(I—FzGl)_]Ez o FF=F, +EIF2(1_GIF2)_]EE7
oG =G> +EIGl(!— F2G) 'E; @ w = wyw) det(I — FzGl)_” o
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Continue as in G‘PO-Heisenberg@.nb

Mol s s bord poatetall Fidoy

j/m)(ZL ’é}ﬂna

/

/
Vd}aul,/l(/‘ﬂ_.ﬁ ;%Mn « AL




Hour 21, October 29: GDO-HpiqpnbprQQ nb

- Op lognrd HTE;Jf?: T;w/%;ﬂu/wﬁgaj é;gf;?/ n»gbti 5. D0

Meondan An fL/llj-f; /J NS 72c @Mma?‘ugi
J ! Iy S g

and so (remember e =1+x+xx/2+xxx/6+...)

EE&+E5G&‘44*

) N C / j N C ] C VE F1GLF1G s B

E E\(F2G ) Ey
=0

]atm greek latm ]atm

wheI'COE o El(I—FzGO_lEz L4 F = F| +ElF2U—G]F2) IET

¢ G =Gr+ ElGi(I - F2G) "E> @ w = wyw) det(I — FQGl)_”lz
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Hour 22, November 1: Contracting Gaussians.
Q B W & pro dwte  frvjuriate
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Hour 23, November 3: Contracting Gaussians (2), \Gamma-calculus.

s Z

= Z Fiy02;92:

Y iy ¢ 92 g — o .
Corpte € oIS,

V= F:&]= e%"@%'%'g V=l V= \F, Ef
(in “Tle jyﬂag/\(' a4’
VhsE  nV= ZZFi(2ue, ¥ +(2Y)(2¥))

Exnde  {F: 29,2 )=t ZFyy+ 242

'4 Z Rz
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Hour 24, November 5: \Gamma-calculus - time to simplify!
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Hour 25, November 15: Perturbed Gaussian Integration and Feynman Diagrams F'/hf -"}"4(7441’8 ﬁﬂﬁzﬁv’
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~ Gaussian Integration. (\;;) is a symmetric positive definite matrix and (A¥) is its -
~inverse, and (A;;x) are the coefficients of some cubic form. Denote by (2*)!; the -
- coordinates of R", let (t;)_; be a set of “dual” variables, and let 9" denote 6%. -

—Also let C == @M Then -

det(/\ij)
- —A zixl 4+ £ ENijk igd gk 3 =L\ pigd
o / ij j = Z e /(A,ka 2l gk me™ 2N -
- Rn Rn
- Ce™ o 1108 ..o\ m [
_ ool kym 5 A*Ptatg Z o k af
I Z 6™mm)! (Atjka &>o ) €2 Gmm'Qil' (Agjka o ) (A tatg)
m>0 t =0 m,l>0
o e 3m=2l R
- A*151 \@2B2 \@383 \«Bi T
o - Z Ce™m ... sum over all pairings ...
I mm190]1 : . ‘ R
- m,l?o 6 m2 l ajl 832 Tm Jmn km
3m=2l
- tl.Iilkl 3232"2 ’\imjmkm

Ce™
=) G 2 ED)

— m, >0 m-vertex fully marked
Im=2l Feynman diagrams D - o o
o ’\fljlkl’\iziz’\‘z’\utz’\“n’\klkz ’\flilkt’\izizkz’\!”l’\klkz’\tﬂz -

m(D)
—=C Z ﬂ Claim. The number of pairings that pro- —_—

Aut(D

unmarked Feynman | (D) duce a glven unmarked Feynman diagram D -
diagrams D 6™ ml2°1

- IS TAut(D)[" -

~ Proof of the Claim. The group G,,; := [(S3)™ x.Sp] x [(S2)! % S;] acts on the set
of pairings, the action is transitive on the set of pairings P that produce a given
- D, and the stabilizer of any given P is Aut(D). O

Hour 26, November 17:

) Fiagl FD (maka émolw%)
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&

Hour 27, November 19: impromptu review




Hour 28, November 22: Perturbing the Heisenberg R-Element

R, = Qx,o[fm)(ﬂ,-—ﬂ)z ;K] /Q/zzﬁh eR® L
LM = L "L A0 .
<Fgr -7 g IFE)-¢"E
Z, .= Z’J J>F. 6’0] CasFes
SNt 291"
Z-P 3z 1k (222+62)22)

bsa"d Uing

oo e The syafhesss e()’nz
A /4/6 (ﬁere MmN awé%’ SOAS/’%Q_C /N a/é,«/% %) /go,é

K Z[/}@u//sg - C7J2 ,Tﬁfa"/f:

Lemma 1. With convergences left to the reader,
(F: Eet Lijes Gf‘ff-f:f) =det(1 - GF)">(F(1-GF)™": &) .
B B

The next lemma dispatches the case where & has a B-linear part:
Lemma 2. (F: SerE”-"":*')B = @2 Zijes Fiiyiyj (F El.pse 3+F\3)
Finally, we deal with the docile perturbation case:

Lemma 3. With an extra variable A, Z; := log[AF: eP]p satisfies
and is determined by the followmg PDE / IVP:

Zy=P and ,Z = Z Fij (0,0:,Z + 9, 220.,2))) .

f_,,rEB
j \ — pAF/2
,G/2
ki [ Jmema
Je Bf
Lemma 1 Lemma 2 Lemma 3

C@ﬂ\('l‘(]uQ Pave /!/'\ paf‘}véa/%/,fcﬂé‘—/j ) 'y
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Hour 29. N ber 24: Perturbing the Heisenbera R-El 2

Follow PerturbedHeisenberg.nb

~_Hour 30, November 26: Computations with perturbed Heisenberg

Follow PerturbedHeisenberg2@.nb




Hour 31, November 29: CU and QU.

HWS5 will be assigned tomorrow or on Wednesday and will be due a week later.

HW®6 will be assigned on or near Wednesday Dec 8 and will be due a week later.

Then follow CUQU.html...




Hour 32, December 1 2021: More on CU.

beron) The CUQL. hrodon?.
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Hour 33, December 3 2021: Primitive and Group-Like Elements.
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Hour 34, December 6 2021: Primitive and Group-Like Elements.
Next and last class (Wed at 3PM): No-recording open discussion, in person and at hitp:/drorbn.net/vchat.
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