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Pensieve Header: Very basic Frobenius series manipulations.

Very basic Frobenius series manipulations

Some Definitions

Fundanent al Seri es [xzy" +XP_.y'"+Q.. vy, n_] D=

Fundanent al Seri es [xzy" +Q .y, n_] : = Fundanent al Series[0, Q nJ;

Fundanent al Series[P, Q nl;

Fundanent al Seri es [xzy" +XP_.y", n_] : = Fundanent al Series[P, 0, nJ;
Fundanental Series[P_, Q, n_] := l\/bdule[{p, q, F, a},
pk_ := pk = SeriesCoefficient [P, {x, 0, k}];
Ok_ .= Qk = SeriesCoefficient [Q {x, 0, k}1;
Fla_]l := a (a-1) +po a+do;
Print [a /. Solve[F[a] =011;
ap = 1;
-5FG ((@+]) Prj +Okj) &
ak /; k>0 := a = ;
B Fla+k]
n
[[Zak xk] +O[x]”+1] X%
k=0
Liegn_, f_]1:= Sinplify[egn /. {y'' - D[f, x, x], y' - D[f, x], y - f}];
SimplifyCoefficients[expr_] := expr /. s_SeriesData :» MapAt [Simplify, s, 31;
The Bessel Function Jo
egn = x2y' ' +xy' +x2y;
¢ = Fundanent al Seri es[egn, 10]
{0, 0}
x2 x4 x6
X% |11 - + - +
(2+O()2 (2+O()2(4+Ot)2 (2+O()2(4+Ot)2(6+o<)2
XS XlO
- +0O[x]1t

2+a)2 (A+a)%2 (B+a)2 (B+a)?
¢]

x* (o® + O[x]1)

L[eqn,

2+a)2 (4+0)2 (6+a)2 (8+a)? (10 + &) ?

yi=¢ /. a -0
x2 x4 X6 x8 x10
1-—+—- + - +0O[x]1t
4 64 2304 147456 14745600
Llegn, yi]
O[X}ll
y2 =D[¢, a] /. a=0
1 Log[x] 3 Log[x] 11 Log[x]
Log[x}+(77 ]x"‘%[f + ]x4+ - x% +
4 4 128 64 13824 2304
25 Log[X] 137 Log[X]
[— + 9 x8 & [ - g x10 . Oo[x 1t
1769472 147456 884736000 14745600

L[eqgn, Y2l

O[X ] 11
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y2 - Log[x] y1

x2 3x* 11x8 25 x8 137 x10
+ - + + O[x
13824 1769472 884736000

4 128

]ll

The Bessel Function J1/3

1
eqn = x%y'"' +xy' +[x2——] y;

9
¢ = Fundanent al Seri es[eqn, 10]
1 1
)
9 x2 81 x*
X |1 + _

35+360+9a° (35+36a+9a?) (143+720+9a?)
729 x5

+

(35+360+902) (143 +72a+90?) (323 +108 a+ 9 o?)
(6561 x%) / ((385+36c+90”) (143 +72a+90a?) (323 +108a+90?) (575+144a+90?)) - (59049 x*°) /

((35+36a+90?) (143+720+90°) (323+108c+90°) (575+144a+90”) (899 +180c+9a®)) + O[x]H
Lrean, ¢]
1
5

yi=¢ /. a > 1/3

XD(

3X7/3 9X13/3 9X19/3 27 X25/3 81 X31/3
x1/3 _ + _ + _ + O[XJ34/3
16 896 35840 7454720 2385510400
Yo=¢ /. a > -1/3
1 3 X5/3 9 X11/3 9 X17/3 27 X23/3 81 X29/3
e + - + - +0O[x]32/3
x1/3 8 320 10240 1802240 504627200
2 X23/3
Y3 =Yoo+ ————
1802240
1 3X5/3 9X11/3 9X17/3 29 X23/3 81 X29/3
- + _ . _ +O[x132/8
x1/3 8 320 10240 1802240 504627200
Tabl e[L[eqgn, y;i1, {i, 3}]
X23/3 X29/3
{O[x]34/3, O[x}32/3 N +O[x}32/3}
15360 901120
The Bessel Function J1/2
1
eqn = x2y'' +xy' + [xz- —] y;
4
¢ = Fundanent al Seri es[egn, 10]
73}
2" 2
4 x2 16 x4 64 x©
X% |1 - +

_15+16a+4o<2 ' (15+16a+40(2) (63+32a+4ot2) (15+16a+4a2> (63+32a+4o<2) (143+48a+4a2>
(256x8) / ((15+16 a+4a?) (63+32a+40”) (143 +48a+4a?) (255+64 a+40?)) - (1024x10) /

((15+16a+4a®) (63+32a+40”) (143 +48a+40?) (255+64 a+40°) (399+80a+4a?)) +O[x]H
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Lleqn, ¢]
1
—— 1P

Vi=¢ /. a->1/2

XO(

X5/2 X9/2 Xl3/2 Xl7/2 X2l/2

N o ;
6 120 5040 362880 39916800

Yo=¢ /. a > -1/2

+ OfX 23/2

1 X3/2 X7/2 Xll/2 X15/2 X19/2

+ - +

_ +O[x ]2
NG 2 24 720 40320 3628800

{L[ean, yil, L[eqgn, y2]}
{orx1272, O[x]21/2)

The Bessel Function Jl

eqn =x?y' " +xy' + (x*-1)y;
¢ = Fundanent al Seri es[egn, 10]

{71! l}
X2 x4 x5
X* |1 - + _ +
3+d4a+0® (1+a) B+a)2 (5+a) (L+a) B3+a)2 (5B+a)?2 (7T+a)
XS XlO
- +0O[x]
l+a) B+a)?2 (5+a)2 (7T+a)2 (9+a) (L+a) B3+a)2 (B+a)?2 (7T+a)? (9+a)? (11 + )
Lleqgn, ¢]

X< ((—1+ot2) +O[X}ll)
yi=¢ /. a->1
X3 X5 X7 XQ Xll

X - —+ + - +0O[x]1?
737280 88473600

8 192 9216
¢ /. a-» -1

1
Power:infy : Infinite expression — encountered. >

1
Power:infy : Infinite expression — encountered. >

1
Power:infy : Infinite expression — encountered. >
0

General:stop : Further output of Power:infy will be suppressed during this calculation. >

1
— +ConplexInfinityx +Conplexinfinityx3+

X
Conpl exI nfinityx®+Conplexinfinityx’”+Conplexlnfinityx®+0[x]°
(a+l) ¢
(1+a) x? x4 x6
X (1+a) - + - +
3+40+02 3+a)? (5+a) B+a)?2 (5+a)2 (T+a)
8 x 10

- +O[x]1t
B+a)2 (5+a)2 (7T+a)2 (9+a) B+a)2 (5+a)2 (T+a)2 (9+a)2 (11 +a)
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(a+1) ¢ // SinplifyCoefficients

x2 x4 X6
X (1+a) - + - +
3+a B+a)2(5B+a) B+a)2 (5+a)? (T+a)
X8 XlO
- +O[x ]
B+a)?2 (5+)2 (T+a)2 (9+a) (B+a)2 (5+a)?2 (T+a)? (9+a)? (11 + )
Dl(a+1) ¢ // SinplifyCoefficients, a]
X2 1 2
X* |1+ +[— - x4+
(3+a)? B+a)2 5+a)2 @B+a)d (5+a)
( 1 2 2 .
+ + X" +
(3+Ot)2(5+0()2(7+ot)2 (3+Ot}2(5+0()3(7+ot) (3+O()3(5+O()2(7+O()
( 1 2
B+a)?2 (5+a0)2 (T+a)2 (9+a)?2 (B+a)?2 (5+a)2 (7T+a)2 (9+a)
2 2 .
- X7+
B+a)?2 (5+a)3 (7T+0)2 9+a) (B3+a)3 (B+a)2 (T+a)? (9+a)
[ 1 2
+ +
B+a)2 (5+)2 (T+a)2 (9+a)2 (11 +a)2 (B+a)2 (5+a)2 (T+a)2 (9+a)® (11 + &)
2 2
+
B+a)?2 B+a)2 (T+0)® (9+a)?2 (11+a) (B+a)? 5+a)? (7T+)?2 (9+)? (11 + )
2
x100orx | +
B3+0)% 5+a)2 (T+)?2 (9+a)? (11 +a)
( Log[x] x? Log[x] x* Log[x] x5
x* | (1+a) Log[x] - + - +
3+a B+a)?2 (5+a) (B+a)? (5+a)?2 (7T+a)
Log[x] x8 Log x| x10
glx] i gIx] ot

B+a)2 (5+a)2 (7T+a)2 (9+a) (B+a)2 (5B+a)?2 (T+a)2 (9+a)? (11 +a)
y2 =D[(a+1) ¢ // SinplifyCoefficients, a] /. a » -1

1 1 Log[x] 5 Log [x] 5 Log[x]
— - = X+ |-—+ X3 + [ - X5 +
X 4 2 64 16 1152 384
47 Log[x] 131 Log[x]
[— + ]X7+[ - x% + O[x]10
442 368 18432 88473600 1474560

{L[eqn, yil, L[ean, yz]}
{O[X]lzl O[X]lo}

1
y2 + E Log [X] Y1

1 x 5x3 5x° 47 x7 131 x°

— oy — 10

+ - + +
X 4 64 1152 442368 88473600




Pl ot [\/x_Oos[gLog[x]], {x, 1072, 1}]
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Pl ot [\/x_ Oos[% Log[x]], {x, 10712, 0. 1}]
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Pl ot [N/X_Oos[éLog[x]], {x, 1072, 0.0001}]
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