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1. Universality and functoriality of the quantization of Lie bialgebras.
In this paper we will use the notation of [EK].

1.1. Linear algebraic structures.
Here we introduce the notion of a linear algebraic structure which is borrowed
from [La). L) = Lawvey 1943
Let (C.@) be a symmetric monoidal @Q-linear category whose objects are non-
negative integers, such that [n] = [1]°” (the unit object is [0]). We will call such a
category a cyclic category (by analogy with a cyclic group). . . y
Let C be a cyclic category. Let S = Uy n>09mn be a set of morphisms of C, |, I 'ﬂ‘(/o A W\&N/"GO/»M%/ ‘

Spn € Home([m]. [n]), m,n € Z,.. We say that C is generated by S if any morphism Vo Jon ot :n\“ 7

of C can be obtained from the morphisms in S,,,, and permutation morphisms in <

Homg(m.m) by iterating three elementary operations: 2 A L ﬂc 7t v )'J U[ 5" l“/gz
1) composition of morphisms; : é

2) tensor product of morphisms;
3) linear combinations of morphisms over Q.
Let Z =UZ,,,, m,n € Z4, be a bigraded set.
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Definition. The free cyclic category Fz is a cyclic category equipped with a col-
lection of maps pn : Zyn — Homg,(m.n) such that

(i) Fz is generated by Uy n>0ftmn(Zmn). and

(ii) for any cyclic category C equipped with a collection of maps ¢mn : Zmn —
Home([m],[n]) there exists a unique symmetric tensor functor (ACU functor, see [W;: D,j, ’\f"Mﬂ\Q,
[DM]) F : F; —C such that F([l)5,) = [Lc, and F(itmn(2)) = bmn(2), 2 € Zmn. ¢ J

The pair (Fz, {ftmn}) with such properties exists and is unique up to symmetric
tensor equivalence.
Remark. Roughly, the free cyclic category is a cyclic category generated by a
set of morphisms without any nontrivial relations. .
Let (C, ®) be a Q-linear monoidal category, and Z = {Zx y C Home(X,Y), X, Y € These ae oaﬂ 'C In 71,(
C} be a collection of subspaces. We say that a morphism ¢ € Home(X.Y) is Z- drufut o1 an “b
negligible if ¢ € Zxy. We say that Z is a tensor ideal in C if the composition in j.( /“léﬁﬂ. not - ﬂ;)
any order of any morphism with an Z-negligible morphism is Z-negligible, and the Vlﬂ L / ,
tensor product of any morphism with an Z-negligible morphism is Z-negligible. o0 ln over / Zz
Given a tensor ideal Z in C. Define the quotient category D = C/T as follows.
The objects of D are the same as those of C, and Homp(X,Y) = Home (X, Y)/Ix y.
It is easy to show that D carries a natural structure of a Q-linear monoidal category.
We will say that an identity between morphisms holds in € modulo Z if it holds in
D

Teank iy Q‘)‘:O,/I'U o

Let J = {Jxy € Home(X.,Y), X,Y € C}, be a collection of subsets. We denote
by (J) the smallest tensor ideal in C such that Jx y C (J)x.y for any objects X, Y,
and say that (.J) is the tensor ideal generated by .J.

Proposition 1.1. Let C be any cyclic category generated by a set S of morphisms.
Then C has the form Fg/Z. where T is a tensor ideal in Fg.

Proof. Easy.O]

Let C be a cyclic category, Z be a tensor ideal in C. For any positive integer n,
define the power Z" to be the tensor ideal in C generated by the elements ¢ 0...0¢,,
where ¢y, ....,¢0, € T.

Now we define the notion of completion of a cyelic category with respect to a
tensor ideal. Let C be a cyclic category, Z be a tensor ideal in C. Then the spaces
of morphisms of the cyclic categories C/I™ form a projective system. Let Cz be
the cyclic category whose objects are the same as those of C, and Home/7(X.,Y) =
limHomg 7+ (X, Y), X,Y € C. This category is called the completion of C with
respect to Z.

Define a topological cyclic category to be a cyclic category in which the sets of
morpisms are topological vector spaces over (@, and composition of morphisms is
continwous. The category Cz has a natural structure of a topological cyclic category,
where the topology is defined by the ideal Z.

Throughout this Chapter, let N be a symmetric monoidal Q-linear category, and
X be an object in A

Let C be a cyclic category.

Definition. A linear algebraic structure of type C on X is a symmetric tensor
functor G : C — N such that G([1]) = X.

Thus, a linear algebraic structure of type C on X is a collection of morphisms
between tensor powers of X which satisfy certain consistency relations. If an object
2
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X equipped with such morphisms has been fixed, the functor G corresponding to
it is denoted by Gy.

The same definition applies to the case when C and N are topological categories.

Denote by G(C,N') the category of symmetric tensor fucntors from C to N, i.e.
the category of linear algebraic structures of type C on objects of N

Let C be a (topological) cyclic category. We say that C is nondegenerate if the
natural map Q[S,] — Hom([n], [r]) is injective. From now on, we consider only
nondegenerate categories.

Let C be the category obtained by formal addition to C of the kernels of all the
idempotents P € Q[S,] acting on the objects [n], n > 1. The objects of C are pairs
([n]. P), where n > 0, and P € Q[S,] — Home([n], [n]) is an idempotent, where

morphisms are defined by Homé(([rl]\. P).([m],Q)) = {f € Home([n],[m]) : foP = M«q23 2V, IAM

Qof = f}. Let C be the closure of C under dnductive limitsy In this category. every
object is isomorphic to a direct sum of indecomposable ones, and indecomposable
objects correspond to irreducible representations of S,,, n > 1. In particular, we
have objects S"[1] = ([n], Sym,, ), where Sym,, is the symmetrizer in Q[S,,].

Let AV be closed under inductive limits. Then any linear algebraic structure G
of type C on X extends to an additive symmetric tensor functor G : C — N

1.2. Ezamples of linear algebraic structures.

Some common examples of linear algebraic structures are:

A. Associative algebras with unit. In this case the set S consists of an element
of bidegree (2.1) (“the universal product™), and an element of bidegree (0,1) (“the
unit™). The category C = AA is Fs/Z, where T is generated by the the associativity
identity for the product and the unit axiom. An associative algebra in A is an object
with a linear algebraic structure of type AA.

B. Lie algebras. In this case the set S consists of one element of bidegree (2.1)
(“the universal commutator™), and the category C = LA is Fg/Z, where T is gener-
ated by two relations - skew-symmetry and the Jacobi identity for the commutator.
A Lie algebra in NV is an object with a linear algebraic structure of type LA.

We will deal with the following examples of linear algebraic structures.

1. Lie bialgebras. In this case the set S consists of two elements of bidegrees
(2,1) and (1,2) (“the universal commutator and cocommutator™ ), and the category
C = LBA is Fg/Z, where T is generated by five relations — skew-symmetry and
the Jacobi identity for the commutator and cocommutator and the condition that
cocommutator is a l-cocycle. A Lie bialgebra in A is an object with a linear
algebraic structure of type LBA.

2. Quasitriangular Lie bialgebras. In this case the set S consists of two elements
of bidegrees (2.1) and (0.2) (“the universal commutator and classical r-matrix”),
and the category C = QTLBA is Fg/Z. where T is generated by four relations —
skew-symmetry and the Jacobi identity for the commutator, invariance of r + r?,
and the classical Yang-Baxter equation. A quasitriangular Lie bialgebra in A is an
object with a linear algebraic structure of type QTLBA.

3. Hopf algebras. In this case the set S consists of six elements of bidegrees
(2,1),(1,2),(0,1),(1,0),(1,1),(1.1) (“the universal product, coproduct, unit, counit,
antipode,inverse antipode”), and the category C = HA is Fg/Z, where 7 is gener-
ated by the relations coming from the axioms of a Hopf algebra. A Hopf algebra
in AV is an object with a linear algebraic structure of type HA.

4. Quasitriangular Hopf algebras. In this case the set S consists of eight elements

3
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of bidegrees (2,1),(1,2).(0,1),(1,0),(1,1),(1,1),(0,2),(0,2) ( “the universal product, co-
product, unit, counit, antipode, inverse antipode, R-matrix, inverse R-matrix”),
and the category C = QTHA is Fg/Z, where T is generated by the relations coming
from the axioms of a quaitriangular Hopf algebra. A quasitriangular Hopf algebra
in AV is an object with a linear algebraic structure of type QTHA.

5. Classical Yang-Baxter algebras. In this case the set S consists of three
elements of bidegrees (2,1),(0,1),(0,2) (“the universal product, unit, and r-matrix”),
and the category C = CYBA is Fg/Z, where T is generated by the associativity
relation and the classical Yang-Baxter equation. A classical Yang-Baxter algebra
in AV is an object with a linear algebraic structure of type CYBA.

6. Quantum Yang-Baxter algebras. In this case the set S consists of three ele-
ments of bidegrees (2,1),(0,1),(0,2) (“the universal product, unit, and R-matrix™),
and the category C = QYBA is Fg/Z, where T is generated by the associativity
relation and the quantum Yang-Baxter equation. A quantum Yang-Baxter algebra
in AV is an object with a linear algebraic structure of type QYBA.

7. Co-Poisson Hopf algebras [Drl]. In this case the set S consists of six elements
of bidegrees (2.1),(1,2),(0,1),(1,0),(1,1),(1,2) (“the universal product, coproduct,
unit, counit, antipode, Poisson cobracket”), and the category C = CPHA is Fg/Z,
where 7 is generated by the relations coming from the axioms of a co-Poisson
Hopf algebra. A co-Poisson Hopf algebra in A is an object with a linear algebraic
structure of type CPHA.

8. Quasitriangular co-Poisson Hopf algebras. In this case the set S consists of
six elements of bidegrees (2,1),(1,2),(0,1).(1,0),(1,1),(0,2) (“the universal product,
coproduct, unit, counit, antipode, r-matrix”), and the category C = QTCPHA is
Fs/TI, where T is generated by the relations coming from the axioms of a quaitri-
angular co-Poisson Hopf algebra. A quasitriangular co-Poisson Hopf algebra in A
is an object with a linear algebraic structure of type QTCPHA.

1.3. The functor of universal quantization.
Let Cy. Cy be cyclic categories.

Definition. A universal construction is a symmetric tensor functor Q : Co — Cy.

The functor Q defines a functor Q : G(C1. N') — G(C2. N).
Examples. 1. Let C; = AA, C» = LA, and Q : LA — AA, such that Q([1]) =
[1], Q([.]) = * — *°P, where * is the product and *°7 is the opposite product. This
functor gives rise to a functor Q from the category of associative algebras in N to
the category of Lie algebras in N, which assigns to every associative algebra itself
regarded as a Lie algebra. N T A e S/ﬂ) Vi
2. Let C; = LA, C; = AA, and Q : AA — LA be the functor such that @ ¢ D([ T ool
8bblgnb to every Lie algebra g in A its universal enveloping algebra U(g) in N'. The D 6) 4 W
_ S, 1S 7ﬁunctox Q satisfies Q([1]) é@ and Q(+) is described in terms of the commutator, / £ R s o (&
(s ’h,L, Sum) ofusing the standard method of computing the product of monomials. For example, Le AMNen e} 4o
MQ mwl/;g, Q(#)|)e(1) = Symg + [,]/2, where [1] @ [1] is the subobject in S[1] @ S[1] obtained Glm,(-/ﬂ\\’ nchady ﬁ,c
g:] by tensoring two subobjects [1] C S[1]. ( it
[b 3. The functor @ of taking the universal enveloping algebra (example 2) extends \y ) i/ of u\w
to a functor @ : HA — LA, since the universal enveloping algebra of a Lie algebra
carries a natural structure of a Hopf algebra. Moreover, it extends to a functor
@ : CPHA — LBA, so that the corresponding functor () assigns to any Lie
bialgebra its universal enveloping algebra regarded as a co-Poisson Hopf algebra. w4 23 2oy, 11308

4 — Y4 (ol 3o
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The main result of Chapter 1 is the following theorem, which establishes the
universality of the quantization of Lie bialgebras, r-matrices, quasitriangular and
triangular Lie bialgebras, obtained in the previous chapters.

Let (a,[,].4) be a Lie bialgebra over k. Define a Lie bialgebra aj, over k[[h]] to
be (a[[h]].[,], #d). Similarly, if (a,[,],7) is a quasitriangular Lie bialgebra over k,
we define a;, = (a[[h]].[.]. hr), and if (A, %, r) is a classical Yang-Baxter algebra, we
define Ay, = (A[[R]], *, hr).

Theorem 1.2. S 5 L 0
There erist “universal quantization functors” ¢ “ , ‘0‘ o

Mvee Mot (i) Q - HA(A—Aer s—5-1y — LBA(s, such that for any Lie bialgebra a over k

)l"/L V)(,‘:-n.(
Yeu dren /;

bo b~ '/'o
\U’llf\‘}
un .

Q(an) = Un(a):

(ii) Q" : QTHA(A_po» p—1.5-5 1y — QTLBA,,, such that for any quasitrian-
gular Lie bialgebra a over k Q4'(ay) = U (a), where U (a) is the quasitriangular
quantization defined in Section 6.1;

(iii) QY : QYBAp_y — CYBA, such that for any classical Yang-Baxter

algebra (A,r) over k one has QY P(A,) = (A, R). where R is constructed from r as
explained in Chapter 5.

In the language of Drinfeld [Dr3], Theorem 1.2 implies that the multiplication
and comultiplication in Uj(a) are expressed via the commutator and cocommu-
tator in a in terms of acyclic tensor calculus, and the Hopf algebra relations in
Uy (a) can be formally deduced from the axioms of a Lie bialgebra. Thus it answers
positively Question 1.2 in [Dr3] (the existence of universal quantization of Lie bial-
gebras), and hence question 2.1 (the existence of a quantum Campbell-Hausdorff
series). Together with the material of Chapters 5,6, it also answers positively the
“universality” questions in Sections 3,4 of [Dr3].

The functoriality of quantization implies the existence of quantization functors
over local Artinian or pro-Artinian algebras. Namely, let K be a commutative local
Artinian or pro-Artinian Q-algebra, I be the maximal ideal in K, k = K/I be the
residue field (main example: K = k[[h]]). Let A be the category of topologically
free K-modules, i.e. modules of the form limV @ K/I", where V is a free abelian
group.

Let:

LBA(K) be the category of Lie bialgebras in Ax with § = 0 mod I;

HAp(K) be the category of QUE algebras, i.e. Hopf algebras in Ax which are
cocommutative mod I;

QTLBA((K) the category of quasitriangular Lie bialgebras in Ax with » = 0
mod I;

QTHA((K) the category of quasitriangular QUE algebras, i.e. quasitriangular
Hopf algebras in Ax which are cocommutative and have R = 1 mod I;

CY BAy(K) be the category of classical Yang-Baxter algebras in Ax with» =0
mod I;

QY BAy(K) be the category of quantum Yang-Baxter algebras in Ax with R = 1
mod 1.

Then: ~

(i) The functor @ defines a functor Q f/rgm LBAy(K) to HAg(K):

(ii) The functor Q% defines a functor Q‘l/‘_gom QTLBAyK) to QTHAy(K):

(ii) The functor Q¥ ? defines a functor QY8 from CY BAy(K) to QY BAy(K).

5
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Remark. Quantization of triangular Lie bialgebras is also universal and functo-
rial. Formulations and proofs of the results are the same as in the quasitriangular
case. ==

It is imprortant to remember that the functors Q, Q7, Q¥ 2, Q. Q4, Q¥ B depend
on the choice of the Lie associator ®, which was fixed in Section 1.3. We will later
show that different choices of @ give isomorphic functors, but this is a non-trivial
fact. Therefore, when we want to cnlphasiZgihe /(lc\pcndence of these functors on
®, we will write them as Qa, Q%, Q% 2, Qu, QY, QY B.

The proof of Theorem 1.2 is given in the next section. The idea of the proof
is to show that that the construction of quantization described in [EK] actually
defines some universal formulas which can be used to construct the quantization in
a general tensor category.

In section 1.5, we give an application of functoriality.

1.4. Proof of Theorem 1.2

Part (i).

Let ay be the canonical Lie bialgebra [1] in the tensor category C = LBA).,
with commutator g and cocommutator 6. Let U(ay) := Say € C be the univer-
sal enveloping algebra of ay. Our goal is to introduce a Hopf algebra structure
on U(ay), which coincides with the standard one modulo (4}, and yields the Lie
bialgebra structure on a4 when considered modulo (§)2. This Hopf algebra will be
exactly Q([1]), where [1] is the generating object of the category HAa_aer, s—5-1)-

We will perform virtually the same constructions as in Part II of [EK], remem-
bering, though, that now a4 is not a vector space and even not a set but an object
in the category.

First, we define the notion of a module, comodule, and dimodule over a Lie
algebra, coalgebra, and bialgebra, respectively, in a general tensor category. The
notion of a dimodule over a Lie bialgebra is equivalent, for a finite dimensional Lie Ty a7 St

bialgebra over a field, to the notion of a module over its double., Abort TR
Definition.

(i) Let ay be a Lie algebra in a tensor category N with commutator p. An
object X € N is said to be equipped with the structure of a left ar-module if it is
endowed with a morphism = : ay. @ X — X (the action of ay. on X ), such that
7o(l@7)=7mo(u®1) on A%a. @ X.

(ii) Let ax be a Lie coalgebra in a tensor category N with cocommutator 5. An | _1 1
object X € N is said to be equipped with the structure of a right as-comodule if it M'J o men
is endowed with a morphism 7 : X — ax © X (the coaction of ar on X ), such '7]“: x*—am+
that Altyyo (1@ 7*)orn* = (6@ 1) ox*, where Altyy is the alternator of the first and
second components (Altla @ b) :=bDa—a@b).

(iii) Let ai be a Lie bialgebra in a tensor category N'. An object X € N is Lafor '«Xm,/@s' WK (ﬁ.‘,'j ’d—-//g
said to be equipped with the structure of a ai-dimodule if it is endowed with two M_Z U : J{ - J
morphisms m:a. © X — X, 7 : X — a. © X, such that w is a left action of a - +)) Jr_{ql'/,)(‘ﬁp;&
on X as a Lie algebra, ©* is a right coaction of ar. on X as a Lie coalgebra, and /"\j_ L4
they agree according to the formula

(11) wfor=@m@1)oopo(le@r)-1a@x)o(d@l)+(Eel)o(l®nr*), Adh: ﬁL?‘@X"')Qf_i@)(

A \/Mll,ﬂl

of S'T()U

where o;; denotes the permutation of the components i, j.

D I R
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Let X be any ai-module (comodule, dimodule). Define A to be the object X
with the zero structure of a module (comodule, dimodule).
There is an obvious notion of tensor product of modules and comodules. The
tensor product of dimodules is just the tensor product of the underlying modules
and comodules. Thus, modules, comodules, and dimodules over a, in A/ form a
tensor category. We denote the first category by Mg, . the second by M®+, and
. a.
the .tlurd by Mg . ' . Ve /’)D‘JJe
Now we define the Verma dimodules M_, M over a. Asobjects of C, M_ = 4, nami) «F
Say, Mi = Say. Let 1_:1 — M_, 1% : 1 — M} be embeddings of the identity Wh? ﬁ\g:] k,‘ﬂ[.
subobjects into M_, M%, and 1* : M_ — 1, 1. : M? — 1 be the corresponding ,
projections. d % /:"’/V] PM/V\/U For
The action of ay in M_ is the same as the standard left action of as in U(ay). ’h\ ¢ / //\’
The coaction of a in M_ is then completely determined (via formula (1.1)) by the ) /F .
coaction on the identity component 1 of M_, which we define to be zero.
The formulas for the action (respectively, coaction) of a, in M} are obtained
from the formulas for the coaction (respectively, action) in M_ by interchanging
and 4, reversing the order of compositions, and changing the signs.
Let M,.M; be ar-dimodules. Define the classical r-matrix and the Casimir
operator in Ende (M, @ Ms) by
(1.2) r=(r®l)ooppo(l®@7").Q=1r+1r%.
This implies that if ® is any Lie associator, then for any three a.-dimodules
M, M, M3 we can define an invertible element of Ende (M) © Ma @ Mj3)([h]], which
represents the action of ® in M, @ My © Mj.
Now we describe an intertwiner ¢, which is used in the construction of quanti-

zation. Tt Y, Lol

For any object X € Mg, define the map @ : Hom oo (M_ @ Xo, ML @ X) — —_ xo +* x
Home(Xo, X) by 8(f) = (1+ @ 1x)o fo(l- @ 1x,). ) -
Lemma 1.3. The map 6 is an isomorphism.
Proof. By Frobenius reciprocity, for any two dimodules X, Y over a;, Hom, ;= (M_© \l'/
X, M; @Y)=Hompye: (X,MI@Y)=Home(X,Y). This implies the Lemma. X X

o

Now set X = M_. Denote by ) the morphism 6! (1x). Let n = o (l_@1x,) : —

Xo—- M@ X.

Consider the category Cp, with the same objects as in C, and morphisms defined
by Home, (X.,Y) = Home(X,Y)[[h]]. We define the Hopf algebra Uy (ay) in Cj, as
follows. By the definition. this is the object M_, with the product m : M_ o M_ —

M_ and coproduct A : M_ — M_ & M_ defined as follows.

The product is s The Ne bird &
(1.3) mP=(1,01,@1)o(1@Y)odo(n®1). In thes /“/’c/? T¢
Wt wolug ) at
muftihs of h(

The coproduct is

(1.4) A=J"1oA,,
where Ay is the standard coproduct in M_, and J : M_ & M_ — M_ & M_ is
given by

(15) J=(14+ ©10 14 ®1) o B3040 B3 40e " 2/20 871 0By 2340 (@ 7).

(cf. formula (3.1)).

-1
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Proposition 1.4. Formulas (1.3)-(1.5) define a Hopf algebra structure on M_.

Proof. The axioms of a Hopf algebra are demonstrated similarly to the case of Lie
bialgebras in the category of vector spaces, which was done in [EK]. For example,
associativity of multiplication is shown by a computation in Chapter 9; associativity
of comultiplication is shown by the computation given in the proof of Proposition
8.2

Define the functor P, : C — C; between topological categories, which maps
objects to themselves, and P, (p) = p, Pp(6) = hd. The image of this functor is
the closed subcategory Cj, C Cp,, generated over Q by the morphisms p. hd, and the
functor P, : C — C}, is an equivalence.

Proposition 1.5. The morphisms m,A defined by (1.3)-(1.5) belong to C},.

Proof. It is clear that a morphism f of Cj, belongs to Cj, if and only if it is invariant
under the transformation a' of Cj, defined by h — th, p — p, & — §/t, for all
t € Q. Therefore, it is enough to show that the Hopf algebra structure on M_
defined by (1.3)-(1.5) is invariant under the automorphism a’.

Denote by a', the Lie bialgebra a’(as). Let M! be the category of a, -dimodules
in C,.

We have an equivalence of categories #; : M' — M!, which maps any a.-
dimodule X to X, with an action and coaction of af_ defined by the formulas
m = m.7; = tw*. In the case of Lie bialgebras over a field, this equivalence comes
from the natural Lie algebra isomorphism between the doubles D(g! ), D(g+).
60, : D(g'.) — D(g+), which is the identity on g4 and multiplication by ¢ on g_. By
the definition, this functor maps the Verma modules to the Verma modules, sends
the classical r-matrix r to ¢~!r, and preserves the morphism .

Since the associator ® is a function of h€)o, hf2s3, it is invariant under the
transformation a'. By Proposition 1.4, this implies that Uy, (ay) is fixed by a', and
Proposition 1.5 follows.

Let ’, A’ be the morphisms in the category C such that P, (m’) = m, P,(A') =
A. They exist by Proposition 1.5 and are obviously unique. The morphisms m’, A’
define a Hopf algebra structure on M_ in C.

Now define Q([1]) to be the object S[1] with the Hopf algebra structure (m’, A’).
This determines the functor ( whose existence is claimed in Part (i) of Theorem
1.2. Part (i) is proved.

Now let us prove parts (ii) and (iii) of Theorem 1.2.

Let A be a symmetric tensor category, X C A an object. By an element of X
we mean a morphism z : 1 — X (we will write z € X).

Part (ii). Let g = [1] be the canonical quasitriangular Lie bialgebra in the tensor
category C = QTLBA(,y. Let U(g) be its universal enveloping algebra. We have
an element r € g © g — the classical r-matrix of g. Our purpose is to define a Hopf
algebra H in N, which coincides with U(g) as an object of N.

The definition of H is as follows. The product and unit in H are the same as in
Ul(g). The coproduct is defined by the formula

(1.6) A=J1AJ,

where .J = J(r) is an invertible element of U(g) @ U(g) (cf. (3.1),(3.2)).
8
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The element J(r) is defined by a universal formula which is obtained from (3.1):
J(r)=1+r/2+0((r)?).

Define the functor Q4" by Q9*([1]) = H. This functor satisfies the conditions of
Part (ii) of Theorem 1.2. Part (ii) is proved.

Part (iii). Let A be the canonical classical Yang-Baxter algebra in the tensor cat-
egory CYBA_,~. and r € A A be the classical r-matrix. Let J(r) be the element
of A® A given by the same formula as in Part (ii). Define R = (JoP)~le(r+7")/2 ] ¢
A2 A. (cf. (3.10)). As shown in Part I of [EK], this element satisfies the quantum
Yang-Baxter equation.

Define the functor Q¥? by QY 2([1]) = (A4, R). This functor satisfies the condi-
tions of Part (iii) of Theorem 1.2. Part (iii) is proved.

This completes the proof of Theorem 1.2.

1.5. Identification of two quantizations of a quasitriangular Lie bialgebra.

Let a be a finite dimensional quasitriangular Lie bialgebra over k. Let Uy (a) be
the quantization of a constructed in Chapter 4, and UZ'(a) be the quasitriangular
quantization of a constructed in Section 6.1.

Theorem 1.6. The quantized universal enveloping algebras Uy, (a), Ui (a) are iso-
morphic.

To prove Theorem 1.6, we first need the following result, which appears (in
somewhat different form) in [RS].

Lemma 1.7. Let a be a quasitriangular Lie bialgebra, and g be the double of a.
Then the linear map 7 : ¢ — a defined by
(1.6) e+ f)=z+(f@1)(r),z€a,fE€a’,

is a homomorphism of quasitriangular Lie bialgebras.

Proof. First we show that 7 is a homomorphism of Lie algebras, i.e. 7([g192]) =
[7(91)7(g2)]. This is obvious when g;, g, € a. Assume that f,¢ € a*. Then, using
the classical Yang-Baxter equation, we get

([fg)) = ((fgle D)= (fega ) (6@ 1)(r) =
(L7 (fogal)(rs+rs, 712])— (f @ g @ 1)([r3,723]) = [r(f)7(9)]-

Now assume that € a, f € a*. Then
T([zf]) = 7(ad’x (f))— (ad” f(z)) =

r(fel)(nzal])+r(fol)(ze@l+laar]))=
(1.8) r((fel(lex, 7])) = [r(@)7(f)].
Now we check that 7 is a homomorphism of quasitriangular Lie bialgebras. Let

7 be the quasitriangular structure on g. If x; is a basis of a, and f; is the dual basis
of a*, then 7 is given by the formula 7 = Y, x; © f;. Thus we have

(1.9) (¢ )()_ZT(J f,)_ZJ,.;, fi®l)(r)=

9
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The Lemma is proved. O

Proof of Theorem 1.6. Lemma 1.8 claims that there exists a morphism of quasitri-
angular Lie bialgebras 7 : g — a which is the identity on a. Theorem 1.2 states
that quasitriangular quantization of Section 6.1 is a functor from the category of
quasitriangular Lie bialgebras to the category of quasitriangular topological Hopf
algebras over k[[h]]. Thus, 7 defines a morphism 7 : U,‘f'(g) — U,',"(a). On the other
hand, Uj,(a) was constructed as a subalgebra in U}/ '(g). so we have an embedding
n: Un(a) = Uf(g). Consider the morphism 7o : Uy(a) — U (a). This morphism
is an isomorphism since it equals to 1 modulo k. The theorem is proved. O

Corollary 1.8. The quantization of the double g of a finite dimensional Lie bial-
gebra a constructed in Chapter 3 is isomorphic to the quantization of g as a Lie
bialgebra, constructed in Chapter 4.

Remark. The analog of Theorem 1.6 holds for infinite dimensional Lie bialge-
bras. Namely, the “usual” quantization of a defined in Section 9 is isomorphic to
its quasitriangular quantization. The proof is analogous to the finite dimensional
case.

2. Dequantization of QUE algebras

2.1. The main result.

The main result of this paper is the following theorem.

Theorem 2.1. The functor Q is an equivalence of categories.

Remark. We plan to prove in a forthcoming paper that the functors @ , QYE
are also equivalences of categories.

We will prove the theorem for K = k[[h]]. It is not difficult to generalize the
proof to the case when K is a general pro-Artinian algebra over k.

In order to prove the theorem, we construct the functors of dequantization (i]ﬁl—
siclassical limit) which are inverse to the functors of quantization Q, (3‘1\’ , QYB.
The usual notion of quasiclassical limit described in Chapter 3 is not sufficient for
us since it assigns to a QUE algebra over k[[h]] a Lie bialgebra over k, not over
k[[h]], and thus erases nearly all the information about the QUE algebra. Our con-
struction of quasiclassical limit is different and uses the action of the Grothendieck-
Teichmuller semigroup on braided structures on a tensor category, defined by Drin-
feld. This construction is described in the next sections.

2.2. The Grothendieck-Teichmuller semigroup.

In this section we follow [Dr4].

Let B be a Q-linear topological braided tensor category. with a tensor ideal 7
such that B is complete with respect to the topology defined by Z. This means,
any series of morphisms of the form an—o an, where a, € I", is convergent (for
example, B is K-linear, and Zx y = IHomp(X.Y'), where I is the maximal ideal
in K). Let ® be the associativity morphism, and § the commutativity morphism
(braiding) of B.

Definition. We say that B is quasisymmetric if 3*> = 1 mod T.

Denote by GT the set of all pairs a = (), f) such that
1) A € Q, f(X.Y) is a formal series of the form exp(P(InX,InY’)), where P is
a Lie formal series over @, and
10
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2) for any quasisymmetric category with associativity morphism ® and braiding
3 the morphisms

(1) a(®) = Bf Bz 2 Biaas®), a(8) = Bo (5", m = 3(A~1)

define a new structure of a quasisymmetric category on B.
The set GT is a monoid under the composition law

(A1 f1) (A2, f2) = (M A2, fi o, fo),
(2.2) frox fo(XY) = Ai(H(X.Y)X (X, Y) . YY) f2(X.Y).

The subset GT = {(\.f) € GT : X\ # 0} is a group under the same composition
law.

For y1 € @, denote by GT), the set of elements of GT of the form (u, f). It is
clear that GT, GT, GT,, have a natural structure of proalgebraic Q-varieties.

The following result is due to Drinfeld ([Dr4], p. 855).

Theorem 2.2. For any ag € GTj there exists a unique algebraic homomorphism
of semigroups a : Q — GT, such that a(0) = ag, and a(p) € GT,,, p € Q.

Remark. An algebraic homomorphism means a homomorphism, which is poly-
nomial modulo any finite degree.

Given an element a = (), f) € GT and a quasisymmetric tensor category B with
associativity isomorphism ® and braiding 3, we can define a new quasisymmetric
category B?, which is the same as B as an additive category with tensor product, and
the associativity isomorphism and braiding given by formula (2.1). This category
is symmetric if a € GTj. Also, if a,b € GT, then B® = (B)?. Thus, the semigroup
GT acts on the set of structures of a quasisymmetric category on B.

2.3. Dimodules over a Hopf algebra.

In this section we will introduce the notion of a dimodule over a Hopf algebra
H in an arbitrary symmetric tensor category. It is analogous to the notion of a
dimodule over a Lie bialgebra, introduced in Chapter 1, and, for the case of finite-
dimensional Hopf algebras, is equivalent to the notion of a module over the quantum
double D(H).

Definition.

(i) Let A, be an associative algebra in a symmetric tensor category N, with
product m and unit 1. An object X € N is said to be equipped with the structure of
a left Ay -module if it is endowed with a morphism 7 : Ay @ X — X (the action of
Ay on X ), such that ro(low) =mo(m®1) on AL AL O X, and o (t@1) =id
on X.

(ii) Let A be a coassociative coalgebra in a symmetric tensor category N, with
coproduct A and counit z. An object X € N is said to be equipped with the structure
of a right A.-comodule if it is endowed with a morphism 7* : X — AL © X
(the coaction of A+ on X ), such that (1 @ 7*)on* = (A’ @ 1)o7* on X, and
(e®1l)on*=14id on X.

(iii) Let Ay be a Hopf algebra in a symmetric tensor category N'. An object
X € N is said to be equipped with the structure of an A+-dimodule if it is endowed

11
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with two morphisms 7 : Ay @ X — X, 7#* : X — Ay @ X, such that « is a left
action of Ay on X as an algebra, 7 is a right coaction of A on X as a coalgebra,
and they agree according to the formula (¢f [Drl], p. 816)

(23) tom= (m3 @ 77) © 013024 © (S—.l ® 1:4) o (Ag ® 71").

where mz :==mo (m© 1), and Az := (A @ 1)oA.

Let A, be a Hopf algebra in N'. We say that an A -module (comodule) X is
trivial if # = ¢ @ Lx (respectively, 7* = ¢ @ 1x). An Ai-dimodule is called trivial
if it is trivial both as a module and a comodule. For any A.-module, comodule,
or dimodule X, let X be the object X equipped with the trivial structure of a
module (comodule, dimodule).

There is an obvious notion of tensor product of modules and comodules. Namely,
for any two modules (comodules) V. W

(2.4) mvow = (rv @mw)oo930(AR1EO1L): 7wy oy = (MP@1@1)ooez0(my, @myy ).

The tensor product of dimodules is just the tensor product of the underlying mod-
ules and comodules. It follows from [Drl], p. 816, and can be checked by a direct
computation, that in this way one indeed obtains a new dimodule.
Thus, modules, comodules, and dimodules over A in A form a tensor cat‘cgo‘ry.
Ay

We denote the first category by M 4., . the second by M+, and the third by M AL
According to the results of Drinfeld [Drl], the category M j: has a natural
structure of a braided tensor category. The braiding is defined by the formula

(2.5) B=coRR=(r®@1)ooppo(l@x*).

Drinfeld proved that (2.5) satisfies the hexagon relations.

Remark. The existence of this braiding corresponds to the fact that the double
of a Hopf algebra is a quasitriangular Hopf algebra.

Now we define the Verma dimodules M_, Azf; over Ay. As objects of N, M_ =
M} =Ay Let1_:1— M_, 1% : 1 — M} be the unit of Ay, and 14 : M} — 1,
1* : M_ — 1 be the counit.

Define the action of Ay in M_ by w_ = m; this is the same as the standard left
action of A, on itself. The coaction of A, in M_ is then completely determined
(via formula (2.3)) by its composition with 1_, which we define by 7*ol_=(®1_.
It is easy to see from (2.3) that this coaction has the form

(2.6) 7t = (m@1) o (S @ aa3) 0 As.
The formulas for the action and coaction of A, in M? have the form
(2.7) Ty =mzo0030(lRS'®@1)0 (AP 1), 7% = AP,

For any object X € M::: consider the map 6 : l-lomM,a+ (M_® X, AI_T_ 2X)—
Ma,

Hompr(Xo, X) given by 8(f) = (e @ 1x)o fo(t @ 1x,).
12
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Lemma 2.3. The map € is an isomorphism.

Proof. By Frobenius reciprocity, for any two dimodules X, Y over A, Hom (M_®

Mt
X, 1\71; @Y) = Hom a, (X, 1('1_; ©Y) = Homy(X,Y). This implies the Lemma.
Denote by ¢ the morphism 6=1(1x). Let =10 (1@ 1x,) : Xo — M% © X.

2.4. Dequantization of Hopf algebras.

In the next three sections we will give the construction of the functor 5?2 of
dequantization, and show that this functor is inverse to the functor Q

Let us explain the idea of the construction of B?J We will start with a Hopf
algebra A, in some symmetric tensor category N, which satisfies a certain condi-
tion called quasisymmetry. We will assign to it a family of Hopf algebras A (t)
depending algebraically on ¢ € Q (all realized on the same object of N), such
that A, (1) = A4, and A,(0) is cocommutative. Then A, (0) has a natural co-
Poisson Hopf structure, obtained as the quasiclassical limit of coproducts in A, ()
as t — (). Since this construction works in any symmetric tensor category, it is de-
fined by universal acyclic formulas, and so it defines a functor G from the category
of quasisymmetric Hopf algebras in N to the category of co-Poisson Hopf algebras
in NV.

Now we can consider the case when A is the category of topologically free k[[h]]-
modules, and A, is a QUE algebra. In this case A, happens to be quasisymmetric.
So we can define the Poisson-Hopf algebra A, (0) as above, and ay to be the set of
primitive elements of A, (0). The object a. has a natural Lie bialgebra structure.
Thus we establish a functor DQ from the category of QUE algebras over k[[h]] to
the category of Lie bialgebras over k[[h]], which will later be shown to be an inverse
to Q.

Let us now explain the main technical point — how to construct A, () from A,.
For this purpose we will consider the category M’:: of dimodules over A,. This
category is a braided tensor category, which has two remarkable objects - M_ and
M7 . In Section 1.4 we have explained how to recover the Hopf algebra A, using
these objects.

To construct A, (t), we choose a l-parameter subsemigroup a(t) in GT, and
twist the category M :t by a(t), as explained in Section 2.2. The objects M_, M*,
which are crucial in the construction of Section 1.4, are also present in the twisted
category (M :::)"(‘) , and have the same properties. Therefore, one can apply the
recovering procedure of Section 1.4 to this twisted category, which will yield the
Hopf algebra A (t), as desired.

Now we describe the details of this construction.

Let A; € N be a Hopf algebra.

Let M be the full tensor subcategory of the category M ’:i generated by M_,

M;. That is, objects of M are arbitrary tensor products of copies of AY; and M_,
and morphisms are homomorphisms of dimodules.

Let Z be a tensor ideal in M generated by the morphisms Ryw — 1.V.W € M
where R is the R-matrix defined by (2.5), and assume that M is separated and
complete in the topology defined by Z. In this case, we call A. a quasisymmetric
Hopf algebra.
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If A4 is a quasisymmetric Hopf algebra, then the category M is quasisymmetric.
Pick a € GT.

Define a Hopf algebra A% as follows. As an object of N, A% coincides with A..
The product is defined by formula (1.3), where @ is the associativity morphism of
the category M“, and 14 : AA'I:_ — 1 is the counit of 4.

The coproduct is defined by the formula (1.4), where Ay is the coproduct in A,
and J: M_ & M_ — M_ @ M_ is given by the formula
(2.8)

J= (140101 ®1)0®7} 50832 40(RRP)"V/2(RP) "1 0B} ,0®y 5340 (n@n)

(see (1.5)).

Using similar arguments to those given in Part II of [EK], one shows that these
operations define a structure of a Hopf algebra on A%.

Let QS(N) be the category of quasisymmetric Hopf algebras in A/. We have
constructed a functor G, : QS(N) — QS(N) such that G}, o G, is isomorphic to
Gap. Thus, we have an action of the semigroup GT on the category QS(N).

Now fix ag € GTj be any point. Let a(t) be the 1-parameter semigroup in GT
which is defined by Theorem 2.2.

Let M(t), t € Q, be the tensor category M*(*). Define a family of Hopf algebras
Ay(t) = A:_(”. t € Q. It is clear that the operations in AL (t) depend polynomially
on t modulo any finite power of the ideal Z.

Proposition 2.4. The Hopf algebra A, (0) is cocommutative.
Proof. A direct computation.

Corollary 2.5. The Hopf algebra A.(0) has a natural structure of a co-Poisson
Hopf algebra, defined by 6 = limy_o(A — A°P)/t.

We call the co-Poisson Hopf algebra A, (0) in A the dequantization of A..

2.5. Dequantization of quantized universal enveloping algebras.
Let AV be the category of topologically free K-modules, and A, € HA(K) be
a quantized universal enveloping algebra.

Proposition 2.6. A. is quasisymmetric.
Proof. Easy

Therefore, applying the construction of Section 2.4, we obtain a co-Poisson Hopf
algebra A, (0). It is clear that the assignment A, — A, (0) is a functor from the
category of QUE algebras to the category of co-Poisson Hopf algebras, since it is
given by a universal construction in the sense of Chapter 1.

According to Drinfeld’s Proposition 3.7 of [Dr2], any cocommutative Hopf QUE
algebra B is equal to U(b), where b is the Lie algebra of primitive elements in B.
Let as be the Lie algebra of primitive elements in A4 (0). It has a natural structure
of a Lie bialgebra, induced by the co-Poisson Hopf structure on A (0).

Thus, we have assigned to any QUE algebra A, a Lie bialgebra a., such that
A, is isomorphic to U(as ) mod h. This assignment is clearly a functor HAy(K) —
LBAO(K/)_.\ We will call it the functor of dequantization, and denote it by 5(\2,,, or,
shortly, DQ.

2.6. Invertibility of the quantization functor.
14
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Let M, (k) be the set of Lie associators over k. For any a = (X, f) € GT(k),
P € M, (k) define a® by formula (2.1):

(2‘9} 0‘13 ‘I’f( hilya q) 1 h!!-_ga(I,)

Let @ be the Lie associator over k fixed in Section 1.3. Denote by fo(X,Y) the
expression of the form

(2.10) fo(X,Y) = efenXinY),
such that ® = fy(e12, e23), For any A € k., denote by @) the expression
(2.11) Dy = fo (XM YH).

The following result is due to Drinfeld, [Dr4].

Proposition 2.7. Let U be a Lie associator over k. There exists a unique 1-
parameter semigroup ay C GT(k), such that ay(X) € GTy(k) for all A € k, and
awy (/\)‘I‘ — (I‘,\

Proposition 2.8. The ﬁmciom Qq. DQ” are quasi-inverse to each other. That
is, the functors Qq, o DQu - DQG s © Q.l, are isomorphic to the identity.

Proof. Let ay € LBAp(K) be a Lie bialgebra, Ay = Q(a+). For any A € k, let
a4 (A) be the Lie bialgebra obtained from as by multiplying the cocommutator by
A. Let A, (A) be the Hopf algebra obtained from A, as described in Section 2.5,
using the semigroup a = aq. As aq(A)® = &, we get that A (\) coincides with
Q(a+(z\]). Tending A to 0, we obtain that the Lie bialgebra m(A.,_) is naturally
isomorphic to ay. Thus, FQH s © (j}, is isomorphic to the identity.

Now let us prove that Qg o b?gw is isomorphic to the identity. Let a4 (0) =
(0,94). Let Ay € HA(K), ay = D?;)M (A4+), M the category of A, -dimodules
defined in Section 2.4, R the R-matrix defined by (2.5), and T = R°PR. Set
(8°,0R°) = g4 - (1,0R), where & is the permutation. We have ®° = g4 (T2, To3),
R® = RT-1/2,

Define the Casimir element by 2 = InT. Introduce commutativity and associa-
tivity morphisms in M by

(2‘12] R: — ROSHI)‘:!_ @r — f¢(@f}e$3m (@0)—1‘85!23)(50_

By the definition of (:?. this tensor category is obtained in the process of quantization
of the Lie bialgebra o, := DQ,,(A+)). Therefore, our claim follows from the
equalities R' = R and @' = 1.

The first equlity is obvious. It remains to prove the equality & = ®. Using the
expression for ¥, we see that

(2.13) ' = fo(ga(Ti2. Tos) "' Th2ga(Ti2. Tos). Tos)ga (T2, Tos).

So, it remains to show that fg o1 ge = 1, where the operation o, is defined by (2.2).

The set F of exponentials of formal Lie series equipped with the operation oy, is
a group. By the definition of g, we have in this group g o fo = 1. This implies the
desired equality fo o) go = 1. Thus, the QUE algebra @(DQ(A.,.}) is canonically
isomorphic to A.. The Proposition is proved.

Thus, we have shown that the functor @'p is an equivalence of categories and
proved Theorem 2.1.
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