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Free Lie Algebras Routines

Lazy Evaluation Version

Pensieve header: A free-Lie calculator with lazy evaluation for series; pensieve://2013-05/ version,
continues pensieve://2013-04/, continued pensieve://2014-01/.

Global Definitions

$Seri esShowDegr ee = 3; $Seri esConpar eDegree = 3;

Words and Lyndon Words

A Lyndon word is a word lexicographically smaller than all of its proper right factors.
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Al lWrds[n_, ab_List] := AW/e StringJoin eee Tupl es[ab, nl;
LyndonQ[AWMw Stringl] := And ee (
O deredQ[{w, #}] & /@ Table[StringDrop[w, i1, {i, 1, StringLength[w] -1}71);
Al'l LyndonWbrds [n_I nteger, ab List] := Al LyndonWords[n, ab] =
LWeee Sel ect [Al Il Words[n, ab /. LWw String] =»w], LyndonQ];
Al'l LyndonWords[{n_}, ab_List] := JoineeTabl e[Al | LyndonWrds [k, ab], {k, n}I;
Deg[LWx 11 := StringLength[x];
LyndonFactori zati on[w LW /; Deg[w] == 1] := w;
LyndonFactori zati on[LWw _String] /; Deg[LWew] > 1] := Mdule[{rf},
rf =First [Sort [Tabl e[StringDrop[w, i1, {i, 1, StringLength[w] -1}111;
LW/e {StringDrop[w, -StringLength[rf]], rf}I;
LWs_Synbol ] : = LWToString[s]];
IWMLWw 1] : = LWw];
LW /: LWx_ ] = LMy_ 1 := OrderedQ[{x, V}]I;

LW/: x W2y IW:=vy <x; LW/ x LW> y LW:= 1 (X <V);
LW /: X W<y LW:= 1 (y £Xx);
For mat [LWw_], StandardForm] : = Defer [{(w)];
Bracket Formiw L\W] /; Deg[w] =1 := w[[1]];
Bracket Form[w _LW] : = Bracket Form[w] = StringJoin[Flatten[{
"[", BracketForm /e LyndonFactorization[w], "1"
AR
topbracketformw L\W] /; Deg[w] =1 := w[[1]];
t opbracket form{w LW] : = topbracketform[w] = Overscript[
Rowl[Ri f fl e[t opbracketform /@ LyndonFactorization[w], ""11, —~I;
TopBracket Formfw LW] /; Deg[w] ==1 : = Overscript [w[[1]], —~I;
TopBracket For mfw_LW] : = topbracketform[w];

TopBracket Form[CWMw Stringl] := Overscript [w, ~I;
TopBracket Formlexpr _] := expr /. w_LW|w CW :» TopBracket For m[w];
w__) = LWwl;
LWis_Integer] := LWStringJoi nee
(StringTake["0123456789abcdef ghi j kl mopgr st uvwxyz", {#}] & /@ (L+{is}))];

The Bracket for Lie Elements

bro, _.1 =0; b[_, 0] =0;

blc_» (x_AW|x_LW, y_] := Expand[cb[x, y11I;
b[x_, c_* (y AW|y_LW] := Expand[c b[x, y]11;
b[x Plus, vy 1 :=b[#, y] & /@ Xx;

b[x_ , y Plus] := b[x, #] & /e v;

biw LW z LW := LWAdj oi nt [w] [Z];
ad[x_1[y_1:=Db[x, y1;
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LWAdj oi nt [w_] : = LWAdj oi nt [w] = Modul e[{u},

u = Uni que[LWACt 1;
Ufz_1 :=ufz] = Wiich]
W === 727, 0,
z <w, Expand[-b[z, w]],
Deg[w] =1, LWFirst [w]<>First[z]],
True, Modul e[{Xx, V},
{X, v} = LyndonFact ori zati on[w];
Ifly 2z,
LWFirst [w] <>First[z]],
b[x, LWAdj oi nt [y]1[z]] +b[LWAdj oi nt [x][z], V]
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LieSeries

Li eSeries[ser Synmbol J[{dd_Integer}] :=
TopBr acket For m[LSee Tabl e [ser [d], {d, dd}1];
Li eSeries[ser_Synbol J[e__ 1 := ser [e];
Format [s_LieSeries, StandardForm] : = TopBracket Form[s[{$Seri esShowDegree}]];
ShowLi eSeries[d_|Integer][s_LieSeries] := s[{d}];
MakelLi eSeries[s LieSeries] := s;
MakelLi eSeri es[expr ] : =
MakelLi eSeri es[expr] = Makeli eSeri es[Uni que[MakeLi eSeries], expr];
MakelLi eSeri es[ser Synbol, expr_ ] := (
ser [] = Hol d[MakeLi eSeries[ser, exprl];
ser [d_Integer] := ser [d] = Expand[expr /. w LW /; Deg[w] # d -» 01;
Li eSeries[ser ]
)
MakelLi eSeri es[ab List, coefs ] :=
MakeLi eSeri es [Uni que [MakeLi eSeries], ab, coefs];

MakeLi eSeri es[ser Synmbol, ab_List, coefs Synbol] := (
ser [] = Hol d[MakeLi eSeries[a, coefs]];
ser [d_Integer] : = ser [d] =

Pl us ee@ Mapl ndexed[ ((coefs eePrepend[#2, d]) »#1) & Al |l LyndonWrds[d, abll;
Li eSeries[ser ]
)s
sl LieSeries = s2 LieSeries := Mddule[{res =True, k},
For [k =1, res &%k <= $Seri esConpar eDegree, ++k, res =res & (sl[k] =s2[k])1;
res
1;
Randonli eSeries[ab List, opts__ Rule] :=
Randonli eSeri es [Uni que [Randonli eSeri es], ab, opts];

Randonli eSeri es[ser Synbol, ab List, opts  Rule] := Mdul e[

{rand = Randoni zer /. {opts} /.

Random zer -

Randonl nteger [{-2 Deg[#]!, 2Deg[#]!}] 8 }
Deg[#] ! )

ser [] = Hol d[Randonli eSeries[a, opts]];

ser [d _Integer] := ser [d] = Plus e@ ((rand[#] x#) & /@ Al |l LyndonWords[d, abl);

Li eSeries[ser ]

]
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AddLi eSeries[ss__ _LieSeries] := AddLi eSeries[ss] = Mdul e[{ser},
ser = Uni que [AddLi eSeri es];
ser [] = Hol d[AddLi eSeries[ss]];
ser [d Integer] := ser[d] = Plus ee ((#[d]) & /@ {ss});
Li eSeries[ser]
IN
LieSeries /: Plus[ss_LieSeries] := AddLi eSeries[ss];
Scal eLi eSeries[c_, s LieSeries] := ScalelLieSeries[c, s] = Mdule[{ser},
ser = Uni que [Scal eLi eSeri es];
ser [] = Hol d[Scal eLi eSeries[c, s]11;
ser [d_Integer] : = ser[d] Expand[c #s[d]];
Li eSeri es[ser]
1
LieSeries /: c_xs LieSeries := Scal eLieSeries[c, s];

b[sl LieSeries, s2 LieSeries] := b[sl, s2] = Mdul e[{ser },
ser = Uni que[b];
ser [] = Hold[b[s1, s2]7;

ser [d_Integer] : = ser[d] = Sum[
brsitk], s2[d-ki1,

{k, 1, d -1}
1
Li eSeri es[ser]
1
b[s LieSeries, y 1 := b[s, MakeLieSeries[y]];
b[x , s LieSeries] := b[MakelLieSeries[x], sI;

LieSeries /: EulerE[s LieSeries] := Mdul e[{ser},
ser = Uni que[Eul er E];
ser [] = Hold[Eul erE[s]];
ser [d_Integer] := ser [d] = Expand[d xs[d]];
Li eSeries[ser]
I
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adPower, adSeries, and Ad

adPower [0, x LieSeries][¢ LieSeries] := adPower [0, x][¢¥] = Mdul e[{ser },
ser = Uni que [adPower 1;
ser [] = Hol d[adPower [0, x][¢]1;
ser [d_Integer] := ser[d] = ¢ [d];
Li eSeries[ser]
1
adPower [n_Integer, x LieSeries][¢ LieSeries] := adPower [n, x][¢¥] = Mdul e[{ser},
ser = Uni que [adPower ];
ser [] = Hol d[adPower [n, x][¥]11];
ser [d_Integer] := ser[d] = b[x, adPower [n-1, x]1[¥]]1[d];
Li eSeries[ser]
1
adSeries[f , x LieSeries][¢ LieSeries] := adSeries[f, x][¥] = Mdul e[{ser},
ser = Uni que[adSeri es];
ser [] = Hold[adSeries[f, x][¥]];
ser [d_Integer] := ser[d] = Moddule[{c},
Expand [Sum[
c =SeriesCoefficient [f, {ad, 0, k}I;
If[c === 0, 0, c+adPower [k, x][¢¥]1[d]],
{k, 0, d-1}
11
1
Li eSeries[ser]
1
adSeries[f , x ][¥ ] := adSeries[f, MkelLieSeries[x]][MakelLieSeries[¥]1];
Ad[x ] := adSeries[E™ad, x];

LieDerivation, DerivationPower, DerivationSeries

Li eDerivation[der ][es__ ] := der [es];
Li eDerivation[rules  Rule] := LieDerivation[{rul es}];
LieDerivation[rules List] : =
Li eDerivation[rul es] = LieDerivation[Uni quel[LieDerivation], rules];
Li eDerivation[der Synbol, rules List] := (
der [] = Hol d[Li eDerivation[der, rules]];
(der [w_LW] /; Deg[w] = 1) : =
(der [w] = MakelieSeries[w /. Append[rules, _LW- 011);
der [w_LW] := der [w] = Modul e[{x, vV},
{X, y} = LyndonFactori zati on[w];
AddLi eSeries[b[der [x], y], b[x, der [y]11]
1
der [s_LieSeries] := der [s] = Mddul e[{ser },
ser = Uni que[Li eDeri vati onOnLi eSeri es];
ser [] = Hold[der [s]];
ser[d ] := ser[d] = Sum[
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der [s[k1][d],
{k, 1, d}
I
Li eSeri es[ser]
1
der [as_ASeries] : = der [as] = Mdul e[{ser},
ser = Uni que[Li eDerivati onOnASeri es];
ser [] = Hold[der [as]];
ser[d_] := ser[d] = Sum[
Expand[as [k] /. AWMw ] = Sum[
NonCommut ati veMul tiply[
AW St ri ngTake[w, j -111,
c[der [LWStringTake[w, {j }111[d-k+1]1,
AW St ri ngDrop[w, j11]

1
{i. k}
11,
{k, 1, d}
1
ASeries[ser]

1:
der [cws_CWseries] : = der [cws] = Modul e[{ser },
ser = Uni que[Li eDerivati onOnCWseri es];
ser [1 = Hold[der [cws]];
ser[d ] := ser[d] = Sum[
Expand[cws [k] /. CWMw_] = Sum[
tr [NonCommut ati veMul tiply[
AW StringTake[w, j -111,
c[der [LWStringTake[w, {j }111[d-k+111,
AWStringDrop[w, j11

11,
{i. k}
11,
{k, 1, d}
1
CWseri es[ser ]

1
der [expr_][d_] :=
Expand[expr /. {w LW der [w][d], s_LieSeries = der [s]1[d]}];
Li eDerivation[der ]
)
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Derivati onPower [0, der LieDerivation][¢ LieSeries] :=
Derivati onPower [0, der ] [¥] = Modul e[{ser },
ser = Uni que [Deri vati onPower ];
ser [1 = Hol d[DerivationPower [0, der J[¥11;
ser [d_Integer] := ser[d] = ¢ [d];
Li eSeri es[ser]
1
DerivationPower [n_| nteger, der_LieDerivation][¢_LieSeries] :=
Derivati onPower [n, x][¢¥] = Mdul e[{ser},
ser = Uni que [Deri vati onPower ];
ser [] = Hol d[Derivati onPower [n, der J[¥11;
ser [d_Integer] := ser[d] = der [Derivati onPower [n-1, der ][¢]1]1[d];
Li eSeries[ser]
1
DerivationSeries[__]1[0] = O;
DerivationSeries[f , |d LieDerivation] [y LieSeries] :=
DerivationSeries[f, |d][¢¥] = Mdul e[{ser},
ser = Uni que[DerivationSeries];
ser [] = Hold[DerivationSeries[f, |d][¢]11;
ser [d_Integer] := ser [d] = Moddul e[{c},
Expand [Sum[
c = SeriesCoefficient [f, {der, 0, k}I;
If[c=0, 0, c«=DerivationPower [k, [d][¢]1[d]],
{k, 0, d}
11
1
Li eSeri es[ser]
1
DerivationExp[ld_LieDerivation] := DerivationSeries[E*der, |d];
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LieMorphism

Li eMor phi sm[nor _][es__ ] := nor [es];
Li eMor phi sm[rules List] : =

Li eMor phi sm[rul es] = Li eMor phi sm[Uni que [Li eMor phi sm], rul es];
Li eMor phi sm[rul es_ Rule] := Li eMorphi sm[{rul es}];

Li eMor phi sm[nor _Synbol, rules_List] := (
nor [1 = Hol d[Li eMor phi sm[nor, rules]l;
(mor [w_LW] /; Deg[w] == 1) := (nor [w] = MakeLieSeries[w /. rules]);
nor [w_LW] := (nor [w] = b ee (nor /@ LyndonFactorization[w]));

mor [AW["" 1] = MakeASeries[AM""]11;
(mor [AWw 11 /; StringLength[w] = 1) :=
(mor [w] = c[MakelieSeries[LWw] /. rules]]);
mor [AW{w 1] : = nor [w] = Modul e[{wl, w2},
wl = StringTake[w, Floor [StringLength[w] /2]1];
w2 = StringDrop[w, Floor [StringLength[w] /2]1];
(mor [AW[WL]]) #* (mor [AWMW2]])

1
mor [CWMw_ 11 := tr [nor [AWMw]]1];
nor [s_LieSeries] := nor [s] = Mddul e[{ser},

ser = Uni que[Li eMor phi smOnLi eSeri es];
ser [] = Hold[nor [s]];
ser[d_] := ser[d] = Sum[
mor [s[k11[d],
{k, 1, d}
1
Li eSeries[ser]
1
nor [cws_CWseries] : = nor [cws] = Modul e[{ser },
ser = Uni que [Li eMor phi snDnCWser i es];
ser [] = Hold[nor [s]];
ser[d ] := ser[d] = Sum[
nor [cws [k]][d],
{k, 1, d}
1:
CWseri es[ser ]
1
nmor [expr_][d_] := Expand[expr /. (W_LW|w AW|w CW) = nor [w][d]];
Li eMor phi sm[nor ]
)
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StableApply

St abl eAppl y [nmor _Li eMor phism,  (type: (LieSeries | ASeries | CWseries))[s_11 := (
St abl eAppl y [nor, type[s]] = Modul e[{ser},
ser = Uni que [St abl eAppl y1;
ser [] = Hol d[Stabl eApply[nor, type[s]]];
ser[d_] := ser[d] = Nest [nor, type[s], d][d];
type[ser]
1
):

BCH

BCHBase = Modul e[{bch},
bch = Uni que [" BCHBase" ];
bch[] = Hol d[BCHBase];
bch[1] = "x") +"y");
bch[d_Integer] := bch[d] = Expand[Pl us[
adSeri es[E” (-ad), MakeLieSeries[{("y")]][MakeLieSeries[("x")]]1[d],
-adSeries[(1-E~ (-ad)) /ad -1, LieSeries[bch]][
Eul er E[Li eSeri es[bch]]]1[d]
1/d1;
Li eSeries[bch]
1
BCH[x_, y_1 := LieMrphism {LWM"x"] » x, LW"y"] -» y}][BCHBase];

AW, ASeries, ¢, o

Unpr ot ect [NonCommut ati veMul tiply]l;

X _*%*x0=0; Oxxy_ =0;

(C_*»X_AW) »xy = Expand[c (X **xVY)];

X_ %% (C_xy AW) := Expand[cC (X **V)];

X Plus sxy_ = (H*xxy) & /@ X;

X_ %%y Plus = (X*x#) & /@ v;

Deg[AWMw_]]1 : = StringLength[w];

AMAWMW_ 171 : = AMw];

AWMWL _String] ** AW[wW2_String] : = AMWL <>w2];
biw AW z AW] = Wx%Z -7 %% W,
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ASeries[ser_ Synbol J[{dd_Integer}] := ASeeTabl e[ser [d], {d, O, dd}1;
ASeries[as_Synbol ]J[es_ ] := as[es];

Format [s_ASeries, StandardForm] := s[{$Seri esShowDegree}];
MakeASeri es[as CWseries] : = as;

MakeASeri es[expr ] : =

MakeASeri es[expr] = MakeCWBeri es [Uni que [MakeASeri es],

MakeASeri es[ser Synbol, expr_ ] := (
ser [] = Hol d[MakeASeries[ser, expr]l;

ser [d_Integer] := ser [d] = Expand[expr /. w_AW /;
ASeri es[ser ]

);

(sl ASeries % s2 ASeries) := (slxxs2) = Mdul e[{ser},

ser = Uni que [NonConmut ati veMul tiply];
ser[] = Hold[sl #%xs2];

expr 1;

Deg[w] # d - 01];

ser [d_Integer] : = ser[d] = Sum[
s1[k] **s2[d -k],
{k, 0, d}
1
ASeri es[ser]
IN
c[w LW] /; Deg[w] =1 : = AWee v,
t[w LW := c¢[w] = b e (v /@ LyndonFactorization[w]);
tfexpr_] := Expand[expr /. W LW > c[w]];
L[ls LieSeries] := ¢[ls] = Mdul e[{as},

as = Uni que[.];
as[] = Hold[c[ls]];
as[d_] := as[d] = c[ls[d]];
ASeries[as]
1:

oly LW wlLW /; Deg[y]=1":= o[y, wl = Wich]

y ===w, AWM""],

Deg[w] ===1, O,

True, Modul e[{wl, w2},

{wl, w2} = LyndonFactori zati on[w];

L[WL] ** o[y, W2] - c[W2] **x o[y, WL]

1

1

o[y_, |s_LieSeries] := o[y, |s]
as = Uni que[o];
as[] = Hold[o[y, |s1];
as[d_] := as[d] = o[LMy], Is[d+1]];
ASeries[as]
IN
o[y , expr_] := Expand[expr /. w LW = o[LWMY],

= Modul e[{as},

wll;

CW, CWSeries, tr, div
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Deg[CWMw_]]1 := StringLength[w];
Al'l CyclicWrds[d Integer, ab List] :=
Al'l CyclicWrds[d, ab] = Union[tr [AWStringJoinee#] & /@ Tupl es[ab, d111;
CWeeries[cws _Synbol J[es_ ] : = cws[es];
CWeeri es[ser_Synbol J[{dd_I nteger}] : =
TopBr acket For mfCWsee Tabl e[ser [d], {d, dd}]1];
Format [s_CWseries, StandardForm] : = TopBracket For m[s[{$Seri esShowDegree}]];
MakeCWBeri es[cws CWseries] = cws;
MakeCWBeri es[expr ] : =
MakeCWBer i es [expr ] = MakeCWseri es [Uni que [MakeCWseri es], expr 1;
MakeCWBer i es [ser _Synbol, expr_ ] := (
ser [] = Hol d[MakeCWseri es[ser, expr]l;
ser [d_Integer] := ser [d] = Expand[expr /. w CW /; Deg[w] # d -» 01;
CWBeri es[ser ]
)
MakeCWeeri es[ab_List, coefs_ 1 := MakeCWseri es[Uni que[MakeCWBeri es], ab, coefs];
MakeCWBer i es [ser _Synbol, ab_List, coefs Synbol] := (
ser [] = Hol d[MakeCWseri es[a, coefs]];
ser [d_Integer] : = ser [d] =
Pl us @@ Mapl ndexed[ ((coef s eePrepend[#2, d]) »#1) & AllCyclicWrds[d, ab]];
CWeeri es[ser ]
)
RandonCWBeri es[ab_List, opts__ Rule] :=
RandonmCWser i es [Uni que [RandonCWser i es], ab, opts];

RandonCWBer i es[ser Synbol, ab_List, opts_  Rule] := Modul e[

{rand = Randomni zer /. {opts} /.

Random zer -

)

Randomnl nteger [{-2 Deg[#]!, 2Deg[#]!}] 8
Deg[#] ! J}
ser [] = Hol d[RandomCW5eri es[a, opts]];
ser [d_Integer] := ser [d] = Plus e@ ((rand[#] x#) & /@ Al |l CyclicWrds[d, abl);
CWeeri es[ser ]
]
sl CWeeries = s2 CWseries : = Module[{res =True, k},
For [k =1, res &%k <= $Seri esConpar eDegree, ++k, res =res &% (sl[k] =s2[k])1;
res
1
AddCWseries[ss  CWeeries] : = AddCWseries[ss] = Modul e[{ser },
ser = Uni que [AddCWBeri es];
ser [] = Hol d[AddCW5eri es[ss]];
ser[d_Integer] := ser[d] = Plus ee ((#[d]) & /@ {ss});
CWBer i es[ser ]
1
CWseries /: Plus[ss CWeeries] : = AddCWseri es[ss];
Scal eCWseries[c_, s CWseries] := Scal eCWseries[c, s] = Mdul e[{ser},
ser = Uni que[Scal eCWseri es];
ser [] = Hol d[Scal eCWBeries[c, s]1;
ser [d_Integer] : = ser[d] = Expand[c *s[d]];
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CWber i es[ser ]
1:

CWseries /: c_xs CWBeries := Scal eCWseries[c, s];
I nt egrat eCWseri es[cws_CWseries, {s_, sO_
I nt egrateCWeeries[cws, {s, sO, sl}] =

ser = Uni que[l nt egrateCWseries];
ser [1 = Hol d[I nt egr at eCW5eri es [cws,

ser [d_Integer] : = ser[d] = Expand[Integrate[cws[d],

CWseri es [ser ]
1

CWeeries /: Integrate[cws_ CWBeries, {s_

I nt egrat eCWseri es[cws, {s, sO, s1}1;

tr[w AW :=tr[w] = CMRotateToM ni nal eew];

trexpr_] = expr /. aw AW > tr [aw];

tr[as _ASeries] :=tr[as] = Mddule[{cws},

cws = Uni queftr];
cws[] = Hold[tr [as]];

cws[d ] :=cws[d] = tr[as[d]];
CWBeri es[cws]
1:
diviy LW w LW /; Degl[y] =1 :=div[y, w]

cws = Uni que[div];
cws[] = Hold[divI[y, Is]];

cws[d ] :=cws[d] = div[LWy], Is[d]];

CWseri es[cws]
i

div[y_, expr_] := Expand[expr /. w LW div[LWMYy],

divy [expr_1 :=div[y, exprl;
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Modul e [{ser },

{s, s0, s1}11;

tr[(AWeey ) »* o[y, W]];
div[y , Is LieSeries] :=div[y, Is] = Mdule[{cws},
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The Meta-Cocycle JA

JA[-1, __ 1 = MakeCWseries[0];
JAIn , v LW u LieSeries, ss_1 := JA[n, y, u, ss] = Mdul e[
{s, su, wus},
sy = Scal eLi eSeries[s, ul;
us = St abl eAppl y [Li eMor phi sm[{y - Ad[Scal eLi eSeries[1, sul]l[LWz]1]1}1,
pus = ps // LieMorphism[{LWz] -» y}1;
I nt egrat eCWseri es |

AddCWser i es [
JA[n-1, vy, p, s] // LieDerivation[{y - b[us, y1}],

ul;

diviy, us]

1,

{s, 0, ss}
1
IN

JALY_LW, pu LieSeries]

cws = Uni que [JA];
cws[]1 = Hol d[JALY, ©]1;
cws[d_Integer] := cws[d] = JA[d-1, vy, pu,
CWBeri es[cws]
1

:= JALy, p¢] = Modul e[{cws, s},

s][d] /. s-=1;
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