Pensieve header: g-calculus revision 3.

Utilities
A =1;
BSimplify[expr_]1:=expr // Together // ExpandDenom nator // ExpandNunerator;
Set Attributes[BCol |l ect, Listable];
BCol l ect [Blw_, u_]11 := B[
BSimplifylw],
Col l ect [u, _h, Collect[# _t, BSinplify] &]

1
(» "L" for "Labels" %)

hL[B_]1 : = Union[Cases[B, h[s_] = s, Infinityl];
tL[B_] := Union[Cases[B, t[s_]|cCs_ = s, Infinity]];
dL[B_]1 := Union[hL[B], tL[B]];

BForm[Blw_, u_]]1 := Mdulel
{tails, heads, nat},
tails = tL[B[w, u]]; heads = hL[B[w, wu]];
mat = Quter [BSinplify[Coefficient [u, h[#l]t [#2]]] & heads, tails];
PrependTo[mat, t /@ tails];
mat = Prepend[Transpose[mat], Prepend[h /@ heads, w]];
Mat ri xFor m[mat ]
1
BForm[el se_] := else /. B_B =» BForm[AB];
Format [3_B, StandardForm] := BFor m[p3];
B /: Blwl_ , wl_ ] = Blw2_, p2_]1 := Mdule[
{heads, tails},
tails = tL[{B[wl, ul], Blw2, wu21}1;
heads = hL[{B[wl, wul], B[w2, u2]}1;
(wl == w2) && (
And ee Flatten[Quter [
(Coefficient [ul, t[#1] h[#2]] == Coefficient [u2, t[#1] h[#2]]) &
tails, heads
11
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The Meta-Cross-Product
The “Tails” meta-group

tmix_, y_, z_1[B_] := BCollect [B /. {t[x]->t[z], t[y]l->t[z], Cx=Cz; Cy=Cz}];
tafz_, x_, y_1[B_] := BCollect[B /. {t[z] » t[x]1+t[yl, ¢z » Cx+Cy}];
tn[x_1[B_]1 := BCollect [(B /. t[x] » 0) /. cx-0];
tS[X_1[B_]1 := BCollect [B /. {t[X] » -t[X], Cx - -Cx}I;
tA[_1[B_] := BCollect [B];
tP[rules__ Rule]l[B_] := BCollect |

B /. {tIx_] = t[x /. {rules}], Cx_ » Cx, (rules)}

I;

The “Heads” meta-group

hmix_, y_, z_1[Blw_, u_11 := Mdule]
{yx = D[y, h[x11, wy =Dlu, hlyll, M=wu /. h[x] |h[y] - O},
Blw, M+h[z] (yx+yy+ (¥x /. t[i_] = aAci)yy)] // BCollect
1
hafz_, x_, y_1[B_]1 := BCollect[B /. h[z] » h[x] +h[y]];
hnix_1[B_1 := BCollect[B /. h[x] - O7;
hS[x_]1[Blw_, u#_1] := Mdule[{y},
¥y =1 + D[y, h[x]] /. t[s_] = hAcCs;
BCol l ect [Blw, 1 /. h[X] » -h[X]/¥]]
1
hA[X_1[B_] := hS[x][A];
hP[rules_ Rule][B_] := BCollect[B /. h[x_] = h[x /. {rules}]];

The TH - HT and HT - TH Swaps

thswap[x_, y_1[Ble_, u_]] := Module|
{a, B, v, &, €},

= Coefficient [u, h[ylt[Xx]];

= D[y, t[x]1] /. hly]l - O;

D[u, h[yll /. t[x] - O;

=u /. h[yl [t[X] » O;

= 1l+hACya;

B[w*e, Plus[
a(l+(y /. t[i_1 » aci)/e)hlylt[x],
B(l+(y /. t[i_] » hci)/e)tIx],
¥y/ehlyl,
6-hcCcy/ex*pB
]] // BCol | ect

M O X ® K
1]

|E

htswap[x_, Y_1I[B_1 := B // hS[x] // thswaply, x] // hS[x];
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The “double” meta-group

dm[x_, y_, z_1[B_]1 := B // thswap[x, y] // hm[x, y, z] // tm[x, VY, z1;
dafz_, x_, y_1[B_]1 := B // tAa[z, x, y1 // ha[z, X, yI;
dS[s_1[B_]1 := B // htswap[s, s] // hS[s] // tS[s];
dA[s_1I[B_] := B // htswap[s, s] // hA[s] // tA[s];
dn[s_1[B_1 := B // hn[s] // tn[s];
dcap([s_1[B_] := B // htswap[s, s] // hn[s];
dP[rules__ _1[B_] := B // hP[rules] // tP[rules];
dP[pl _List][B_] := Mdule[

{o, len, B1, Kk},

len =Length[pl1;

Bl = B // (dP ee Table[i » o[i], {i, len}]);

Do[

k=pl[[i, 111;

Bl =p1 7/ dP[o[i] - KkI;
Do[

BlL = B1 // dA[k, k, pl[[i,j]]],
{j, 2, Length[pl [[i111}
1,
{i, len}
I
B1
1;

dP[p _Integer] := dP[IntegerDigits /e {pl }1;

The “external” product
B /: Blwl_, wl_1B[w2_, w2_] := Blol+w2, ul+u2];
“Braid-Like” operations

Unpr ot ect [NonComut ativeMul tiply];
B_ »* v_ := Modul e[
{p, o, |abels},
p =B (v /. {h[s_1 » h[o[s]], t[s_] = t[o[S]], Cs_ = Cors1});
label s = Union[Cases[{B, v}, h[s_]|t[s_]|cs_ = s, Infinity]];
Do[
o =p // dm[s, o[s], s],
{s, | abels}
1
P
|E
B /: Inverse[Blw_, up_1]1 := Mdule[
{0 = B[1, ul},
Do[p = p // dA[s], {s, dL[p]}];
Repl acePart [p, 1 » 1/w] // BColl ect
1
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The R-Matrix

RIX_, y_, p_1 := BCollect [B[1l, (E"(phcx)-1)/ (Ack) *t[x]1h[ylll;

RIX_, y_1 1= R[X, y, 11;

Ri[x_, y_1 := R[x, y, -1];

e[xX_, Y, p_1:=(R[X, X, p/2] // dA[X, X, Y]) **R[X, X, -p/2] *»xR[y, y, -p/2];
O[x_, y_1 1= @©[x, y, 11;

ei [X_, y_ ] :=@©[x,y, -11;

Testing the meta-cross-product axioms
The “T” meta-group

{
B = Blw[C1, C2, C3, C4], Sumlaj [C1, C2, C3, C4]t [i 1h[1], {i, 4}]1,
B // tm[l, 2, 117,
ti=p//tm[l, 2, 11 // tm[1, 3, 11,
t2=p // tm2, 3, 28] // tm[l, 28, 1],
tl==t2
} // BForm // Col ummForm

w[C1, C2, C3, C4] hil]
t[1] o1 [C1, C2, C3, C4]
t[2] a2 [C1, C2, C3, C4]
t [3] ag[C1, C2, C3, C4]
t[4] 04[C1, C2, C3, C4]
w([Cy1, C1, C3, C4] hi1]
t[1] o1 [C1, C1, €3, C4] +a2[C1, C1, C3, C4]
t [3] ag[C1, C1, C3, C4]
t [4] ag[Cy, C1, C3, C4]
w[C1, C1, C1, C4] h[1l]
t[1] a1 [C1, C1, C1, Ca] +02[C1, C1, C1, Ca] +3[C1, C1, C1, C4]
t [4] a4[C1, C1, C1, C4]
w([C1, C1, C1, C4] hil]
t[1] a1[C1, C1, C1, C4] +a2[C1, C1, C1, Cq4] +03[Cy, C1, C1, C4]
t[4] 04[C1, €1, C1, C4]

True
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The “H” meta-group

{
B = Blw, Sum[awi. t[i1h[i1, {i, 2}, (i, 4}]],
B // hm[l, 2, 17,
tl=p // hmii, 2, 11 7/ hm1, 3, 17,
t2=8// hm2, 3, 281 // hm[1, 28, 11,
tl==t2
} // BForm // Col utmmForm

w h[1] h[2] h[3] h[4]
t[1] o1 o2 o1z oug
t[2] o1 a2 Q23 Q24
w hil] h(3] h[4]
t[1] o11+au2+Crou 012 +C2 012 021 013 O14
t [2] op1+0p2 +Cp 011 022 +C2 021 Q22 023  Oz4
w h[l]
t [1] a1 +o012 +C1oqy 02 + Q13 +C1 Q11 013 + C1 012 Q13 + C% Q11 012 a13 + C2 012 021 + €2 Q13 Q21 + €1 C2 (12 ¢
t [2] o1+ 00 +C1 041 Qpp + Cp 021 Gpp + O3 + C1 011 023 + C1 012 Q23 + €% 011 Q1p Otz + C2 A1 O3 + €1 Cp 012 ¢
w h[l]
t[1] o1+ o012 +C1 041 Qap + 013 + C1 aa1 043 + C1 012 Oag + CZ 011 0z 013 + C2 Qp 01 + C2 Q13 01 + €1 Cp 012 ¢
t [2] op1 + 022 + C1 011 G2 + C2 021 G2 + O3 + C1 011 O3 + C1 012 O3 + CZ 011 012 O3 + C2 021 Olag + C1 C2 012 ¢

—
=
c
D
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// 2
//

//

taf2,
ha[2,
har2,
// hal2,
// ha[2,
B // hS[1],

B
B
B
B
B
B

2,
2,
2,
2,

= Blw, Sum[auoij [C1, Col *t[iThIj 1, (i, 2}, i, 2}]],

31,

31,

3] // hS[3],

3] // hS[3]1 // hm[2, 3, 2],
31 // hS[31 // hm[3, 2, 21,

B // hS[1] // hS[1]
} 7/ BForm // Col umForm

hil]

011 [C1, C2]

h[2]
012 [C1, C2]
022 [C1, C2]

h(2]
012 [C1, C2 +C3

]
022 [C1, C2 +C3]
022 [C1, C2 +C3]
h[2] h[3]
a2 [C1, C2] ouz2[C1, C2]
agz [C1, C2] a22[Ci1, C2]

h[2] h[3]
012 [Cy1, C2]
c12[C1, C2] - 1+cCy 02 [C1, C2]+C2 022 [C1, C2]
022 [C1, C2]

o Ci, C -
22(C1 2] 1+C1 12 [C1, C2]+C2 a2 [C1, C2]

|

hi2]

l+C1011[C1, C2]+C2 a21[C1, C2]
021 [C1, C2]

o2 [C1, C2]

1+C1 11 [C1, C2]+C2 a21[C1, C2]

w h[l]
t [1] oax[cC1, C2]
t [2] o21(C1, C2]
w h{l]
t [1] o11[C1, C2 +C3]
t [2] o21[C1, C2+C3]
t [3] oa21[C1, C2+C3]
w h[l]
t[1] oas[cy, C2]
t [2] az1[C1, C2]
w h[l]
t [1] az1([C1, C2]
t [2] opi[C1, C2]
w h[l]
t[1] oas[c1, C2]
t [2] oz1[C1, C2]
w h[l]
t [1] oazr1[C1, C2]
t [2] opi[C1, C2]
w
t[1)
t[2]
w h[l]
t [1] oax[cC1, C2]
t [2] op1[C1, C2]

0g2[C1, C2]
h[2]

a1z [C1, C2]

azz [C1, C2]




B = Blw, Sum[awoi. »t [i1h[j1, (i, 2}, {i, 3}]]
tl=8// hml, 2, 11 7/ hS[1],

t2 = g // hS[1] // hS[2] // hm[2, 1, 1],
tl1=t2 // Sinplify
} // BForm // Col ummForm

w h[l] h[2] h[3]
t[1l] ou1 a2 a3
t[2] a21 22 o3

w hil] h[3]

t [1] —011-012-C1 011 12-C2 12 021 Qi3
1+C1 11+C1 0112+CF 01 Qa2+C2 A21+C1 C2 Q12 021 +C2 A22+C1 C2 041 (22+C3 021 022

t [2] ~01-022-C1 011 022-C2 021 022 Qo3
1+C1 a11+C1 a12+C% 011 Qa2 +C2 A21+C1 C2 Q12 021 +C2 A2 +C1 C2 041 (22+C3 021 022

w h{1] h(3]

t [1] -011-012-C1 Q11 A12-C2 012 Q21 Qi3
1+C10u1+C1 012+C§ 011 A12+C2 021+C1 C2 Q12 A21+C2 Q22+C1 C2 011 0(22+C§ Qa1 022

t [2] —021-022-C1 011 22-C2 021 022 Qo3

1+Cc111+C1 0(12+C% Q11 012+C2 021+C1 C2 12 021 +C2 022+C1 C2 11 0122+C% 021 Q22

True
Testing “thswap”

C ear [B];
{Bl =B[w, h[1l]t[1]la+h[2]t[1]1B+h[1]1t[2]¥v+h[2]1t [2] 6],
Bl // thswap[l, 1]

} // BForm
W+ oWy h{l] h[2]
W h[1] h[Z] t[l} D¢+D¢2C1+D¢7{02 B+aBC1+B ¥ C2
{ t[l] « B, Teocs Troccs
t[2] Y o t[2] Y 5-BycCi+adCy
liacy l+acy

B = Blw, Sum[awoi. t[i1h[i1, (i, 2}, (i, 3}]]

B // hml, 2, 1],

tl1 =8 // hmil, 2, 1] // thswap[l, 1],

t2 = g // thswap[l, 1] // thswap[1, 2] // hm[1, 2, 1],
tl =1t2 // Sinplify

} 7/ BForm // Col utmForm

w h[1] h[2] h[3]
t[1] onn o2 ous
t[2] a1 o022 o3

w h(1] h(3]
t[1] oug +ou2 +Cpoqg 0u2 +C2 012 21 Qa3

t [2] o021 +0022 +Cp 011 022 +C2 021 Ol22 023
W+ wCy 011 +wWCq O<12+wC% 011 12 + W Cq1 C2 Q12 Q21

t[1]
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2 2 2 2 2 20302 o2
011+Cq 0fy +012+3 €1 011 012+2 Cf 0fy 12+C1 afp+2 CF 11 03 +C3 O3 A4 +C2

t [2]

a)+w010(11+a)010(12+(A)C%O(110(12+w01020(120(21

a11+C1 o<§1+o(12+3 C1 011 Q12+2 C% o@l 012+C1 o(§2+2 C% agl O<§Z+C‘;f o@l o(§2+cz

True
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B = Blw, Sum[awoi. t[i1h[j1, (i, 3}, (i, 2}]],
tl =8 //tmil, 2, 1] // thswap[l, 1],

t2 = B // thswap[2, 1] // thswap[l, 1] // tm[l, 2, 1],

tl1=1t2 // Sln'pllfy
} 7/ BForm // Col umForm

True

Testing “htswap”

w h[l] h[2]
t[l] ocan a2
t[2] o21 o2
t[3] os1 a3
W+ wC1 11 +wCq1 021 h[l] h[2]
t [l} a11+C1 081 +a21+2 C1 Qa1 Gp1+C1 031 +C3 041 (31+C3 021 031 Qu2+C1 G11 O12+C1 Q2 Oi21 +Q22 +C1 Ol11 022 +C1 Oy 0122 +C3 Ot
1+Cy a11+C1 021 1+Cy c11+C1 021
t [3} 31 —C1 012 31 -C1 022 031 +032+C1 011 032+Cy 021
1+Cq c11+C1 021 1+Cy 011+C1 021
W+ wC1 11 + W Cq1 021 h[1l] h[2]
t [1} a11+C1 083 +021+2 C1 Qa1 G21+C1 031 +C3 041 0131+C3 021 031 Qu2+C1 Q11 O12+C1 Qup Cia1 +Q22+C1 (11 022 +C1 01 Ct22+C3 Ot
1+C1 c11+C1 021 1+C1 011+C1 021
t [3} 31 —C1 012 31 -C1 022 031 +032+C1 011 032+C1 21
1+C1 a11+C1 021 1+C1 011+C1 021

d ear [B];
{Bl =B[w, h[1]t[1]la+h[2]t[1]1B+h[1]t[2] y+h[2]t[2] &],
Bl // htswap[l, 1]
} // BForm
_yets hi1l hi2
w  h[1] h[2] brerves [a] [B]
{ t[1] o B t[1] 1 e Tovc, }
t[2] Y 9 t (2] yraycCi+y?Ca  S+ByCi1+v S Co

1+yca l+yc

/3= B[w, Sum[a10i+jt[i]h[j]r {Iv 2}1 {Jr 3}]]1
tl =8 // hmil, 2, 11 // htswap[l, 11,

t2 = B // htswap[2, 1] // htswap[l, 1] // hm[l, 2, 1],

tl = t2 // Sinplify
} 7/ BForm // Col utmForm

w h[1l] h[2] h[3]
t[1] o1 o2 13
t[2] a1 a2 Q23

W+w Cp 021 +w Cp 02 +w C1 C2 011 G2 +w C3 a1 Q22

2 2
1+C1 011+C1 012+CT 011 Q12+C2 Q1 +C1 C2 Qa2 Q21 +C2 Q2 +C1 C2 Q11 Q22+C5 Q21 022

t 1]

021+C1 011 Q21+C1 Q12 021 +Cf 011 012 021 +C2 or%l +C1 C2 Q12 or%l +022+

t[2]

wW+wW Cp 021+W Cp Op2+w Cq C2 011 O +W C% 01 02

1+C1 a11+C1 Ot1z+Cf 011 12+C2 021+C1 C2 Q12 021 +C2 22+C1 C2 Q11 Olzz+C% 021 022

t [1]

2 2 2
021+C1 Q11 Q21+C1 012 021 +C7 Q11 Q2 Q21 +C2 053 +C1 C2 02 05 +022+

t[2]

True



B = Blw, Sum[awoi. t[i1h[i1, (i, 3}, i, 2}]]

tl =B // tm[l, 2, 11 // htswap[l, 1],

t2 = B // htswap[l, 1] // htswap[l, 2] // tm[l, 2, 1],
tl1=t2 // Sinplify
} // BForm // Col urmForm

w h[l] h[2]
t[l] ocan a2
t[2] o1 Q22
t[3] os1 a3
w+w C3 031 h[l:| h[2}
1+Cq1 a11+C1 021+C3 Q31
a; (08 o Q;
t [11 11+021 12+022
1+C3 o31 1+C3 31
t [31 031+C1 011 031 +C1 021 031+C3 O(§1 C1 012 031+C1 Q22 031 +032+C3 Q31 (32
l+C3az l+cs o
w+w C3 031 h[l} h[2}
1+C1 a11+C1 021 +C3 031
tr1 011 +0021 Q12 +022
[1] 1+C3 aa1 1+C3 0m1
t [3} 031+C1 041 031+C1 021 031+C3 031 C1 012 (131 +C1 Q22 031 +0B2+C3 031 Olsz
l+C3 s 1l+C3 a8

True
The “double” meta-group
{B=Blw, Sumlawoi t[i1hIi1, (i, 4}, {i, 4}]],
tl1 =8 // dm[l, 2, 11 // dm[1, 3, 1],
t2 = g // dmi2, 3, 2] // dm[1, 2, 1],
tl==t2 // Sinplify
} 7/ BForm 7/ Col urmForm

A very large output was generated. Here is a sample of it:

w h[1l] h[2] h[3] h[4]

True

Show Less || Show More || Show Full Output || Set Size Limit...
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t[1] ou1 o2 s oua
t[2] o211 o022 o3 02
t[3] os1 oas2 o33 O3a
t[4] a1 ou2 a3 Oua
W+ wC1 02 +wWC1 13 +(A)C% Q12 013 + W C1 023 +(1)C% Q12 023 +wC% Q13 Q32 + W C1 Cq 013 Q42 h[l]
t [1] Dr11+<<646>>+03 13
1+<<6>>+C1 Cyq:
t [4] <«<1l>>
<«<l>>
W+ wC1 02 +wWC1 013 +a)C% Q12 13 + W C1 023 +a)C% Q12 023 +wC% 013 032 + W C1 Cq 013 Q42 h[l
t [1] 0(11+<<646>>+Cﬁ a13
1+Cq1 o120+ <<5>>+
t [4] «<1>
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The “braid-like” operations

{B = Blw, Sumlagi.j[c1, c2lt[il1h[j1, (i, 2}, {j, 2}]],
I nverse[B],
B **1nverse[p]
} // BForm // Col umForm

w h[l] h{2]
t [1] oai[C1, C2] ocuz[C1, C2]
t [2] ow1[C1, C2] oz2[C1, C2]

1

= h[1]
t [1 —011[C1, C2]-C1 11 [C1, C2] 12 [C1, C2]-C2 12 [C1, C2] @21 [C1, C2]

1+C1 aq1[C1, C2]+C1 12 [C1, C2]+C% a11 [C1, C2] @12 [C1, C2]+2 C2 021 [C1, C2]+C1 C2 11 [C1, C2] 021 [C1, C2]+C1 C2 c12 [C1, C2] 21 [C1, C2] +¢
t[2] _ 021 [C1, C2]
1+C10u2[C1, C2]+C2 a21[C1, C2]

1 h[(l] h[2]
t[{1] o 0
t[2] O 0

Some Knot-Theoretic Definitions

HardR4[V_] := (R[1, 3] **R[2, 3] **V) = (Vxx (R[1, 3] // da[l, 1, 2]));
Twi stEq[V_] := (V /7 dP[2, 1]) **x©[1, 2] == R[1, 2] »xV,
CapEquation[V_, Cap_] := (V#** (Cap // dP[12]) // dcap[l] // dcap[2]) -==
(Cap (Cap // dP[2]) // dcap[l] // dcap[2]);
&[V_] := (Inverse[V] // dP[12, 3]) xxInverse[V] =+ (V // dP[2, 3]) »* (V // dP[1, 23]);
Pentagon[& ] := & % (& // dP[1l, 23, 4]) »x (& // dP[2, 3, 4]) =
(8 /7 dP[12, 3, 4]) == (& // dP[1, 2, 34]);
Hexagon[s_, & ] := Equal [
e[1, 2, s] //dP[12, 3],
x%x0[2, 3, s] xxInverse[& // dP[1, 3, 2]] »+*©[1, 3, s] »% (& // dP[3, 1, 2])
1
Rot 120[B_]1 := B // dS[2] // da[2, 2, 3] // dm[1, 3, 1] // dP[2, 1];
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{B = B[wlc1, c2], Sum[asoi. [C1, C2lt[i1h[j1, (i, 2} {i. 2}]],
B // Rot120,

B // Rot120 // Rot 120,

B // Rot120 // Rot120 // Rot120

} 7/ BForm 7/ Col unmForm

wlC1, C2] hil] h[2]
t[1] a11[C1, C2] aaz[C1, C2]
t[2] az1[C1, C2] 0g2[C1, C2]
w([C2, -C1-C2] h 1]
1+Cz 012 [C2, ~€C1-C2]-C1 022 [C2, ~C1-C2] -C2 a2 [C2, ~C1-C2]
t [1] _ 022 [C2, -C1-C2]
-1-Cp 012 [C2, ~C1-C2]+C1 022 [C2, ~C1-C2] +C2 22 [C2, ~C1-C2] -1-Ccpou2 (¢
t [2] -012 [C2, ~C1-C2]+a22 [C2, ~C1-C2] 011 [C2, -C1-C
1+C2 012 [C2, ~C1-C2]~C1 a2z [C2, ~C1-C2]~C2 022 [C2, ~C1-C2] licz a1z [C
_ w[-C1-C2,C1] h (1]
-1+C1 011 [-C1-C2, C1]+Cp 011 [-C1-C2, C1]-Cy 021 [-C1-C2, C1]
t [1] -011[-C1-C2, C1]+012 [-C1-C2, C1 ] +a21 [-C1-C2, C1] 022 [-C1-C2, C1 ]
-1+C1 011 [-C1-C2, C1]+C2 11 [-C1-C2, €1]-C1 021 [-C1-C2, C1] -l+c
t [2] -011[-C1-C2, C1]+a12[-C1-C2, C1] _
-1+C1 a11[-C1-C2, C1]+C2 11 [~C1-C2, C1]-C1 a1 [-C1-C2, C1] -1+
w[C1, C2] hi1] h[2]
t[1] oa1 [C1, C2] oauz[C1, C2]

t[2] 021 [C1, C2] o22[C1, C2]



