Pensieve header: g-calculations.

SetDirectory["C \\drorbn\\ Acaden cPensi eve\\2012-03"1;
<< betaCal culus. m

The Knot-Theoretic Equations
R2, OC, R3 and easy R4

{R[1, 21 R [3, 4],
R[1, 2] Ri [3, 4] // dm[1, 3, 1] // dm[2, 4, 2],
R[1, 2] R [3, 4] // dm[1, 3, 1] // dm[4, 2, 2]

}
1 h[2] h(4]
~1+e1
[r == % L), (1)
t [3] 0 e <Cla—e°a>
{

R[1, 21 *x R [1, 2],

R[1, 3] **» R[2, 3],

R[1, 3] ** R[2, 3] = R[2, 3] **xR[1, 3] // Sinplify,

R[3, 1] **» R[3, 2] = R[3, 2] **» R[3, 1],

R[1, 2] »* R[1, 3] ** R[2, 3],

R[1, 2] »* R[1, 3] ** R[2, 3] = R[2, 3] ** R[1, 3] »*» R[1, 2]

}
1 h[3]
t 1] -l (-1 +ef) (-1+e) (-1+ef) (-1+e%)
{1, | = 08&
t [2} 7eC1::C1*Cz Cq C2
1 h{2] h([3]
trl ~1+e%1 ~1+e%
True, [1] c1 c1 , True}
t[z) o ==
{
R[3, 1] »*x R[3, 2],
R[3, 11,

R[3, 11 // da[l, 1, 2],
R[3, 1] #*xR[3, 2] = (R[3, 1] // da[1, 1, 2])
}

~1l+e%s

1 h[l] h[2]
{(t [3} ~l+e  -1l+eCs ]

C3 C3

1 hi1] 1 h[l] h[2]
[t [3] ] [t [3} ~l+e®s ~1l+e®s J, Tr Ue}

C3 C3 C3

R[1, 2, p1] ** R[1, 2, p2] == R[1, 2, pl+p2] // Sinplify

True
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Hard R4

{

R[1, 3] **R[2, 3],

R[1, 31 // daf[1, 1, 21,

R[1, 3] **R[2, 3] = (R[1, 3] // da[l, 1, 2])

}
1 h(3] 1 h(3]
~l+e% —1+ef1'C2 ~1 + %2 ~1 4+ eC1*C2 _ @t 4 gC1+C2 ~1 + et1tC2
{ ti1] o ) 1] C1+C2 ) = && =
—ef1yefit2 “1sef1C2 c c Cc Cc c C
t [2] t [2] 1 1 1+C2 2 1+0C2
C2 Ci1+C2

VO = B[Vo[C1, C2], Sum[Vigi. [C1, 21t [i1h[j1, {i, 2}, {j. 2}]].
R[1, 3] ** R[2, 3] % VO,

VO #+ (R[1, 3] // da[l, 1, 2]),

eqnsl = Har dR4 [VO]

}

Vo[C1, C2] h{l] h[2]
Vo [C1, C2] h[l] h(2] “1+e®14e% Cp Vip [C1, Co] -
t[1] Vi1 [€1, €2] Viz[C1, C2] |, tt] Vii[€1, C2] Viz[ca, C2]
t[2] Vo1 [C1, C2] Va2[C1, C2] t[2] Vo1 [C1, C2] Vap[Ci, Cp] —Sireir®ehicaViples.Cs
1-ef*%  (-1+e%) (1+caVor[Cy, C2])
+ =e% (-1 +e%) Vip[Cy, C2] &&
C1+C>o C1
1 - etttz e’ (-1+e) (1+cyViz[C1, C2])
+ = (-1+e%) Va1 [cy, Cz]}
Ci1 +Cy C2

sol = Sol ve[eqnsl & & V5 [C1, C2] == 0, Vip[C1, C2]1]

e (—e°1 Cy + eC1+C2 C1+Cp - e®t C2)
{{VlZ[Cly C2] » - }
(-1+e°) cy (Cp+C2)
V1=V0 /. {Va1[C1, C2] » 0, Vii[Cy, C2] » 0, Vxp[C1, C2] » 0, Vp[Cy, C2] » 1} /. sol [[1]]
1 h[2]

t[1) %1 Cc1-e%1'%2 C1-Co+e®l Cp

-e®1 ci+e®17%2 cf-e®1 cq Care®17%2 ¢y €

t[2] 0
® and the Pentagon

8l = &[V1]
1 h[2]

-€%2 C1 C2+@%1°%2 €1 Cp+€%27%3 €1 Cp-e%17%27%3 ¢y Cp-e%2 C§+e®17%2 C3+e%2%3 €3-eC17%2%3 €34Cq C3-€%2 C1 C3-€17%27%3 ¢1 C3+e172%27C3 ¢y C3—

t[1

[1] c?co-ef1'%2 cf cp-e®2% cf cp+e172%27% cf cp+Cq C3-€e%17C2 ¢1 C3-e®2%3 ¢q c3+e%172%2"%3 ¢g c3+Cq Cp C3-€%17%2 Cg Cp C3-€
t[2] 0
t [3] 0

Pent agon[&l] // Sinplify
True
V2 = VO / {V21—>O, V11—>0, V22—)O, V()—)l}

1 hi2]
t[1] Va2
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82 = 3[V2]
1 h[3]
t[1] 0
t[Z] c1 V3,

1+cy Vi2+C2 Vi2

Pent agon[&[V2]] // Sinplify

C1C3Vi2
= 0&&
(L+cC1Viz+C2Vi2) (1+C1Vip+CoVi2+C3Vi2)
Ci1C2Vi2
=0

(L+c1Viz+C2Vi2) (1+Cy1Viz +C2 V12 +C3 Vi)
® and the Hexagons

{e[1, 2],

e[2, 1] =e[1, 2] // Sinplify,

(R[1, 2] // dP[1, 231) #+R[2, 3] = R[2, 3] ** (R[1, 2] // dP[1, 23]),

(R[2, 11 /7 dP[1, 23]) **xR[2, 3] = R[2, 3] »x (R[2, 1] // dP[1, 23]) // Sinplify,
(R[2, 1] // dP[1, 23]) *+@[2, 3] = ©[2, 3] ** (R[2, 1] // dP[1, 23]) // Sinplify

}
1 hi1] h[2]
c2 ¢ C2 c2 €1 ©2
t [1} -Ci+e2 Ci1-e2 2 Cr+e2 Cp -lve2 2
{ Zrcy cz CieCa , True,
€ C2 °1 €1 ¢ ©1
t (2] “l+e2 2 e2 Cj-e2 2 Cj-Cy+e2 Cp
C1+C2 €1 Cp+C3
(-1+e%) (-1+ef%) c3 (-1 +ef) (-1+ef27%s)
True, =0&% =0, Tr ue}
Cy (C2 +C3) Cy +C3

t1 = Hexagon[+1, &[V1]]

A very large output was generated. Here is a sample of it:

<«<1>

Show Less || Show More [l Show Full Output || Set Size Limit...

Simplify[tl]
A very large output was generated. Here is a sample of it:

«<1l>

Show Less || Show More || Show Full Output || Set Size Limit...

The Twist Equation
VO

Vo [C1, C2] h(1] h[2]
t[1] Vi1 [C1, C2] Viz[C1, C2]
t[2] Va1 [C1, C2] Va2[C1, C2]
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eqns2 = Sinplify[(VO // dP[2, 1]) **x©[1, 2] == R[1, 2] %% VO]

1 3 o
Vo[C1, C2] =Vo[C2, C1] && ————— (*62 (*1+e2)02 (L+caViza[C2, C1]) +
C1 (C1 +C2)

Ci1 |(-1l+e2 —-ez2 Cy ((—14—@7) Vi2[C2, C1] - Va2 [Ca, Cl])) -*—(EC?2 C%sz[Cz, Cl]) =

(C1+C2

Vi1 [C1, C2] &&

1 1 1
(71 +e2 (72 e (792 )\ [Cp, €1] +e2 ' ¢ Var[Ca, C1] ) =

C1 +Cp

1
— (e®* ¢y Via[C1, C2] + (-1 +e®) (L+cz2Var[Cy, C2])) &

Ci
1 1(c+c) £(c+c) £(C+C)
(71+e2 Y ez M cp Vip [Ca, C1] +e2 TP Cp Vi [Co, Cl]) = Vp1[C1, C2] &&
C1 +C2
(-1+e®) Var[C1, C2] +
1 4 a o =3
- (cz (—l+ez +e2 Cp Vi1 [Co, cl]) —e2 (—1+92)C%V21[C2, c1] -
C2 (C1 +C2)

cy c

ez C (—1 ver -Cz (Vll[cz, c1] - (—1 + e?z) Va1 [C2, cl]))) = e Vp[C1, C2]
The Non-Degeneracy Equations

eqns3 = Sinplify[dn[1][VO] = B[1, 0] && dn[2][VO] == B[1, 0]]

Vo [0, C2] == 1&&V2,[0, c2] =0&&Vo[C1, 0] == 18&&Vy1[Cy, O] ==
Solving 1-3

eqnsl3 = egnsl && eqns2 && eqns3

1 - efr+C2 (-1+e) (1+coVoi[C1, C21)

+ = et (-1 +<ECZ) Viz [C1, C2] &&
C1 +Co Ci
1 - eC1tC2 et (—1+(EC2) (1+Cl Vlz[C]_, Cc2])

+ = (-1+e%) Va1 [C1, C2] &&
C1 +Co C2

1 < o
Vo[C1, C2] =Vp[C2, C1] && ————— (*@2 (*1+@2 ) C2 (L+cz2Viz[Cz, C1]) +
C1 (C1 +C2)

C1 *1+®c72*®c72 C2 ((*1+®C71) Vi2[C2, C1] - V22 [Ca, Cl])) +@C72 c? Vys[Co, Cl]) =

(Ci1+C2

Vii[C1, C2] &&

1 1 1
(—l +e2 ©%) e 0% ¢V [ey, €1 +e? ' €2 Va1 [Ca, Cﬂ) =

C1 +C2

1
— (€%t c1 Viz[C1, C2] + (-1 +€%) (L+ca2Var[C1, C2])) &&

C1
1 Leysen) | L (eane L (eyee
(—1+<ez (1ve2) 4 ez (4172 ¢4 Vip[cp, €1] + @2 %) ¢y Vip [Co, Cl]) = Vz1[C1, C2] &&
Ci1+C>
1 4w
(-1+e%) Vpy[C1, Co] + ———— (Cz (*1+®2 +ez2 Cz Vip[Ca, Cl]) -

C2 (C1+C2)
€1 C2

ez (—l+<e72) C% V21 [C2, C1] 7(871 Cq (—l+e72—02 Vi1 [C2, C1] - (—1+e7) V21 [Co, Cl}))) =
e’t Vo2 [C1, C2] &&Vo[o, Cp] == 1&& V2, [0, Cc2] == 0&&Vp[Cy, 0] =1&&Vi;[Cy, 0] =0
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1-e%*2  (-1+e®) (L+cCaVer[C1, C2])

Print /e Sol ve[ + = €% (-1 +e2) Vip[cq, Co] &&
C1+Cy Ci1
1-e%*%2 % (-1+e) (1+cyVip[C1, C2])
+ = (-1+e®) Voi[C1, C2] &&
C1 +Co C2
1

[ — (_e?z (-1+e71) Cz (1 +cC2 Viz[Co, C1]) +
C1 (C1+C2)

C1 (—1+te%-eCTZ C2 ((-1+ecz_l) Viz[C2, C1] - Vzz[Co, Cl])) +ec?z cf Vaz [Co, Cl]) ==

1 1 1
Vi1 [C1, C2] &&—(-1 +e2 0179 L er (9*%2) ¢y [ep, €11 + @2 1% ¢) Vg [, Cl]) =
Ci1+Cy

1
— (e®* €1 Vi2[C1, C2] + (-1+e°) (L+cCpVar[C1, C2])) &&
C1

1 1 1 1
—(—l rez (72 L @2 (7% ¢y Vs [ep, €11 + ez 1) ¢y Vip[ey, Cl]) = Vp1[C1, C2] &&
C1+Co
1 a oo o o
(—l+e°1) Vo1 [C1, C2] + ——m (Cz (—1+e2 +e@2 Cy Vii[Co, Cl]) -@?2 (—1+eZ)C§
C2 (C1 +C2)

V21 [C2, C1] —ez C1 (-1+‘872 -Cz (V11[Cz, C1] - (-1+‘872) Vai [Co, Cl]))) =
et Vop[C1, €21, {Mi1l[C2, C€1], Viz[C2, C1], Vei[C2, C1], Vaz[C2, Cll}][[ll]?

1 e Y e o, G,
Vi1 [C2, C1] » ———— (ez Ci-e2 2Cy1-Cz+e2 Ca+e2 CTVip[Cy, C2] -e2 2 €] Vip[Cy, C2] +
C2 (C1 +C2)
cy c; C, cy

€1
€2 €1 Ca Via[C1, C2]l @22 C1Cp Vip[C1, C2]l +@2 C1CaVar[C1, C2] +€2 C5Vaa[C1, C2]

1 o

Cz €1 Cp
Viz2[C2, C1] 5 -——e 2 2 (*1+®7+7*C1 Va1 [C1, C2] -C2 Va1 [Cy, Cz})
Ci1 +Co
1 Lt s % Y
Va1 [C2, C1] = (*1+62 2 +ez2 2 €y Vip[C1, C2] +ez2 2 Cp Vip[Cy, Cz])
C1 +Co

Voo [Co, C1] =
1 Cl C2 Cl Cl C2 Cl [ c
o e (-e? Ci+e2 2 Ci+Cr-e2 Cy—e
C1 (Cp +C2)

1 1
) o
2 c3Vi1[C1, C2] —e2 €1 C2 Vi1 [C1, C2] +

¢ €1
a 2 42
C1C2V21[C1, C2] —e@2 C1C2Va1[C1, C2] +C5V21[C1, C2] —e2 C5 V21 [Cy, C2]
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1-e®*%  (-1+e®) (L+caVer[Cy, C2])

eqns = + = e (-1+e%) Vip[Ccy1, C2] &&
C1 +Cy Ci1
1 - ef1#C2 e’ (-1+e®) (L+cyVip[C1, C2])
+ = (-1+e°) Voi[C1, C2] &&
C1 +Co C2
1

_— (—e?z (—1+e71) Co (1+C2 V12[C2, C1]) +
C1 (C1+C2)

C1 (—1+@7-¢°-C2_2 C2 ((—l+e671) Viz[C2, C1] - Vzz[C2, Cl])) +e% cf Vaz [Co, Cl]) =

1
c1Vor[Cz, C€1] +e2 (©1%°2)

-l+ez e

Vi1 [C1, C2] &&

1 1
( (C1262) 4 @7 (Cave2) C2 Va1 [C2, Cl]) =
C1+C2

1
— (e’ Cc1 Vi2[C1, C2] + (-1+e°) (1+cCaVar[C1, C2])) &&

C1
1 L (c1+Ca) L (c1+Ca) L (c1+Ca)
-l+ez T 4@z MY €y Vip[Co, C1] +e@2 TP cp Vi [Co, Cl]) = V1 [C1, C2] &&
C1+C>o
1 [ 5% 2% 2.
(—l+e°1) V1 [C1, C2] + —m——m (C2 (—1+<52 +e@2 Cy Vi1 [Co, Cl]) -@z2 (—l+eZ)C%V21[Cz,

C2 (C1 +C2)
C1] —e% C1 (-1+ec72 -C2 (V11[C21 C1] - (-1+ec72) Vai [Co, Cl]))) = e Vs [C1, C2];

Sol ve[eqns && (eqns /. {Cip = Cz, Cza-»C1}) & Vip[Ca, C1] == Viz[C1, C21,
{Vi1[c1, c2], Viz2[Ci, C2], Vai[C1, C2], Va2[C1, C2],
Vi1 [C2, €1], Viz2[C2, €1], Vai[C2, C1], Va2[C2, C11}1[[1]]

Solve:svars : Equations may not give solutions for all "solve" variables. >

¢

1 1 liez o
{V12[01, C2] » ————, Vo1[C1, C2] - - » Vi1 [C2, €1] » ——— +e2 Vp[Cy, C2],
C1+C» C1+C2 C1+C2
1 1 @772 (—1+e72) o
Vi2 [C2, C1] — - » Va1 [C2, C1] = - , Va2[C2, C1] » -——————————— +e 2 Vig[Cy, Cz]}

C1+C> C1 +C2 Ci1+C2

Sol Ve[ean &% (eqns /. {C1 ->Cyz, Cz2>C1}) & & Vip[Cy, C1] == Vip[C1, C2] &&
—l+<e72
Va2 [C1, C2] =0&& |Vi1[C1, C2] == — |, {Vai[C1, C2], Viz2[C1, C2],
C1 +Co

Va1 [C1, C2], V2z2[C1, C2], Vi1[C2, C1], Viz2[C2, C1], Vai[C2, C1], V22[Ca, Cl]}][[l]]

C2

-l+ez 1 1

{Vll[clx C2] » ——, Viz[C1, C2] » - ———, Vo1[Cy, C2] » - ——, Vap[Cy, C2] =0,
C1+C»o C1 +Cp C1+C2
“liez 1 1

Vi1 [C2, €1] » ———, Viz2[C2, C1] » - ———, Vzr[C2, C1] » - ———, Va2 [C2, C1] %0}

C1 +Co C1 +Co C1 +Cp



V2 =\0 /. {Vn[cl, c2] »

Vo1 [C1, C2] » -

1

2

-l+ez

C1+Co

“lie2 1
t1] C1+Cy —C1-Cy
t[2] 7011762

B[V2]

, Vi2[C1, C2] » -
C1 +Co

Power:infy : Infinite expression — encountered. >
0

1

Power:infy : Infinite expression — encountered. >
0

1

Power:infy : Infinite expression — encountered. >
0

General:stop : Further output of Power:infy will be suppressed during this calculation. >

Infinity:indet :

1

Ci1+Cy

» Vaz[C1, €21 >0, Wo[__1 - 1}
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Indeterminate expression ComplexInfinity + ComplexInfinity + ComplexInfinity + ComplexInfinity encountered. >

Infinity:indet :

Indeterminate expression ComplexInfinity + ComplexInfinity + ComplexInfinity + ComplexInfinity encountered. >

(1)
Har dR4[V2]
True
Simplify[{
(R[1, 3] ** R[2, 3] % V2),
3|
1 h{l] h[2] h({3]
—1+e%7 1 —1+ef1*C2
{ t[l} C1+Co -C1-C2 C1+C2
t2) ——— o0 ==

(V2 %% (R[1, 3] // da[l, 1, 21))

h{l] h{2] h(3]
€2
“lie2 1 ~1+ef1*C2
C1+C2 -C1-C2 C1+C2
1 -1+e%1'C2
-C1-C2 C1+C2

Simplify[(Vv2 7/ dP[2, 1]) **©[1, 2] == R[1, 2] »» V2]

True

Simplify[{(V2

1 hi]

{ t[1] ’Cll*fj

t [2] 76114‘2
dn[1][V2]

(1)

/7 dP[2, 1]) %+ @[1, 2], R[1, 2] %% V2}]

h(2]

1
-C1-C2

-1+eft

C1+C2

1

, | tI1]
t[2]

h(1]
2
-l+ez2
Ci1+C2
1
-C1-C2

}
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dn[2][V2]
(1)



