
(meta-associativity:
mab

x �mxc
y = mbc

x �max
y )

(v-)Tangles.

Z =
∑

T0x y x y x y

with
:c
:u
:w
:b

Theorem [EK, Ha, En, Se]. There is a “homomorphic expansion”

Z :
{S -component
(v/b-)tangles

}
→ Av

S B

Etingof Kazhdan Haviv Enriquez Ševera

AS:
+ = 0

= −
IHX:1 2 n

. . .

STU:
= −

Many thanks: Vo, Halacheva, Dalvit, Ens, Lee (van der Veen, Schaveling)

Videos of a 4-hour version of this talk a-
re at ωεβ/LD. Videos of private seminar
meetings are at ωεβ/PP.

Expected! Finite-type invariants include all coefficients of all
quantum knot polynomials (appropriately parametrized), and e-
ach is computable in poly-time. Yet

d 2 3 4 5 6 7 8 · · ·

known f.t. invts in O(nd) 1 1 ∞ 3 4 8 11 · · ·

This is an unreasonable picture! So there ought to be further poly-
time polynomial invariants.
Also. • The line above the Alexander line in the Melvin-
Morton [MM, Ro] expansion of the coloured Jones polyno-
mial. • The 2-loop contribution to the Kontsevich integral.

Rozansky

Paradise! Foremost reason: OBVIOUSLY. Cf. proving (incomputable
A)=(incomputable B), or categorifying (incomputable C).
Secondary reason: may disprove {ribbon} = {slice}:

A bit about ribbon knots. A “ribbon knot” is a knot that can be
presented as the boundary of a disk that has “ribbon singulari-
ties”, but no “clasp singularities”. A “slice knot” is a knot in
S 3 = ∂B4 which is the boundary of a non-singular disk in B4.
Every ribbon knots is clearly slice, yet,
Conjecture. Some slice knots are not ribbon.
In [BN2] I list 5 criteria an invariant needs to meet to have a fair
chance of detecting non-ribbons. Ours meets all 5.

Abstract. I will construct the first poly-time-computable knot
polynomial since Alexander’s [Al, 1928] by using some new
commutator-calculus techniques and a Lie algebra g1 which is
at the same time solvable and an approximation of the simple Lie
algebra sl2.

Algebras and Invariants. Given any unital algebra A (typically,
A ∼ Û(g)), appropriate orange R ∈ A ⊗ A, and appropriate cuaps
∈ A, get an A⊗S -valued invariant of pure S -component tangles:

Good News. In theory, enough to know R, the cuaps, and stitch-
ing/multiplication mi j

k : Ai ⊗ A j → Ak.
Problem. Extract information out of Z.
Textbook Solution. Use representation theory . . . works, slowly.
Today’s Solution. (with van der Veen) For some speci-
fic g’s, work in a space of “formulas of a specific type”
for elements of Û(g)⊗S :{

ordered perturbed
Gaussian formulas

}
→ Û(g)⊗S

1-Smidgen sl2 Let g1 be the 4-dimensional Lie algebra g1 =

〈b, c, u,w〉 over the ring R = Q[ε]/(ε2 = 0), with b central and wi-
th [w, c] = w, [c, u] = u, and [u,w] = b − 2εc, with CYBE ri j =

(bi − εci)c j + uiw j inU(g1)⊗{i, j}. Over Q, g1 is a solvable approxi-
mation of sl2: g1 ⊃ 〈b, u,w, εb, εc, εu, εw〉 ⊃ 〈b, εb, εc, εu, εw〉 ⊃
0. (note: deg(b, c, u,w, ε) = (1, 0, 1, 0, 1))

0-Smidgen sl2 ,. Let g0 be g1 at ε = 0, or Q〈b, c, u,w〉/([b, ·] =

0, [c, u] = u, [c,w] = −w, [u,w] = b with ri j = bic j + uiw j. It
is b∗ o b where b is the 2D Lie algebra Q〈c,w〉 and (b, u) is the
dual basis of (c,w). It is even more valuable than g1, but topology
already got by other means almost everything g0 has to give.
How did these arise? sl2 = b+ ⊕ b−/h C sl+2 /h, where b+ =

〈c,w〉/[w, c] = w is a Lie bialgebra with δ : b+ → b+ ⊗ b+ by
δ : (c,w) 7→ (0, c ∧ w). Going back, sl+2 = D(b+) = (b+)∗ ⊕ b+ =

〈b, u, c,w〉/ · · · . Idea. Replace δ → εδ over Q[ε]/(εk+1 = 0). At
k = 0, get g0. At k = 1, get [w, c] = w, [w, b′] = −εw, [c, u] = u,
[b′, u] = −εu, [b′, c] = 0, and [u,w] = b′ − εc. Now note that
b′ + εc is central, so switch to b B b′ + εc. This is g1.
Ordering Symbols. O (poly | specs) plants the variables of poly in
S(⊕ig) on several tensor copies ofU(g) according to specs. E.g.,

O
(
c3

1u1c2eu3w9
3|x : w3c1, y : u1u3c2

)
=w9c3⊗ueuc ∈ U(g)x⊗U(g)y

This enables the description of elements of Û(g)⊗S using com-
mutative polynomials / power series.
0-Smidgen Invariants. r = Id ∈ b− ⊗ b+ solves the CYBE
[r12, r13] + [r12, r23] + [r13, r23] = 0 inU(g0)⊗3 and, by luck,

i j i j

= Ri j = eri j = ebic j+uiw j ∈ U(g0,i ⊕ g0, j)
solves YB/R3.

Lemma. Ri j =ebic j+uiw j =O
(
exp

(
bic j + ebi−1

bi
uiw j

)
|i : ui, j : c jw j

)
Example. Z(T0) = =

∑
m,n

bm−n
i (ebi−1)n

m!n! un ⊗ cmwn.

O
(

exp
(
b5c1+ eb5−1

b5
u5w1+b2c4+ eb2−1

b2
u2w4−b3c6+ e−b3−1

b3
u3w6

)
|

x : c1w1u2, y : u3c4w4u5c6w6

)
= O

(
?|x : cxuxwx, y : cyuywy

)
“cuw form”

a+ = −t8 +2t7−t6−2t4 +5t3−2t2−7t+13
e+ = 5t15 − 18t14 + 33t13 − 32t12 + 2t11 +

42t10−62t9−8t8 +166t7−242t6 +108t5 +

132t4 − 226t3 + 148t2 − 11t − 36

[GST]: Gompf,
Scharlemann,
Thompson:

a clasp singularity
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a ribbon singularity

example

A green paradise. . .

van der Veen
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+
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For long knots, ω is Alexander, and that’s the fastest A-
lexander algorithm I know!

Dunfield: 1000-crossing fast.

Melvin,
Morton,
Garoufalidis

Goal. Write ? as a Gaussian: ωeL+Q where L bilinear in bi and ci

with integer coefficients, Q a balanced quadratic in ui and wi with
coefficients in RS B Q(bi, ebi), and ω ∈ RS .
The Big g0 Lemma. Under [c, u] = u, [c,w] = −w, and [u,w] = b:

S
N

cic j
k //

O(−|cic j) &&

S
O(−|ck)��
U

1. Ncic j

k B O(ζ |cic j)
→
= O(ζ/(ci, c j → ck)|ck)

(Meaning, Ncic j
k : ζ 7→ (ζ/(ci, c j → ck)) and the

diagram commutes. Trivial, also for b, u, w.)
2a. Nuc B O(eγc+βu|uc) →= O(eγc+e−γβu|cu) (means eβueγc = eγcee−γβu

2b. Nwc B O(eγc+αw|wc) →= O(eγc+eγαw|cw) . . . in the {ax + b} group)
3. O(eαw+βu|wu) = O(e−bαβ+αw+βu|uw) (the Weyl relations)
4. O(eδuw|wu)eβu = eνβuO(eδuw|wu), with ν = (1 + bδ)−1

(a. expand and crunch. b. use w = bx̂, u = ∂x. c. use “scatter and glow”.)
5. O(eδuw|wu) = O(νeνδuw|uw) (same techniques)
6. Nwu B O(eβu+αw+δuw|wu) →= O(νe−bναβ+ναw+νβu+νδuw|uw)
Sneaky. α may contain (other) u’s, β may contain (other) w’s.

Strand Stitching, mi j
k , is defined as the composition

ciui wic j u jw j
N

wic j
k
−−−−→ ci uick wku j w j

Nuick
k �N

wku j
k

−−−−−−−−→ cick ukuk wkw j

Ncick
k �−−�N

wkw j
k

−−−−−−−−−−−−→ ckukwk

Γ-calculus [BNS, BN1]. After re-packaging, especially setting
ti B ebi , an S -component tangle T has Γ(T ) ∈ RS × MS×S (RS ) ={
ω S
S A

}
with RS B Z({ta : a ∈ S }):

(
!a b, "b a

)
→

1 a b
a 1 1 − t±1

a
b 0 t±1

a

T1 t T2 →

ω1ω2 S 1 S 2

S 1 A1 0
S 2 0 A2

ω a b S
a α β θ
b γ δ ε
S φ ψ Ξ

mab
c

−−−−−−−−−→
ta, tb → tc


(1 − β)ω c S

c γ + αδ
1−β ε + δθ

1−β

S φ +
αψ
1−β Ξ +

ψθ
1−β



1-Smidgen Invariants. Much is the same:
The Big g1 Lemma. Parts 1 and 2 are the same, yet
6. O

(
eαw+βu+δuw|wu

)
= O

(
ν(1 + ενΛ)eν(−bαβ+αw+βu+δuw)|cuw

)
Here Λ is for Λόγος, “a principle of order and knowledge”, a ba-
lanced quartic in α, β, c, u, and w:

Λ = − bν
(
ν2α2β2 + 4δναβ + 2δ2

)
/2 − δν3(3bδ + 2)β2u2/2

− bδ4ν3u2w2/2 − δ2ν3(2bδ + 1)βu2w
− ν2(2bδ + 1)(ναβ + 2δ)βu − 2bδ2ν2(ναβ + δ)uw
+ δν3(bδ + 2)α2w2/2 + 2(ναβ + δ)c + 2δνβcu + 2δ2νcuw
+ 2δναcw + δ2ν3αuw2 + ν2(ναβ + 2δ)αw.

Proof. A brutal hell.
Problem. We now need to normal-order perturbed Gaussians!
Solution. Borrow some tactics from QFT:
O(εP(c, u)eγc+βu|uc) = O(εP(∂γ, ∂β)eγc+βu|uc) =

O(εP(∂γ, ∂β)eγc+e−γβu|cu),
and likewise
O

(
εP(u,w)eαw+βu+δuw|wu

)
=O

(
εP(∂β, ∂α)νeν(−bαβ+αw+βu+δuw)|cuw

)
Note. Strand stitching requires a tiny extra step.
Finally, the values of the generators !, ", −→n , ←−n , u

−→
, and u

←−
, are

set by brutally solving many equations, non-uniquely.

Pragmatic Simplifications. Get rid of ζ = (eb − 1)/b factors by
rescaling u → ū = ζu. Complement this with β → β̄ = ζ−1β,
δ → δ̄ = ζ−1δ, ε → ε̄ = ζ−1ε. Simplify further by naming
eb → t; e.g., ν → ν̄ = (1 + (t − 1)δ)−1. Get confused by re-
naming (ū, β̄, δ̄, ν̄) → (u, β, δ, ν), and more confused by working
with µ = ν−1 and E(ω, L,Q, P) B ω−1(1 + εω−4P)eL+ω−1Q, where
ω ∈ R B Q(tk), L =

∑
li jbic j with li j ∈ Z, Q =

∑
qi juiw j with

qi j ∈ R, and P is a balanced quartic polynomial in ci, ui, and wi

with coefficients in R. Magically, all coefficients are now Laurent
polynomials in the tk’s.

n
A

B∑4

d=0
w4−d

E
wd

F
n2

G
= n3w4 ∈ [n5, n7]

Rough complexity esti-
mate, after tk → t. n: xing
number; w: width, maybe
∼
√

n. A: go over stitchings in order. B: multiplication ops per
Nuiw j . d: deg of ui,w j in P. E: #terms of deg d in P. F: ops per
term. G: cost per polynomial multiplication op.
Expectation. Our invariant is the “1-
higher diagonal” in the MMR expansion
of the coloured Jones polynomial Jλ.
Theorem ([BNG], conjectured [MM], elucidated [Ro]). Let
Jd(K) be the coloured Jones polynomial of K, in the d-
dimensional representation of sl(2). Writing

(q1/2 − q−1/2)Jd(K)
qd/2 − q−d/2

∣∣∣∣∣∣
q=e~

=
∑
j,m≥0

a jm(K)d j~m,

“below diagonal” coefficients vanish, a jm(K) =

0 if j > m, and “on diagonal” coefficients
give the inverse of the Alexander polynomial:(∑∞

m=0 amm(K)~m
)
· A(K)(e~) = 1.

Experimental Analysis (ωεβ/Exp). Log-log plot of computation
time (sec) vs. crossing number, for all knots with up to 12 cros-
sings (mean times) and for all torus knots with up to 48 crossings:

Conjecture (checked on the same collections). Given a knot K
with Alexander polynomial a, there is a polynomial e (the “esse-
nce” of P) such that

P = a2
(
(t − 2 + t−1)e + taa′

(
(4 + t − t2)(uw + (t − 1)c)

2(t − 1)
− 1

))
.

Furthermore, a and e are symmetric under t → t−1, so let a+ and
e+ be their “positive parts”, so e.g., e(t) = e+(t) + e+(t−1) − e+(0).
Power. On the 250 knots with at most 10 crossings, the pair (a, e)
attains 250 distinct values, while (Khovanov, HOMFLYPT) at-
tains only 249 distinct values. To 11 crossings the numbers are
(802, 788, 772) and to 12 they are (2978, 2883, 2786).
Genus. Up to 12 crossings, always deg e+ ≤ 2g − 1, where g is
the 3-genus of K (equallity for 2530 knots). This gives a lower
bound on g in terms of e (conjectural, but undoubtedly true). This
bound is often weaker than the Alexander bound, yet for 10 of the
12-crossing Alexander failures it does give the right answer.
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Demo Programs for 0-Co. ωεβ/Demo

The R-matricesR0,i_,j_
+ := bi cj + bi

-1
ⅇ

bi - 1 ui wj;

R0,i_,j_
- := -bi cj + bi

-1
ⅇ

-bi - 1 ui wj;

UtilitiesCF[ω_. [Q_]] := Simplify[ω] [Simplify[Q]];

 /: [Q1_] [Q2_] := CF@[Q1 + Q2];

ω1_. [Q1_] ≡ ω2_. [Q2_] := Simplify[ω1 ⩵ ω2 Q1 ⩵ Q2];

Normal Ordering OperatorsNui_ cj_→k_
[ω_. [Q_]] := CF

ω [ⅇ
-γ

β uk + γ ck + (Q /. cj ui → 0)] /. γ → ∂cj Q, β → ∂ui Q;

Nwi_ cj_→k_
[ω_. [Q_]] := CF

ω [ⅇ
γ
α wk + γ ck + (Q /. cj wi → 0)] /. γ → ∂cj Q, α → ∂wi Q;

Nwi_ uj_→k_
[ω_. [Q_]] := CF

ν ω [-bk ν α β + ν β uk + ν δ uk wk + ν α wk + (Q /. wi uj → 0)] /.

ν → (1 + bk δ)
-1

/.

α → ∂wi Q /. uj → 0, β → ∂uj Q /. wi → 0, δ → ∂wi,uj Q;

Stitchingmi_,j_→k_[ω_. [Q_]] := CFModule{x},

ω [Q] /. bi j → bk // Nwi cj→x
// Nui cx→x // Nwx uj→x

 /.

{ci → ck, wj → wk, y_x ⧴ yk}

Some calculations for T0T0,0 = R0,5,1
+ R0,2,4

+ R0,3,6
-

b5 c1 + b2 c4 - b3 c6 +
-1+ⅇb5 u5 w1

b5
+

-1+ⅇb2 u2 w4

b2
+

-1+ⅇ-b3 u3 w6

b3


T0,1 = T0,0 // Nu3 c4→4



b5 c1 + b2 c4 - b3 c6 +
-1+ⅇb5 u5 w1

b5
+

-1+ⅇb2 u2 w4

b2
+

ⅇ-b2 -1+ⅇ-b3 u4 w6

b3


T0,2 = T0,1 // Nw4 u5→4

b5 c1 + b2 c4 +
-1+ⅇb5 --1+ⅇb2 b4 u2+b2 u4 w1

b2 b5
+

-1+ⅇb2 u2 w4

b2
-

b3
2 c6+ⅇ

-b2-b3 -1+ⅇb3 u4 w6

b3


T0,2 // Nw1 u2→1

1

1-
-1+ⅇb2 -1+ⅇb5 b1 b4

b2 b5


1

b3 -1+ⅇb2 -1+ⅇb5 b1 b4-b2 b5

b3 b5 -1 + ⅇb2 -1 + ⅇb5 b1 b4 - b2 b5 c1 +

b2 b3 -1 + ⅇb2 -1 + ⅇb5 b1 b4 - b2 b5 c4 +

-1 + ⅇb2 -1 + ⅇb5 b3 b4 u1 w1 - -1 + ⅇb5 b2 b3 u4 w1 -

-1 + ⅇb2 b3 b5 u1 w4 + -1 + ⅇb2 -1 + ⅇb5 b1 b3 u4 w4 -

-1 + ⅇb2 -1 + ⅇb5 b1 b4 - b2 b5

b3
2 c6 + ⅇ-b2-b3 -1 + ⅇb3 u4 w6

T0,0 // m1,2→1 // m3,4→3 // m3,5→3 // m3,6→3

1

1--1+ⅇb1 -1+ⅇb3
b3 c1 + b1 c3 - b3 c3 +

-1+ⅇb1 -1+ⅇb3 u1 w1

-ⅇb1-ⅇb3+ⅇb1+b3 b1
-

ⅇ-b3 -1+ⅇb1 b3 u1-ⅇ
b3 -1+ⅇb3 b1 u3 w3

-ⅇb1-ⅇb3+ⅇb1+b3 b1 b3
+

ⅇ-b1 -1+ⅇb3 u3 -ⅇb1+b3 w1+ⅇ
b1+ⅇb3-ⅇb1+b3 w3

-ⅇb1-ⅇb3+ⅇb1+b3 b3


Verifying meta-associativity
Q0 = [Sum[fi ci, {i, 3}] + Sum[fi,j ui wj, {i, 3}, {j, 3}]]

[c1 f1 + c2 f2 + c3 f3 + u1 w1 f1,1 + u1 w2 f1,2 + u1 w3 f1,3 + u2 w1 f2,1 +

u2 w2 f2,2 + u2 w3 f2,3 + u3 w1 f3,1 + u3 w2 f3,2 + u3 w3 f3,3]

(Q0 // m1,2→1 // m1,3→1) ≡ (Q0 // m2,3→2 // m1,2→1)

True

Testing R3t1 = R0,1,2
+ R0,3,4

+ R0,5,6
+ // m3,5→x // m1,6→y // m2,4→z

bx (cy + cz) +
-1+ⅇbx ux wy+wz

bx
+

by
2 cz+-1+ⅇ

by uy wz

by


t1 ≡ (R0,1,2
+ R0,3,4

+ R0,5,6
+ // m1,3→x // m2,5→y // m4,6→z)

True

817

1

12

2
7

3

8

4
11

5

16
10

1514

9

6
13

− − − −

++++

z1 = R0,12,1
- R0,2,7

- R0,8,3
- R0,4,11

- R0,16,5
+ R0,6,13

+ R0,14,9
+ R0,10,15

+ ;

Do[z1 = (z1 // m1,n→1) /. b_ → b, {n, 2, 16}];

{CF@z1, KnotData[{8, 17}, "AlexanderPolynomial"][t]}

-
ⅇ3 b [0]

1-4 ⅇb+8 ⅇ2 b-11 ⅇ3 b+8 ⅇ4 b-4 ⅇ5 b+ⅇ6 b
, 11 -

1

t3
+

4

t2
-

8

t
- 8 t + 4 t2 - t3

Demo Programs for 1-Co. ωεβ/Demo

Λ[k_] := (1 - tk) α
2
β
2
+ 4 α β δ μ + 2 δ

2
μ
2
 2 + 2 μ

2
(α β + δ μ) ck -

β (2 μ - 1) (α β + 2 δ μ) uk + 2 β δ μ
2 ck uk - β

2
δ (3 μ - 1) uk

2
 2 +

α (α β + 2 δ μ) wk + 2 α δ μ
2 ck wk - 2 (tk - 1) δ

2
(α β + δ μ) uk wk +

2 δ
2
μ
2 ck uk wk - β δ

2
(2 μ - 1) uk

2 wk + α
2
δ (1 + μ) wk

2
 2 +

α δ
2 uk wk

2
- (tk - 1) δ

4 uk
2 wk

2
 2; The Λόγος

Differential Polynomials
DPx_→Dα_,y_→Dβ_[P_][f_] := (* means P[∂α,∂β][f] *)

Total[CoefficientRules[P, {x, y}] /.

({m_, n_} → c_) ⧴ c D[f, {α, m}, {β, n}]]

UtilitiesCF[[ω_, L_, Q_, P_]] := Expand /@ Together /@

[ω /. bl_ ⧴ Log[tl], L, Q /. bl_ ⧴ Log[tl],

P /. bl_ ⧴ Log[tl]];

 /: [ω1_, L1_, Q1_, P1_] [ω2_, L2_, Q2_, P2_] :=

CF@ω1 ω2, L1 + L2, ω2 Q1 + ω1 Q2, ω24 P1 + ω14 P2;

Normal Ordering Operators
Nui_ cj_→k_

[[ω_, L_, Q_, P_]] := With{q = ⅇ
-γ

β uk + γ ck}, CF

ω, γ ck + (L /. cj → 0), ω ⅇ
-γ

β uk + (Q /. ui → 0),

ⅇ
-q DPcj→Dγ,ui→Dβ[P][ⅇ

q
] /. γ → ∂cj L, β → ω

-1
∂ui Q;

Nwi_ cj_→k_
[[ω_, L_, Q_, P_]] := With{q = ⅇ

γ
α wk + γ ck}, CF

ω, γ ck + (L /. cj → 0), ω ⅇ
γ
α wk + (Q /. wi → 0),

ⅇ
-q DPcj→Dγ,wi→Dα[P][ⅇ

q
] /. γ → ∂cj L, α → ω

-1
∂wi Q;

Nwi_ uj_→k_
[[ω_, L_, Q_, P_]] :=

Withq = (1 - tk) μ
-1

α β + μ
-1

β uk + μ
-1

δ uk wk + μ
-1

α wk, CF

μ ω, L, μ ω q + μ (Q /. wi uj → 0),

μ
4
ⅇ
-q DPwi→Dα,uj→Dβ[P][ⅇ

q
] + ω

4
Λ[k] /.

μ → 1 + (tk - 1) δ /.

α → ω
-1

∂wi Q /. uj → 0, β → ω
-1

∂uj Q /. wi → 0,

δ → ω
-1

∂wi,uj Q;

Stitchingmi_,j_→k_[Z_] := Module{x, y, z},

Z // Nwi cj→x
// Nwx uj→y

// ReplaceAll[{cx y → cx, wj → wy}] //

Nui cx→x // ReplaceAllz_i j x y → zk // CF

http://www.math.toronto.edu/~drorbn/Talks/UNC-1610/Demo
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The GeneratorsRi_,j_
+ := 1, bi cj, ui wj,

-ci (ti - 1)2  2 - ci
2
(ti - 1)2  2 + ci cj tj

2
- ti - 2 2 -

cj ui wi /2 + ci (1 - ti) ui wi - ui
2 wi

2
 2 + ui wj + cj ti ui wj /2 +

ci (ti - 2) ti ui wj + ci (1 + tj) uj wj /2 + (ti - 1) ui
2 wi wj -

(ti - 2) ti ui
2 wj

2
 2;

Ri_,j_
- := 1, -bi cj, -ti

-1 ui wj,

ci (ti - 1)2  2 + ci
2
(ti - 1)2  2 + ci cj 2 + ti - tj

2
 2 +

cj ui wi /2 + ci (ti - 1) ui wi + ui
2 wi

2
 2 + 1 - ti

-1
 ui wj /2 +

ci 2 ti - 5 + 3 ti
-1
 ui wj /2 + cj ti

-1
+ 1 - ti

-1 tj
2
 ui wj /2 -

ci (tj + 1) uj wj /2 + 2 - 3 ti
-1
 ui

2 wi wj /2 +

1 + 2 ti
-2

- 3 ti
-1
 ui

2 wj
2
 2 - ti

-1
(1 + tj) ui uj wj

2
 2;

uri_ := ti
-1/4, 0, 0, ci ti /4 + ui wi /8;

nri_ := ti
1/4, 0, 0, -ci ti

3
 4 - ti

2 ui wi /8;

uli_ := ti
1/4, 0, 0, ci ti (4 + ti)/4 - ti

2 ui wi /8;

nli_ := ti
-1/4, 0, 0, -ci 1 + 4 ti

-1
 4 + ui wi /8;

1

2

3

4

5 6

12

3

4

5

6

Two swirls and a 0-framed trefoil

1
2

3

4
5

6

7
8
9

10
11

12

13
14

15
16
17

18
19

20

t2 = ur1 R2,5
- nr3 ur4 nr6 // m1,2→1 // m1,3→1 // m4,5→4 // m4,6→4

1, -b1 c4, -
u1 w4
t1

,

c1
2
+

c1
2

2
+ c1 c4 - c1 t1 - c1

2 t1 +
1

2
c1 c4 t1 +

1

2
c1 t1

2 +
1

2
c1
2 t1

2 -

1

2
c1 c4 t4

2 - c1 u1 w1 +
1

2
c4 u1 w1 + c1 t1 u1 w1 +

1

2
u1
2 w1

2 +
3 u1 w4

8
-

5

2
c1 u1 w4 +

1

2
c4 u1 w4 -

u1 w4
2 t1

+
3 c1 u1 w4

2 t1
+

c4 u1 w4
2 t1

-
1

8
t1 u1 w4 +

c1 t1 u1 w4 +
t4 u1 w4
8 t1

+
t4
2 u1 w4

8 t1
-

c4 t4
2 u1 w4

2 t1
-

1

2
c1 u4 w4 -

1

2
c1 t4 u4 w4 +

u1
2 w1 w4 -

3 u1
2 w1 w4

2 t1
+

1

2
u1
2 w4

2 +
u1
2 w4

2

t1
2 -

3 u1
2 w4

2

2 t1
-

u1 u4 w4
2

2 t1
-

t4 u1 u4 w4
2

2 t1


t2 ⩵ (ul1 R2,5
- nl3 ul4 nl6 // m1,2→1 // m1,3→1 // m4,5→4 // m4,6→4)

True

z2 = R1,14
+ R5,2

- nr3 ul4 R19,6
+ R7,10

- nl8 ur9 R11,20
+ nr12 ul13 R15,18

-

nl16 ur17;

(Do[z2 = z2 // m1,k→1, {k, 2, 20}]; z2 = z2 /. a_1 ⧴ a)

-1 +
1

t
+ t, 0, 0,

-16 +
9 c

2
-

2 c

t4
+

1

t3
+

11 c

2 t3
-

4

t2
-

8 c

t2
+

10

t
+

4 c

t
+ 18 t - 10 c t - 14 t2 +

8 c t2 + 7 t3 - 3 c t3

2
- 2 t4 - 2 c t4 + 2 c t5 - c t6

2
- 4 u w +

2 u w

t4
-

7 u w

2 t3
+

9 u w

2 t2
+

u w

2 t
+ 6 t u w - 2 t2 u w -

1

2
t3 u w +

3

2
t4 u w -

1

2
t5 u w

FromCoefficientRules[

CoefficientRules[z2〚4〛, {c, u, w}] /.

{(e_ → a_) ⧴ (e → Simplify[a])}, {c, u, w}]

-
1-t+t22 -1+2 t-3 t2+2 t3

t3
-

c 1-t+t23 4+t-5 t2-t3+t4

2 t4
-

1-t+t23 -4-5 t+t3 u w

2 t4

Questions and To Do List. • Clean up and write up. • Implement
well, compute for everything in sight. • Why are our quanti-
ties polynomials rather than just rational functions? • Bounds on
their degrees? • Their integrality (Z) properties? • Can everyth-
ing be re-stated using integrals (

∫
)? • Find the 2-variable version

(for knots). How complex is it? • What about links / closed
components? • Fully digest the “expansion” theorem; include
cuaps. • Explore the (non-)dependence on R. • Is there a canoni-
cal R? •What does “group like” mean? • Strand removal? Strand
doubling? Strand reversal? • Say something about knot genus.
• Find the EK/AT/KV “vertex”. • Use as a playground to study
associators/braidors. • Restate in topological language. • Study
the associated (v-)braid representations. • Study mirror images
and the b+ ↔ b− involution. • Study ribbon knots. •Make preci-
se the relationship with Γ-calculus and Alexander. • Relate to the
coloured Jones polynomial. • Relate with “ordinary” q-algebra.
• k-smidgen sln, etc. • Are there “solvable” CYBE algebras not
arising from semi-simple algebras? • Categorify and appease the
Gods.
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Disclaimer. This is all quite new. The overall picture is correct,
yet some details might be somewhat off. Many pieces are cer-
tainly not in their final form yet. Help Needed!
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k Alexander a+ genus / ribbon
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diagram
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k Alexander a+ genus / ribbon
P-essence e+ unknotting number / amphicheiral

0a
1 1 0 / 4

0 0 / 4

3a
1 t − 1 1 / 8

t 1 / 8

4a
1 3 − t 1 / 8

0 1 / 4

5a
1 t2 − t + 1 2 / 8

2t3 + 3t 2 / 8

http://www.math.toronto.edu/~drorbn/Talks/UNC-1610/KBH
http://front.math.ucdavis.edu/1308.1721
http://front.math.ucdavis.edu/1308.1721
http://www.math.toronto.edu/~drorbn/Talks/UNC-1610/K17
http://front.math.ucdavis.edu/1302.5689
http://front.math.ucdavis.edu/math/0212325
http://front.math.ucdavis.edu/math/0212325
http://front.math.ucdavis.edu/q-alg/9506005
http://front.math.ucdavis.edu/1103.1601
http://front.math.ucdavis.edu/math.QA/0211031
http://front.math.ucdavis.edu/math.QA/0211031
http://front.math.ucdavis.edu/hep-th/9401061
http://front.math.ucdavis.edu/1401.6164


diagram
nt

k Alexander a+ genus / ribbon
P-essence e+ unknotting number / amphicheiral

diagram
nt

k Alexander a+ genus / ribbon
P-essence e+ unknotting number / amphicheiral

5a
2 2t − 3 1 / 8

5t − 4 1 / 8

6a
1 5 − 2t 1 / 4

t − 4 1 / 8

6a
2 −t2 + 3t − 3 2 / 8

t3 − 4t2 + 4t − 4 1 / 8

6a
3 t2 − 3t + 5 2 / 8

0 1 / 4

7a
1 t3 − t2 + t − 1 3 / 8

3t5 + 5t3 + 6t 3 / 8

7a
2 3t − 5 1 / 8

14t − 16 1 / 8

7a
3 2t2 − 3t + 3 2 / 8

−9t3 + 8t2 − 16t + 12 2 / 8

7a
4 4t − 7 1 / 8

32 − 24t 2 / 8

7a
5 2t2 − 4t + 5 2 / 8

9t3 − 16t2 + 29t − 28 2 / 8

7a
6 −t2 + 5t − 7 2 / 8

t3 − 8t2 + 19t − 20 1 / 8

7a
7 t2 − 5t + 9 2 / 8

8 − 3t 1 / 8

8a
1 7 − 3t 1 / 8

5t − 16 1 / 8

8a
2 −t3 + 3t2 − 3t + 3 3 / 8

2t5 − 8t4 + 10t3 − 12t2 + 13t − 12 2 / 8

8a
3 9 − 4t 1 / 8

0 2 / 4

8a
4 −2t2 + 5t − 5 2 / 8

3t3 − 8t2 + 6t − 4 2 / 8

8a
5 −t3 + 3t2 − 4t + 5 3 / 8

−2t5 + 8t4 − 13t3 + 20t2 − 22t + 24 2 / 8

8a
6 −2t2 + 6t − 7 2 / 8

5t3 − 20t2 + 28t − 32 2 / 8

8a
7 t3 − 3t2 + 5t − 5 3 / 8

−t5 + 4t4 − 10t3 + 12t2 − 13t + 12 1 / 8

8a
8 2t2 − 6t + 9 2 / 4

−t3 + 4t2 − 12t + 16 2 / 8

8a
9 −t3 + 3t2 − 5t + 7 3 / 4

0 1 / 4

8a
10 t3 − 3t2 + 6t − 7 3 / 8

−t5 + 4t4 − 11t3 + 16t2 − 21t + 20 2 / 8

8a
11 −2t2 + 7t − 9 2 / 8

5t3 − 24t2 + 39t − 44 1 / 8

8a
12 t2 − 7t + 13 2 / 8

0 2 / 4

8a
13 2t2 − 7t + 11 2 / 8

−t3 + 4t2 − 14t + 20 1 / 8

8a
14 −2t2 + 8t − 11 2 / 8

5t3 − 28t2 + 57t − 68 1 / 8

8a
15 3t2 − 8t + 11 2 / 8

21t3 − 64t2 + 120t − 140 2 / 8

8a
16 t3 − 4t2 + 8t − 9 3 / 8

t5 − 6t4 + 17t3 − 28t2 + 35t − 36 2 / 8

8a
17 −t3 + 4t2 − 8t + 11 3 / 8

0 1 / 4

8a
18 −t3 + 5t2 − 10t + 13 3 / 8

0 2 / 4

8n
19 t3 − t2 + 1 3 / 8

−3t5 − 4t2 − 3t 3 / 8

8n
20 t2 − 2t + 3 2 / 4

4t − 4 1 / 8

8n
21 −t2 + 4t − 5 2 / 8

t3 − 8t2 + 16t − 20 1 / 8

9a
1 t4 − t3 + t2 − t + 1 4 / 8

4t7 + 7t5 + 9t3 + 10t 4 / 8

9a
2 4t − 7 1 / 8

30t − 40 1 / 8

9a
3 2t3 − 3t2 + 3t − 3 3 / 8

−13t5 + 12t4 − 25t3 + 20t2 − 32t + 24 3 / 8

9a
4 3t2 − 5t + 5 2 / 8

23t3 − 28t2 + 46t − 44 2 / 8

9a
5 6t − 11 1 / 8

100 − 65t 2 / 8

9a
6 2t3 − 4t2 + 5t − 5 3 / 8

13t5 − 24t4 + 45t3 − 52t2 + 68t − 64 3 / 8

9a
7 3t2 − 7t + 9 2 / 8

23t3 − 56t2 + 99t − 108 2 / 8

9a
8 −2t2 + 8t − 11 2 / 8

3t3 − 16t2 + 29t − 28 2 / 8

9a
9 2t3 − 4t2 + 6t − 7 3 / 8

13t5 − 24t4 + 55t3 − 72t2 + 98t − 96 3 / 8

9a
10 4t2 − 8t + 9 2 / 8

−40t3 + 72t2 − 114t + 120 2, 3 / 8

9a
11 −t3 + 5t2 − 7t + 7 3 / 8

−2t5 + 16t4 − 41t3 + 52t2 − 66t + 64 2 / 8

9a
12 −2t2 + 9t − 13 2 / 8

5t3 − 36t2 + 84t − 100 1 / 8

9a
13 4t2 − 9t + 11 2 / 8

−40t3 + 92t2 − 154t + 168 2, 3 / 8

9a
14 2t2 − 9t + 15 2 / 8

−t3 + 8t2 − 35t + 60 1 / 8

9a
15 −2t2 + 10t − 15 2 / 8

−5t3 + 40t2 − 108t + 136 2 / 8

9a
16 2t3 − 5t2 + 8t − 9 3 / 8

−13t5 + 36t4 − 80t3 + 120t2 − 161t + 168 3 / 8

9a
17 t3 − 5t2 + 9t − 9 3 / 8

t5 − 8t4 + 23t3 − 32t2 + 28t − 24 2 / 8

9a
18 4t2 − 10t + 13 2 / 8

40t3 − 108t2 + 193t − 220 2 / 8

9a
19 2t2 − 10t + 17 2 / 8

t3 − 8t2 + 20t − 24 1 / 8

9a
20 −t3 + 5t2 − 9t + 11 3 / 8

2t5 − 16t4 + 47t3 − 84t2 + 117t − 124 2 / 8

9a
21 −2t2 + 11t − 17 2 / 8

−5t3 + 44t2 − 127t + 164 1 / 8

9a
22 t3 − 5t2 + 10t − 11 3 / 8

−t5 + 8t4 − 24t3 + 38t2 − 40t + 36 1 / 8

9a
23 4t2 − 11t + 15 2 / 8

40t3 − 128t2 + 243t − 288 2 / 8

9a
24 −t3 + 5t2 − 10t + 13 3 / 8

−4t2 + 16t − 20 1 / 8

9a
25 −3t2 + 12t − 17 2 / 8

12t3 − 70t2 + 153t − 188 2 / 8

9a
26 t3 − 5t2 + 11t − 13 3 / 8

−t5 + 8t4 − 31t3 + 64t2 − 85t + 92 1 / 8

9a
27 −t3 + 5t2 − 11t + 15 3 / 4

t3 − 8t2 + 24t − 32 1 / 8

9a
28 t3 − 5t2 + 12t − 15 3 / 8

t5 − 8t4 + 30t3 − 68t2 + 105t − 120 1 / 8

9a
29 t3 − 5t2 + 12t − 15 3 / 8

t5 − 8t4 + 26t3 − 48t2 + 59t − 56 2 / 8

9a
30 −t3 + 5t2 − 12t + 17 3 / 8

2t3 − 10t2 + 25t − 32 1 / 8
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P-essence e+ unknotting number / amphicheiral

9a
31 t3 − 5t2 + 13t − 17 3 / 8

t5 − 8t4 + 33t3 − 80t2 + 132t − 152 2 / 8

9a
32 t3 − 6t2 + 14t − 17 3 / 8

−t5 + 10t4 − 42t3 + 94t2 − 133t + 148 2 / 8

9a
33 −t3 + 6t2 − 14t + 19 3 / 8

t3 − 10t2 + 30t − 40 1 / 8

9a
34 −t3 + 6t2 − 16t + 23 3 / 8

3t3 − 18t2 + 43t − 56 1 / 8

9a
35 7t − 13 1 / 8

90t − 144 2, 3 / 8

9a
36 −t3 + 5t2 − 8t + 9 3 / 8

−2t5 + 16t4 − 44t3 + 66t2 − 87t + 88 2 / 8

9a
37 2t2 − 11t + 19 2 / 8

t3 − 8t2 + 22t − 28 2 / 8

9a
38 5t2 − 14t + 19 2 / 8

62t3 − 204t2 + 382t − 452 2, 3 / 8

9a
39 −3t2 + 14t − 21 2 / 8

−12t3 + 84t2 − 210t + 268 1 / 8

9a
40 t3 − 7t2 + 18t − 23 3 / 8

t5 − 12t4 + 57t3 − 144t2 + 229t − 264 2 / 8

9a
41 3t2 − 12t + 19 2 / 4

3t3 − 20t2 + 70t − 108 2 / 8

9n
42 −t2 + 2t − 1 2 / 8

−t3 + 2t2 + t − 4 1 / 8

9n
43 −t3 + 3t2 − 2t + 1 3 / 8

−2t5 + 8t4 − 7t3 + 2t2 − 5t + 4 2 / 8

9n
44 t2 − 4t + 7 2 / 8

−2t2 + 9t − 12 1 / 8

9n
45 −t2 + 6t − 9 2 / 8

t3 − 14t2 + 47t − 60 1 / 8

9n
46 5 − 2t 1 / 4

3t − 12 2 / 8

9n
47 t3 − 4t2 + 6t − 5 3 / 8

−t5 + 6t4 − 15t3 + 16t2 − 10t + 12 2 / 8

9n
48 −t2 + 7t − 11 2 / 8

−t3 + 12t2 − 42t + 52 2 / 8

9n
49 3t2 − 6t + 7 2 / 8

−21t3 + 38t2 − 61t + 60 3 / 8

10a
1 9 − 4t 1 / 8

14t − 40 1 / 8

10a
2 −t4 + 3t3 − 3t2 + 3t − 3 4 / 8

3t7 − 12t6 + 16t5 − 20t4 + 24t3 − 24t2 + 27t − 24 3 / 8

10a
3 13 − 6t 1 / 4

11t − 28 2 / 8

10a
4 −3t2 + 7t − 7 2 / 8

4t3 − 8t2 + t + 8 2 / 8

10a
5 t4 − 3t3 + 5t2 − 5t + 5 4 / 8

−2t7 + 8t6 − 20t5 + 28t4 − 36t3 + 36t2 − 39t + 36 2 / 8

10a
6 −2t3 + 6t2 − 7t + 7 3 / 8

9t5 − 36t4 + 56t3 − 72t2 + 81t − 84 3 / 8

10a
7 −3t2 + 11t − 15 2 / 8

14t3 − 72t2 + 135t − 160 1 / 8

10a
8 −2t3 + 5t2 − 5t + 5 3 / 8

7t5 − 20t4 + 23t3 − 28t2 + 26t − 24 2 / 8

10a
9 −t4 + 3t3 − 5t2 + 7t − 7 4 / 8

−t7 + 4t6 − 10t5 + 20t4 − 25t3 + 28t2 − 28t + 28 1 / 8

10a
10 3t2 − 11t + 17 2 / 8

−5t3 + 24t2 − 71t + 100 1 / 8

10a
11 −4t2 + 11t − 13 2 / 8

16t3 − 52t2 + 68t − 72 2, 3 / 8

10a
12 2t3 − 6t2 + 10t − 11 3 / 8

−5t5 + 20t4 − 50t3 + 72t2 − 89t + 92 2 / 8

10a
13 2t2 − 13t + 23 2 / 8

t3 − 12t2 + 51t − 84 2 / 8

10a
14 −2t3 + 8t2 − 12t + 13 3 / 8

9t5 − 52t4 + 119t3 − 180t2 + 225t − 236 2 / 8

10a
15 2t3 − 6t2 + 9t − 9 3 / 8

−3t5 + 12t4 − 24t3 + 24t2 − 17t + 12 2 / 8

10a
16 −4t2 + 12t − 15 2 / 8

−16t3 + 56t2 − 76t + 80 2 / 8

10a
17 t4 − 3t3 + 5t2 − 7t + 9 4 / 8

0 1 / 4

10a
18 −4t2 + 14t − 19 2 / 8

16t3 − 68t2 + 121t − 140 1 / 8

10a
19 2t3 − 7t2 + 11t − 11 3 / 8

3t5 − 16t4 + 35t3 − 40t2 + 30t − 24 2 / 8

10a
20 −3t2 + 9t − 11 2 / 8

14t3 − 56t2 + 88t − 104 2 / 8

10a
21 −2t3 + 7t2 − 9t + 9 3 / 8

9t5 − 44t4 + 80t3 − 104t2 + 121t − 124 2 / 8

10a
22 −2t3 + 6t2 − 10t + 13 3 / 4

−t5 + 4t4 − 10t3 + 24t2 − 37t + 44 2 / 8

10a
23 2t3 − 7t2 + 13t − 15 3 / 8

−5t5 + 24t4 − 67t3 + 108t2 − 137t + 144 1 / 8

10a
24 −4t2 + 14t − 19 2 / 8

24t3 − 116t2 + 221t − 268 2 / 8

10a
25 −2t3 + 8t2 − 14t + 17 3 / 8

9t5 − 52t4 + 131t3 − 232t2 + 314t − 344 2 / 8

10a
26 −2t3 + 7t2 − 13t + 17 3 / 8

−t5 + 4t4 − 10t3 + 28t2 − 49t + 60 1 / 8

10a
27 2t3 − 8t2 + 16t − 19 3 / 8

5t5 − 28t4 + 87t3 − 164t2 + 229t − 252 1 / 8

10a
28 4t2 − 13t + 19 2 / 8

−8t3 + 36t2 − 100t + 136 2 / 8

10a
29 t3 − 7t2 + 15t − 17 3 / 8

t5 − 12t4 + 52t3 − 104t2 + 124t − 128 2 / 8

10a
30 −4t2 + 17t − 25 2 / 8

24t3 − 148t2 + 345t − 440 1 / 8

10a
31 4t2 − 14t + 21 2 / 8

−4t2 + 9t − 12 1 / 8

10a
32 −2t3 + 8t2 − 15t + 19 3 / 8

t5 − 4t4 + 13t3 − 40t2 + 78t − 96 1 / 8

10a
33 4t2 − 16t + 25 2 / 8

0 1 / 4

10a
34 3t2 − 9t + 13 2 / 8

−5t3 + 20t2 − 52t + 68 2 / 8

10a
35 2t2 − 12t + 21 2 / 4

−t3 + 12t2 − 47t + 76 2 / 8

10a
36 −3t2 + 13t − 19 2 / 8

14t3 − 88t2 + 208t − 264 2 / 8

10a
37 4t2 − 13t + 19 2 / 8

0 2 / 4

10a
38 −4t2 + 15t − 21 2 / 8

24t3 − 128t2 + 270t − 336 2 / 8

10a
39 −2t3 + 8t2 − 13t + 15 3 / 8

9t5 − 52t4 + 125t3 − 204t2 + 263t − 280 2 / 8

10a
40 2t3 − 8t2 + 17t − 21 3 / 8

−5t5 + 28t4 − 89t3 + 176t2 − 258t + 288 2 / 8

10a
41 t3 − 7t2 + 17t − 21 3 / 8

t5 − 12t4 + 54t3 − 120t2 + 157t − 164 2 / 8

10a
42 −t3 + 7t2 − 19t + 27 3 / 4

2t3 − 8t2 + 11t − 12 1 / 8

10a
43 −t3 + 7t2 − 17t + 23 3 / 8

0 2 / 4
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10a
44 t3 − 7t2 + 19t − 25 3 / 8

t5 − 12t4 + 56t3 − 140t2 + 220t − 248 1 / 8

10a
45 −t3 + 7t2 − 21t + 31 3 / 8

0 2 / 4

10a
46 −t4 + 3t3 − 4t2 + 5t − 5 4 / 8

−3t7 + 12t6 − 21t5 + 34t4 − 43t3 + 52t2 − 55t + 56 3 / 8

10a
47 t4 − 3t3 + 6t2 − 7t + 7 4 / 8

−2t7 + 8t6 − 23t5 + 38t4 − 56t3 + 60t2 − 68t + 64 2, 3 / 8

10a
48 t4 − 3t3 + 6t2 − 9t + 11 4 / 4

t5 − 2t4 + 2t3 − 3t + 4 2 / 8

10a
49 3t3 − 8t2 + 12t − 13 3 / 8

30t5 − 94t4 + 196t3 − 292t2 + 372t − 392 3 / 8

10a
50 −2t3 + 7t2 − 11t + 13 3 / 8

−9t5 + 44t4 − 94t3 + 150t2 − 186t + 200 2 / 8

10a
51 2t3 − 7t2 + 15t − 19 3 / 8

−5t5 + 24t4 − 73t3 + 134t2 − 194t + 212 2, 3 / 8

10a
52 2t3 − 7t2 + 13t − 15 3 / 8

−3t5 + 16t4 − 37t3 + 50t2 − 49t + 44 2 / 8

10a
53 6t2 − 18t + 25 2 / 8

93t3 − 346t2 + 680t − 828 2, 3 / 8

10a
54 2t3 − 6t2 + 10t − 11 3 / 8

−3t5 + 12t4 − 24t3 + 26t2 − 21t + 16 2, 3 / 8

10a
55 5t2 − 15t + 21 2 / 8

66t3 − 246t2 + 488t − 596 2 / 8

10a
56 −2t3 + 8t2 − 14t + 17 3 / 8

−9t5 + 52t4 − 133t3 + 234t2 − 312t + 340 2 / 8

10a
57 2t3 − 8t2 + 18t − 23 3 / 8

−5t5 + 28t4 − 93t3 + 194t2 − 300t + 340 2 / 8

10a
58 3t2 − 16t + 27 2 / 8

3t3 − 28t2 + 94t − 140 2 / 8

10a
59 t3 − 7t2 + 18t − 23 3 / 8

−t5 + 12t4 − 55t3 + 128t2 − 181t + 196 1 / 8

10a
60 −t3 + 7t2 − 20t + 29 3 / 8

5t3 − 40t2 + 122t − 176 1 / 8

10a
61 −2t3 + 5t2 − 6t + 7 3 / 8

−7t5 + 20t4 − 27t3 + 36t2 − 35t + 36 2, 3 / 8

10a
62 t4 − 3t3 + 6t2 − 8t + 9 4 / 8

−2t7 + 8t6 − 23t5 + 40t4 − 63t3 + 76t2 − 89t + 88 2 / 8

10a
63 5t2 − 14t + 19 2 / 8

66t3 − 220t2 + 416t − 496 2 / 8

10a
64 −t4 + 3t3 − 6t2 + 10t − 11 4 / 8

−t7 + 4t6 − 11t5 + 24t4 − 37t3 + 52t2 − 60t + 64 2 / 8

10a
65 2t3 − 7t2 + 14t − 17 3 / 8

−5t5 + 24t4 − 71t3 + 124t2 − 169t + 180 2 / 8

10a
66 3t3 − 9t2 + 16t − 19 3 / 8

30t5 − 112t4 + 279t3 − 480t2 + 662t − 724 3 / 8

10a
67 −4t2 + 16t − 23 2 / 8

24t3 − 140t2 + 312t − 392 2 / 8

10a
68 4t2 − 14t + 21 2 / 8

8t3 − 40t2 + 117t − 164 2 / 8

10a
69 t3 − 7t2 + 21t − 29 3 / 8

−t5 + 12t4 − 68t3 + 212t2 − 397t + 476 2 / 8

10a
70 t3 − 7t2 + 16t − 19 3 / 8

−t5 + 12t4 − 53t3 + 114t2 − 146t + 152 2 / 8

10a
71 −t3 + 7t2 − 18t + 25 3 / 8

t3 − 2t2 − t + 4 1 / 8

10a
72 −2t3 + 9t2 − 16t + 19 3 / 8

−9t5 + 60t4 − 167t3 + 298t2 − 410t + 448 2 / 8

10a
73 t3 − 7t2 + 20t − 27 3 / 8

t5 − 12t4 + 65t3 − 194t2 + 350t − 416 1 / 8

10a
74 −4t2 + 16t − 23 2 / 8

24t3 − 136t2 + 290t − 360 2 / 8

10a
75 −t3 + 7t2 − 19t + 27 3 / 4

−4t3 + 36t2 − 117t + 172 2 / 8

10a
76 −2t3 + 7t2 − 12t + 15 3 / 8

−9t5 + 44t4 − 104t3 + 184t2 − 245t + 272 2, 3 / 8

10a
77 2t3 − 7t2 + 14t − 17 3 / 8

−5t5 + 24t4 − 71t3 + 132t2 − 189t + 208 2, 3 / 8

10a
78 −t3 + 7t2 − 16t + 21 3 / 8

2t5 − 24t4 + 105t3 − 244t2 + 390t − 448 2 / 8

10a
79 t4 − 3t3 + 7t2 − 12t + 15 4 / 8

0 2, 3 / 4

10a
80 3t3 − 9t2 + 15t − 17 3 / 8

30t5 − 112t4 + 260t3 − 426t2 + 568t − 616 3 / 8

10a
81 −t3 + 8t2 − 20t + 27 3 / 8

0 2 / 4

10a
82 −t4 + 4t3 − 8t2 + 12t − 13 4 / 8

t7 − 6t6 + 19t5 − 42t4 + 64t3 − 78t2 + 84t − 84 1 / 8

10a
83 2t3 − 9t2 + 19t − 23 3 / 8

−5t5 + 34t4 − 110t3 + 214t2 − 301t + 332 2 / 8

10a
84 2t3 − 9t2 + 20t − 25 3 / 8

−5t5 + 34t4 − 116t3 + 246t2 − 373t + 424 1 / 8

10a
85 t4 − 4t3 + 8t2 − 10t + 11 4 / 8

2t7 − 12t6 + 36t5 − 68t4 + 101t3 − 124t2 + 138t − 140 2 / 8

10a
86 −2t3 + 9t2 − 19t + 25 3 / 8

−t5 + 6t4 − 21t3 + 58t2 − 105t + 128 2 / 8

10a
87 −2t3 + 9t2 − 18t + 23 3 / 4

−t5 + 6t4 − 23t3 + 66t2 − 125t + 152 2 / 8

10a
88 −t3 + 8t2 − 24t + 35 3 / 8

0 1 / 4

10a
89 t3 − 8t2 + 24t − 33 3 / 8

t5 − 14t4 + 83t3 − 264t2 + 495t − 596 2 / 8

10a
90 −2t3 + 8t2 − 17t + 23 3 / 8

−t5 + 6t4 − 21t3 + 54t2 − 93t + 112 2 / 8

10a
91 t4 − 4t3 + 9t2 − 14t + 17 4 / 8

t5 − 2t4 + 2t3 − 3t + 4 1 / 8

10a
92 −2t3 + 10t2 − 20t + 25 3 / 8

−9t5 + 68t4 − 216t3 + 428t2 − 622t + 696 2 / 8

10a
93 2t3 − 8t2 + 15t − 17 3 / 8

3t5 − 18t4 + 43t3 − 58t2 + 55t − 48 2 / 8

10a
94 −t4 + 4t3 − 9t2 + 14t − 15 4 / 8

−t7 + 6t6 − 20t5 + 46t4 − 76t3 + 102t2 − 115t + 120 2 / 8

10a
95 2t3 − 9t2 + 21t − 27 3 / 8

−5t5 + 32t4 − 114t3 + 248t2 − 384t + 436 1 / 8

10a
96 −t3 + 7t2 − 22t + 33 3 / 8

−7t3 + 50t2 − 147t + 212 2 / 8

10a
97 −5t2 + 22t − 33 2 / 8

−37t3 + 242t2 − 603t + 788 2 / 8

10a
98 −2t3 + 9t2 − 18t + 23 3 / 8

9t5 − 60t4 + 177t3 − 348t2 + 501t − 564 2 / 8

10a
99 t4 − 4t3 + 10t2 − 16t + 19 4 / 4

0 2 / 4

10a
100 t4 − 4t3 + 9t2 − 12t + 13 4 / 8

2t7 − 12t6 + 39t5 − 80t4 + 128t3 − 164t2 + 192t − 196 2, 3 / 8

10a
101 7t2 − 21t + 29 2 / 8

−129t3 + 480t2 − 942t + 1148 2, 3 / 8

10a
102 −2t3 + 8t2 − 16t + 21 3 / 8

−t5 + 6t4 − 19t3 + 50t2 − 89t + 108 1 / 8

10a
103 2t3 − 8t2 + 17t − 21 3 / 8

5t5 − 30t4 + 93t3 − 178t2 + 254t − 280 3 / 8

10a
104 t4 − 4t3 + 9t2 − 15t + 19 4 / 8

t5 − 2t4 + 2t3 − 3t + 4 1 / 8

10a
105 t3 − 8t2 + 22t − 29 3 / 8

−t5 + 14t4 − 71t3 + 184t2 − 292t + 332 2 / 8



diagram
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k Alexander a+ genus / ribbon
P-essence e+ unknotting number / amphicheiral

diagram
nt

k Alexander a+ genus / ribbon
P-essence e+ unknotting number / amphicheiral

10a
106 −t4 + 4t3 − 9t2 + 15t − 17 4 / 8

−t7 + 6t6 − 20t5 + 48t4 − 82t3 + 114t2 − 134t + 140 2 / 8

10a
107 −t3 + 8t2 − 22t + 31 3 / 8

2t3 − 8t2 + 13t − 16 1 / 8

10a
108 2t3 − 8t2 + 14t − 15 3 / 8

−3t5 + 18t4 − 41t3 + 50t2 − 40t + 32 2 / 8

10a
109 t4 − 4t3 + 10t2 − 17t + 21 4 / 8

0 2 / 4

10a
110 t3 − 8t2 + 20t − 25 3 / 8

t5 − 14t4 + 69t3 − 160t2 + 219t − 236 2 / 8

10a
111 −2t3 + 9t2 − 17t + 21 3 / 8

−9t5 + 60t4 − 171t3 + 316t2 − 436t + 480 2 / 8

10a
112 −t4 + 5t3 − 11t2 + 17t − 19 4 / 8

t7 − 8t6 + 29t5 − 68t4 + 115t3 − 152t2 + 175t − 180 2 / 8

10a
113 2t3 − 11t2 + 26t − 33 3 / 8

−5t5 + 42t4 − 167t3 + 394t2 − 623t + 720 1 / 8

10a
114 −2t3 + 10t2 − 21t + 27 3 / 8

t5 − 8t4 + 30t3 − 78t2 + 140t − 168 1 / 8

10a
115 −t3 + 9t2 − 26t + 37 3 / 8

0 2 / 4

10a
116 −t4 + 5t3 − 12t2 + 19t − 21 4 / 8

t7 − 8t6 + 30t5 − 74t4 + 132t3 − 184t2 + 217t − 228 2 / 8

10a
117 2t3 − 10t2 + 24t − 31 3 / 8

−5t5 + 38t4 − 144t3 + 330t2 − 522t + 600 2 / 8

10a
118 t4 − 5t3 + 12t2 − 19t + 23 4 / 8

0 1 / 4

10a
119 −2t3 + 10t2 − 23t + 31 3 / 8

−t5 + 6t4 − 26t3 + 86t2 − 175t + 220 1 / 8

10a
120 8t2 − 26t + 37 2 / 8

166t3 − 692t2 + 1433t − 1788 2, 3 / 8

10a
121 2t3 − 11t2 + 27t − 35 3 / 8

5t5 − 42t4 + 167t3 − 396t2 + 634t − 732 2 / 8

10a
122 −2t3 + 11t2 − 24t + 31 3 / 8

−t5 + 8t4 − 34t3 + 104t2 − 211t + 264 2 / 8

10a
123 t4 − 6t3 + 15t2 − 24t + 29 4 / 4

0 2 / 4

10n
124 t4 − t3 + t − 1 4 / 8

−4t7 − 6t4 − 4t2 − 6t 4 / 8

10n
125 t3 − 2t2 + 2t − 1 3 / 8

−t5 + 2t4 − 2t3 + 3t − 4 2 / 8

10n
126 t3 − 2t2 + 4t − 5 3 / 8

t5 − 2t4 + 10t3 − 12t2 + 22t − 20 2 / 8

10n
127 −t3 + 4t2 − 6t + 7 3 / 8

2t5 − 14t4 + 32t3 − 52t2 + 67t − 72 2 / 8

10n
128 2t3 − 3t2 + t + 1 3 / 8

−13t5 + 12t4 − 3t3 − 10t2 − 9t + 12 3 / 8

10n
129 2t2 − 6t + 9 2 / 4

−t3 − 2t2 + 14t − 20 1 / 8

10n
130 2t2 − 4t + 5 2 / 8

t3 − 2t2 + 19t − 24 2 / 8

10n
131 −2t2 + 8t − 11 2 / 8

5t3 − 38t2 + 87t − 112 1 / 8

10n
132 t2 − t + 1 2 / 8

2t2 + 5t − 4 1 / 8

10n
133 −t2 + 5t − 7 2 / 8

t3 − 14t2 + 37t − 48 1 / 8

10n
134 2t3 − 4t2 + 4t − 3 3 / 8

−13t5 + 24t4 − 33t3 + 30t2 − 41t + 40 3 / 8

10n
135 3t2 − 9t + 13 2 / 8

t3 − 6t2 + 18t − 24 2 / 8

10n
136 −t2 + 4t − 5 2 / 8

−t3 + 4t2 − 2t − 4 1 / 8

10n
137 t2 − 6t + 11 2 / 4

−4t2 + 24t − 44 1 / 8

10n
138 t3 − 5t2 + 8t − 7 3 / 8

−t5 + 8t4 − 22t3 + 24t2 − 11t + 8 2 / 8

10n
139 t4 − t3 + 2t − 3 4 / 8

−4t7 − 12t4 + 5t3 − 4t2 − 16t + 12 4 / 8

10n
140 t2 − 2t + 3 2 / 4

8t − 8 2 / 8

10n
141 −t3 + 3t2 − 4t + 5 3 / 8

t3 − 8t2 + 16t − 20 1 / 8

10n
142 2t3 − 3t2 + 2t − 1 3 / 8

−13t5 + 12t4 − 13t3 + 4t2 − 17t + 12 3 / 8

10n
143 t3 − 3t2 + 6t − 7 3 / 8

t5 − 4t4 + 15t3 − 28t2 + 45t − 48 1 / 8

10n
144 −3t2 + 10t − 13 2 / 8

10t3 − 44t2 + 80t − 96 2 / 8

10n
145 t2 + t − 3 2 / 8

2t3 + 8t2 + 6t − 8 2 / 8

10n
146 2t2 − 8t + 13 2 / 8

t3 − 8t2 + 21t − 28 1 / 8

10n
147 −2t2 + 7t − 9 2 / 8

−3t3 + 12t2 − 15t + 12 1 / 8

10n
148 t3 − 3t2 + 7t − 9 3 / 8

t5 − 4t4 + 18t3 − 36t2 + 62t − 68 2 / 8

10n
149 −t3 + 5t2 − 9t + 11 3 / 8

2t5 − 18t4 + 55t3 − 104t2 + 149t − 164 2 / 8

10n
150 −t3 + 4t2 − 6t + 7 3 / 8

−2t5 + 12t4 − 26t3 + 38t2 − 45t + 44 2 / 8

10n
151 t3 − 4t2 + 10t − 13 3 / 8

−t5 + 6t4 − 21t3 + 42t2 − 66t + 72 2 / 8

10n
152 t4 − t3 − t2 + 4t − 5 4 / 8

4t7 − 7t5 + 18t4 − 7t3 − 12t2 + 45t − 52 4 / 8

10n
153 t3 − t2 − t + 3 3 / 4

t5 − 2t4 + t3 + 2t2 − t 2 / 8

10n
154 t3 − 4t + 7 3 / 8

−3t5 − 6t4 + 13t3 − 47t + 68 3 / 8

10n
155 −t3 + 3t2 − 5t + 7 3 / 4

−2t3 + 12t2 − 22t + 28 2 / 8

10n
156 t3 − 4t2 + 8t − 9 3 / 8

t5 − 6t4 + 19t3 − 30t2 + 33t − 32 1 / 8

10n
157 −t3 + 6t2 − 11t + 13 3 / 8

−2t5 + 22t4 − 78t3 + 148t2 − 218t + 240 2 / 8

10n
158 −t3 + 4t2 − 10t + 15 3 / 8

2t2 − 7t + 12 2 / 8

10n
159 t3 − 4t2 + 9t − 11 3 / 8

t5 − 6t4 + 26t3 − 60t2 + 98t − 112 1 / 8

10n
160 −t3 + 4t2 − 4t + 3 3 / 8

−2t5 + 12t4 − 20t3 + 14t2 − 16t + 12 2 / 8

10n
161 t3 − 2t + 3 3 / 8

3t5 + 6t4 − 3t3 + 4t2 + 14t − 12 3 / 8

10n
162 −3t2 + 9t − 11 2 / 8

10t3 − 38t2 + 58t − 68 2 / 8

10n
163 t3 − 5t2 + 12t − 15 3 / 8

−t5 + 8t4 − 30t3 + 62t2 − 89t + 96 1, 2 / 8

10n
164 3t2 − 11t + 17 2 / 8

t3 − 10t2 + 29t − 40 1 / 8

10n
165 −2t2 + 10t − 15 2 / 8

−5t3 + 50t2 − 146t + 196 2 / 8


