
Enter

Enter

Experimental Analysis (ωεβ/Exp). Log-log plots of computation
time (sec) vs. crossing number, for all knots with up to 12 cros-
sings (mean times) and for all torus knots with up to 48 crossings:

Power. On the 250 knots with at most 10 crossings, the pair
(ω, ρ1) attains 250 distinct values, while (Khovanov, HOMFLY-
PT) attains only 249 distinct values. To 11 crossings the numbers
are (802, 788, 772) and to 12 they are (2978, 2883, 2786).
Genus. Up to 12 xings, always ρ1 is symmetric under t ↔ t−1.
With ρ+

1 denoting the positive-degree part of ρ1, always deg ρ+
1 ≤

2g − 1, where g is the 3-genus of K (equality for 2530 knots).
This gives a lower bound on g in terms of ρ1 (conjectural, but
undoubtedly true). This bound is often weaker than the Alexander
bound, yet for 10 of the 12-xing Alexander failures it does give
the right answer.

Recomposing gln. Half is enough! gln ⊕ an = D(^, b, δ):

Now define glεn B D(^, b, εδ). Schematically, this is [^,^] = ^,
[_,_] = ε_, and [^,_] = _ + ε^. In detail, it is

[ei j, ekl]=δ jkeil − δliek j [ fi j, fkl]=εδ jk fil − εδli fk j

[ei j, fkl]=δ jk(εδ j<keil + δil(hi + εgi)/2 + δi>l fil)
−δli(εδk< jek j + δk j(h j + εg j)/2 + δk> j fk j)

[gi, e jk]= (δi j − δik)e jk [hi, e jk]=ε(δi j − δik)e jk

[gi, f jk]= (δi j − δik) f jk [hi, f jk]=ε(δi j − δik) f jk

The (fake) moduli of Lie alge-
bras on V , a quadratic variety in
(V∗)⊗2⊗V is on the right. We ca-
re about slk17 B slε17/(ε

k+1 = 0).

{A⊗S }{FS }

Abstract. It has long been known that there are knot invariants
associated to semi-simple Lie algebras, and there has long been
a dogma as for how to extract them: “quantize and use repre-
sentation theory”. We present an alternative and better procedu-
re: “centrally extend, approximate by solvable, and learn how to
re-order exponentials in a universal enveloping algebra”. While
equivalent to the old invariants via a complicated process, our i-
nvariants are in practice stronger, faster to compute (poly-time vs.
exp-time), and clearly carry topological information.
KiW 43 Abstract (ωεβ/kiw). Whether or not you like the formu-
las on this page, they describe the strongest truly computable knot
invariant we know.

Ribbon Knots.

Gompf, Schar-
lemann, Tho-
mpson [GST]

A2n

1 ∈ An

T2n

U ∈ Tn

z(K) ∈ R ⊆ A1ribbon K ∈ T1

with R B κ(τ−1(1))
A+ = −t8 + 2t7 − t6 − 2t4 + 5t3 − 2t2 − 7t + 13

ρ+
1 = 5t15 − 18t14 + 33t13 − 32t12 + 2t11 + 42t10 − 62t9 − 8t8 + 166t7 − 242t6+

108t5 + 132t4 − 226t3 + 148t2 − 11t − 36

[Vo]: Works
for Alexander!

Theorem ([BNG], conjectured [MM], e-
lucidated [Ro1]). Let Jd(K) be the co-
loured Jones polynomial of K, in the d-dimensional representa-
tion of sl2. Writing

(q1/2 − q−1/2)Jd(K)
qd/2 − q−d/2

∣∣∣∣∣∣
q=e~

=
∑
j,m≥0

a jm(K)d j~m,

“below diagonal” coefficients vanish, a jm(K) =

0 if j > m, and “on diagonal” coefficients
give the inverse of the Alexander polynomial:(∑∞

m=0 amm(K)~m
)
· ω(K)(e~) = 1.

“Above diagonal” we have Rozansky’s Theorem [Ro3, (1.2)]:

Jd(K)(q) =
qd − q−d

(q − q−1)ω(K)(qd)

1 +

∞∑
k=1

(q − 1)kρk(K)(qd)
ω2k(K)(qd)

 .

Melvin,
Morton,
Garoufalidis

The Yang-Baxter Technique. Given an alge-
bra A (typically Û(g) or Ûq(g)) and elements

R =
∑

ai ⊗ bi ∈ A ⊗ A and C ∈ A,
form

Z =
∑
i, j,k

Caib jakC2bia jbkC.

Problem. Extract information from Z.
The Dogma. Use representation theory. In
principle finite, but slow.

Why are “solvable algebras” any good? Contrary to common
beliefs, computations in semi-simple Lie algebras are just awful:

Yet in solvable algebras, exponentiation is fine and even BCH,
z = log(ex

e
y), is bearable:

The Loyal Opposition. For certain algebras, work in a homomor-
phic poly-dimensional
“space of formulas”.
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Follows Rozansky [Ro1, Ro2, Ro3] and Overbay
[Ov], joint with van der Veen. More at ωεβ/talks.
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Faster is better, leaner is meaner!

Thanks for the invitation!
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The sl2 Example. Let gε = 〈h, e, l, f 〉/([h, ·] = 0, [e, l] =

−e, [ f , l] = f , [e, f ] = h − 2εl) and let gk = gε/(εk+1 = 0).
The Main gk Theorem. The gk-invariant of any S -component tan-
gle T can be written in the form

Z(T ) = O

ωeL+Q+P :
⊗
i∈S

eili fi

 ,
where ω is a scalar (meaning, a rational function in the variables
hi and their exponentials ti B e

hi), where L =
∑

ai jhil j is a bala-
nced quadratic in the variables hi and l j with integer coefficients,
where Q =

∑
bi jei f j is a balanced quadratic in the variables ei

and f j with scalar coefficients bi j, and where P is a polynomial in
{ε, ei, li, fi} (with scalar coefficients) whose εd-term is of degree
at most 2d + 2 in {ei,

√
li, fi}. Furthermore, after setting hi = h

and ti = t for all i, the invariant Z(T ) is poly-time computable.
The Main gk Lemma. The following “re-ordering relations” hold:
O

(
e
γl+βe : le

)
= O

(
e
γl+eγβe : el

)
(and similarly for f l→ l f ),

O
(
e
βe+α f +δe f : f e

)
= O

(
νeν(−αβh+βe+α f +δe f )+λk(ε,e,l, f ,α,β,δ) : el f

)
,

with ν = (1 + hδ)−1 and where λk(ε, e, l, f , α, β, δ) is some fixed
polynomial of degree at most 2k + 2 in ε, e,

√
l, f , α, β, δ, with

scalar coefficients.
Demo Programs. ωεβ/Demo
CF[ℰ_] := Module[{vars = Union@Cases[ℰ, e_ l_ f_, ∞]},

If[vars === {}, Factor[ℰ],

Total[CoefficientRules[ℰ, vars] /.

(p_ → c_) ⧴ Factor[c] Times @@ (varsp)] ]];

CF[ℰ_] := CF /@ ℰ;

Formatting

Preparation[i_, j_, s_] := 1, (-1)s lj, (-t)s ei fj,

ts ei l(1+s) i-s j fj + (-1)s li lj + -t2s ei
2 fj

2
 4;

[i_, s_] := [1, 0, 0, s li];

 /: [1, L1_, Q1_, P1_] [1, L2_, Q2_, P2_] :=

[1, L1 + L2, Q1 + Q2, P1 + P2];

Preparing the Trefoil

1

2

3

4

5

67

8

9
10

11

1213

14

15

16

z1 = ([1, 11, 0] [4, 2, -1] [15, 5, 0] ×

[6, 8, -1] [9, 16, 0] [12, 14, -1] ×

[3, -1] [7, +1] [10, -1] [13, +1])

1, -l2 + l5 - l8 + l11 - l14 + l16,

-
e4 f2
t

+ e15 f5 -
e6 f8
t

+ e1 f11 -
e12 f14

t
+ e9 f16,

-
e4
2 f2

2

4 t2
+

1

4
e15
2 f5

2 -
e6
2 f8

2

4 t2
+

1

4
e1
2 f11

2 -
e12
2 f14

2

4 t2
+

1

4
e9
2 f16

2 + e1 f11 l1 +

e4 f2 l2
t

- l3 - l2 l4 + l7 +
e6 f8 l8

t
- l6 l8 + e9 f16 l9 - l10 +

l1 l11 + l13 +
e12 f14 l14

t
- l12 l14 + e15 f5 l15 + l5 l15 + l9 l16

Differential Polynomials
(Implementing P(∂α, ∂β)( f ))

DPx_→Dα_,y_→Dβ_[P_][f_] :=

Total[CoefficientRules[P, {x, y}] /.

({m_, n_} → c_) ⧴ c D[f, {α, m}, {β, n}]]

le and fl SortsSlj_ x:e fi_→k_
[[ω_, L_, Q_, P_]] :=

Withλ = ∂lj L, α = ∂xi Q, q = ⅇ
γ
β xk + γ lk, CF

ω, L /. lj → lk, tλ α xk + (Q /. xi → 0),

ⅇ
-q DPlj→Dγ,xi→Dβ[P][ⅇ

q
] /. {β → α/ω, γ → λ Log[t]} ;

Λ[k_] := (t - 1) 2 (α β + δ μ)
2
- α

2
β
2
 - 4 ek lk fk δ

2
μ
2
-

δ (1 + μ) fk
2
α
2
+ ek

2
β
2
 - ek

2 fk
2
δ
3
(1 + 3 μ) -

2 α β + 2 δ μ + ek fk δ
2
(1 + 2 μ) + 2 lk δ μ

2
 (fk α + ek β) -

4 lk μ
2
+ ek fk δ (1 + μ) (α β + δ μ) (1 + t)/4;

The Λόγος

fe SortsSfi_ ej_→k_
[[ω_, L_, Q_, P_]] :=

With{q = ((1 - t) α β + β ek + α fk + δ ek fk)/μ}, CF

μ ω, L, μ ω q + μ (Q /. fi ej → 0),

μ
4
ⅇ
-q DPfi→Dα,ej→Dβ[P][ⅇ

q
] + ω

4
Λ[k] /. μ → 1 + (t - 1) δ /.

α → ω
-1

∂fi Q /. ej → 0, β → ω
-1

∂ej Q /. fi → 0,

δ → ω
-1

∂fi,ej Q;

Elf Mergesmi_,j_→k_[Z_] := Module{x, z},

CFZ // Sfi ej→x
// Sli ex→x // Sfx lj→x

 /. z_i j x → zk

Rewriting the Trefoil
(by merging 16 elves)

(Do[z1 = z1 // m1,k→1, {k, 2, 16}]; z1)


1-t+t2

t
, 0, 0,

(-1+t) 1-t+t22 1-t+2 t2

t3
-

2 (1+t) 1-t+t23 e1 f1

t4
-

2 (-1+t) (1+t) 1-t+t23 l1

t4


Readout
ρ1[[ω_, _, _, P_]] := CF

t (P /. e_ l_ f_ → 0) - t ω3 (∂tω)

(t - 1)2 ω2


ρ1(31)ρ1[z1] // Expand
1

t
+ t
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k Alexander’s ω+ genus / ribbon
Today’s / Rozansky’s ρ+

1 unknotting number / amphicheiral
0a

1 1 0 / 4

0 0 / 4

3a
1 t − 1 1 / 8

t 1 / 8

4a
1 3 − t 1 / 8

0 1 / 4

5a
1 t2 − t + 1 2 / 8

2t3 + 3t 2 / 8
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diagram
nt

k Alexander’s ω+ genus / ribbon
Today’s / Rozansky’s ρ+

1 unknotting number / amphicheiral diagram
nt

k Alexander’s ω+ genus / ribbon
Today’s / Rozansky’s ρ+

1 unknotting number / amphicheiral
5a

2 2t − 3 1 / 8

5t − 4 1 / 8

6a
1 5 − 2t 1 / 4

t − 4 1 / 8

6a
2 −t2 + 3t − 3 2 / 8

t3 − 4t2 + 4t − 4 1 / 8

6a
3 t2 − 3t + 5 2 / 8

0 1 / 4

7a
1 t3 − t2 + t − 1 3 / 8

3t5 + 5t3 + 6t 3 / 8

7a
2 3t − 5 1 / 8

14t − 16 1 / 8

7a
3 2t2 − 3t + 3 2 / 8

−9t3 + 8t2 − 16t + 12 2 / 8

7a
4 4t − 7 1 / 8

32 − 24t 2 / 8

7a
5 2t2 − 4t + 5 2 / 8

9t3 − 16t2 + 29t − 28 2 / 8

7a
6 −t2 + 5t − 7 2 / 8

t3 − 8t2 + 19t − 20 1 / 8

7a
7 t2 − 5t + 9 2 / 8

8 − 3t 1 / 8

8a
1 7 − 3t 1 / 8

5t − 16 1 / 8

8a
2 −t3 + 3t2 − 3t + 3 3 / 8

2t5 − 8t4 + 10t3 − 12t2 + 13t − 12 2 / 8

8a
3 9 − 4t 1 / 8

0 2 / 4

8a
4 −2t2 + 5t − 5 2 / 8

3t3 − 8t2 + 6t − 4 2 / 8

8a
5 −t3 + 3t2 − 4t + 5 3 / 8

−2t5 + 8t4 − 13t3 + 20t2 − 22t + 24 2 / 8

8a
6 −2t2 + 6t − 7 2 / 8

5t3 − 20t2 + 28t − 32 2 / 8

8a
7 t3 − 3t2 + 5t − 5 3 / 8

−t5 + 4t4 − 10t3 + 12t2 − 13t + 12 1 / 8

8a
8 2t2 − 6t + 9 2 / 4

−t3 + 4t2 − 12t + 16 2 / 8

8a
9 −t3 + 3t2 − 5t + 7 3 / 4

0 1 / 4

8a
10 t3 − 3t2 + 6t − 7 3 / 8

−t5 + 4t4 − 11t3 + 16t2 − 21t + 20 2 / 8

8a
11 −2t2 + 7t − 9 2 / 8

5t3 − 24t2 + 39t − 44 1 / 8

8a
12 t2 − 7t + 13 2 / 8

0 2 / 4

8a
13 2t2 − 7t + 11 2 / 8

−t3 + 4t2 − 14t + 20 1 / 8

8a
14 −2t2 + 8t − 11 2 / 8

5t3 − 28t2 + 57t − 68 1 / 8

8a
15 3t2 − 8t + 11 2 / 8

21t3 − 64t2 + 120t − 140 2 / 8

8a
16 t3 − 4t2 + 8t − 9 3 / 8

t5 − 6t4 + 17t3 − 28t2 + 35t − 36 2 / 8

8a
17 −t3 + 4t2 − 8t + 11 3 / 8

0 1 / 4

8a
18 −t3 + 5t2 − 10t + 13 3 / 8

0 2 / 4

8n
19 t3 − t2 + 1 3 / 8

−3t5 − 4t2 − 3t 3 / 8

8n
20 t2 − 2t + 3 2 / 4

4t − 4 1 / 8

8n
21 −t2 + 4t − 5 2 / 8

t3 − 8t2 + 16t − 20 1 / 8

9a
1 t4 − t3 + t2 − t + 1 4 / 8

4t7 + 7t5 + 9t3 + 10t 4 / 8

9a
2 4t − 7 1 / 8

30t − 40 1 / 8

9a
3 2t3 − 3t2 + 3t − 3 3 / 8

−13t5 + 12t4 − 25t3 + 20t2 − 32t + 24 3 / 8

9a
4 3t2 − 5t + 5 2 / 8

23t3 − 28t2 + 46t − 44 2 / 8

9a
5 6t − 11 1 / 8

100 − 65t 2 / 8

9a
6 2t3 − 4t2 + 5t − 5 3 / 8

13t5 − 24t4 + 45t3 − 52t2 + 68t − 64 3 / 8

9a
7 3t2 − 7t + 9 2 / 8

23t3 − 56t2 + 99t − 108 2 / 8

9a
8 −2t2 + 8t − 11 2 / 8

3t3 − 16t2 + 29t − 28 2 / 8

9a
9 2t3 − 4t2 + 6t − 7 3 / 8

13t5 − 24t4 + 55t3 − 72t2 + 98t − 96 3 / 8

9a
10 4t2 − 8t + 9 2 / 8

−40t3 + 72t2 − 114t + 120 2, 3 / 8

9a
11 −t3 + 5t2 − 7t + 7 3 / 8

−2t5 + 16t4 − 41t3 + 52t2 − 66t + 64 2 / 8

9a
12 −2t2 + 9t − 13 2 / 8

5t3 − 36t2 + 84t − 100 1 / 8

9a
13 4t2 − 9t + 11 2 / 8

−40t3 + 92t2 − 154t + 168 2, 3 / 8

9a
14 2t2 − 9t + 15 2 / 8

−t3 + 8t2 − 35t + 60 1 / 8

9a
15 −2t2 + 10t − 15 2 / 8

−5t3 + 40t2 − 108t + 136 2 / 8

9a
16 2t3 − 5t2 + 8t − 9 3 / 8

−13t5 + 36t4 − 80t3 + 120t2 − 161t + 168 3 / 8

9a
17 t3 − 5t2 + 9t − 9 3 / 8

t5 − 8t4 + 23t3 − 32t2 + 28t − 24 2 / 8

9a
18 4t2 − 10t + 13 2 / 8

40t3 − 108t2 + 193t − 220 2 / 8

9a
19 2t2 − 10t + 17 2 / 8

t3 − 8t2 + 20t − 24 1 / 8

9a
20 −t3 + 5t2 − 9t + 11 3 / 8

2t5 − 16t4 + 47t3 − 84t2 + 117t − 124 2 / 8

9a
21 −2t2 + 11t − 17 2 / 8

−5t3 + 44t2 − 127t + 164 1 / 8

9a
22 t3 − 5t2 + 10t − 11 3 / 8

−t5 + 8t4 − 24t3 + 38t2 − 40t + 36 1 / 8

9a
23 4t2 − 11t + 15 2 / 8

40t3 − 128t2 + 243t − 288 2 / 8

9a
24 −t3 + 5t2 − 10t + 13 3 / 8

−4t2 + 16t − 20 1 / 8

9a
25 −3t2 + 12t − 17 2 / 8

12t3 − 70t2 + 153t − 188 2 / 8

9a
26 t3 − 5t2 + 11t − 13 3 / 8

−t5 + 8t4 − 31t3 + 64t2 − 85t + 92 1 / 8

9a
27 −t3 + 5t2 − 11t + 15 3 / 4

t3 − 8t2 + 24t − 32 1 / 8

9a
28 t3 − 5t2 + 12t − 15 3 / 8

t5 − 8t4 + 30t3 − 68t2 + 105t − 120 1 / 8

9a
29 t3 − 5t2 + 12t − 15 3 / 8

t5 − 8t4 + 26t3 − 48t2 + 59t − 56 2 / 8

9a
30 −t3 + 5t2 − 12t + 17 3 / 8

2t3 − 10t2 + 25t − 32 1 / 8
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k Alexander’s ω+ genus / ribbon
Today’s / Rozansky’s ρ+

1 unknotting number / amphicheiral
9a

31 t3 − 5t2 + 13t − 17 3 / 8

t5 − 8t4 + 33t3 − 80t2 + 132t − 152 2 / 8

9a
32 t3 − 6t2 + 14t − 17 3 / 8

−t5 + 10t4 − 42t3 + 94t2 − 133t + 148 2 / 8

9a
33 −t3 + 6t2 − 14t + 19 3 / 8

t3 − 10t2 + 30t − 40 1 / 8

9a
34 −t3 + 6t2 − 16t + 23 3 / 8

3t3 − 18t2 + 43t − 56 1 / 8

9a
35 7t − 13 1 / 8

90t − 144 2, 3 / 8

9a
36 −t3 + 5t2 − 8t + 9 3 / 8

−2t5 + 16t4 − 44t3 + 66t2 − 87t + 88 2 / 8

9a
37 2t2 − 11t + 19 2 / 8

t3 − 8t2 + 22t − 28 2 / 8

9a
38 5t2 − 14t + 19 2 / 8

62t3 − 204t2 + 382t − 452 2, 3 / 8

9a
39 −3t2 + 14t − 21 2 / 8

−12t3 + 84t2 − 210t + 268 1 / 8

9a
40 t3 − 7t2 + 18t − 23 3 / 8

t5 − 12t4 + 57t3 − 144t2 + 229t − 264 2 / 8

9a
41 3t2 − 12t + 19 2 / 4

3t3 − 20t2 + 70t − 108 2 / 8

9n
42 −t2 + 2t − 1 2 / 8

−t3 + 2t2 + t − 4 1 / 8

9n
43 −t3 + 3t2 − 2t + 1 3 / 8

−2t5 + 8t4 − 7t3 + 2t2 − 5t + 4 2 / 8

9n
44 t2 − 4t + 7 2 / 8

−2t2 + 9t − 12 1 / 8

9n
45 −t2 + 6t − 9 2 / 8

t3 − 14t2 + 47t − 60 1 / 8

9n
46 5 − 2t 1 / 4

3t − 12 2 / 8

9n
47 t3 − 4t2 + 6t − 5 3 / 8

−t5 + 6t4 − 15t3 + 16t2 − 10t + 12 2 / 8

9n
48 −t2 + 7t − 11 2 / 8

−t3 + 12t2 − 42t + 52 2 / 8

9n
49 3t2 − 6t + 7 2 / 8

−21t3 + 38t2 − 61t + 60 3 / 8

10a
1 9 − 4t 1 / 8

14t − 40 1 / 8

10a
2 −t4 + 3t3 − 3t2 + 3t − 3 4 / 8

3t7 − 12t6 + 16t5 − 20t4 + 24t3 − 24t2 + 27t − 24 3 / 8

10a
3 13 − 6t 1 / 4

11t − 28 2 / 8

10a
4 −3t2 + 7t − 7 2 / 8

4t3 − 8t2 + t + 8 2 / 8

10a
5 t4 − 3t3 + 5t2 − 5t + 5 4 / 8

−2t7 + 8t6 − 20t5 + 28t4 − 36t3 + 36t2 − 39t + 36 2 / 8

10a
6 −2t3 + 6t2 − 7t + 7 3 / 8

9t5 − 36t4 + 56t3 − 72t2 + 81t − 84 3 / 8

10a
7 −3t2 + 11t − 15 2 / 8

14t3 − 72t2 + 135t − 160 1 / 8

10a
8 −2t3 + 5t2 − 5t + 5 3 / 8

7t5 − 20t4 + 23t3 − 28t2 + 26t − 24 2 / 8

10a
9 −t4 + 3t3 − 5t2 + 7t − 7 4 / 8

−t7 + 4t6 − 10t5 + 20t4 − 25t3 + 28t2 − 28t + 28 1 / 8

10a
10 3t2 − 11t + 17 2 / 8

−5t3 + 24t2 − 71t + 100 1 / 8

10a
11 −4t2 + 11t − 13 2 / 8

16t3 − 52t2 + 68t − 72 2, 3 / 8

10a
12 2t3 − 6t2 + 10t − 11 3 / 8

−5t5 + 20t4 − 50t3 + 72t2 − 89t + 92 2 / 8

10a
13 2t2 − 13t + 23 2 / 8

t3 − 12t2 + 51t − 84 2 / 8

10a
14 −2t3 + 8t2 − 12t + 13 3 / 8

9t5 − 52t4 + 119t3 − 180t2 + 225t − 236 2 / 8

10a
15 2t3 − 6t2 + 9t − 9 3 / 8

−3t5 + 12t4 − 24t3 + 24t2 − 17t + 12 2 / 8

10a
16 −4t2 + 12t − 15 2 / 8

−16t3 + 56t2 − 76t + 80 2 / 8

10a
17 t4 − 3t3 + 5t2 − 7t + 9 4 / 8

0 1 / 4

10a
18 −4t2 + 14t − 19 2 / 8

16t3 − 68t2 + 121t − 140 1 / 8

10a
19 2t3 − 7t2 + 11t − 11 3 / 8

3t5 − 16t4 + 35t3 − 40t2 + 30t − 24 2 / 8

10a
20 −3t2 + 9t − 11 2 / 8

14t3 − 56t2 + 88t − 104 2 / 8

10a
21 −2t3 + 7t2 − 9t + 9 3 / 8

9t5 − 44t4 + 80t3 − 104t2 + 121t − 124 2 / 8

10a
22 −2t3 + 6t2 − 10t + 13 3 / 4

−t5 + 4t4 − 10t3 + 24t2 − 37t + 44 2 / 8

10a
23 2t3 − 7t2 + 13t − 15 3 / 8

−5t5 + 24t4 − 67t3 + 108t2 − 137t + 144 1 / 8

10a
24 −4t2 + 14t − 19 2 / 8

24t3 − 116t2 + 221t − 268 2 / 8

10a
25 −2t3 + 8t2 − 14t + 17 3 / 8

9t5 − 52t4 + 131t3 − 232t2 + 314t − 344 2 / 8

10a
26 −2t3 + 7t2 − 13t + 17 3 / 8

−t5 + 4t4 − 10t3 + 28t2 − 49t + 60 1 / 8

10a
27 2t3 − 8t2 + 16t − 19 3 / 8

5t5 − 28t4 + 87t3 − 164t2 + 229t − 252 1 / 8

10a
28 4t2 − 13t + 19 2 / 8

−8t3 + 36t2 − 100t + 136 2 / 8

10a
29 t3 − 7t2 + 15t − 17 3 / 8

t5 − 12t4 + 52t3 − 104t2 + 124t − 128 2 / 8

10a
30 −4t2 + 17t − 25 2 / 8

24t3 − 148t2 + 345t − 440 1 / 8

10a
31 4t2 − 14t + 21 2 / 8

−4t2 + 9t − 12 1 / 8

10a
32 −2t3 + 8t2 − 15t + 19 3 / 8

t5 − 4t4 + 13t3 − 40t2 + 78t − 96 1 / 8

10a
33 4t2 − 16t + 25 2 / 8

0 1 / 4

10a
34 3t2 − 9t + 13 2 / 8

−5t3 + 20t2 − 52t + 68 2 / 8

10a
35 2t2 − 12t + 21 2 / 4

−t3 + 12t2 − 47t + 76 2 / 8

10a
36 −3t2 + 13t − 19 2 / 8

14t3 − 88t2 + 208t − 264 2 / 8

10a
37 4t2 − 13t + 19 2 / 8

0 2 / 4

10a
38 −4t2 + 15t − 21 2 / 8

24t3 − 128t2 + 270t − 336 2 / 8

10a
39 −2t3 + 8t2 − 13t + 15 3 / 8

9t5 − 52t4 + 125t3 − 204t2 + 263t − 280 2 / 8

10a
40 2t3 − 8t2 + 17t − 21 3 / 8

−5t5 + 28t4 − 89t3 + 176t2 − 258t + 288 2 / 8

10a
41 t3 − 7t2 + 17t − 21 3 / 8

t5 − 12t4 + 54t3 − 120t2 + 157t − 164 2 / 8

10a
42 −t3 + 7t2 − 19t + 27 3 / 4

2t3 − 8t2 + 11t − 12 1 / 8

10a
43 −t3 + 7t2 − 17t + 23 3 / 8

0 2 / 4



diagram
nt

k Alexander’s ω+ genus / ribbon
Today’s / Rozansky’s ρ+

1 unknotting number / amphicheiral diagram
nt

k Alexander’s ω+ genus / ribbon
Today’s / Rozansky’s ρ+

1 unknotting number / amphicheiral
10a

44 t3 − 7t2 + 19t − 25 3 / 8

t5 − 12t4 + 56t3 − 140t2 + 220t − 248 1 / 8

10a
45 −t3 + 7t2 − 21t + 31 3 / 8

0 2 / 4

10a
46 −t4 + 3t3 − 4t2 + 5t − 5 4 / 8

−3t7 + 12t6 − 21t5 + 34t4 − 43t3 + 52t2 − 55t + 56 3 / 8

10a
47 t4 − 3t3 + 6t2 − 7t + 7 4 / 8

−2t7 + 8t6 − 23t5 + 38t4 − 56t3 + 60t2 − 68t + 64 2, 3 / 8

10a
48 t4 − 3t3 + 6t2 − 9t + 11 4 / 4

t5 − 2t4 + 2t3 − 3t + 4 2 / 8

10a
49 3t3 − 8t2 + 12t − 13 3 / 8

30t5 − 94t4 + 196t3 − 292t2 + 372t − 392 3 / 8

10a
50 −2t3 + 7t2 − 11t + 13 3 / 8

−9t5 + 44t4 − 94t3 + 150t2 − 186t + 200 2 / 8

10a
51 2t3 − 7t2 + 15t − 19 3 / 8

−5t5 + 24t4 − 73t3 + 134t2 − 194t + 212 2, 3 / 8

10a
52 2t3 − 7t2 + 13t − 15 3 / 8

−3t5 + 16t4 − 37t3 + 50t2 − 49t + 44 2 / 8

10a
53 6t2 − 18t + 25 2 / 8

93t3 − 346t2 + 680t − 828 2, 3 / 8

10a
54 2t3 − 6t2 + 10t − 11 3 / 8

−3t5 + 12t4 − 24t3 + 26t2 − 21t + 16 2, 3 / 8

10a
55 5t2 − 15t + 21 2 / 8

66t3 − 246t2 + 488t − 596 2 / 8

10a
56 −2t3 + 8t2 − 14t + 17 3 / 8

−9t5 + 52t4 − 133t3 + 234t2 − 312t + 340 2 / 8

10a
57 2t3 − 8t2 + 18t − 23 3 / 8

−5t5 + 28t4 − 93t3 + 194t2 − 300t + 340 2 / 8

10a
58 3t2 − 16t + 27 2 / 8

3t3 − 28t2 + 94t − 140 2 / 8

10a
59 t3 − 7t2 + 18t − 23 3 / 8

−t5 + 12t4 − 55t3 + 128t2 − 181t + 196 1 / 8

10a
60 −t3 + 7t2 − 20t + 29 3 / 8

5t3 − 40t2 + 122t − 176 1 / 8

10a
61 −2t3 + 5t2 − 6t + 7 3 / 8

−7t5 + 20t4 − 27t3 + 36t2 − 35t + 36 2, 3 / 8

10a
62 t4 − 3t3 + 6t2 − 8t + 9 4 / 8

−2t7 + 8t6 − 23t5 + 40t4 − 63t3 + 76t2 − 89t + 88 2 / 8

10a
63 5t2 − 14t + 19 2 / 8

66t3 − 220t2 + 416t − 496 2 / 8

10a
64 −t4 + 3t3 − 6t2 + 10t − 11 4 / 8

−t7 + 4t6 − 11t5 + 24t4 − 37t3 + 52t2 − 60t + 64 2 / 8

10a
65 2t3 − 7t2 + 14t − 17 3 / 8

−5t5 + 24t4 − 71t3 + 124t2 − 169t + 180 2 / 8

10a
66 3t3 − 9t2 + 16t − 19 3 / 8

30t5 − 112t4 + 279t3 − 480t2 + 662t − 724 3 / 8

10a
67 −4t2 + 16t − 23 2 / 8

24t3 − 140t2 + 312t − 392 2 / 8

10a
68 4t2 − 14t + 21 2 / 8

8t3 − 40t2 + 117t − 164 2 / 8

10a
69 t3 − 7t2 + 21t − 29 3 / 8

−t5 + 12t4 − 68t3 + 212t2 − 397t + 476 2 / 8

10a
70 t3 − 7t2 + 16t − 19 3 / 8

−t5 + 12t4 − 53t3 + 114t2 − 146t + 152 2 / 8

10a
71 −t3 + 7t2 − 18t + 25 3 / 8

t3 − 2t2 − t + 4 1 / 8

10a
72 −2t3 + 9t2 − 16t + 19 3 / 8

−9t5 + 60t4 − 167t3 + 298t2 − 410t + 448 2 / 8

10a
73 t3 − 7t2 + 20t − 27 3 / 8

t5 − 12t4 + 65t3 − 194t2 + 350t − 416 1 / 8

10a
74 −4t2 + 16t − 23 2 / 8

24t3 − 136t2 + 290t − 360 2 / 8

10a
75 −t3 + 7t2 − 19t + 27 3 / 4

−4t3 + 36t2 − 117t + 172 2 / 8

10a
76 −2t3 + 7t2 − 12t + 15 3 / 8

−9t5 + 44t4 − 104t3 + 184t2 − 245t + 272 2, 3 / 8

10a
77 2t3 − 7t2 + 14t − 17 3 / 8

−5t5 + 24t4 − 71t3 + 132t2 − 189t + 208 2, 3 / 8

10a
78 −t3 + 7t2 − 16t + 21 3 / 8

2t5 − 24t4 + 105t3 − 244t2 + 390t − 448 2 / 8

10a
79 t4 − 3t3 + 7t2 − 12t + 15 4 / 8

0 2, 3 / 4

10a
80 3t3 − 9t2 + 15t − 17 3 / 8

30t5 − 112t4 + 260t3 − 426t2 + 568t − 616 3 / 8

10a
81 −t3 + 8t2 − 20t + 27 3 / 8

0 2 / 4

10a
82 −t4 + 4t3 − 8t2 + 12t − 13 4 / 8

t7 − 6t6 + 19t5 − 42t4 + 64t3 − 78t2 + 84t − 84 1 / 8

10a
83 2t3 − 9t2 + 19t − 23 3 / 8

−5t5 + 34t4 − 110t3 + 214t2 − 301t + 332 2 / 8

10a
84 2t3 − 9t2 + 20t − 25 3 / 8

−5t5 + 34t4 − 116t3 + 246t2 − 373t + 424 1 / 8

10a
85 t4 − 4t3 + 8t2 − 10t + 11 4 / 8

2t7 − 12t6 + 36t5 − 68t4 + 101t3 − 124t2 + 138t − 140 2 / 8

10a
86 −2t3 + 9t2 − 19t + 25 3 / 8

−t5 + 6t4 − 21t3 + 58t2 − 105t + 128 2 / 8

10a
87 −2t3 + 9t2 − 18t + 23 3 / 4

−t5 + 6t4 − 23t3 + 66t2 − 125t + 152 2 / 8

10a
88 −t3 + 8t2 − 24t + 35 3 / 8

0 1 / 4

10a
89 t3 − 8t2 + 24t − 33 3 / 8

t5 − 14t4 + 83t3 − 264t2 + 495t − 596 2 / 8

10a
90 −2t3 + 8t2 − 17t + 23 3 / 8

−t5 + 6t4 − 21t3 + 54t2 − 93t + 112 2 / 8

10a
91 t4 − 4t3 + 9t2 − 14t + 17 4 / 8

t5 − 2t4 + 2t3 − 3t + 4 1 / 8

10a
92 −2t3 + 10t2 − 20t + 25 3 / 8

−9t5 + 68t4 − 216t3 + 428t2 − 622t + 696 2 / 8

10a
93 2t3 − 8t2 + 15t − 17 3 / 8

3t5 − 18t4 + 43t3 − 58t2 + 55t − 48 2 / 8

10a
94 −t4 + 4t3 − 9t2 + 14t − 15 4 / 8

−t7 + 6t6 − 20t5 + 46t4 − 76t3 + 102t2 − 115t + 120 2 / 8

10a
95 2t3 − 9t2 + 21t − 27 3 / 8

−5t5 + 32t4 − 114t3 + 248t2 − 384t + 436 1 / 8

10a
96 −t3 + 7t2 − 22t + 33 3 / 8

−7t3 + 50t2 − 147t + 212 2 / 8

10a
97 −5t2 + 22t − 33 2 / 8

−37t3 + 242t2 − 603t + 788 2 / 8

10a
98 −2t3 + 9t2 − 18t + 23 3 / 8

9t5 − 60t4 + 177t3 − 348t2 + 501t − 564 2 / 8

10a
99 t4 − 4t3 + 10t2 − 16t + 19 4 / 4

0 2 / 4

10a
100 t4 − 4t3 + 9t2 − 12t + 13 4 / 8

2t7 − 12t6 + 39t5 − 80t4 + 128t3 − 164t2 + 192t − 196 2, 3 / 8

10a
101 7t2 − 21t + 29 2 / 8

−129t3 + 480t2 − 942t + 1148 2, 3 / 8

10a
102 −2t3 + 8t2 − 16t + 21 3 / 8

−t5 + 6t4 − 19t3 + 50t2 − 89t + 108 1 / 8

10a
103 2t3 − 8t2 + 17t − 21 3 / 8

5t5 − 30t4 + 93t3 − 178t2 + 254t − 280 3 / 8

10a
104 t4 − 4t3 + 9t2 − 15t + 19 4 / 8

t5 − 2t4 + 2t3 − 3t + 4 1 / 8

10a
105 t3 − 8t2 + 22t − 29 3 / 8

−t5 + 14t4 − 71t3 + 184t2 − 292t + 332 2 / 8



diagram
nt

k Alexander’s ω+ genus / ribbon
Today’s / Rozansky’s ρ+

1 unknotting number / amphicheiral diagram
nt

k Alexander’s ω+ genus / ribbon
Today’s / Rozansky’s ρ+

1 unknotting number / amphicheiral
10a

106 −t4 + 4t3 − 9t2 + 15t − 17 4 / 8

−t7 + 6t6 − 20t5 + 48t4 − 82t3 + 114t2 − 134t + 140 2 / 8

10a
107 −t3 + 8t2 − 22t + 31 3 / 8

2t3 − 8t2 + 13t − 16 1 / 8

10a
108 2t3 − 8t2 + 14t − 15 3 / 8

−3t5 + 18t4 − 41t3 + 50t2 − 40t + 32 2 / 8

10a
109 t4 − 4t3 + 10t2 − 17t + 21 4 / 8

0 2 / 4

10a
110 t3 − 8t2 + 20t − 25 3 / 8

t5 − 14t4 + 69t3 − 160t2 + 219t − 236 2 / 8

10a
111 −2t3 + 9t2 − 17t + 21 3 / 8

−9t5 + 60t4 − 171t3 + 316t2 − 436t + 480 2 / 8

10a
112 −t4 + 5t3 − 11t2 + 17t − 19 4 / 8

t7 − 8t6 + 29t5 − 68t4 + 115t3 − 152t2 + 175t − 180 2 / 8

10a
113 2t3 − 11t2 + 26t − 33 3 / 8

−5t5 + 42t4 − 167t3 + 394t2 − 623t + 720 1 / 8

10a
114 −2t3 + 10t2 − 21t + 27 3 / 8

t5 − 8t4 + 30t3 − 78t2 + 140t − 168 1 / 8

10a
115 −t3 + 9t2 − 26t + 37 3 / 8

0 2 / 4

10a
116 −t4 + 5t3 − 12t2 + 19t − 21 4 / 8

t7 − 8t6 + 30t5 − 74t4 + 132t3 − 184t2 + 217t − 228 2 / 8

10a
117 2t3 − 10t2 + 24t − 31 3 / 8

−5t5 + 38t4 − 144t3 + 330t2 − 522t + 600 2 / 8

10a
118 t4 − 5t3 + 12t2 − 19t + 23 4 / 8

0 1 / 4

10a
119 −2t3 + 10t2 − 23t + 31 3 / 8

−t5 + 6t4 − 26t3 + 86t2 − 175t + 220 1 / 8

10a
120 8t2 − 26t + 37 2 / 8

166t3 − 692t2 + 1433t − 1788 2, 3 / 8

10a
121 2t3 − 11t2 + 27t − 35 3 / 8

5t5 − 42t4 + 167t3 − 396t2 + 634t − 732 2 / 8

10a
122 −2t3 + 11t2 − 24t + 31 3 / 8

−t5 + 8t4 − 34t3 + 104t2 − 211t + 264 2 / 8

10a
123 t4 − 6t3 + 15t2 − 24t + 29 4 / 4

0 2 / 4

10n
124 t4 − t3 + t − 1 4 / 8

−4t7 − 6t4 − 4t2 − 6t 4 / 8

10n
125 t3 − 2t2 + 2t − 1 3 / 8

−t5 + 2t4 − 2t3 + 3t − 4 2 / 8

10n
126 t3 − 2t2 + 4t − 5 3 / 8

t5 − 2t4 + 10t3 − 12t2 + 22t − 20 2 / 8

10n
127 −t3 + 4t2 − 6t + 7 3 / 8

2t5 − 14t4 + 32t3 − 52t2 + 67t − 72 2 / 8

10n
128 2t3 − 3t2 + t + 1 3 / 8

−13t5 + 12t4 − 3t3 − 10t2 − 9t + 12 3 / 8

10n
129 2t2 − 6t + 9 2 / 4

−t3 − 2t2 + 14t − 20 1 / 8

10n
130 2t2 − 4t + 5 2 / 8

t3 − 2t2 + 19t − 24 2 / 8

10n
131 −2t2 + 8t − 11 2 / 8

5t3 − 38t2 + 87t − 112 1 / 8

10n
132 t2 − t + 1 2 / 8

2t2 + 5t − 4 1 / 8

10n
133 −t2 + 5t − 7 2 / 8

t3 − 14t2 + 37t − 48 1 / 8

10n
134 2t3 − 4t2 + 4t − 3 3 / 8

−13t5 + 24t4 − 33t3 + 30t2 − 41t + 40 3 / 8

10n
135 3t2 − 9t + 13 2 / 8

t3 − 6t2 + 18t − 24 2 / 8

10n
136 −t2 + 4t − 5 2 / 8

−t3 + 4t2 − 2t − 4 1 / 8

10n
137 t2 − 6t + 11 2 / 4

−4t2 + 24t − 44 1 / 8

10n
138 t3 − 5t2 + 8t − 7 3 / 8

−t5 + 8t4 − 22t3 + 24t2 − 11t + 8 2 / 8

10n
139 t4 − t3 + 2t − 3 4 / 8

−4t7 − 12t4 + 5t3 − 4t2 − 16t + 12 4 / 8

10n
140 t2 − 2t + 3 2 / 4

8t − 8 2 / 8

10n
141 −t3 + 3t2 − 4t + 5 3 / 8

t3 − 8t2 + 16t − 20 1 / 8

10n
142 2t3 − 3t2 + 2t − 1 3 / 8

−13t5 + 12t4 − 13t3 + 4t2 − 17t + 12 3 / 8

10n
143 t3 − 3t2 + 6t − 7 3 / 8

t5 − 4t4 + 15t3 − 28t2 + 45t − 48 1 / 8

10n
144 −3t2 + 10t − 13 2 / 8

10t3 − 44t2 + 80t − 96 2 / 8

10n
145 t2 + t − 3 2 / 8

2t3 + 8t2 + 6t − 8 2 / 8

10n
146 2t2 − 8t + 13 2 / 8

t3 − 8t2 + 21t − 28 1 / 8

10n
147 −2t2 + 7t − 9 2 / 8

−3t3 + 12t2 − 15t + 12 1 / 8

10n
148 t3 − 3t2 + 7t − 9 3 / 8

t5 − 4t4 + 18t3 − 36t2 + 62t − 68 2 / 8

10n
149 −t3 + 5t2 − 9t + 11 3 / 8

2t5 − 18t4 + 55t3 − 104t2 + 149t − 164 2 / 8

10n
150 −t3 + 4t2 − 6t + 7 3 / 8

−2t5 + 12t4 − 26t3 + 38t2 − 45t + 44 2 / 8

10n
151 t3 − 4t2 + 10t − 13 3 / 8

−t5 + 6t4 − 21t3 + 42t2 − 66t + 72 2 / 8

10n
152 t4 − t3 − t2 + 4t − 5 4 / 8

4t7 − 7t5 + 18t4 − 7t3 − 12t2 + 45t − 52 4 / 8

10n
153 t3 − t2 − t + 3 3 / 4

t5 − 2t4 + t3 + 2t2 − t 2 / 8

10n
154 t3 − 4t + 7 3 / 8

−3t5 − 6t4 + 13t3 − 47t + 68 3 / 8

10n
155 −t3 + 3t2 − 5t + 7 3 / 4

−2t3 + 12t2 − 22t + 28 2 / 8

10n
156 t3 − 4t2 + 8t − 9 3 / 8

t5 − 6t4 + 19t3 − 30t2 + 33t − 32 1 / 8

10n
157 −t3 + 6t2 − 11t + 13 3 / 8

−2t5 + 22t4 − 78t3 + 148t2 − 218t + 240 2 / 8

10n
158 −t3 + 4t2 − 10t + 15 3 / 8

2t2 − 7t + 12 2 / 8

10n
159 t3 − 4t2 + 9t − 11 3 / 8

t5 − 6t4 + 26t3 − 60t2 + 98t − 112 1 / 8

10n
160 −t3 + 4t2 − 4t + 3 3 / 8

−2t5 + 12t4 − 20t3 + 14t2 − 16t + 12 2 / 8

10n
161 t3 − 2t + 3 3 / 8

3t5 + 6t4 − 3t3 + 4t2 + 14t − 12 3 / 8

10n
162 −3t2 + 9t − 11 2 / 8

10t3 − 38t2 + 58t − 68 2 / 8

10n
163 t3 − 5t2 + 12t − 15 3 / 8

−t5 + 8t4 − 30t3 + 62t2 − 89t + 96 1, 2 / 8

10n
164 3t2 − 11t + 17 2 / 8

t3 − 10t2 + 29t − 40 1 / 8

10n
165 −2t2 + 10t − 15 2 / 8

−5t3 + 50t2 − 146t + 196 2 / 8


