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The Dogma is Wrong - Extra Details
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Agenda

1. Quantizing and de-quantizing sl5.

2. Some understanding of sl5.

3. A full understanding of sl§ at €= 0.
4. Afull understanding of sl at €2=0.
5

- Pushforwards of distributions, 0-dimensional QF T, Feynman diagrams and what had really
happened here.

Some Shortcuts

ME[x_] := MatrixExp[x]; MB[x_, ¥y ] := X.y-y.x; MF[x_] := MatrixForm[x];

Representing g€ =¢h, e, |, )/ (e, N=-¢, [f, =1, [e, fl=h-2€], [h, ¥} =0)

-(1+1/€) /2 ] Lol .
( 0) (1_1/6)/2],,;1:_(3;),

Simplifye {MB[pe, pl] == -pe, MB[pf, pl] == pf, MB[pe, pof] == ph-2epl}
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The Main go := g¢ /(¢ = 0) Theorem.

The go invariant of any S-component tangle T can be written in the form Z(T) = O(weL"Q | Mies€ili f,-),
where w is a scalar (meaning, a rational function in the variables h; and their exponentials f; = e""),
where L = ajj h; l; is a balanced quadratic in the variables h; and /; with integer coefficients a;; and where
Q=3 bj e;f;is a balanced quadratic in the variables e; and f; with scalar coefficients b;. Furthermore,
after setting hj=h and {; =t for all j, the invariant Z(T) is poly-time computable.

Proof. Indeed, as we shall see, the following lemmas hold, and the rest is straight-forward.

Lemma 0. R° = 6°"®/*8" = gexp(shl + “3=" ef | e®lf).

Lemma 1. (D(eV'*Be | Ie) = (D(eV'*eVBe | el).
Lemma 2. (D(eV'*Bf | fI):(D(eV"“@VBf | 1f).
Lemma 3. D(eBo+1+31 | fe) = O(v e-aBmBerarssen | o f) with v = (1+hd)".

Some g€ lemmas
Lemma 1. O(e¥"*F¢ | |e) = (D(eV’*eyBe | el).
Lemma 2. O(e""*F" | 1) = O(e¥"*" " | If).
Proofs.
MF /@ {ME[ypl].ME[B pe], ME[e¥ B pe].ME[ypl]}
MF /@ {ME[B pf].ME[ypl], ME[ypl].ME[e¥ B pf]}

Lemma 3 at 6=0. (D(e"“"'ﬁe | fe) = O(eCh"ae‘z“’*bf | elf), with

{a_)_TL,b_)_ a ,C_)Log[1—aﬁe]}_
-1+afe -1+afe €

Derivation.

ME[a pf].ME[B pe] // Simplify // MF
eqn = ME[a of] .ME[B pe] == ME[a pe] .ME[c (oh-2e€ pl)].ME[b of]
sol = Solve[Thread[Flatten /@eqn], {a, b, c}]1[1]

sol =sol/.C[1] »©

Lemma 3 for go.

Limit[{a, b, c} /. sol, € -» O]

And so in go, O(e?™*P¢ | fe)= O(e?™*Fe-aFN | g[f). Hence
(D(eaf+ﬁe+(5ef| fe) — eéaaa,; O(eaf+Be | fe) — eéaaap O(eaf+ﬁe—aﬁh | elf): ®(w| elf), where
Y = @%%% gaf+Be-abh satisfies ws.o = P~ 4PN and 95w =045 y.

With[{y = vev(@ef-aBh+afsbe) , v, (146h)7"}, Simplify@{0sy - Oa,5 ¥ /. & - 0}]
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A Lemma 3 for g, := g¢ /(¢! = 0).

Lemma 3,. O(ePe+af+oel | fe) = O(vev-abh+BeralwbeN p (e, e, I, f, a, B, 6) | ef), with
v=(1+h 6)‘1 and where for any fixed k, A\i(€, e, I, f, a, B, O) is a fixed polynomial of degree at most
4kine, I, f, a, B, with scalar coefficients.

Comment. Even better, log(/) is of degree at most 2 k + 2 in said variables.

Comment. And hence the g invariant is computable in polynomial time.

Proof of Lemma 3. We know that (I)(c:s*"”"“ﬁe | fe)= (D(ec’”ae‘z“’*bf | e/f), with

{a—> _-_n'iﬁ' b- —_1+‘26€, c- Log”;aﬁd}. Expanding in € we get

O(e**5° | o) = OAd(a, B)o%*#o=2%) = O(A(dy, 6c) o°'*P*~ P | &) and s0

®(eaf+ﬁe+6ef| f &)= O(Ac(dr, de) ©60a05 gaf+Be-aph | elf) = O(A(dy, Be) v @V(-aBh+Be+af+en | elf).

DP, b, ,5 b, [P_1[A_] :=
Total[CoefficientRules[P, {a, 5}] /. ({m_,n_} »c_) =»cD[A, {f, m}, {€, n}]]

(* "D" for Detailed x)
DA [hse , L, f ,a, /5,00 := Module[
{oh, pe, pl, pf, eqn, a, b, c, sol, A, q, v},
- -(1+1/€) /2 0
ph:(al _el)s pe=(_9e g); pl=[ ( e/)/ (1_1/e)/2)spf=(g;);
eqn = ME[a pf] .ME[ 5 pe] == ME[a pe] .ME[c (ph-2e pl)].ME[bof];
sol = Solve[Thread[Flatten /@eqn], {a, b, c}]1[1] /. C[1] -» ©;

A = Simplify[e” " ““NormaleSeries[e"*2¢-2¢t+0F / 501, {e, @, k}]];
qs= e’ (f a+e -h a pre f O) o
= 3

Collect[q™* DP.p, mp, [A]1[9] /. v > (1+h )7, e, Simplify]
B
DAl[h) e, 1: 'F_v a, B: 6]
DAZ[h) e, 1: 'F_v a, B: 6]

Ap [h e s L, f ,a,8,08]1 1=n6lh, e, L, f, @, 5, 5] = Module[{21},
fare h
A = NormaleSeries [er--c (1- aﬁe)_2L+e_, {e, 0, R}] /. e- > 1;

Collect[DP,.p,, s, [A] [@f € fA/ANAN] /e 1, €, Simplify]];

Simplify[DA,[h, e, 1, f, a, B, 6] == Ay[h, e, 1, f, a, B, 6]]

The Main g Theorem

The gx invariant of any S-component tangle T can be written in the form Z(T) = ®(w etrQ+P | TMies€ili ﬁ),
where w is a scalar (meaning, a rational function in the variables h; and their exponentials t; = &),
where L =Y aj h;l; is a balanced quadratic in the variables h; and /; with integer coefficients a;;, where
Q=3 bje;f;is a balanced quadratic in the variables e; and f; with scalar coefficients bj;, and where P is a
polynomial in {€, e;, I;, fj} (with scalar coefficients) whose €?-term is of degree at most2d + 2 in
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{e,-, \/7 f,-}. Furthermore, after setting h;=h and t;=t for all i, the invariant Z(T) is poly-time
computable.

Partial Proof. Indeed,
0.R*=7?,n*=7.
. O(P(l, ) e¥"*Be | &) = O(P(8,, Op) €Y e | el),
2. <D($D( fye"*FT | f1)=O(P(dy, op) """ FT | If),
O(P(e, f)ePeral+oel | fe) = O(vP(0p, 8y) @V -2BN+ReralsoeN N\ (e, 6,1, f, a, B, O) | ef), with
=(1+ h6)'1, and \(€, e, I, f, a, B, 6) as above.

Pushforwards of distributions, 0-dimensional QFT, Feynman diagrams and what

had really happened here.
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