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Pensieve header: A talk and a program about Archibald- ($\mathcal A$-) and $\Gamma$-calculus and
the Halacheva map between them; the $\Gamma$ part. Continues pensieve://2021-03/

-Calculus

tex

\begin{frame}{\LARGE 6. An Implementation of $\Gamma$.}

If I didn’t implement | wouldn’t believe myself.

\vskip 2mm

Written in Mathematica~\cite{Wolfram:Mathematica}, available as the notebook {\tt Gamma.nb} at
\url{http://drorbn.net/mo21/ap}. Code lines are highlighted in grey, demo lines are plain.

We start with canonical forms for quadratics with rational function coefficients:

pdf
in[-]:= CCF[&_ 1 := Factor[&];
CF[&.] := Module[{vs = UnioneCases[5, (£|X) , =]},
Total[ (CCF[#[2]] (Timeseevs“I*1)) & /@ CoefficientRules[s, vs]]];

tex

\end{frame}

\begin{frame}\null

Multiplying and comparing $\Gamma$ objects:
pdf

inf-]:= T /:T[isl_, 0s1_,csl_, wl_, A1_]T[is2_, 0s2_, cs2_, w2 _, A2_] :=
r[is1|J1is2, osi1|Jos2, Join[cs1, cs2], w1 w2, A1 + A2]
r/:r[isl_,osl1_, ,wl_, A1_] =T[is2_,o082_, , w2_, 22_] :=TrueQ[
(Sort@isl === Sort@is2) A (Sort@osl === Sort@os2) A Simplify[«1 == ©2] ACF@11 == CF@ 12]

tex

No rules for linear operations!
\end{frame}
\begin{frame}\null
Contractions:

pdf

inf-1=  Cp_,¢ @T[1S_, 05_, €S_, w_, A_] := Module[{a, n, ¥, u},

o=0g,x,A5 L=A/. & | X, 05

N=0x,A/.&>0; y=0g A /.X,->0;

r[
DeleteCases[is, t], DeleteCases[os, h], KeyDrop[cs, {X,, €:}1,
CCF[(1-a) @], CFlu+ny/ (1-a)]
1 /. If[MatchQ[cs[&:], t_], cs[&:] » cs[xp], cs[xp] » cs[€:]]];

cer[is_,os_,cs_, &, A_] :=Fold[cu, o [#1] &, T[is, 0S, ¢S, w, 2], is[)0S]

tex

\end{frame}
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\begin{frame}\null
The crossings and the point:
pdf
e P[Xi sk, [S_, T_1] :=T[{L, i}, {4, k),
11-
€1 > S, X5 T, Xe»S, > T|y, TV2, CF[{fL: £i}. (0 TT)-{Xj, Xk}]]i
r[ii_,j_,k_,L_ [S_, T_]] .= I‘[{i, JYs {k, L},
&5, &~ T, xS, x> T|y, T2, CF[{&:, &} L0 x3]];s
’ -7t
T [Xi_,j e, ] #=T[Xi,5,6,0[Ti5 Tl]s
]:

T[Xi,j e, ] = T[ii,j,k,L [ti’ 1:J'] ]5

pdf
mil= T[Pi_,5 [T_1] :=T[{i}, {J}, <|E:i> T, x5 T|>, 1, & x5];
T[Pi,j ] t=T[Ps,;lzil];

\end{frame}
\begin{frame}\null
Automatic intelligent contractions:
pdf
nf-]= T[{y_I}] :=cl[r];
T[{y1_I, ys__I'}] := Module[{v¥2},
¥2 = First@eMaximalBy[{ s}, Length[»Z1[1] N #[2]] + Length[»Z1[2] N #[11] &];
T[Join[{c[»Z1 ¥2]}, DeleteCases[{»s}, ¥21]1] ]
T[os List] :=T[T /@ 0s]

tex
\end{frame}
\begin{frame}\null
Conversions $\calA\leftrightarrow\Gammas:
pdf
in[-]:= T@A[1IS_, 05 ,CS , W ] := Module[{i, j, w = Coefficient [w, Wedge[]]1},
r(is, os, cs, w, Sum[Cancel[-Coefficient[w, x; A & ] & xj/w], {i, is}, {j, os}]]

I|5

A@T[is_, 05_, cs_, w_, A ] i= A[is, 0s, cs, Expand [« WExp[Expand[ 1] /. €, X, = &, aX]]];

tex

The conversions are inverses of each other:
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pdf
inl-]:= ¥ =T[{1, 2, 3}, {1, 2, 3}, {X1 > T1, X2 = T2y X3 > T3, §1 > T1, §2 = T2, E3 2 T3}, 0,
A11 X1 §1 + @12 X2 §1 +A13 X3 €1 + Q21 X1 §2 + @22 Xp §2 + @23 X3 §2 + @31 X3 €3 + A3z Xz €3 + A33 X3 §3] 5

TreA@y ==y
Out[e]=
pdf
True
tex
The conversions commute with contractions:
pdf

In[«]:= P@C3)3@$@}’ = C3)3@}’

out[e]=

pdf
True
\end{frame}
The Naik-Stanford Double Delta Move (again)
\begin{frame} {\large The Naik-Stanford Double Delta Move (again)}
\[ \scalebox{0.8}{\input{figs/NaikStanford.pdf_t}}\]

pdf

In[]:= Timing[r@{X6,19,28,24[w, V1, X28,3,20,19 [W, V1, Xog,20,27,19 [W5 V1, X27,23,11,24 [W, V],
X1,12,13,30 [Us W], X13,5,14,25 [Us W], X17,26,18,25 [Us W], X18,29,8,30 [Us W],
Xa,7,22,15 [V> U], X22,2,23,16 [V> U], X20,17,21,16 [V> U], X21,14,9,15 [V U]} =
re {X5,9,25,21 [W, V1, X25,4,26,22 [W, V1, X29,23,30,22 [W, V], X30,20,12,21 [W, V],
X2,11,16,27 [Us W] X16,6,17,28 [Us W] s X14,29,15,28 [Us W], X1s,26,7,27 [Us W],
X3,8,19,18 [V> U], X10,1,20,13 [V> U], X23,14,24,13 [V, U], X24,17,10,18 [V, U] }]

Out[«]=
pdf

{0.75, True}

tex

\end{frame}
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Aside added pot-mortem:

Inf]:= Timin%[fﬂ@r@{xs,le,zs,u[W: V1, X28,3,20,10 [W, V1, Xog,20,27,19 [W5 V1, X27,23,11,24 [W, V],
X1,12,13,30 [U> W], X13,5,14,25 [Us W], X17,26,18,25 [U> W], X1s,29,8,30 [U> W],
Xa,7,22,15 [V5 U], X22,2,23,16 [V> U], X20,17,21,16 [V5> U], X21,14,9,15[V> U]} =

ﬂ@r@{xs,s,zs,u [W, V], X25,4,26,22 [Ws V1, X29,23,30,22 [W, V1, X30,20,12,21 [W> V],
X2,11,16,27 [U> W], X16,6,17,28 [U> W], X14,20,15,28 [U, W], Xi5,26,7,27 [Us W],

X3,8,19,18 [V, U], X19,1,20,13 [V, U], X23,14,24,13 [V, U], X24,17,10,18 [V, U] }]

Out[«]=
pdf
{185.094, True}
Conway’s Third Identity (again)

\begin{frame}{\large Conway’s Third Identity}
\[\input{figs/C3.pdf_t}\]

tex

Sorry, $\Gamma$ has nothing to say about that...’
\end{frame}

Post-Mortem Additions
Yet,

In[]:= Timing[.ﬂ@{X5,4,9,1, Xa,5,7,8> YZ,B,S,G} + 3@{X2,4,5,1, X1,3,7,65 X6,8,9,5} E
ﬂ@{il,6,4,9.v Xs,7,8,45 X3,5,5,2} + -‘7‘@{?1,2,4,5: X3,7,6,4» Ys,s,s,s}]

Out[e]=
(0.109375, True}

In[]:= Timing[.ﬂ@I‘@{Xs,,;,g,l, Xa,5,7,85 Y2,3,5,6} + .ﬂ@I‘@{XZ,4,5,1, Xa,3,7,65 Xs,s,s,s}
ﬂ@r@{i1,e,4,9: Xs,7,8,45 X3,5,5,2} + ﬂ@r@{i1,z,4,5: X3,7,6,45 Y5,6,8,9}]

Out[]=
{0.0625, True}

Likewise,
N A — 4\\ﬁ: — (T—UE - TUE) ‘> <ﬁ1
/ X2 A 2 1A K2
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inf-1- Timing [A@{Xy,3,4,1[T, T1} - A@{X1,2,3,4[T, T1}

Out[«]=

(T2 -TY2) A@{P1,4[T1, P2,3[T1}]
{0.015625, True}

nf- Timing[A@T@ {Xz,3,4,1[T, T1} - A@T@{Xy,2,3,4[T, T1} = (T2 -T2) A@r@ (P, 4[T], P,3[T]}]

Out[«]=

{@., True}

Infe]:= Timing[{
A@{Xz,4,3,1[V, U], Xg,6,5,3} + 3"@{?1,2,4,3["‘: vl, Y3:4,6)5} =
(ul/2 vi2 4 yt/? V'1/2) A@{Py,5[ul, P2e[V]l},
A@{Xa,1,6,3[Vs> Ul, X3,2,5,4} + A@{Xy,6,3,4[U, V], Xp,5,4,3} =
(u1/z vz, 12 V1/2) A@{Py 5[u], Pye[V] }}]

Out[e]=
(0.015625, {True, True}}

1= Timing[{
A@T@{X3,4,3,1[V, U], X4,6,5,3} + -ﬂ@r@{71,2,4,3[u: V], i3,4,5,5} =
(u2 V2 s u2 V%) q@re (Py,s[ul, Pyelvll,
.‘?{@I‘@{74,1,5,3[V, ul, Y3,2,5,4} + A@Te{Xy6,3,4[Us V], Xz,5,4,3} =
(u1/2 v 12 12 v1/2) Ae@r@{Py,s[ul, Pye[V] }}]

Out[]=
{0.03125, {True, False}}

o
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;1= Timing|[

A1z = A@{X3,8,7,25 X7,10,9,15 X10,11,4,95 Xs,6,5,11}3

A1221 = A@{X3,8,7,15 X3,10,9,85 X10,6,11,95 X11,5,4,7}3

A1 = A@{X3,8,7,2, Xs,6,9,75> Xo,11,10,15 X11,5,4,10}

A1122 = A@ {X3,8,7,15 Xs,9,4,75 X3,11,10,95 X11,6,5,10}3

A11 = A@{X3,8,7,15 Xs,5,4,75 P3,6}35 FA22 = A@{X3,5,7,25 Xg,6,5,75 P1,4}5

Ag = A@{P1,4, P25, P3,6};

g.[z_1:=2"2427"% g (2] :=2"

8.+ [t1] 8-[T2] FA2112 - 8-[T2] 8+ [T3] A1221 - 8-[T3/ T1] (A2211 + F1122) +
g-[T2 T3/ T1] 8. (73] Fus - 8. [T1] 8-[T1 T2/ T3] Fxp = 8. [15 / T3]

2 _ z—1/2;

Out[«]=
{0.3125, True}

if-1= Timing|[

Ar112 = ACT@{X3,8,7,25 X7,10,9,15 X10,11,4,95 X8,6,5,11} 5

A1221 = ART @ {X3,8,7,15 X3,10,9,85 X10,6,11,9s X11,5,4,7}3

A1 = ACRT@{Xj,38,7,25 Xs,6,9,75> Xo,11,10,15 X11,5,4,10} 5

A1122 = ACT @ {X3,8,7,15 Xs,9,4,75 X3,11,10,95 X11,6,5,10} 3

A11 = ART @ {X3,8,7,15 Xs,5,4,75 P3,6}5 HAp = ACRT@{X3,s,7,25 Xs,6,5,7s P1,4};

Ay = AGT@{P1,4, P3,5, P36};

g.[z ] := 2% 4 272

8.+ [t1] 8-[t2] FAa112 - 8-[T2] 8+ [T3] A1221 - 8-[T3/ T1] (FA2211 + F1122) +
g8-[t2t3/ t1] 8.[t3] A1 -8.[t1] 8- [T1 T2/ T3] FA2x = 8 [tg/ti] Ay

. 1/2 -1/2,
g [z ] :=2"2-27Y%

Out[e]=

{0.21875, True}
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