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Pensieve header: Notebook for DBN Lecture 3 in Matemale, April 2018. See
http://www.math.toronto.edu/~drorbn/Talks/Matemale-1804/.

Today. First Dror, then Roland.

Unrelated Question. Anybody wants a French (azerty) keyboard for a surface pro?

Before we Start...

Please think about our Partial To do List!

A Partial To Do List. e Prove a genus bound and a Seifert formula.
e Complete all “docility” arguments by identifying a “contai- e Obtain “Gauss-Gassner formulas” (wep/NCSU).

ned” docile substructure. e Relate with Melvin-Morton-Rozansky and with Rozansky-
o Understand denominators and get rid of them. Overbay.

See if much can be gained by including P in the exponential: e Understand the braid group representations that arise.
eltCp ~s ltQ+P9 Find a topological interpretation. The Garoufalidis-Rozansky

o Clean the program and make it efficient. “loop expansion” [GR]?

e Run it for all small knots and links, at k = 2, 3. o Figure out the action of the Cartan automorphism.

e Understand the centre and figure out how to read the output. e Disprove the ribbon-slice conjecture!

e Execute the Drinfel’d double procedule at E-level (and thus e Figure out the action of the Weyl group.
get rid of DeclareAlgebra and all that is around it!). e Do everything at the “arrow diagram” level of finite-type i-

e Extend to s/3 and beyond. nvariants of (rotational) virtual tangles.

e Do everything with Zip and Bind as the fundamentals, wi- e What else can you do with the “solvable approximations™?
thout ever referring back to (quantized) Lie algebras. e And with the “Gaussian zip and bind” technology?

Recall the Zipping Formula...

The Zipping / Contraction Theorem. If P has a finite {-degree
and the y’s and the ¢’s are “small” then

(P e ) = (P +yi e @)

(proof: replace y; — fy; and test at 7 = 0 and at d;), and

((/)

N ~ ; ik (241
= det(@) (P@(z + yo, e AW

where § is the inverse matrix of 1 — g: (6", - qj.)cji = &', (proof:
replace q; — hq;. and test at 72 = 0 and at dy,).

... and that we only need to compute operations on exponentials...

Proposition. If F: S(B) —» S(B’) is linear and “continuous”,
then 'F = exp (Z:ieg {izi) JJF.

Our Algebra QU
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QU ={y, a, x, t), with t central and subject to the relations [a, x] =y x, [a, y] = -y y,and xy —qy x = ﬂ,

where g =e"Y€, T=¢" (t=€a - y b, as Roland derived the algebra), and A= @€, For convenience we
set A=e"%
QU has a co-product A and an antipode S given by
Aly,axt) = (y1+ T1y2A1, a1+ 02, X1 +A1X)
S(y,a,x,t) = (=T 1Ay, —a, -A™1x, -t)

The Program

Initialization / Utilities
DeclareAlgebra
DeclareMorphism
Meta-Operations
Implementing CU = U(sl¥?)
Implementing QU = Uy(sl5)
The representation p

tSW

The 2D Lie Algebra. Clever people know™ that if [a, x] = yx
then ef*e?® = e®e® "'¢*, Ergo with
@ux
SWax S(a, x) ﬂ(a X)
0w

—ya g,
we have 'SW,, = @¥4+t® "é&x,
aua

* Indeed xa = (a — y)x thus xa" = (a — y)"x thus xe” = e*“Vx = e "e"x
thus X% = (B(ru(e—y(r)nxn thus (B_&’..\’(Buu = ¥p® AP

Goal. In either U, compute F= e~V e e™ ™% First compute G = e ye ¥, a finite sum. Now F
satisfies the ODE 0, F = 8,(e™"" @°) = —yF + FG with initial conditions F(n=0) = 1. So we set it up and
solve:
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In[+]:= SWyy [U_, RR_] :=
SWyy [U, kR] = Block[{$U = U, $k = kk, $p = Rk}, Module[{G, F, fs, f, bs, e, b, es},
G = Simp[Table[€* /k!, {k, @, $k+1}].NestList[Simp[B[xy, #1] & yu, $k+11];
fs = FlatteneTable[fy i, j,k[n], {1, 0, $k}, {i, @, 1}, {j, @, 1}, {k, @, 1}];
F=fs.(bs="Fs /. f_,i,j . [n] e ve{y’, al, x*});
es = Flatten[
Table[Coefficient[e, b] =0, {e, {F-1,/.n >0, FxxG-y,*+xF-0,F}}, {b, bs}11;
F=F /. DSolve[es, fs, n][1];
E[e,
gx+ny+ (U /. {CU>-tng, QU ng(1-T) /a}),
F+OQg /. {e- > 1, U- Times}
] /o (vin| €|t T|y|a|x)->wv
115
tSWyy i ,j ok i= SWy [$U, $k1 /. {1 &, m-my, (Vit|Tly|a|x), > v};
tSWya,i ,j »r i= E[ajar, ¥ & X, 1];

tSWay,i_,j ok i= E[aiak, @ 7% n;ye, 1];

Exponentials as needed.

Task. Define Expy, 4[€, P] which computes 66 @) to € in the algebra U;, where ¢ is a scalar, X is x; or ;,
and Pis an e-dependent near-docile element, giving the answer in E-form. Should satisfy
U@Expy,il€, Pl == Sy[e®”, x> O(P)].

Methodology. If Py := Peg and €4 9") = Q(e¢ ™ F(§)), then F(§ = 0) = 1 and we have:

D6 (Po F(§) + 0 F) = D(0z 67 F(9)) = 0; O(eF™ F(§)) = 06 ™) = £ %) O(P) = D6 F(£)) O(P).
This is an ODE for F. Setting inductively Fy = Fy_1 + e @ we find that Fy = 1 and solve for ¢.

mrj= (% Bug: The first line is valid only if 0 (e)==e®®e). x)
(* Bug: & must be a symbol. =)
Expy , ,e[<_, P_] := Module[{LQ = NormaleP /. e - @},
E[SLQ/. (x|y)i~»0, £L0/. (t|a),~»0,1]];
Expy_, e [£ 5, P_] := Block[{$U = U, $k = k},
Module[{Po, o, vs, F, j, rhs, ate, at&},
PO = NormaleP /. € - 0;
@s =
Flatten@Table[¢j1,12,93[ <1, {32, @, R}, {j1, @, 2k +1-32}, {33, 0, 2k+1-32-31}];
F = NormaleLast@Expy,,..1[£, P] +€" vs. (¢s /. ¢js [£] > Times @@ {y:, ai, xi}{jS});
rhs = Normale
Lastem;, ;,i[E[£PO /. (X|y)i»@, £PO/. (t]|a), >0, F+0,| m;@E[0, 0, P+0,]];
ate = (# = 0) & /@ FlatteneCoefficientList[F-1 /. £ >0, {yi, ai, Xi}];
atf = (#=0) & /@ FlatteneCoefficientList[(8,F) +POF - rhs, {y:, ai, X;}1;
E[£PO/. (X|y)i»>0, cPo/. (t]a), >0, F+0,] /.
DSolve [Ande@e (ateJats), ¢s, £ M1 ]]

Zip and Bind
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Tensorial Representations
Alternative Algorithms
New Utilities (not on handout)

Inf+ = 24 = {ec_. ai +b_. oy ﬂg/y eb’ e’ a+b_. o ﬂcly eb’ eZ = eEXpand@é‘};

Some Runs

The Structure Tensors
mo= $k =13 y=1;

Inf«]:= tml_‘z_,3 //. a2&A

yina x3& (1-Ts) mé&
+ +

our - E[azag+azop+ts (T +T2), Y371+ +X3 &2,
A A h
1 4 n? x 2h 6AT
14 =1y & |8hasTs+ 3)/3+ Y32 3)/3772+
4n A1 A HAr A1

2le3§1 6ﬁT3X3§1
- M2 61 -4T3m E1+3Tim &x| e+0[e]?]
Az Az

But that’s not the form we like! Let’s open Zip and Bind!
How was it computed? Let’s open the tS\W box!

nf-= tSq

1
our-- E[-a30q -ty T1, ;(—@alf’lyl Mm-ehTixg & +e™n & -e  Tim &),
1

1+

; (4en?Tiyim-4e n’aTiyin -2 nPyini -4e™ h?a; Ti Xy & -
4nT?

4enTyn E1+8ehayTin E1+4ehTini §1-4e®™h? TyXqy1 g &g+
62 ny Nt -2e2 M hTiy1nt & -2e2 n2Tax3 2462 hTyxg 1 &3 -
22 nTixym -3 ni 1 +42 M Tini &5 -e*mTini€d) e+0[e)?]

How was it computed? Let’s open Exponentials as Needed!

= thAys1,2

our - E| (a1 + @) aq + (ty+ty) Ta, Yo+ Taya ma+ Xa €1+ X €1,

1
1+; (-2ha1Tayam+hTiy1yani-2haixp &1+ hxaxa 1) € +0[€]?]
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In[e]:= {tRl,ZJ ﬁ1,2]’

1
Out[« ]= {]E[*haztl, h XY, 1+ halaz—*hsxgy% €+O[€JZ},
4

hx 1
291 1+ ——(-4hajaT3-4n*aiTixpy: 402 a; Tixay1 - 303 X3 y3) €+ 0[€]?] )

]E[flaztl, -
T 472

Inf+]:= {tcl, Ez}

our - {E[@, 8, \[T1 ~hay+/T1 e+0[e]?], E[0, 0, = +ha26 +0[e]?]}

Some Testing

Associativity of tm.

inf-1= tMg 2,5 ~Ba~tmy 3,9

Out[« ]= E[310C1+310(2+310(3+t1t1+t1'E2+t1'C3,

1

-1 -0 - a1+ +Q R+ a a Q1+02+Q Q1 +02+Q;
— e M (@M B iy Ny + @™ B By My + e hyr N3+ @M Xy £+ By, £ - e B Ty & +
h

o1+ a1+ o+ o1 +00+x o1 +00+x o +00+x
@B N3 &1 - e B TN 1+ @M AXy § + @R 3 & - eMTRTB T 13 &5 + e 2+3I”1X1§3>;

1
14 — (e—al—Zaz—ag (8 ea1+2 02403 7 a Ty B E1+4 e™ hZ X1 Y112 E1+2 (92012*-0(3 ba) V1 r]% & -
4 h

6’ nTiyi Ny E1+8e™ @ hayTinz &1 +40 X y1 N3 &1 +4 e hy1ny N3 &1 -

12e™ ™ hTiyimns&1+2ePhyin;&1-6e®hTiyin;&1+2e™ @ hxyny &5 -

6 e N Ty Xy Ny &5 + @720 2 £2 g eni200r0s Ty 2 £ 4 3 e 2070 T2 n2 £ 4 D e i Xq 13 £F -
6e™ nTyXyn3 EF +2e™7 %™y N3 €3 -8 B Ty 03 £3 +6 ™7 Ty n3 &3 +

eI E] - 4e N T3 sl 3 e R TIng 148 M na Ty S+ 4 NP Xy Y173 €2+
2€ Ny N3 & -6 hT iy ni &+ 4 X N3 E16-12e 2 ATy X N3 §1 62 +
2T &y £ -8 eM BT NS & £+ 6N TINI £ &+ 2 2R X N3 £ -

6 ea1+2a2 7 T1 X1 73 5% " eO(1+20(z+O(3 77% 5% _4 ea1+2az+a3 Tl n% §% +3 ea1+2a2+a3 T% 77% 5%) €+ O[E} 2}

inf-}= M1, 2 ¢ran ~ Bfran ~ tMepan,351 = tMy 3,5 ~By~tmy 251
ouf-]= True
tSis an anti-homomorphism for tm.
In[«]:= (t51 tSZ) ~Bl,2~tm1,2_,1 = tmzjl_,1~Bl~t51
outf-]= True
Testing convolution inverse:
inf-1= tA1,1,2~B1~tS1~Bg 2 ~tmy 5,1
our- E[@, 0, 1+0[e]?]
Testing quasi-triangular axioms

Inf-]:= (tA1->1,z tR3,4) ~B1,2,3,4~ (tm1,3->1 tmz,4->z) = (tA1->z,1 tRs,4) ~B1,2,3,4~ (tm3,1-»1 tm4,z-»z)

ouf-]= True
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Testing R3
1= (tRz,3 tRy,a tRs,6) ~B1,2,3,4,5,6~ (tM1,5,1 Ty 6,2 tM3 4,3 ) =
(tR1,2 tRs,3 tRe,4) ~B1,2,3,4,5,6 ~ (tM1,5.1 tiMa, 6,2 tm3 4,3 )

out/-]= True

Docility and why it matters:

> R . ! -'
Definition. A “docile perturbed dOC-ile A0 & @
C e . V'dasal/ 4 i
Gaussian” in the variables (z;)ies over | "
adjective
the rlng R 1S an expreSSIOn Of the | ready to accept control or instruction; submissive

form feT TS T TS T T T
e?’wup = 1'% Z Py,
~ . . kZ() . . .
where all coefficients are in R and where P is a “docile series”:
deg Py < 4k.

Docililty Matters! The rank of the space of docile series to € is
polynomial in the number of variables |S]|.

In our case our invariants and operations are of the form e*¢ P, where

m [ isaquadratic of the form 3,7 z{, where z runs over {t;, Qj};cs and { runs over {T;, ai};cs, with integer
coefficients [¢.

® Qisaquadratic of the form Y q,7z{, where z runs over {x;, ni};cs and { runs over {&;, yi}ics, With
coefficients g,¢ in the ring R, of rational functions in (T;);cs and (HAj)ics.

m P=S€eP,isadocile power series in {y;, aj, xi, Ni, &i}ies, Where deg(y;, ai, xi, ni, &) =(1, 2, 1, 1, 1).

The Trefoil

Seeing that our invariant is poly-time and the trefoil knot is tiny, the following will compute in no time
atall:
Inf]= Timing@Block[{$k =1},

Z = tRy,s tRs,, tR3,7 tC4 tKinkg tKinky tKinkse;
DO[Z = Z~By,k~tmy, k15 {K, 2, 10}]; Z]

our - {108.703,

L
1-T;+T2
202 Tyx Y1 -202Tixay1) €) / (1-3T1+6T3-7T3+6T1-3T; +T5) +0[e]?]}

E[e, o, +((-2ha Ty -nTi+2ha; T{+2hT3-3nT1-2ha; T7+2hT3+2ha; T3 -

http://drorbn.net/AcademicPensieve/Talks/Matemale-1804/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Talks: Matemale-1804: Lecture3Notebook@.nb 2018-04-26 16:19:02

Inf+]:= Timing@Block[{$k =1},
Z-= tR1,5 tRs)z tR3,7 E4 tKinkg tKinkg tKinklg /. T_ - Ty,
DO[Z = Z~By,k~tMmy 151 /. T_- Ty, {k, 2, 10}1; Z]

our-- {4.875, E[0, 0,
T
1-T,+T2

20°Tixayi)€) /(1-3T1+6T;-7T3+6T1-3T3+T5) +O[e}2]}

+((-2hayTy-hTi+2ha  T{+2hT3-30T{-2hay T1+20T3+2ha; T3 -2A% Ty Xy y; -
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