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Dror Bar-Natan: Talks: MAASeaway-1810:
My Favourite First-Year Analysis Theorem

Thanks for inviting me to the fall 2018 MAA Seaway Section meeting! &

Handout, video, links at wef:=http://drorbn.net/maal8/

Abstract. Whatever it may be, it should say something useful
and exciting and it should not be *about* rigour, yet it should
*demand* rigour. You can’t guess. You probably think it the
dreariest. You are wrong.

14 The Fundamental Theorem of Calculus.

If f is integrable on [a, b] and f = g’ for some function g, then

b
® /ﬂ f=gb)~ga)
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mni=a/b, f(x)=x"n(a-bx)An/n!, n large => 0<V=[(0,m)f(x)sin(x)dx<1. Repeated
integration by parts & f(x)=f(rt-x) => VEZ. So 1 is irrational.
O 1 () Q
Approximation by Polynomial Functions.
| For example for f(x) = sin(x)
rata =0, f(k) = sin, cos, — sin,
| .
| —COS, sin, ..., SO

20

Suppose that f is a function for which

fl@...., f®@

all exist. Let

fO@ ,
= , <k<=n, _1*-Dr2
i k! SESw | ( ])k' k Odd
and define : ay = !
Pra(x) =ap+a1(x—a) +---+a,(x —a)"., 0 k even
Then i
- |
g £ = Pra®) _ |
x—a x —a)n @ i
1) (--D 72 : L
Inf]= A :={ (-1) / k't oddQ[k] 8
e EvenQ[k]

Plot [Evaluate@Append [
Table[Labeled[i‘ak X, n], {n, {1, 3, 5, 7}}]:
k=8

Labeled[Sin[x], Sin]
], {x, -27, 27}, PlotRange - {-1.5, 1.5}]

for every ¢ > 0 there 1s § > 0 such that, for all x,
if 0 <|x—al|<3$,then |f(x)— f(a)| <e.
If f and g are continuous at a, then

(1) f+ g is continuous at a,
(2) f - g iscontinuous at a.

®

6 Continuous Functions
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lout[2)=

If f is continuous on [a, b] and f(a) < 0 < f(b), then there is some x In [a, b]
such that f(x) =0.
®
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7 Three Hard Theorems.

S

Column@Table [k -» N[a, 157“], {k, {e, 3, 9, 13, 29, 35, 157, 223, 457}}]

In[3]:=

2:2 14082 Some sizes (in multiples of the diameter of
9 .,1.59711 « 181 a Hydrogen atom:
13 5 5.65477 x 10%° =
11 Significance of the Derivative. ot 29 - 5.42689 x 1072 A red blood cell 1.56 % 1?3
2 f(x)=xa_x/ 35 5 _6.95433 x 107 The CN Tower 1.11 x 10
J=X"-x 157 > 4. 86366 x 166 The rings of Saturn 5.6 x 108
/ x 223 5 1.94045 x 106! The Milky Way galaxy | 1.89 x 10°!
Y=3x"-| , 457 - 4.87404 x 10 16 The observable universe | 1.76 x 10%7
i i
= (VT-Y‘H)(EZ—I) “N3 \/; a57 457
= ! 0 ! 1 n= {N[ D ac157], Y N[ac157] }
>0 Xz \J //3 | | k=0 k=0
= < A& /A I ' loutal= {-08.0795485, 5.16624 x 10°° |
— 0 VA<V )
| |
>0 X< Wj [ increasing =:: f decreasing =!: f increasing ini5= N@Sin[157]
| l f lous= —0.8795485 )
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The Taylor Remainder Formulas. Let f be a
smooth function, let P, ,(x) be the nth order Tay-
lor polynomial of f around a and evaluated at x,

so with a; = f®(a)/k!,
Pra(x) = ) an(x - a),
k=0

Brook Taylor

and let R, ,(x) := f(x) — P, 4(x) be the “mistake”
or “remainder term”. Then

mmvj‘ (= 1),

or alternatively, for some tbetween a and X,
VA0
R, .(x) = X — 2
n.a(X) (n+1)!( (2)
(In particular, the Taylor expansions of sin, cos, exp, and of seve-
ral other lovely functions converges to these functions everywhe-

(n+1)
AU 0

)n+1

re, no matter the odds.) o I'Q
Proof of (1) (for adults; I lear- 1 a X
ned it from my son Itai). The | = R
fundamental theorem of calcu- | ; )él ;
lus says that if g(a) = O then |~ R"
o(x) = [dxig(x). By design, | & n o x
Rua@) =0for0 <k <n The-| =07
refore : 5 :t x: x: } °
X | n 2 X X
Rn,a(-x) = f dX1R;l’a(.X1) : f(n+1)(t) ()C _ l)n/l’l!

X X1
=f dxlf d)CzR" (XZ)
f dx f dx; .. f dx, f dt RU V(1)
!
= f dx, f dx, ... f dx, f dr V@),

when x > a, and with similar logic when x < a,

f f(n+1)(t) — f dtf(n+1)(t) f 1

ast<xp<..<X1 <X 1<xp<...<x1<x

t (n+1) t (n+1) t
PAGR0 PRAGRLO
n!
..... X,)€E[1,x]"

(x=0".

4 n!

(x1

If f: R> - Ris C? near a € R?, then fi5(a)

Make Fubini Smile Again!

= fa(a).

roof. Let x € R? be small, and let R := [ay, a; +x1]1X[az, az +x3].

artial Derivatives Commute.

"""_I _______ 1_"a_1+_x1_ ___________________
Si2(a) ~ R jl;fu = R L‘l dty (fi(t1, az + x2) — fi(t1, a2))
_ i( Sflar + x1,a2 + x2) — f(ar + x1,a2) )
IR| —flay, a2 + x2) + f(ay,a2) ’

But the answer here is the same as in
1 1 %)
fHi(a) ~ — ffm = —f dt, (fr(ar + x1, 1) — folay, 1))
IRl Jr IR
flay + x1,a2 + x2) = f(ay, az + x2)
|R| —flar + x1,a2) + f(ay,a2) ’

and both of these approximations get better and better as x — 0.
m]

92 7(D)

The Mean Value Theorem for Curves (MVT4C).
If y: [a, b] — R? is a smooth curve, then there is
some t; € (a, b) for which y(b) — y(a) and y(#;)
are linearly dependent. If also y(a) = 0, and

v = (i) and n # 0 # 17 on (a, b), then

&b)  &n) _ &) |
m = % when lucky, = @ - P 2\
i y(a) de I'Hopita
Proof of (2). Iterate the lucky MVT4C as follows:
R () R RV o0
x—ay*'  m+ D —-ar T m+ D! (m+ D
J.H. Lambert

r is Irrational following Ivan Niven, Bull.
Amer. Math. Soc. (1947) pp. 509:

Thearem: T7 s (rrwfional,
Proof 1 Assumy T =%} and consder Be Pof nomaf
P(¥)= _K__C___,_.L” AL For h quie forge . kar%

P(’L) LS POJI conyr—vempranc, sryzrozr LVl ﬂl’}l’

de-Fubini (obfuscation in the name of simplicity).
Prematurely aborting the above chain of equalities,
we find that forany 1 <k <n+1,

_ oy & =D
R(X) = f; dtR (I)W
But these are easy to prove by induction using inte-
gration by parts, and there’s no need to invoke Fubini.

1

Guido Fubini
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