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Les Diablerets Dogma Handout on 170828

Divor Bar-Matan: Talks: LesDiablerets. 1 TOR:
The Dogma is Wrong
Wbstract. It has long been known that there are knot invariants
associated to semi-simple Lie algebras, and there has long been
a dogma as for how to extract them: “quantize and use repre-
sentation theory”. We present an alternative and better procedu-
re: “centrally extend, approximate by solvable, and learn how to
re-order exponentials in a universal enveloping algebra”. While
equivalent to the old invariants via a complicated process, our i-
nvariants are in practice stronger, faster to compute (poly-time vs.
exp-time), and clearly carry topological information.

Follows Rozansky [Rol, Ro2, Ro3] and Overbay [Ov],
joint with van der Veen. Preliminary writeup [BV1],
fuller writeup |BV2], More at wefitalks.
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Theorem ([BN(J] conjectured [MM], e-
Morton,

lucidated [Rol]). Let J4(K) be the co- . @ . Garoufalidis

loured Jones polynomial of K, in the d-dimensional representa-

tion of slz. Writing

(q'? = g7"*)a(K)
g1 — g2 o

“below diagonal™ coefficients vanish, a,(K) =

if j = m, and “on diagonal” coeflicients

= > ap(K)d'n",

Amz0

KiW 43 Abstract (wef/kiw). Whether or not you like the formu-
las on this page, they describe the strongest truly computable knot
invariant we know.

wive the inverse of the Alexander polynomial:
oo KO - w(K)(e") = 1.
“Above diagonal” we have Rozansky’s Theorem [Ro3, (1.2)]:

Experimental Analysis (wefi/Exp). Log-log plots of computation
time (sec) vs. crossing number, for all knots with up to 12 cros-
sings (mean times) and for all torus knots with up to 48 crossings:

Power. On the 250 knots with at most 10 crossings, the pair
w, ) attains 250 distinet values, while (Khovanov, HOMFLY-
PT) attains only 249 distinct values. To 11 crossings the numbers
are (802, 788, 772) and to 12 they are (2978, 2883, 2786).

Genus. Up to 12 xings, always p; is symmetric under t « 1!
With p denoting the positive-degree part of p;, always degp| <
2g = 1, where g is the 3-genus of K (equality for 2530 knots).
This gives a lower bound on g in terms of p; (conjectural, but
undoubtedly true). This bound is often weaker than the Alexander
bound, yet for 10 of the 12-xing Alexander failures it does give
the rieht answer. Ribbon Knots.
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a ribbon smgulamy a claqp smgularlly

| Gomgl. Schar.
i ; i i T -4 x LA mpan [GST]
UeT, le A,
L 124 W
Tan J‘lL. III
nhbon KeT -(K} eRC A, ._
Vol: Works i with R = k(r”' (1)) '
for Alexander! A =420 — 20 +5F -2 - Tt + 13
oy = 5017 — 18 + 3310 320 4+ 20 4 420 — 6200 - B 4 1667 - 24200+

Faster is better, leaner is meaner! 108 + 1327 — 226" + 1487 — 111 - 36

g -q (g — pl K)g")
Ja(K)g) = (q- q-l}w(K)(q“)[ Z W™ (K)(g") ]
C , € The Yang-Baxter Technique. Given an alge-
\b,-. a; bra A (typically D(q) or U ,(1)) and elements
\ R=) a®bheAgA and Cea,
b iy form
/\ Z= Z Cﬂ,-b),ak('zb,-ajb;{‘.
J.. ik
by Problem. F.xlr;ct information from Z.

\ The Dogma. Use representation theory. In
€ principle finite, but slow.

[The Loyal Opposition. For certain algebras, work in a homomor-

phic poly-dimensional . ) - ] .
bspace of formulas”. ™ (= [Fs) ————=(A%) Z )]

T'he (fake) moduli of Lie alge-
bras on V, a quadratic variety in
V*)¥2@V is on the right. We ca-
re about ‘“‘?7 = .u“”,"[é*' =0).

Recomposing gl,. Half is enough! gl,, & a, = D™, b, 6):
: e S b=k e o

~ .
aiaad bt b~ d e

MNow define glf, .= TN™., b, ed). Schematically, this is [~], ] = &),

[, 0] = el and [, 0] = B+ €51 In detail, it is
‘ i leij. exr) = e = dier;  fij, ful = €0 fir — €dyifi
il e ey | L€ ful=dled jaen + Sulh + €g:)/2 + bii fi)
. —Oji( €0 ey + Spi(h; + €g )2 + Op i fij
TN Lgend =0 = owen  Thiep) =@y = dwep
[gi ful =677 = b} fn [hi, fie)=€ldi; = S ) fin
Thc Main s/> Theorem. Let g* = {t,v,a,x}/([t,-] = 0, [a,x] =

s la,y] = =y, [x,y] = 1—2ea) and let g; = o°/(e**! = 0). The g
invariant of any § -component tangle K can be written in the form
ZiK)y=0 (mu-"-'“”‘: (2}’___5 _\‘,u,_\',), where w is a scalar (a ratio-
nal function in the variables r; and their exponentials T; := «"),

Jrdering Symbols. O (poly | specs) plants the variables of poly in
S(®;a) on several tensor copies of U(g) according to specs. E.g.,

4] (a'?_\‘.ag?"‘ xg | X3y @,\‘L\‘;:ﬂg] = 1"a’ @ ye'a € U(g) @ U(g)

This enables the description of elements of T(q)>* using com-
mutative polynomials / power series.

where L = ¥ [;;t;a; is a quadratic in 1; and a; with integer coef-

ficients {;;, where Q = ¥, g;;y;x; is a quadratic in the variables y;

and x; with scalar coeflicients g;;, and where P is a polynomial in

{€, vi, a;, x;} (with scalar coefficients) whose el-term is of degree

at most 2d + 2 in {y;, /@, x;}. Furthermore, after setting #; = r and
= T for all i, the invariant Z(K) is poly-time computable.

The PBW Problem. In Td(a%), hringg

order. In other words, find g € Z[e, 1, v,a, x] such that J2( f
)"}'%aza’x’ va: yia xpyaaaxa) = O(g: vax). >
Solution, Part 1. In T4(a%) we have -
Koy 1. rapany = € e @M pf T plpY g g2y
e e et =1 Vo
where T.m0,& are functions  of

T1, s @ €5t
log(1 - em2é1)
(3

T=T 4T
[y

= + =
n=m (1 = emé)
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Note 2.
commutativity and non-linearity. We ha\c traded one for the o-
ther.
Note 3. We could have done similarly with e™/e?Yeméefiy =
qtrf+r;_~'+:m+§.i'. and with S[ﬂ!"’q)’“-"ﬂ"'"{I‘ﬁ't""), &(n‘.f"{l!’f'-"q;““'u‘.'g'"').
M,
Note 4.
=, f.
Fact. Rjz — exp (r‘i‘,,f‘i,,: + B\,ﬁ_\!} (14 Xz €' p,). where the py
are computable polynomials of a-priori bounded degrees.
Moral. We need to understand the pushforwards via maps like @
of (formally co-order) “differential operators at 07", that in them-

T]OI'I—
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Identifying f « D (and likewise for g), we find that

Qy/én /7
—
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log(1 - enaé)

T=T+ T2 —
. [y
n =
P T emen
o =a) +a; + 2log(l = enaé))

:ﬁ +EHET L 4 &+ e s L
(1-empé) o o
MNote 1. This defines a mapping .:|-Fj|.rl|£|.r1.r;l-lrv.5v — Rﬁ.unf‘

Proof. g has a 2D representation p:
18 e e,
pt=(gy)s ev=(5 o)
(L+1/e) /2 )
pa= o —(1-1/e) /2
Simplify@ (pa.pxX - oX.pa = pX, pa.oy - py.0d = =py,
pX.o¥ - py.ox = pt - 2 e pa}

one (33

[True, True, True}

It is enough to verify the desired identity in p:

ME = MatrixExp;

simplify|

ME [z ot] .ME [y oy] .ME [ay pa] .ME[£; px] .ME[1; pt].
ME [172 o] -ME [a; pa] .ME[£; pX] =

ME [zo ot] .ME [e oy] .ME [ap pa] .ME [£5 pX] /.
{:g-;-L—“ﬂ"—"u-{ll 4Ty Tz, Mo Myt e
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True
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Solution, Part 2. But now, with D = £
B0 iy 0y "< W (]LM
¥= [2) IR S 0= Dyf.r;.cn_r:ll.FU °

Arel

=0 (Dm”m"- ” lf,_-F.wl .

ve<d) - yax} = 0(g: vax):
E*Pa"d[atm.z}d{en.z}am,!:am,nasnz,i}ﬁm,uE!P[
_Log[l-eng &3] 8% py
( " ’tl’tz}t*(’h’l_‘mh)!"“
- LTI
(2Llog[l-en: &) +ay+az) a+ s + §2) X

] 7o inialouze

2attixy’ ratxdyt - l6atxiyt s 24attutyt - 16al txlyt s
aattxtytrlex’y - 32axtyt 243ty mBat iyt Aty .
2attxyle Batxyle Bx'y'e dBax’yic BB ki yie
gaa’ xytcapatxiyle —Batwiyte —aatxylet i Bafxyie?
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FaCl K2 = eXP |0, Oy + 0y Oy JUL + Lz € Pa). WhETE the py
are computable polynomials of a-priori bounded degrees.

Moral. We need to understand the pushforwards via maps like @
of (formally co-order) “differential operators at 07", that in them-
selves are perturbed Gaussians. This turns out to be the same
problem as “0-dimensional QFT™ (except no integration is ever
needed), and if €1 = 0, it is explicitly soluble.
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dog-ma 9 (sqgms, dsg")

n. pl. dog-mas or dog-ma-ta (-ma-ta)
1. A doctrine or a corpus of doctrines relating to matters such as morality and
faith, set forth in an authoritative manner by a religion.

2. A principle or statement of ideas, or a group of such principles or statements,
especially when considered to be authoritative or accepted uncritically: "WMuch

The Free Dictionary, wefi TFD

consists in the Wling of unfounded dogmas in place of a spint of

(Bertrand Russel
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